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FOREWORD 


This  book  has  developed  from  the  lecture  notes  of  a  special 
wartime  training  course  given  in  the  Graduate  School  of  Engineer¬ 
ing,  Harvard  University. 

The  need  for  highly  trained  officers  in  the  new  uses  of  electronics 
was  definitely  appreciated  even  in  1941.  In  July  of  that  year  a 
course  for  officers  of  the  Signal  Corps  who  were  graduate  electrical 
engineers  was  established  at  Harvard  University  in  the  Graduate 
School  of  Engineering  to  give  intensive  training  in  the  fundamentals 
of  electronics  and  high-frequency  circuits.  Immediately  after  the 
United  States  declared  war,  the  Navy  also  sent  officers  to  the  pre¬ 
radar  course. 

The  rapid  expansion  of  the  course  necessitated  a  greatly  increased 
instructional  staff.  Professors  and  instructors  from  many  educa¬ 
tional  institutions  were  invited  to  Cambridge  to  aid  the  regular 
staff  at  Harvard  in  the  field  of  communication  engineering. 

Although  the  war  training  course  was  distinct  from  the  regular 
graduate  courses  in  communication  engineering  that  have  been  given 
for  more  than  two  decades  in  the  Cruft  Laboratory,  it  was  planned 
originally  and  patterned  to  a  considerable  degree  on  the  lines  of  some 
of  the  Cruft  Laboratory  courses.  Since  the  scope  and  the  method 
of  presentation  of  the  material  in  this  volume  are  not  on  a  graduate 
level,  they  differ  somewhat  from  corresponding  course  work  in  the 
Cruft  Laboratory. 

The  members  of  the  wartime  staff  have  brought  to  the  work 
many  excellent  ideas  from  their  teaching  experience.  More  than 
thirty  repetitions  of  the  course  gave  opportunity  to  improve  its 
character  both  as  to  lecture  presentations  and  laboratory  experi¬ 
ments.  Considerable  new  material  was  injected  into  the  course 
content.  In  short,  this  war  training  program  presented  a  rare 
opportunity  to  develop  and  improve  teaching  methods  in  electronics. 

During  the  progress  of  the  course,  lecture  notes  were  prepared 
mainly  by  twelve  members  of  the  lecturing  staff.  It  was  the  original 
intention  to  publish  the  entire  lecture  material  in  a  single  volume. 
Because  the  single  volume  would  be  inconveniently  large  and  also 
since  a  portion  of  the  manuscript  was  completed  early,  that  portion 
has  been  published  in  a  separate  volume  “  Transmission  Lines, 
Antennas,  and  Wave  Guides”  by  Associate  Profs.  R.  W.  P.  King  and 
H.  R.  Mimno  and  Dr.  A.  H.  Wing.  The  remaining  and  larger  por- 
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tion  of  the  lecture  material  comprises  the  subject  matter  of  the  pres¬ 
ent  book.  Logically  the  material  of  this  book  precedes  that  of  the 
book  already  published;  thus,  the  present  book  is  Volume  I  of  a 
two-volume  text.  Eleven  of  the  original  twelve  members  of  the 
wartime  lecturing  staff  are  authors  of  the  present  book. 

The  text  presented  in  this  book  has  developed  out  of  the  intensive 
devotion,  during  a  war  emergency,  of  a  group  of  men  to  a  single 
purpose,  that  of  imparting  to  the  student  officers  in  the  most  effi¬ 
cient  manner  a  comprehensive  and  practical  knowledge  of  electronics. 
The  material  of  the  course  was,  however,  fundamental  in  nature  and 
not  exclusively  applicable  to  wartime  training.  For  this  reason,  it  is 
hoped  that  the  text  will  be  as  valuable  for  peacetime  courses  as  it 
was  successful  in  its  intended  purpose. 

The  treatment  of  the  subject  matter  of  this  book  is  suitable  for 
juniors  or  seniors  of  colleges  and  engineering  schools,  who  are  spe¬ 
cializing  in  the  study  of  communication  engineering  or  in  electronics. 
A  knowledge  of  mathematics  through  calculus,  and  of  electricity  and 
magnetism  is  assumed.  The  book  may  also  be  found  to  be  of  value 
as  a  reference  for  others. 


E.  L.  Chaffee 


PREFACE 


This  book  presents  the  basic  theory  of  electronic  tubes  and  elec¬ 
tric  circuits  employed  in  conjunction  with  these  tubes.  The  empha¬ 
sis  is  on  the  applications  in  the  fields  of  communication  and  electronic 
control.  Supplementary  material  on  mathematics  and  electricity 
and  magnetism  is  given  in  the  appendixes,  making  the  book  useful 
to  those  needing  preparation  in  these  subjects. 

As  stated  in  the  foreword,  the  book  has  developed  from  the  lec¬ 
ture  notes  of  a  special  wartime  training  course.  Many  chapters  of 
the  book  contain  more  material  than  was  given  in  the  course.  In 
the  preparation  of  the  notes  and  the  book,  there  was  much  collabora¬ 
tion  among  the  authors.  In  this  work,  each  chapter  has  been  the 
responsibility  of  one  or  two  of  the  authors.  Chapters  I,  II,  III,  IV, 

XXII  and  Appendix  C  were  written  by  L.  W.  Morris;  Chaps.  Y  and 
YI  by  S.  P.  Cooke;  Chaps.  VII,  XIY,  and  part  of  Chap.  XIX  by 
E.  L.  Chaffee;  Chaps.  VIII,  IX,  XVIII  and  Appendix  A  by  P.  E. 
LeCorbeiller;  Chaps.  X  and  XI  by  R.  0.  Cornett;  Chaps.  XII,  XV, 
and  XXIV  by  H.  R.  Mimno;  Chap.  XIII  mostly  by  G.  R.  Tatum, 
in  part  by  H.  Stockman;  Chaps.  XVI  and  XVII  by  J.  D.  Cobine; 
Chaps.  XIX  and  XX  by  S.  Githens,  Jr.  and  A.  H.  Wing;  Chap. 

XXIII  by  H.  Stockman  with  the  assistance  of  S.  Githens,  Jr.; 
Appendix  R  by  P.  E.  LeCorbeiller  and  S.  Githens,  Jr. ;  Chap.  XXI 
and  Appendix  D  by  A.  H.  Wing.  This  is  not  to  be  construed  as 
a  list  of  exclusive  authorship  in  all  cases,  as  there  were  many 
interchanges  of  ideas.  There  were  also  some  modifications  made 
in  original  versions  in  order  to  fit  them  into  the  general  plan 
of  the  book. 

The  book  teaches  fundamental  principles  clearly  and  rigorously 
and  contains  much  new  material  and  new  methods  of  presentation. 
In  the  treatment  of  a-c  circuits  the  behavior  of  circuit  elements  with 
respect  to  nonsinusoidal  waveforms  is  described  in  such  a  way  as  to 
develop  correct  concepts  of  resistance,  inductance,  and  capacitance. 
For  sinusoidal  waveforms  the  emphasis  is  more  on  the  magnitude 
and  angle  of  the  impedance  rather  than  on  resistance  and  reactance. 
Curves  or  loci  are  used  extensively  to  describe  circuit  behavior. 
The  treatment  of  resonance  is  rigorous  and  more  complete  than 
usual.  There  is  a  new  presentation  of  the  bridged-T  and  parallel-T 
networks. 

In  the  chapter  on  networks  and  impedance  matching,  the  subject 
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of  equivalent  four-terminal  networks  is  discussed  quite  fully.  Net¬ 
work  theorems  are  presented,  with  more  emphasis  on  Th6venin’s 
theorem  than  on  any  of  the  others.  The  action  of  the  tank  circuit 
as  an  impedance  transformer  is  clearly  explained.  The  chapter  on 
transients  is  fully  illustrated  with  diagrams.  The  effect  of  the  time 
constant  in  LR  and  CR  circuits  is  stressed.  The  analysis  of  initial 
and  final  conditions  is  explained  effectively. 

Much  hitherto  unpublished  material  is  given  in  Chap.  VII. 
The  method  of  correlating  response  curves  of  coupled  circuits  by 
means  of  space  models  and  contour  diagrams  is  unique  and  results 
in  an  understanding  of  these  circuits  surpassing  that  conveyed  by 
the  ordinary  response-curve  type  of  presentation.  There  is  new 
material  on  the  band  widths  of  magnetically  coupled  circuits. 

A  new  approach  to  filters  is  given  in  Chap.  VIII,  with  added 
material  on  delay  networks.  A  rigorous  yet  simplified  presentation 
of  Fourier  analysis  is  given  in  Chap.  IX;  the  effect  of  waveform 
discontinuities  on  the  magnitude  of  the  harmonic  components  is 
explained.  The  analysis  of  periodic  phenomena  is  extended  in  Chap. 
XVIII  to  nonperiodic  pulses,  again  by  a  simplified  method.  In 
view  of  the  increased  use  of  pulses,  this  material  should  be  of  con¬ 
siderable  value  to  the  undergraduate  student. 

In  Chaps.  X  and  XI  the  action  of  the  vacuum  tube  as  a  device 
is  emphasized,  rather  than  the  quantitative  theory  of  electron  emis¬ 
sion.  The  explanations  are  given  both  graphically  and  analytically. 
Chapter  XII  contains  a  very  complete  but  qualitative  description 
of  the  cathode-ray  tube.  The  effects  of  various  combinations  of 
magnetic  and  electrostatic  focusing  and  deflection  are  discussed. 
There  is  an  unusually  clear  and  complete  description  of  the  modem 
cathode-ray  oscillograph. 

Chapter  XIII  is  the  longest  in  the  book  and  includes  a  complete 
discussion  of  wide-band  amplifiers.  The  effect  of  feedback  on  the 
response  characteristics  and  the  output  impedance  is  derived.  The 
cathode  follower  is  treated  very  fully. 

Extensive  new  material  on  power  tubes  is  to  be  found  in  Chap. 
XIV.  Contour  diagrams  are  used  to  describe  the  behavior  of  the 
Class  C  stage.  Many  forms  of  coupling  the  load  to  the  tube  are 
analyzed.  There  is  new  material  on  methods  of  tuning  and  meth¬ 
ods  of  neutralization. 

Oscillators  are  given  comprehensive  but  qualitative  treatment  in 
Chap.  XV.  The  drag  loop,  a  phenomenon  commonly  neglected  but 
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of  considerable  importance  where  tuned  systems  are  connected  to 
oscillator  tubes,  is  adequately  explained  here  and  in  Chap.  XIV. 
The  newer  types  of  oscillator  circuits  are  also  described . 

The  chapter  on  gas-filled  tubes  covers  the  use  of  these  tubes  as 
rectifiers  and  control  elements.  A  complete  example  of  a  rectifier 
design  is  worked  out  in  Chap.  XVII.  Voltage-regulated  power 
supplies  are  covered  more  fully  than  usual. 

The  treatment  of  modulation  is  divided  into  two  parts,  one  on 
principles  and  the  other  on  methods.  The  principles  are  thor¬ 
oughly  discussed  to  facilitate  the  understanding  of  methods  or 
devices,  which  in  practice  are  being  continually  improved.  The 
treatment  of  angle  modulation  will,  it  is  hoped,  save  the  student 
from  pitfalls  which  have  caught  many  in  the  discussion  of  this 
subject. 

Linear  and  square-law  detection  are  treated  qualitatively  and 
quantitatively  in  Chap.  XXI.  Oscillograms  are  used  to  show  clip¬ 
ping  in  the  diode  detector.  Rectification  diagrams  are  given  for 
all  the  important  large-signal  detectors.  The  more  common  dis¬ 
criminator  circuits  are  qualitatively  treated.  This  material  ties 
in  with  Chap.  XXIII  in  which  radio  receivers  are  classified  by 
type  and  their  operation  described.  The  operation  of  mixer  and 
converter  tubes  is  explained  with  a  new  terminology.  Receivers 
are  not  presented  in  this  organized  fashion  in  most  text  books,  and 
this  chapter  fills  a  need  for  showing  how  circuits  previously  dis¬ 
cussed  separately  are  joined  together  to  make  a  complete  piece  of 
equipment. 

Chapter  XXII  on  test  instruments  supplies  needed  and  prac¬ 
tical  information.  Too  often  the  user  does  not  appreciate  just  what 
an  indicating  instrument  measures.  New  material  on  the  behavior 
of  vacuum-tube  voltmeters  is  included. 

A  complete  description  of  control  and  timing  circuits  is  given 
in  the  last  chapter.  Synchronization  of  relaxation  oscillators  is 
discussed  more  clearly  than  usual.  A  new  and  accurate  description 
of  the  blocking  oscillator  is  given.  The  assembly  of  complete 
waveforming  circuits  from  their  simple  elements  is  featured,  and 
several  circuits  are  worked  out  as  examples  or  exercises. 

Great  credit  is  due  to  the  members  of  the  armed  forces  who 
were  students  and  instructors  in  the  Cruft  courses.  Their  con¬ 
structive  criticism  and  hard  work  has  been  of  immeasurable  aid 
to  the  authors  in  making  their  work  more  effective.  Many  of  the 


Xll 


PREFACE 


Cruft  electronics  staff  contributed  time  and  effort  toward  the  prep¬ 
aration  of  the  course  notes  and  the  present  book.  In  the  prepara¬ 
tion  of  the  book  manuscript  the  authors  are  deeply  indebted  to 
Prof.  Harry  E.  Clifford  for  his  valuable  assistance  and  his  helpful 
editing. 


September ,  1947. 


Alexander  H.  Wing 
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CHAPTER  I 

ALTERNATING  CURRENT  THEORY 

The  principles  of  direct-current  circuit  theory  correctly  describe 
the  relationships  between  the  instantaneous  values  of  varying  cur¬ 
rents  and  voltages  in  electrical  circuits.  The  extension  of  these 
direct-current  concepts  to  alternating-current  theory  is  summarized 
in  this  chapter. 

I.  VARYING  VOLTAGES  AND  CURRENTS 

Periodic  variations  are  variations  that  repeat  themselves 
indefinitely  in  time.  Of  these,  sinusoidal  variations  are  of  par¬ 
ticular  importance  because  other  types  of  periodic  variation  can 
be  represented  as  a  sum  of  sinusoids  of  different  frequencies.  The 
application  of  a  periodic  voltage  in  a  circuit  containing  constant 
resistance,  inductance,  and  capacitance  produces,  in  general,  cur¬ 
rents  and  voltages  of  different  waveforms.  A  sinusoidal  or  simple 
harmonic  voltage,  however,  applied  to  a  circuit  of  linear  elements, 
produces  currents  and  voltages  of  the  same  waveform  and  period. 
The  purpose  of  a-c  analysis  is  to  relate  these  sinusoidal  currents 
and  voltages  in  terms  of  the  circuit  constants. 

1.  Description  of  a  Sinusoid. — The  instantaneous  values  of  the 
sinusoidal  voltage  e  and  current  i  in  Fig.  1.1a  are  related  to  time  by 

e  =  \E\  sin  a(t  +  t0)  and  i  =  \I\  sin  at  (1.1) 

w  here  \E\  and  |/|  are  the  amplitude  magnitudes  of  voltage  and 
current  and  co  is  the  angular  velocity  or  angular  frequency  in  radians 
per  second,  related  to  the  frequency  f  in  cycles  per  second  and 
to  the  period  T  by  co  =  2wf  =  /T.  The  expression  for  e  includes 

t0,  which  describes  the  shift  of  the  sine  wave  of  voltage  toward 
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earlier  time.  The  current  sinusoid  has  no  initial  phase  angle  in 
(1.1)  owing  to  the  choice  of  zero  time.  The  current  in  this  example 
is  convenient  for  phase  reference,  and  t0  is  the  time  interval  by  which 
the  voltage  variations  lead  the  corresponding  current  variations. 

These  sinusoidal  variations  can  be  described  as  the  vertical 
projections  of  vectors  rotating  counterclockwise  with  a  constant 
angular  velocity  to,  with  lengths  equal  to  the  amplitude  magnitudes 
\E\  and  \7 1,  and  with  positions  at  zero  time  as  shown  in  Fig.  1.1  b. 
The  angle  0O  measures  the  fractional  part  of  a  period  by  which 
the  voltage  sinusoid  leads  the  current  sinusoid;  0O  is  equal  to  U/T 
times  27 r  radians.  The  two  vectors  rotate  with  the  same  angular 
velocity,  their  magnitude  and  phase  relations  remaining  fixed. 


f - T=THE  PERIOD  IN  SECONDS 


aoi 

££  TIME  IN  SECONDS ^ 
i  1  i  ! 

I - L _ J _ i__J 


f  j  I  . 

— 1 — 1 - 1 - -Vf  —  -+-: 

I  I  I  1  \  I 

I - i _ J _ J _ -L_l> 

t*°  (a) 

EARLIER  - — |  — *  LATER 

Fia.  1.1. — Sinusoidal  voltage  and  current  variations  of  different  amplitudes  and 
phases.  For  the  curve  marked  e,  E  =  4,  T  ~  0.008  sec,  to  ~  0.001  sec,  /  =  125 
cycles/sec,  «  =  78.5  radians/sec. 


It  is  possible  to  describe  the  representative  vectors  at  any  time 
by  the  use  of  complex  numbers  in  polar  form, 

E  =  \£\/$g  and  I  =  \I\/6j_  (1.2) 


The  quantity  £  is  complex,  having  a  magnitude  \E\  and  an  angle 
6e  with  respect  to  some  reference  vector;  E  may  be  considered  to 
give  the  magnitude  and  phase  of  the  sinusoidal  voltage  or  of  the 
vector  that  describes  it.  The  ratio  of  complex  current  and  complex 
voltage  defines  two  important  complex  constants  Z  and  F,  either 
of  which  completely  describes  the  magnitude  and  phase  relations 
of  the  sinusoids.  In  polar  form, 

Impedance 


Z  =  \Z\/6z  -  j  =  /Be  —  0/  ohms 


Admittance 
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The  magnitude  of  the  impedance  Z  in  ohms  is  the  ratio  of  the 
magnitude  of  the  voltage  amplitude  in  volts  to  the  magnitude  of 
the  current  amplitude  in  amperes;  6Z  is  the  phase  angle  of  the 
voltage  with  respect  to  the  current,  which  for  these  vectors  is  the 
angle  0O  of  Fig.  1.16.  The  magnitude  of  the  ratio  of  the  current 
to  the  voltage  is  given  by  the  magnitude  of  Y ,  and  0Y  is  the  phase 
angle  of  the  current  with  respect  to  the  voltage. 

F  =  i  and  6Z  =  -dr  (1.4) 

The  voltage  across  an  element  and  the  current  through  it  estab¬ 
lish  its  impedance  and  admittance  without  reference  to  its  physical 
construction.  A  voltage  sinusoid  may  be  compared  with  another 
voltage  sinusoid  of  the  same  frequency,  or  a  current  compared  with 
a  current,  by  taking  the  ratio  of  the  complex  numbers  used  to 
describe  them;  the  resulting  ratio  is  a  complex  numeric.  Z  and  Y 
have  the  dimensions  of  ohms  and  mhos. 

2.  Addition  of  Sinusoids. — The  sum  of  two  sinusoids  may  be 
obtained  by  adding  algebraically  the  instantaneous  values  of  the 
sinusoids  for  all  values  of  time.  If  the  frequencies  are  the  same, 
the  resultant  is  a  sinusoid  of  the  same  frequency,  of  an  amplitude 
different  in  general  from  that  of  either  component  sinusoid,  and  of 
intermediate  phase. 

If  the  representative  vectors  of  the  two  sinusoids  are  added,  the 
projection  of  their  vector  sum  describes  the  instantaneous  value 
of  the  resultant  sinusoid.  If  only  the  magnitude  and  phase  rela¬ 
tions  are  desired,  the  vectors  may  be  added  graphically,  or  their 
complex  expressions  may  be  added  to  obtain  the  amplitude  and 
phase  of  their  sum.  It  follows  that  the  sum  of  any  number  of 
sinusoids  of  the  same  frequency  is  a  sinusoid  of  that  frequency. 
Conversely,  any  sinusoid  of  a  given  frequency  may  be  represented 
as  the  sum  of  component  sinusoids  of  that  frequency. 

3.  Peak,  Average,  and  RMS  Values. — Various  characteristics  of 
periodic  currents  or  voltages  are  used  for  their  measurement.  In 
some  cases  it  is  the  peak  value  of  a  voltage,  or  its  maximum  excur¬ 
sion  in  potential,  that  is  of  interest.  This  is  indicated  by  the 
symbol  E.  For  a  sinusoid  $  has  a  magnitude  equal  to  that  of  the 
amplitude. 

In  some  cases  it  is  the  average  value  of  a  current  that  is  desired. 
This  is  determined  by  its  average  rate  of  flow  of  charge  and  is  equal 
to  the  direct,  or  steady,  current  that  transports  the  same  amount 
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of  charge  during  the  same  interval  of  time  as  the  varying  current. 
The  average,  or  steady,  current  is  designated  by  (f)av  or  simply  I. 
For  any  waveform,  I  is  equal  to  the  average  value  of  the  instan¬ 
taneous  current  evaluated  over  one  period.  The  steady  current 
of  Fig.  3.1a  transports  a  charge  q  =  ( i)av  t  in  the  time  t,  q  being 
proportional  to  the  area  of  the  rectangle.  For  the  repeated  rec¬ 
tangular  pulse  of  Fig.  3.16,  the  average  current  (f)av  is  equal  to  the 
area  under  the  pulse  divided  by  the  period.  In  the  triangular 
waveform  of  Fig.  3.1c,  the  current  reverses  and  the  net  area  is  divided 
by  the  period  to  obtain  the  average  current.  The  area  beneath 
each  parabola,  Fig.  3. Id,  equals  one-third  the  base  times  the 
height.  The  sinusoid,  Fig.  3.1c,  has  an  average  value  zero  since 


Fig.  3.1. — Average  value  of  various  currents. 


its  positive  and  negative  areas  are  equal.  In  Fig.  3.1/  the  full- 
wave  rectified  current  has  an  average  value  I  =  (2/ir)\I\  =  0.637 \I\ 
since  the  area  beneath  a  half  sinusoid  equals  2/x  times  the  base 
times  the  height.  The  average  value  of  the  half-wave  rectified 
current,  Fig.  3.1<7,  is  {\/tt)\I\  =  0.318|/|.  Where  the  spacing 
between  identical  positive  current  pulses  is  increased,  Fig.  3.16, 
the  average  value  decreases  but  still  remains  equal  to  the  area 
under  each  loop  divided  by  the  period.  If  the  pulses  are  the  upper 
parts  (near  the  peaks)  of  a  sinusoid,  they  closely  resemble  parabolas, 
and  the  area  under  each  pulse  is  approximately  two-thirds  the 
base  times  the  height. 

The  effective,  or  rms  (root-mean-square),  value  of  a  varying 
current  is  equal  to  the  direct  current  that,  flowing  in  the  same 
resistance,  produces  the  same  average  power  dissipation.  The 
instantaneous  power  dissipation  p  and  the  average  power  dissi- 
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pation  P  in  a  resistor  are 

p  =  Ri 2  and  P  =  R(i2)  av  (3.1) 

where  (z2)av  is  the  average  value  of  i2.  If  (i2)«v  is  known,  the 
magnitude  of  the  rms  current,  \ITma\f  can  be  evaluated.  The 

average  power  dissipated  is 

P  =  R\Lm*\2  (3.2) 

and  therefore 

|/n»|  =  VWU  (3-3) 

Hence  the  root-mean-square  current  is  the  square  root  of  the 
average  value  of  the  squared  current. 

For  a  sinusoidal  current,  i  =  \I\  sin  cot,  the  value  of  i 2  can  be 
written 

i 2  =  |/|2  sin2  cot  =  |/|2  ^  (3.4) 

As  the  average  value  of  the  cosine  term  is  zero,  the  average  value 
of  i2  reduces  to 

(PU  =  If  or  =  zk  =  °-7°7|f|  (3’5) 


In  Fig.  3.2a  the  instantaneous  values  of  i 2  from  (3.4)  are  shown 
with  the  corresponding  values  of  i.  The  curve  for  i2  has  sinusoidal 


variations  of  double  the  frequency  of  the  current  i  displaced  ver¬ 
tically  and  has  an  average  value  |/[2/2.  The  rms  value  of  the 
current  is  indicated. 

The  rms  value  of  a  nonsinusoidal  waveform  can  be  obtained 
from  a  similar  construction.  In  Fig.  3.26  the  triangular  waveform 
of  i  yields  a  series  of  parabolic  segments  for  i2  whose  average  value 
is  one-third  their  height.  The  root-mean-square  current  is  the 
square  root  of  the  average  i2)  as  indicated  in  the  figure. 
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A  periodic  nonsinusoidal  current  can  be  described  as  the  sum 
of  a  direct  current  plus  a  number  of  sinusoidal  currents  whose 
frequencies  are  integral  multiples  of  a  fundamental  frequency, 
Chap.  IX.  The  power  dissipation  caused  by  such  a  current  in  a 
constant  resistance  R  is  equal  to  the  sum  of  the  dissipations  of  the 
separate  current  components  calculated  independently.  If  the 
d-c  component  is  denoted  by  |I|,  and  the  rms  values  (magnitudes) 
of  the  fundamental,  second  harmonic,  third  harmonic,  .  .  .  , 
sinusoidal  a-c  components  are  denoted  by  \h\,  |/2|,  \h\,  .  .  .  , 
the  rms  value  \I\  of  the  periodic  nonsinusoidal  current  is  given  by 

|/|  =  V'|7|*  +  |Ix|2  +  |/2|2  +  |/3|2  +  •  •  •  (3.6) 

The  average  and  rms  values  of  a  periodic  voltage  are  equal  to 
the  direct  voltages  that,  applied  across  a  constant  resistance,  pro¬ 
duce  the  same  average  current  and  the  same  heating  effect.  These 
values  may  be  obtained  in  the  same  manner  as  for  a  periodic  cur¬ 
rent.  It  follows  from  these  definitions  that  in  a  purely  resistive 
circuit  Ohm’s  law  holds  for  currents  and  voltages  of  any  waveform 
when  expressed  in  either  average  or  rms  values. 

4.  Instantaneous  and  Average  Power. — The  instantaneous 
power  delivered  to  a  device  is  the  product  of  the  instantaneous 
voltage  across  it  and  the  instantaneous  current  through  it,  for 
currents  and  voltages  of  any  waveform.  If  this  product  varies 
with  time,  its  average  value  gives  the  average  power. 

Let  the  voltage  and  current  variations  be  sinusoidal  according 
to 

e  =  \E\  sin  c ot  and  i  —  \I\  sin  (cot  —  a)  (4.1) 

The  current  lags  the  voltage  by  an  angle  a ;  the  instantaneous 
power  p  is 

p  ~  ei  =  \S\\I\  sin  cot  sin  (cot  —  a)  (4.2) 

Using  the  identity  sin  a  sin  b  =  [cos  (a  —  b)  —  cos  (a  +  b)]/ 2  with 
a  =  cot  and  b  —  cot  —  a, 

p  =  cos  a  —  cos  (2a )t  —  a)  (4.3) 

Since  a  is  a  constant,  the  power  developed  consists  of  a  constant 
term  (|2?I|/2)  cos  a  and  a  sinusoidally  varying  term  of  double 
frequency  whose  average  value  is  zero.  The  average  power  P  is 
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P  =  cos  a  —  cos  a  ”  \E\\I\  cos  a  (4.4) 

where  \E\  and  |J|  are  the  magnitudes  of  the  effective,  or  rms,  values. 
The  term  cos  a  is  defined  as  the  power  factor,  whose  value  ranges 
between  zero  and  unity. 

The  variation  of  the  instantaneous  power  p  with  time  is  illus¬ 
trated  in  Fig.  4.1  as  related  to  the  corresponding  instantaneous 
values  of  current  and  voltage.  In  Fig.  4.1a  the  value  of  a  is  90° 
(corresponding  to  the  product  of  a  sine  and  a  cosine  term),  the 
instantaneous  power  is  a  sinusoid,  of  frequency  double  that  of  the 
current  and  voltage  and  of  zero  average  value.  In  Fig.  4.16  where 


(c*)  (b) 

Fig.  4.1. — Instantaneous  current,  voltage,  and  power  for  a  phase  difference  of 
(a)  90°  and  ( b )  less  than  90°. 


a  =  60°,  the  sinusoidal  curve  for  p  is  lifted  upward  by  an  amount 
P  and  displaced  in  time  as  compared  with  Fig.  4.1a.  For  zero 
phase  difference  between  voltage  and  current  (a  =  0°),  the  vari¬ 
ation  of  p  is  similar  in  form  to  that  of  i2  in  Fig.  3.2a. 

II.  IDEAL  CIRCUIT  ELEMENTS 

The  current-voltage  relations  for  capacitors,  resistors,  and 
inductors  are  summarized  here,  it  being  assumed  that  the  circuit 
elements  are  ideal  or  that  it  is  possible  to  describe  them  in  terms 
of  capacitance  alone,  resistance  alone,  or  inductance  alone. 

6.  Capacitor. — A  simple  form  of  capacitor  consists  of  conducting 
films  or  plates  separated  by  an  insulating  medium  whose  thickness 
is  small  compared  with  the  surface  dimensions  of  the  films  or  plates. 
As  employed  in  ordinary  circuits,  a  capacitor  has  equal  and  opposite 
charges  on  the  plates  when  there  is  a  potential  difference  between 
them.  If  the  instantaneous  charge  q  is  changing  with  time,  equal 
charging  currents  flow  to  one  plate  and  away  from  the  other.  The 
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varying  charge  q ,  the  resulting  instantaneous  potential  difference 
ec  (in  the  direction  opposite  to  the  positive  flow  of  current),  and 
the  current  i  are  related  to  each  other  and  to  the  capacitance  by 
the  following  expressions,  which  hold  for  any  type  of  variation: 

q  =  C  ec  ec  =  and  i  =  =  C  ~  (5.1) 


The  current  depends  upon  the  time  rate  of  change  or  the  slope  of 
the  voltage-time  curve,  Fig.  5.15.  In  general,  the  current  wave¬ 
form  differs  from  that  of  the  voltage,  but  a  voltage  sinusoid  yields 
a  current  sinusoid  advanced  in  phase  by  one-quarter  period. 


+er- 


+q 


j — i  ec  IN  VOLTS 


(a) 


i _ i 

G=  1.5  juf 

(b) 

Fig.  6.1. — Ideal  capacitor  and  its  instantaneous  current-voltage  relations. 

Froijn  (5.1)  the  values  of  ec  and  i  for  a  sinusoidal  variation 
sin  at  are 


9  =  101 


or 


[01  . 

ec  =  -jj  sin  at 


i  =  \Q\a  cos 


ec  =  \E\  sin  at  i  =  |?|  sin  (^at  -f  ^ 
where  \E\  =  |Q|/C,  \I\  =  \Q\  a,  and  cos  at  is  replaced  by 

sin  (at  +  0- 


(5.2) 

(5.3) 


The  relations  between  the  sinusoidal  variations  in  ec  and  i  are 
described  completely  by  the  ratio  of  their  amplitude  values, 


E 

i 

f 

I 

=  or 

s 

=  aC 


(5.4) 


and  the  fact  that  the  voltage  sinusoid  is  one-quarter  period  (j/2  in 
phase  angle)  behind  the  current  or  the  current  is  one-quarter  period 
ahead  of  the  voltage. 
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The  ratios  are  unchanged  if  the  current  and  voltage  are  measured 
in  rms  units.  Both  magnitude  and  phase  relations  are  specified 
in  the  complex  ratios  (5.5),  which  give  the  impedance  and  admit¬ 
tance  of  the  capacitor, 

Z  =  f  =  -^cLzWl  =  -j^C  Y  =  g  =  <»’<?/+  90°  =  juC  (5.5) 

where  E  and  I  denote  the  complex  rms  values  of  voltage  and  current 
and  Z  and  Y  the  complex  impedance  and  admittance. 

6.  Resistor.— Ohm’s  law  applied  to  instantaneous  values  for 
an  ideal  resistor  R  gives 


eR  =  Ri 


or 


i 


£r 

R 


(6.1) 


where  eR  is  the  instantaneous  voltage  opposing  the  current.  The 
shape  of  the  current  wave  is  the  same  as  that  of  the  voltage  wave, 


Fig.  6.1  — Ideal  resistor  and  its  instantaneous  current-voltage  relations. 


Fig.  6.15. 


The  amplitudes  of  sinusoidal  variations  have  the  ratios 


or 


l=i 

E  R 


(6.2) 


and  the  current  and  voltage  are  in  phase.  The  impedance  and 
admittance  of  a  resistor  are 


Z  =  f  =  R/or=R  and  F  =  J  =  i/0>i  (6.3) 

7.  Inductor. — A  simple  inductor  consists  of  several  turns  of 
wire  in  the  form  of  a  coil.  A  changing  current  through  such  a 
coil,  of  self-inductance  L,  causes  a  potential  difference  in  opposition 
to  current  change,  Fig.  7.1,  given  by 

e^LJt  (7-D 

the  resistance  of  the  coil  being  neglected.  This  relation  is  similar 
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to  (5.1)  for  a  capacitor,  except  that  e  and  i  are  interchanged, 
is  seen  also  by  comparison  of  Fig.  7.15  with  Fig.  5.16. 

If  the  current  variation  is  sinusoidal, 


i  =  |/|  sin  oit  and  eL  =  coL|/|  sin  ^ 

Comparison  of  the  sinusoids  of  (7.2)  shows  that 


=  (jiL 


or 


a )L 


This 


(7.2) 


(7.3) 


and  the  voltage  is  one-quarter  period  ( w/2  in  phase  angle)  ahead 
of  the  current  or  the  current  is  one-quarter  period  behind  the 


Fig.  7.1. — Ideal  inductor  and  its  instantaneous  current-voltage  relations. 


voltage.  The  impedance  and  admittance  for  the  inductor  are 
Z  =  oiL  /+90°  =  joiL  and  Y  =  -^7 -90°  =  -j  A  (7.4) 


III.  SERIES  CIRCUITS 

8.  Voltage  and  Current  in  a  Series  Combination. — In  a  series 
combination  of  ideal  elements,  Fig.  8.1,  the  instantaneous  current 
through  each  element  is  the  same.  If  the  current  is  sinusoidal  (has 
simple  harmonic  variation)  the  voltage  across  each  element  is 
sinusoidal. 

The  vector  diagram  above  each  element  in  Fig.  8.1  describes 
the  magnitude  and  the  phase  of  the  sinusoidal  voltage  of  that 
element  with  respect  to  the  current.  The  complex  descriptions  of 
these  voltage  vectors  in  terms  of  the  rms  value  I  of  the  current  are 

Ec=-jA,I  Er  =  RI  El  =  joiLI  (8.1) 

The  current-voltage  ratios  are  the  same  whether  they  are  meas¬ 
ured  in  amplitude  or  in  rms  values.  Unless  instantaneous  values 
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are  needed,  it  is  more  convenient  to  use  rms  values,  which  will  be 
used  from  now  on  unless  otherwise  stated. 

The  sinusoidal  voltage  across  the  series  combination  is  repre¬ 
sented  by  the  vector  sum  of  the  voltages  across  the  separate  ele- 


-j^G1  |  ^ 


-Ec- 


R1 


-AMAMAAr 

R 

-+E„-- 

— ±E- 


jwll 


-nmw 

L 


Fig.  8.1. — Voltages  and  their  representative  vectors  in  a  series  circuit. 


ments.  These  voltages  may  be  added  graphically,  Fig.  8.2a,  or  in 
terms  of  their  complex  representations, 


E  =  -j-Ll  +  RI+juLI  (8.2) 


As  the  voltages  across  the  capacitor  and  inductor  are  oppositely 


Er  I  Er  I  RI  R 

(a)  (b)  (c)  (d) 


Fig.  8.2. — Current-voltage  relations  in  a  series  circuit  and  their  description  in 

complex  form. 

directed  (differ  in  phase  by  ir  radians,  or  180°),  they  may  be  com¬ 
bined  and  the  simplified  Fig.  8.26  obtained,  or 

E  =  RI+j(o,L  ~^jl  (8.3) 

From  (8.3)  the  impedance  of  the  combination  can  be  expressed  in 
terms  of  the  circuit  parameters  as 


Z  =  j=  R+j(uL--^J  =  R+jX  (8.4) 

The  impedance  of  the  series  combination  is  the  complex  sum  of  the 
impedances  of  the  separate  elements. 

By  definition  the  reactance  X  of  the  circuit  is  the  coefficient 
of  +j  in  the  complex  expression  for  Z,  or 

E  =  (R  +  jX)I  =  ZI 


(8.5) 
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The  significance  of  Z  is  clarified  if  the  expression  is  written  in  polar 
form 


E  =  ZI  —  \Z\/Jz  |J|/0°  =  \Z\  \I\J±z 


The  magnitude  \E\  of  the  voltage  is  \Z\  times  the  magnitude  |/| 
of  the  current  through  the  circuit,  and  its  phase  with  respect  to 
the  current  is  dz,  Fig.  8.2 d. 


I Z\  =  V&  +  X2  =  +  (uL  - 


and 


tan  9Z  —  R 


ojL - ^ 

R  ' 


(8.6) 


The  voltage  across  the  impedance  caused  by  the  current  through 
it  is  analogous  to  the  RI  drop  in  d-c  circuits  and  may  be  referred 
to  as  the  impedance  drop.  Extending  this  to  (8.2)  the  voltage  drop 
across  the  group  is  the  complex  sum  of  the  impedance  drops  across 
its  separate  elements. 

In  (8.5)  the  product  RI  gives  the  voltage  component  in  phase 
with  I,  while  the  product  XI  gives  the  voltage  component  whose 
phase  differs  from  I  by  90°.  These  components  are  referred  to  as 
the  inphase  and  quadrature  components  of  voltage.  The  power 
dissipated  in  the  circuit  is  equal  to  the  inphase  component  of  voltage 
times  the  current,  or  \RP\.  The  complete  circuit  must  contain  an 
active  element  or  source  of  electrical  power  to  supply  the  energy 

dissipated.  The  elements  (7, 
R,  L ,  which  are  not  sources  of 
sustained  power,  are  referred  to 
as  passive  elements. 

9.  KirchhofPs  Voltage  Law 
in  an  A-c  Circuit. — KirchhofPs 
voltage  law  holds  for  instanta¬ 
neous  values  in  an  a-c  circuit. 
If  e  is  the  instantaneous  ter¬ 
minal  voltage  of  an  electrical  source,  Fig.  9.1a,  and  ei  and  e2  are  the 
instantaneous  voltages  across  passive  elements,  all  measured  by 
instruments  whose  polarities  are  as  indicated,  e  is  given  by  the 
algebraic  sum  of  the  meter  readings, 

e  =  Ci  -j-  62  (9.1) 

If  the  three  voltages  are  shown  simultaneously  on  a  cathode-ray 


e  =  e,+  e2  E=EC+ER+Et> 

(a)  (b) 

Fig.  9.1. — Kirchhoff’s  law  applied  to 
instantaneous  and  to  complex  voltages. 


Sec.  10]  SERIES  CIRCUITS  WITH  DISSIPATIVE  REACTORS  13 

oscilloscope,  the  sum  of  e\  and  e2  is  equal  to  e  at  every  instant  of 
time,  for  any  waveform  of  applied  voltage  and  for  any  load. 

If  the  applied  voltage  is  sinusoidal  and  linear  elements  C,  R,  L 
constitute  the  load,  (8.2)  may  be  considered  as  describing  the 
equality  of  the  applied,  or  generator,  terminal  voltage  and  the 
sum  of  the  sinusoidal  voltages  across  the  elements  of  the  load. 
If  these  voltages  be  described  as  the  complex  products  of  the  imped¬ 
ance  of  the  element  and  the  current, 

E  =  ZCI  +  ZRI  +  ZLI  (9.2) 

where  the  subscripts  denote  the  elements  whose  impedance  is  indi¬ 
cated.  A  circuit  corresponding  to  (9.2)  is  shown  in  Fig.  9.1b. 
The  generator  voltage  is  assumed  positive  in  the  direction  of  the 
current,  and  the  polarity  of  the  voltages  across  the  passive  elements 
is  in  the  direction  opposite  to  the  direction  of  the  current.  With 
these  sign  conventions, 

E  -  Zd  -  ZRI  -  ZLI  =  0  (9.3) 

which  extends  KirchhofFs  voltage  law  to  the  analysis  of  a-c  circuits. 

10.  Series  Circuits  with  Dissipative  Reactors. — In  actual 
capacitors  and  inductors  dissipation  of  energy  always  accompanies 


+  E- 

Fig.  10.1. — Series  circuit  with  dissipative  elements. 


the  passage  of  current.  This  loss  of  energy  may  be  accounted  for 
by  associating  a  series  resistance  with  each  element.  If  several  such 
elements  constitute  the  load  of  a  generator,  Fig.  10.1,  Kirchhoffs 
law  gives 

E  =  (Ri  +  jo)Li)I  +  (R2  +  Ml  +  —  j  I 

+  («4  -  j  jA  I  +  RJ  (10.1) 

Collecting  similar  terms, 

E  =  |  (Ri  +  R2  +  Rs  +  Ra  +  R5) 

+  +  +  (10.2) 
=  (R  +  jX)I  =  ZI 
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The  impedance  of  the  series  combination  is  the  complex  sum  of  the 
impedances  of  the  separate  elements. 

11.  Mutual  Inductance  in  a  Series  Circuit. — When  two  coils 
are  close  together,  the  varying  magnetic  field  of  one  coil  may 
induce  a  voltage  in  the  other  coil.  If  the  two  coils  of  Fig.  11.1a 
are  wound  so  that  direct  currents  in  the  direction  indicated  in  each 
produce  magnetic  flux  in  the  same  or  aiding  direction  along  their 
axes,  the  mutual  inductance  M  is  positive  according  to  the  con¬ 
vention  of  Sec.  13,  Appendix  B.  If  the  coils  are  connected  in  series 
aiding,  Fig.  11.15,  and  an  alternating  current  is  sent  through  the 
combination,  the  induced  voltage  opposing  the  changing  current  in 
each  coil  is  increased  owing  to  the  action  of  the  other  coil. 

T  L,  M  L2  . 

(a)  <b>  (c) 

Fig.  11.1.— Schematic  indication  of  the  effects  of  mutual  inductance. 

If  the  connections  of  one  coil  are  reversed,  Fig.  11.1c,  the 
magnetic  fields  along  the  axes  are  reduced.  The  value  of  M  is 
negative.  The  equivalent  self-inductance  L  of  the  combination  is 

L  =  li\  ~b  L2  H~  2 M  (11.1) 

The  symbol  M  denotes  a  positive  quantity  for  the  aiding  combina¬ 
tion  and  a  negative  quantity  for  the  opposing  combination.  The 
self-inductance  of  the  reversed  combination  is  less  by  |4M|  than 
that  for  the  aiding  combination. 

IV.  PARALLEL  CIRCUITS 

12.  Voltage  and  Current  in  a  Parallel  Combination. — In  a 

parallel  circuit  several  paths,  or  branches,  are  provided  for  the 
current.  The  applied  voltage  across  the  group  is  identical  in 
magnitude  and  phase  with  that  across  each  branch.  The  current 
through  each  branch,  Fig.  12.1,  is  determined  wholly  by  the  voltage 
across  the  branch  and  the  impedance  of  the  branch.  If  the  gener¬ 
ator  voltage  is  constant,  the  current  in  each  branch  is  constant. 
By  an  extension  of  KirchhofFs  current  law  to  a-c  circuits,  the  total 
current  is  the  sum  of  the  separate  sinusoidal  currents,  or 

I  =  Ic  +  Ir  4*  II 


(12.1) 

(12.2) 
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-[g-’'(a;-“c)]E  <m> 

=  (G  -  jB)E  =  YE 

The  complex  number  multiplying  E  is  the  admittance  Y.  Its  real 
part  is  designated  as  G,  the  conductance  of  the  combination,  and 
the  coefficient  of  —j  is  defined  as  the  susceptance  B  of  the  circuit.1 
The  admittance  of  the  combination  is  the  sum  of  the  admittances 
of  the  separate  branches. 


Fig.  12.1. — Parallel  circuit  with  ideal  elements. 


Above  each  element,  Fig.  12.1,  is  indicated  the  phase  relation 
between  the  current  through  it  and  the  common  voltage  vector. 
The  vector  sum  of  the  branch  currents  is  shown  in  Fig.  12.2.  Each 
diagram  of  Fig.  12.2  represents  the  addition  of  the  same  currents; 
in  Fig.  12.2c  they  are  described  in  terms  of  the  admittance,  con¬ 
ductance,  susceptance,  and  the  applied  voltage. 


Fig.  12.2. — Vector  sum  of  the  branch  currents. 


13.  Impedance  of  a  Parallel  Circuit. — If  a  circuit  combination 
consists  of  several  branches  in  parallel,  the  admittance  of  the  group 
may  be  written  as  the  sum  of  the  admittances  of  the  separate 
branches, 


F  =  7,  +  F2  +  F3  +  •  •  •  (13.1) 


As  admittance  is  the  reciprocal  of  impedance,  (13.1)  may  be  written 


(13.2) 


1  American  Standard  Definitions  of  Electrical  Terms,  ASA  C42-1941, 
American  Institute  of  Electrical  Engineers. 
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If  the  circuit  has  only  two  branches, 

Z  =  )  (13.3) 

Zi  Z2  \  sum  / 

The  circuit  of  Fig.  13.1a  consists  of  a  parallel  combination  of 
an  inductor,  with  an  associated  series  resistance,  and  a  capacitor 


R  L 

Rs 

-vwwwv— 

-tyWWWV - 

xs 

"1 

c 

— II — 

>  Zp  < 

'  7  =7.  ' 

zs  A 

Fig.  13.1. — Two-branch  parallel  circuit  and  equivalent  series  circuit,  whose  elements 
are  denoted  by  the  subscript  s. 


of  negligible  dissipation.  From  (13.2), 

Z  R  +  joiL  +  JuC 

Reducing  these  to  a  common  denominator, 

1  _  (1  —  c o2LC)  -f-  joiCR 
Z  R  +  jcoL 

Inverting  this  expression  and  rationalizing, 


(13.4) 


(13.5) 


7_  _ R  -  -a?L(l  —  o)2LC  —  R2C/L) 

(1  -  rfLCy  +  R2CW  ^  J  (1  -  032LC)2  +  R2C2 co2 
—  R8  +  jXs  (13.7) 

The  real  and  imaginary  parts  of  the  expression  for  Z  represent 
the  resistance  and  reactance  of  a  simple  series  circuit,  Fig.  13.1b, 
equivalent  to  the  parallel  combination.  The  equivalent  series 
resistance  Rs  and  equivalent  series  reactance  Xs  are  functions  of 
the  circuit  constants  and  in  general  vary  with  the  frequency. 

14.  Equivalent  Representations  of  Dissipative  Reactors. — A 
dissipative  reactor  can  be  represented  as  either  a  parallel  or  a  series 
combination  of  reactance  and  resistance,  Fig.  14.1.  As  the  imped¬ 
ance  Z3  of  the  equivalent  series  combination  must  be  the  same  as 
the  impedance  Zv  of  the  equivalent  parallel  combination,  the  rela¬ 
tions  between  Re ,  Xs  and  Rp ,  Xp  may  be  calculated  from 


jRPXp 
Rp  +  jXp 


Rs  +  jXs  = 


(14.1) 
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Cross  multiplying  and  equating  reals  and  imaginaries, 

RsRp  =  (14.2) 

XSRP  +  RSXP  =  RpXp  (14.3) 

From  these  two  independent  conditions  may  be  obtained  a  relation 
convenient  for  slide-rule  computation, 

XI  +  fi*  =  \Z\*  =  R,RP  =  X.X„  (14.4) 

The  ratio  of  the  series  reactance  to  the  series  resistance  of  a 
reactor  is  defined  as  Q,  its  quality  factor.  The  reciprocal  of  Q  is 


Fig.  14.1. — Alternative  series  and  parallel  representations  of  a  practical  circuit 

element. 


its  dissipation  factor  D.  From  (14.2), 


O  —  ^ v  —  A 

v  “  Rs  ~  Xp  “  5 


For  specific  elements,  Q  and  D  are 


for  an  inductor 
CoLg  Rp  1 

Rg  C cLn  D 


for  a  capacitor 

Q  =  p  =  uCpRp  =  ~  (14.6) 


Note  that  both  Q  and  D  are  explicit  functions  of  frequency.  If 
(14.3)  be  divided  by  XSRP  and  R8XV,  it  follows  from  (14.5)  that 


1  +  1=^ 
+  Q2  X3 


and  1  +  Q2  = 


(14.7) 


If  Q  is  larger  than  10,  the  following  approximations  are  accurate 
to  within  1  per  cent  at  least: 


Xp  =  X,  Rp  =  Q2RS  (14.8) 

Under  these  circumstances  the  relation  between  the  equivalent 
series  and  parallel  elements  is  very  simple.  The  reactor  has  the 
same  inductance  or  capacitance  in  either  representation;  a  small 
series  resistance  is  equivalent  to  a  parallel  resistance  Q2  times  as 
large. 
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15.  Current  and  Voltage  Relations  in  a  Parallel  Circuit. — The 

currents  through  the  two  branches  of  the  circuit,  Fig.  15.1a,  may 
be  calculated  separately.  For  the  first  branch, 


i  -  E  - 

h  -  7-  ~ 


E 


Zx  Ri  ~\~  j<*>L  i 

This  may  be  written  as 


Ri  —  joiLi 
R\  +  a >2L? 


E 


(15.1) 


h  =  YJS  =  (iljs  -  j  E  =  {Gi—  jB1)E  (15.2) 


where 


Gi 


Ri 

l^il2 


and 


B1  = 


coLj 

WI2 


(15.3) 


A  similar  analysis  gives  /2,  the  current  in  the  second  branch, 


T  _  "  _ 

I2  —  75-  — 


Z  2  R2  —  j/coC2 
=  (ft  —  jB2)E 


-( 


Ri2 

I^P 


1AA\ 

+  J  \Z,\*J 


E 


where 


ft  — 


R2 

W2 


and 


Bo  = 


—  1/wft 


(15.4) 


(15.5) 


Each  of  the  currents  h  and  1 2  consists  of  a  sum  of  two  com¬ 
ponents.  The  product  GE  gives  the  magnitude  of  the  component 


Fig.  15.1. — Two-branch  parallel  circuit  and  its  current-voltage  relations. 


of  current  in  phase  with  the  voltage,  and  the  product  BE  gives 
the  component  of  current  lagging  the  voltage  by  90°.  The  power 
dissipated  in  either  branch  equals  GE 2. 

The  total  current  I  is  the  sum  of  the  complex  currents, 

/  =  I,  +  I2  -  [(ft  +  ft)  -  j{Bx  +  B2)]E  (15.6) 

The  current  relations  are  shown  in  Fig.  15.16.  The  branch  cur¬ 
rents  are  added  to  give  the  total  current.  From  the  phase  relations 
between  currents  and  applied  voltage,  it  is  possible  to  construct 
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Fig.  15.1c,  which  describes  the  relations  among  the  voltages  across 
the  elements  in  each  branch.  The  voltages  across  the  elements  of 
each  branch  must  have  E  as  their  vector  sum.  The  voltage  ERl 
across  the  resistor  Ri  is  in  phase  with  h,  the  current  in  22 1.  This 
allows  ERl  to  be  drawn  parallel  to  1 1.  As  the  voltage  ELl  across 
Li  leads  ERl  by  90°,  they  form  a  right  triangle,  with  E  as  the  hypote¬ 
nuse.  Therefore,  their  junction  must  lie  on  a  circle  with  E  as  its 
diameter.  A  similar  construction  is  shown  for  the  voltages  in 
branch  2,  so  that  Fig.  15.1c  is  a  complete  vector  diagram  of  the 
voltage-current  relations  in  the  circuit  of  Fig.  15.1a. 

16.  Electrical  Representation  of  an  A-c  Generator. — An  a-c 
generator  acts  as  a  linear  element  when  its  action  upon  a  load  can 


(a) 

CONSTANT-VOLTAGE  FORM 


CONSTANT-CURRENT  FORM 


Fig.  16.1, — Alternative  descriptions  of  a  linear  a-c  generator. 


be  described  in  terms  of  a  constant  a-c  voltage  or  current  and  a 
fixed  internal  impedance.  These  values  may  be  dependent  upon 
the  frequency  generated  but  are  assumed  to  be  independent  of  the 
load  current. 

If  every  value  of  load  impedance  ZL  applied  to  such  a  generator 
is  very  large  in  comparison  with  the  internal  impedance  Zg  of  the 
generator,  the  terminal  voltage  does  not  differ  appreciably  from  its 
open-circuit  voltage.  Then  the  internal  impedance  Zg  may  be 
neglected,  and  the  generator  may  be  approximately  described  by 
the  single  constant  EOCf  its  open-circuit  voltage  or  emf.  If  the  load 
impedance  is  very  small  in  comparison  with  Zg ,  the  load  current 
does  not  differ  appreciably  from  the  short-circuit  current  of  the 
generator.  Under  such  conditions  the  generator  may  be  approxi¬ 
mately  described  by  the  single  constant  I8C,  its  short-circuit  current, 
where  Isc  =  Eoc/Zg.  For  all  values  of  load  impedance  a  linear 
generator  may  be  described  as  a  zero-impedance  constant-voltage 
generator  in  series  with  an  impedance  Zg,  Fig.  16.  la,  or  as  the  com¬ 
bination  of  an  infinite-impedance  constant-current  generator  with 
the  internal  impedance  Zg  in  parallel,  Fig.  16.16.  Zg  has  the  same 
value  in  these  alternative  representations  of  the  same  generator. 
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Calculations  based  on  both  circuits  of  Fig.  16.1  give  the  same 
values  of  current  and  voltage  in  the  load. 


Il 

El 

El 

II 


EOC 

Zg  +  Zl 

for  the 

_  L  rp  constant- 

L-l  L  —  r/  i  r/  &  oc  voltage  form, 

hg  -\r  £l  JFig.  16.1a 


-  zg  +  zL  lso 

—  -fUji  —  ^ 0  T 

Zl  Zg  +  Zl 


for  the 
constant- 
current  form, 
Fig.  16.16 


(16.1) 

(16.2) 

(16.3) 

(16.4) 


The  expression  for  El  in  the  constant-voltage  form  shows  that 
the  generator  voltage  Eoe  divides  between  Zg  and  ZL  in  proportion 
to  their  complex  impedances.  In  the  constant-current  form  the 
expression  for  IL  shows  that  the  generator  current  Isc  divides 
between  Zg  and  ZL  inversely  proportional  to  their  complex  imped¬ 
ances.  As  Eoc  =  ZgISC)  the  two  expressions  given  for  each  of  EL 
and  IL  are  equivalent.  The  two  representations  of  the  generator 
differ  in  their  predictions  of  power  dissipated  within  the  generator. 

The  description  to  be  used  is  a  matter  of  convenience  and  may 
be  determined  by  the  load  characteristics.  If  the  load  consists 
only  of  series  elements,  the  constant-voltage,  or  series,  form  of  the 
generator  simplifies  the  solution  as  Zg  represents  merely  another 
series  element.  If  the  load  consists  of  parallel  branches,  the 
constant-current,  or  parallel,  form  makes  Zg  merely  an  additional 
branch. 

Similar  representations  for  a  d-c  generator  are  explained  in 
Appendix  C. 


CHAPTER  II 

CIRCUIT  RESPONSE 


The  source  of  signal  voltage  in  communication  networks  usually 
is  greatly  different,  both  physically  and  electrically,  from  the  gener¬ 
ator  in  power  circuits.  Its  internal  impedance  may  be  so  large 
in  comparison  with  that  of  the  load  that  it  approximates  a  constant- 
current  source.  Its  output  in  general  is  a  combination  of  sinusoids 
whose  frequencies,  amplitudes,  and  phases  vary  with  time.  The 
communication  circuit  to  which  the  signal  is  applied  consists  in 
part  of  simple  units  whose  purpose  is  to  act  upon  the  input  currents 
and  voltages  and  deliver  an  altered  output.  The  response  charac¬ 
teristic  of  such  a  system  describes  the  relationship  between  the 
amplitude  and  phase  of  the  output  and  input  for  various  frequencies 
or  for  different  values  of  a  variable  circuit  element. 

I.  RESPONSE  OF  SIMPLE  LR  AND  CR  UNITS 

1.  Variations  of  Z  and  Y  for  Circuits  of  Constant  R. — When 
the  generator  approximates  constant-current  or  constant-voltage 
operation  over  the  useful  range  of  the  variable,  the  response  of 
a  unit  is  often  simply  related  to  its  impedance  or  admittance. 
When  L  and  R  or  C  and  R  are  in  series  and  the  only  variable  is 
the  reactance,  the  impedance  is 

Z  =  R  +  jX  =  R  ^1  +  j  =  R(  1  +  j  tan  0Z)  (1.1) 

The  variations  of  Z  are  due  only  to  changes  in  tan  0Z.  Also, 

\Z\  =  jij  and  6Z  =  -0Y  (1.2) 

The  varying  magnitudes  of  both  Z  and  Y  are  determined  by  R  and 
the  value  of  tan  8Z; 

\z\  =  R  Vi  +  tan2  Fz  and  \Y\  =  i  ——  1  (1.3) 

R  Vl  +  tan2  Bz 

The  variations  in  magnitude  and  angle  of  Z  and  Y  are  indicated 
in  Fig.  1.1,  where  for  simplicity  only  positive  values  of  X  are  shown. 
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As  X  increases  from  zero  to  infinity,  Z  always  terminates  upon  a 
vertical  line  located  at  a  distance  R  to  the  right  of  the  origin, 
Fig.  1.1a.  This  line  is  a  locus  describing  all  possible  values  of  Z. 
The  corresponding  values  of  Y  terminate  upon  a  semicircular 
locus1  of  diameter  1/R  as  shown  in  Fig.  1.1c. 


Fig.  1.1. — Impedance  and  admittance  relations  in  a  series  circuit  with  constant 
R:  (a)  values  of  Z  as  X  is  varied;  (6)  relation  between  Z  and  its  corresponding  F; 
(c)  values  of  F  corresponding  to  indicated  values  of  Z. 

2.  Variations  of  Z  and  Y  for  Simple  LR  and  CR  Units. — The 

impedance  and  admittance  of  a  series  or  parallel  LR  or  CR  com¬ 
bination  may  be  varied  by  changing  the  frequency.  The  expres¬ 
sions  for  Z  and  Y  are  simplified  if  the  impressed  angular  frequency 
w  =  2 x/  is  compared  with  the  angular  frequency  co'  that  makes  the 
reactance  equal  in  magnitude  to  the  resistance.  This  frequency  co' 
is  related  under  some  circumstances  to  the  power  dissipation 
and  is  referred  to  as  the  half-power  frequency  of  the  LR  or  CR 
combination. 

For  an  LR  combination  For  a  CR  combination 


(2.1) 


In  Chap.  VI  on  Transients,  the  quantities  L/R  and  CR  are  shown 
to  be  the  time  constants  of  LR  and  CR  circuits.  The  impedance 
of  the  series  combination  and  the  admittance  of  the  parallel  com¬ 
bination  for  the  four  possible  arrangements  of  R  in  series  or  parallel 
with  L  or  C  are  as  follows: 


1  The  triangle  associated  with  F  in  Fig.  1.16  is  similar  to  the  triangle  in  the 
diagram  for  Z,  since  the  sides  of  the  triangle  for  Y  are  proportional  to  the 
hypotenuse  and  the  base  of  the  triangle  for  Z,  and  the  included  angles  are  equal. 
It  is  a  right  triangle,  and  for  all  values  of  Y  corresponding  to  positive  values  of  X 
it  is  inscribed  in  the  semicircle  in  Fig.  1.1c.  For  negative  values  of  X,  the 
triangle  of  which  Y  is  the  hypotenuse  is  inscribed  in  a  semicircle  of  the  same 
diameter  but  above  the  OG  axis  of  Fig.  1.1c. 
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The  frequency  ratio  co/co'  determines  tan  6Z  or  tan  0Y  and  there¬ 
fore  6Z  and  6y.  The  corresponding  values  of  \Z\  and  |F|  are  given 
by  (1.3)  in  terms  of  the  constant  R  and  either  \/l  +  tan2  0Z  or  its 
equal  \/l  +  tan2  dY. 

The  expressions  (2.3)  are  not  affected  by  interchanging  w  with 
L  or  C.  Then  co/w'  can  be  replaced  in  (2.4),  (2.5),  and  (2.6)  by 
L/L'  if  L  is  varied  or  by  C/C'  if  C  is  varied.  Here  L'  or  C'  may 
be  defined  as  the  value  of  L  or  C  at  which  the  reactance  equals  the 
resistance  in  magnitude,  or  as  the  half-powrer  value  of  L  or  C,  equal 
to  R/o)  or  1/ft )R,  respectively. 

The  expressions  in  (2.4a)  and  (2.46)  for  the  series  LR  and  the 
parallel  CR  circuits  show  that  their  variations  are  identical  provided 
that  Y  be  exchanged  for  Z  and  1/R  for  R.  The  variations  of 
\Za\  and  |F&|  for  the  series  LR  and  the  parallel  CR  circuits  above 
are  both  represented  by  a  single  curve,  shown  at  the  upper  left 
of  Fig.  2.1;  the  numerical  scale  represents  the  ratio  of  the  variable 
to  its  half-power  value.  The  corresponding  variations  of  \Ya\  and 
\Zb\  are  shown  in  the  lower  left  of  the  figure.  The  polar  descrip¬ 
tions  are  completed  by  giving  the  corresponding  values  of  6Z  and  0Y. 
The  rectangular  components  of  Z  and  Y  are  shown  in  addition. 
At  the  right  of  Fig.  2.1,  curves  are  given  for  the  series  CR  and 
parallel  LR  circuits  (c)  and  (d). 

When  these  LR  and  CR  combinations  serve  as  loads  for  constant- 
current  or  constant-voltage  generators,  these  curves  may  also  be 
employed  to  show  the  current  and  voltage  response  and  the  vari¬ 
ations  in  power.  The  vertical  scales  are  changed  in  accordance 
with  the  following  equations  to  yield  the  quantities  named,  the 
horizontal  ratio  scale  remaining  unchanged: 


Constant- voltage  generator  Constant-current  generator 


Load  current 

=  EY 

Load  voltage 

=  IZ 

Power  dissipated 

=  E2G 

Power  dissipated 

=  PR 

Reactive  power 

=  E2B 

Reactive  power 

=  PX 

Phase  of  I  wTith  respect 

Phase  of  E  with  respect 

to  E 

=  er 

to  I 

=  oz 

The  variations  in  the  quantities  represented  by  the  curves  of 
Fig.  2.1  are  summarized  by  the  linear  or  circular  locus  at  the  left 
of  each  set  of  curves.  Values  of  Z  and  Y  are  shown  identified  with 
the  corresponding  numerical  values  of  w/w',  or  L/L',  or  C/C', 
depending  upon  the  variable.  The  scale  of  each  locus  is  deter¬ 
mined  by  the  value  of  R ,  and  the  angle  for  any  impedance  Z  is 
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given  by  the  corresponding  value  of  tan  6Z  from  (2.6).  The 
impedance  of  a  series  combination  or  the  admittance  of  a  parallel 
combination  has  a  linear  locus.  Its  reciprocal  has  a  semicircular 
locus,  on  the  opposite  side  of  the  axis  of  reals.  For  increasing 
values  of  any  one  of  co,  L ,  or  C,  the  numerical  values  of  the  corre¬ 
sponding  ratios  co/co',  L/L'  or  C/C'  increase  upward  along  the 
linear  loci  and  clockwise  around  the  semicircular  loci. 


VVjXa  Yb=Gb-jBb  Zc=Rc+JXc  VGd-jBd 


Fig.  2.1. — Impedance  and  admittance  variations  of  LR  and  CR  combinations  as 

03,  L,  or  C  is  varied.  Numerical  ratio  scale  represents  03/03’ ,  L/L’,  or  C/C. 

3.  Variation  of  Load  Voltage  with  Constant -current  Generator. 

The  voltage  output  of  a  device  is  of  primary  importance  when 
applied  to  a  vacuum  tube.  Under  many  conditions  of  operation 
the  tube  has  a  high  input  impedance,  and  its  behavior  is  determined 
by  the  applied  voltage. 

When  the  LR  and  CR  combinations  of  Fig.  3.1  serve  as  loads 
for  a  constant-current  generator,  the  voltage  E  developed  across 
them  is  equal  to  ZI.  The  changes  in  magnitude  and  phase  of  E 
are  due  only  to  changes  in  Z.  The  ordinates  of  the  curves  for 
\Z\  in  Fig.  2.1  multiplied  by  |/|  yield  the  corresponding  variations 
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of  \E\  shown  in  Fig.  3.1.  The  value  of  dz  describes  the  phase  of 
the  load  voltage  with  respect  to  the  current.  In  the  series  LR 
circuit,  \E\  rises  continuously  as  the  values  of  the  variable  become 
large,  and  in  the  series  CR  circuit  \E\  rises  as  the  values  of  the  vari¬ 
able  become  small  owing  to  the  corresponding  increase  in  |Z|. 

It  should  be  remembered  that  for  any  actual  generator  there 
is  a  limit  to  the  value  of  \Z\  above  which  constant-current  operation 
cannot  be  approximated. 

If  the  complex  values  of  Z  shown  in  the  loci  of  Fig.  2.1  be 
multiplied  by  the  constant  current  the  resulting  vector  voltages 
are  identified  by  the  same  numerical  values  of  the  ratios.  All 


Fig.  3.1. — Voltage  variation  across  LR  and  CR  loads  driven  by  a  constant- 
current  generator.  R  is  constant.  Numerical  scale  is  ratio  oj/o/,  LIL\  or  CjC\ 
according  to  which  is  the  variable. 


possible  values  of  load  voltage  therefore  have  loci  of  the  same  shape 
and  ratio  scale  as  those  of  Z . 

4.  Voltage -divider  Response. — If  a  generator  maintains  a  con¬ 
stant  input  voltage  Ei  across  a  series  LR  or  CR  combination,  the 
voltage  across  each  series  element  varies  with  w,  L,  or  (7,  and  these 
circuits  may  be  used  as  “ voltage  dividers”  to  yield  an  output 
voltage  adjustable  in  magnitude  and  phase.  The  four  types  of 
such  simple  voltage  dividers  are  illustrated  in  Fig.  4.1. 

The  output  voltage  E0  across  R  in  the  CR  series  circuit  is 


E0  = 


R 


R-j 


.  1 


Ei  =  YREi  = 


G >C 


i  *  03 

1  “  3  — 


7fEi 


(4.1) 


where  the  admittance  Y  of  the  series  CR  circuit  is  the  only  vari¬ 
able,  and  from  (4.1)  and  (2.5c)  the  output  voltage  response  across 


Sec.  5]  GENERATOR  OF  INTERMEDIATE  RESISTANCE 


27 


R  has  the  form  of  Yc  in  Fig.  2.1.  This  curve  is  reproduced  with 
suitable  change  in  legend  in  Fig.  4.1a. 

The  voltage  across  R  in  the  LR  series  circuit  is  equal  to  a  constant 
times  the  admittance  of  the  series  LR  combination.  This  admit¬ 
tance  is  Ya  in  Fig.  2.1,  and  the  output  voltage  E0  across  R  has 
the  same  variation  as  in  Fig.  4.16.  The  curves  are  identical 
except  for  a  change  of  the  vertical  scale. 


1’  iQ.  4.1 — Output  voltage  variation  of  voltage  dividers.  R  is  constant.  Numerical 
scale  is  ratio  «/«',  L/L\  or  CJC' ,  according  to  which  is  the  variable. 

The  output  voltage  across  L  in  the  LR  series  circuit  is 


and  has  the  same  variations  (4.1)  as  the  voltage  across  the  resistor 
in  a  CR  voltage-divider  circuit.  Similarly,  the  voltage  variation 
across  C  in  the  R C  voltage  divider  is  the  same  as  that  across  R  in 
the  LR  voltage-divider  circuit.  Two  curves  therefore  suffice  to 
describe  the  response  of  the  four  voltage-divider  circuits. 

The  two  loci  in  Fig.  4.1  describe  the  vector  relations  between 
the  input  and  output  voltage  for  different  numerical  values  of  the 
ratios  co/V,  L/U,  or  C/C’ ,  whichever  is  the  variable. 

5.  Generator  of  Intermediate  Resistance. — In  many  cases  of 
importance  the  impedance  of  the  generator  is  a  pure  resistance  Rg  of 
the  same  order  of  magnitude  as  the  load  impedance.  Because 
of  its  magnitude,  Rg  then  must  be  taken  into  account  in  either  the 
constant-current  or  the  constant-voltage  representation  of  the 
generator.  If  the  load  consists  of  elements  in  parallel,  as  in  Fig. 
5.16,  the  constant-current  representation  of  the  generator  simplifies 
the  problem,  as  the  internal  resistance  Rg  is  then  represented  in 
parallel  with  the  load  resistance  R  and  the  two  may  be  combined 
to  form  a  single  parallel  resistance  Rp.  The  voltage  across  the  load 
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due  to  the  generator  current  I  =  Eoc/Rg  is  equal  to 


Since 


El 


jRpaC  Rp  f 

_  .  1  1  +jaCR/ 

Kp  3  o>C 


RP  = 


RRr 


R  +  R6 


and 


then 


El  = 


RRc 


Ef 


R  -j"  R 


Rc 


(5.1) 

(5.2) 

(5.3) 


The  frequency  response  is  similar  to  that  of  Fig.  3.1c,  where  constant 
current  was  assumed  through  the  load.  The  only  difference  is  the 
reduction  of  the  output  voltage  in  the  ratio  R/(R  +  Rg)  and  the 
altered  value  of  o>'  as  given  by  (5.2). 


co  co 

u/  *“  co' 

(a)  (6) 


Fig.  5.1. — A  generator  represented  in  series  form  with  a  series  load,  and  in 
parallel  form  with  a  parallel  load.  Voltage  curves  assume  the  same  generator  for 
each  case,  with  Rg  — 

If  the  load  is  a  series  combination,  Fig.  5.1a,  the  constant-voltage 
representation  of  the  generator  allows  Rg  to  be  added  to  the  series 
resistance  R ,  giving  an  equivalent  series  resistance  R8.  The 
voltage  response  across  R  is  similar  to  that  obtained  with  no 
generator  resistance.  Only  part  of  the  voltage  across  Rs  appears 
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across  R ,  however,  and  o o'  equals  1/C#5.  The  curve  of  Fig. 
5.1a  and  the  curve  EL  of  Fig.  5.16  have  the  same  shape  as  the  low- 
frequency  and  high-frequency  response  of  a  resistance-capacitance 
coupled  amplifier,  Chap.  XIII. 

The  frequency-response  curve  for  the  load  voltage  \EL\  across 
R  and  C,  Fig.  5.1a,  differs  from  the  corresponding  curve  \E\f  Fig. 
3.16.  At  zero  frequency  it  approaches  not  an  infinite  but  a  finite 
value,  equal  to  Eoc ,  and  its  slope  can  be  adjusted  by  choice  of  Rg/R 
to  yield  a  more  slowly  changing  response  characteristic. 

6.  Compensated  Voltage  Divider. — For  many  purposes  it  is 
necessary  to  decrease  an  applied  voltage  in  a  ratio  that  is  inde¬ 
pendent  of  frequency,  preferably  without  change  in  phase  angle. 


AT  LOW  FREQUENCIES  AT  HIGH  FREQUENCIES  AT  ANY  FREQUENCY 
(a)  (b)  (c) 

Fig.  6.1. — Voltage-divider  circuits. 


This  can  be  done  at  low  frequencies  by  the  resistance  voltage 
divider  of  Fig.  6.1a.  As  the  frequency  is  increased,  however,  the 
impedance  of  the  stray  capacitance  across  each  series  element 
decreases,  causing  the  attenuation  to  vary  with  frequency.  This 
can  be  avoided  at  high  frequencies  by  the  capacitive  voltage  divider 
of  Fig.  6.16.  Stray  capacitance  across  each  series  capacitor  simply 
increases  its  capacitance,  and  the  capacitive  admittance  at  high 
frequencies  is  chosen  large  enough  to  make  any  shunting  conduc¬ 
tance  negligible. 

If  parallel  capacitors  are  added  to  the  resistive  voltage  divider, 
the  circuit  of  Fig.  6.1c  is  obtained,  where  C i  and  C2  include 
the  stray  capacitances  across  R i  and  R2.  If  the  capacitors  are 
adjusted  so  that  the  half -power  frequencies  of  the  two  resistor- 
capacitor  combinations  are  the  same, 


CiRi  =  C2R2  and 


E0  __  Z2  _  Rz  /r 

Ei  Zx  +  Z2~  Rt  +  R2  ^'L) 


and  the  voltage  division  is  constant  at  all  frequencies.  Here 
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Z\  and  Z2  are  the  impedances  of  the  parallel  RC  units.  By  making 
Ri  and  R2  large  and  keeping  C i  and  C2  as  small  as  possible,  high 
input  impedance  as  well  as  constant  voltage  division  may  be 
maintained  over  a  wide  range  of  frequencies. 

7.  Phase -shifting  Networks. — In  the  previous  LR  and  CR  cir¬ 
cuits,  changes  in  the  phase  angle  of  I  or  E  were  accompanied  by  a 
change  in  magnitude.  By  the  use  of  special  circuits  it  is  possible  to 
change  the  phase  of  a  sinusoid  without  appreciable  change  in 
magnitude,  although  in  many  cases  the  voltage  is  reduced  by  a 
constant  factor. 

A  center-tapped  resistor  connected  in  parallel  with  a  series  CR 
combination  forms  the  phase-shifting  circuit  of  Fig.  7.1.  The 
voltages  Er  across  R  and  Ec  across  C  when  added  form  a  right 


Fig.  7.1. — Phase-shifting  network  and  its  voltage  relationships. 


triangle  with  E{  as  the  hypotenuse.  This  triangle  is  inscribed 
within  a  semicircle  with  Ei  as  its  diameter.  The  voltages  across 
the  equal  resistances  R  i  and  R 2  are  in  phase  with  Ei}  and  their  sum 
is  equal  to  Ei.  If  the  center  tap  of  the  pure  resistance  branch  is  A 
and  the  junction  of  R  and  C  is  B,  a  vector  drawn  from  A  to  B 
represents  the  output  voltage  E0  of  the  phase  shifter.  When  the 
impedance  of  R  or  C  is  varied,  the  relative  magnitudes  of  ER  and 
Ec  are  altered,  but  their  vector  diagram  is  still  a  triangle  inscribed 
in  the  same  semicircle.  The  tip  of  E0  moves  p  round  the  circum¬ 
ference  of  the  semicircle  when  R,  co,  or  C  is  varied.  The  numbers  on 
the  lower  semicircle  of  Fig.  7.1  are  the  numerical  ratios  of  any  one  of 
R ,  co,  or  C  (whichever  is  the  variable)  to  its  half-power  value.  The 
constant  magnitude  of  the  output  voltage  is  E{/ 2.  The  phase 
angle  of  the  output  voltage  with  respect  to  the  input  voltage  can  be 
varied  by  this  circuit  from  an  angle  near  0°  for  large  values  of  the 
variable  to  an  angle  of  180°  for  zero  value  of  the  variable. 

The  combination  of  the  source  Ei  and  the  center-tapped  resistive 
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branch  can  be  replaced  by  the  center-tapped  secondary  of  a  trans¬ 
former,  resulting  in  the  circuit  at  the  right  of  Fig.  7.1.  If  the 
center  tap  is  grounded,  EAB  and  E2  share  a  common  ground  and 
are  equal  in  magnitude.  The  phase  of  EAb  may  be  altered  in  the 
same  manner  as  in  the  circuit  with  the  center-tapped  resistor. 


II.  SERIES  RESONANCE 


© 


It  is  generally  possible  to  adjust  the  circuit  constants  or  the 
impressed  frequency  in  series  circuits  containing  L,  C,  and  R  so 
that  the  phase  angle  between  current  and  voltage  T 

is  zero  and  the  impedance  of  the  combination  is  a 
pure  resistance.  This  condition  is  defined  as  reso¬ 
nance.  At  resonance  the  voltage  across  the  circuit 
is  in  phase  with  the  current  through  it,  and  the 
power  factor  of  the  circuit  is  unity. 

8.  Circuit  Relations  at  Series  Resonance. — In 
the  series  circuit  of  Fig.  8.1  the  internal  impedance 
of  the  generator  is  assumed  negligible  in  compari- 


Fig.  8.1. — Series 

circuit. 


son  with  R ,  so  that  R  accounts  for  all  the  circuit  dissipation, 
current  is 


The 


I  = 


(8.1) 


At  resonance  the  current  and  voltage  are  in  phase,  and  the  coeffi¬ 
cient  of  j  in  (8.1)  therefore  must  be  zero.  The  condition  for  reso¬ 
nance  is 


or 


i^LQ  =  1 


(8.2) 


This  condition  may  be  satisfied  by  variation  of  any  one  of  the 
parameters  involved  in  (8.2).  If  these  are  altered  separately, 
there  are  certain  critical  values  of  <o,  L,  or  C  that  produce  resonance. 
These  values,  denoted  by  the  subscript  r,  are  related  to  the  fixed 
constants  of  the  circuit  by 


=  1 

Vlc 


and 


(8.3) 


The  series-resonant  frequency  fr  of  the  circuit,  in  cycles/second,  is 
related  to  coT  by  o>r  =  2wfr . 


32 


CIRCUIT  RESPONSE 


[Chap.  II 


At  resonance,  the  impedance  Z  and  current  I  reduce  to 

Z  =  R  and  I  =  (8.4) 

The  voltages  across  R,  L,  and  C  are 

Eb  =  RI  -E  EL=j°^E  and  Ec  =  (8.5) 

From  (8.2)  the  voltages  EL  and  Ec  at  resonance  are  equal  in  magni¬ 
tude  and  opposite  in  phase. 

The  equal  voltage  ratios  \EL/E\  and  \EC/E\  at  resonance, 
obtained  from  (8.5),  are  given  by  the  ratio  of  the  magnitude  of  the 
reactance  of  either  the  inductor  or  the  capacitor  to  the  series 
resistance  of  the  circuit.  The  definition  of  Q  for  a  dissipative 
reactor  (the  ratio  of  its  series  reactance  to  series  resistance)  can  be 
extended  to  a  series  circuit  containing  L,  R ,  and  C.  The  quality 
factor  Qr  of  a  series  branch  or  loop  is  defined  as  the  ratio  of  the 
series  reactance  of  either  reactor  at  resonance  to  the  series  resistance 
of  the  branch  or  loop.  If  the  frequency  is  variable, 

Qr 

where  cor  is  the  angular  frequency  at  resonance. 

For  a  circuit  of  constant  L,  R,  and  C,  the  quality  factor  Qr  is  also 
a  constant,  independent  of  frequency.  If  the  resistance  R  is 
primarily  that  of  the  inductor,  Qr  for  the  circuit  is  equal  to  the 
quality  factor  Q  of  the  coil  at  the  resonant  frequency  of  the  circuit. 
At  resonance,  from  (8.5), 

\El\  =  \Ec\  =  Qr\E\ 

When  Qr  is  large,  EL  and  Ec  are  many  times  greater  than  the 
applied  voltage. 

9.  Energy  and  Power  Relations  at  Series  Resonance. — An 

inductor  carrying  current  and  a  charged  capacitor  possess  stored 
energy.  The  instantaneous  value  of  the  stored  energy  in  each 
reactor  is 

in  the  inductor  in  the  capacitor 

\LV  \Cel  (9.1) 

As  the  sinusoidal  current  through  each  reactor  in  a  series  circuit  is 
the  same  and  since  the  voltage  across  the  capacitor  lags  the  current 


c crL 

~w 


CCrCR 


(8.6) 
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by  one-quarter  period,  the  stored  energy  in  the  capacitor  is  a 
maximum  one-quarter  cycle  later  than  that  in  the  inductor.  From 
(8.2)  and  (8.5)  the  maximum  energy  stored  by  the  inductor  and 
capacitor  is  the  same  at  resonance,  as  indicated  in  Fig.  9.1a.  The 
sum  of  the  stored  energy  is  a  constant,  equal  to  the  maximum  energy 
stored  in  either  L  or  C;  its  value  is  L\I\2/2  in  amplitude  units  or 
L\I\2  in  rms  units.  The  ratio  of  the  stored  energy  at  resonance  to 
the  energy  dissipated  per  cycle  is  Qr/ 2tt. 

The  transfer  of  energy  from  inductor  to  capacitor  and  back 
occurs  twice  per  period  of  the  current.  The  rate  of  transfer,  or  the 
instantaneous  power  absorbed  from  and  returned  to  the  circuit  by 


Fig.  9.1. — Stored  energy  and  power  variations  at  resonance. 

each  reactor,  is  sketched  in  Fig.  9.16,  together  with  curves  describ¬ 
ing  the  instantaneous  and  average  power  dissipation  in  the  resistor. 
At  resonance,  the  instantaneous  rate  of  energy  storage  by  one 
reactor  is  equal  at  all  times  to  the  rate  of  energy  return  by  the  other 
reactor.  The  maximum  rate  of  energy  storage  in  both  reactors 
may  be  calculated  from  (4.3),  Chap.  I,  as  \EcI\/2  =  \ELI\/2,  or  in 
rms  values  \ECI\  and  \ELI\.  As  the  currents  and  voltages  are  in 
quadrature,  these  expressions  give  the  reactive  volt-amperes,  or 
so-called  “  wattless  power,”  for  the  capacitor  and  inductor. 

The  ratio  of  the  reactive  volt-amperes  for  either  reactor  to  the 
power  dissipated  at  resonance  is  equal  to  Qr.  This  fact  may  also  be 
used  to  define  the  quality  factor  Qr. 

10.  The  Frequency  Response  of  a  Series  LCR  Circuit. — As 
Z  is  equal  to  the  voltage  across  a  circuit  per  unit  current  through 
it,  the  voltage  variation  with  constant  current  is  determined  by  the 
variation  of  Z .  The  impedance  Z  of  a  series  LCR  circuit  is  given  by 

Z  =  R+jX  =  R+j  (*L  - 


(10.1) 
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and 


\z\  «  VWTx* 


=  tan- 


R 


(10.2) 


The  magnitudes  of  the  components  of  Z  are  plotted  in  Fig.  10.1  as  a 
function  of  frequency.  At  low  frequencies  the  capacitive  reactance 
is  predominant,  and  at  high  frequencies  the  inductive  reactance  is 
predominant.  At  some  intermediate  frequency  these  reactances 
cancel;  the  capacitive  and  inductive  reactances  are  equal  and 


Fig.  10.1. — Variations  in  Z,  Y,  and  By  for  a  series  LCR  circuit  as  the  frequency  is 

changed. 


opposite  in  sign.  The  frequency  at  which  this  occurs  is  the  reso¬ 
nant  frequency /r;  the  reactance  X  is  zero,  and  the  impedance  Z  is 
a  minimum  and  is  equal  to  R .  The  rapidity  with  which  \Z\  changes 
in  the  neighborhood  of  resonance  depends  upon  Qrj  which  is  the 
ratio  at  resonance  of  either  the  capacitive  or  the  inductive  reactance 
to  the  resistance.  The  rapidity  of  this  change  is  measured  by  the 
separation  of  the  lower  and  upper  half-power  angular  frequencies 
co'  and  o>"  marked  on  the  curves.  At  these  frequencies  X  equals 
—  R  and  R,  respectively,  and  the  magnitude  of  the  impedance  is 
y/2  times  its  resonant  value  R. 

As  the  admittance  of  a  circuit  is  equal  to  the  current  per  unit 
voltage  applied,  the  curves  for  \  Y\  and  BY  in  Fig.  10.16  describe  the 
variations  in  magnitude  and  phase  of  the  current  in  a  series  LCR 
circuit  when  a  constant- voltage  generator  of  variable  frequency  is 
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applied  to  it.  The  values  of  Y  may  be  obtained  from  those  for  Z 
by  the  relations  \Y\  =  1/|Z|  and  6Y  =  — 6Z .  The  admittance  is  a 
maximum  at  the  resonant  frequency  and  drops  to  l/\/2  of  this 
value  at  the  half-power  frequencies,  at  which  the  power  delivered 
to  the  circuit  is  one-half  that  at  resonance.  The  phase  angle  dY 
at  «'  and  w"  is  +45°  and  —45°,  respectively. 

The  effect  of  changing  the  Qr  of  the  circuit  is  illustrated  by 
plotting  several  response  curves  for  different  values  of  the  circuit 


CO  W> 

Fig.  10.2. — Response  curves  of  a  series  LCR  circuit  as  a  function  of  frequency  for 
various  values  of  Qr  (encircled). 


constants.  In  Fig.  10.2a  the  L/C  ratio  is  fixed,  and  R  is  changed 
from  curve  to  curve.  At  frequencies  removed  from  resonance,  the 
reactance  is  predominant,  and  therefore  the  reactance  controls  the 
shape  of  the  curve;  the  dependence  on  R  is  slight.  Near  resonance, 
the  resistance  controls  the  shape  of  the  curve  in  a  region  that  is 
smaller  the  lower  the  value  of  R  or  the  higher  the  value  of  Qr.  In 
Fig.  10.25  the  resistance  is  held  constant  and  the  L/C  ratio  changed. 
The  larger  the  value  of  L/C  and  therefore  the  larger  the  value  of 
Qr,  the  more  restricted  the  range  of  large  response.  The  sharpness 
of  tuning,  which  varies  inversely  with  the  separation  of  the  half¬ 
power  frequencies,  is  correspondingly  increased. 
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Most  of  the  values  of  Qr  shown  in  Fig.  10.2  are  small.  It  would 
be  difficult  to  illustrate  in  Fig.  10.2a  the  response  for  a  circuit  with 
a  Qr  as  large  as  the  readily  obtained  value  of  100,  as  the  response 
would  not  differ  appreciably  from  that  of  Qr  =  8  for  the  lower 
values  of  \  Y\  or  |Z|,  which  are  the  only  values  shown  on  the  diagram. 
In  Figs.  10.2b, c  the  response  for  Qr  =  100  is  indicated,  but  the 
changes  in  \  Y\  and  6Y  occur  in  such  a  narrow  range  of  frequencies 
that  the  shape  is  obscured.  In  Fig.  10.2d  a  portion  of  the  response 
curve  with  Qr  =  100  is  drawn  to  an  expanded  frequency  scale, 
which  covers  a  frequency  variation  of  a  few  per  cent  in  the  neigh¬ 
borhood  of  resonance.  The  curves  for  both  \Y\  and  dY  are  nearly 
symmetrical  about  cor  in  this  range. 

11.  Calculation  of  Z  and  Y  for  a  Range  of  Frequencies. — The 
impedance  of  a  series  LCR  circuit  may  be  written 

01.1) 

From  this  expression  the  angle  and  magnitude  of  Z  are 

tan  0Z  =  ^  and  \Z\  =  R  VI  +  tan2  <TZ  (11.2) 

The  corresponding  admittance  Y  is 

|y|  =  sviTtejp %  and  er=~6z  (1L3) 

If  R  is  constant  and  co  is  varied,  the  changing  magnitudes  of  Z  and 
Y  are  determined  by  the  value  of  tan  6Z.  In  terms  of  cor  and 
Qr ,  the  resonant  frequency  and  quality  factor  of  the  circuit,  the 
expression  for  tan  6Z  is 


where 


(11.4) 

(11.5) 


From  (11.4)  it  follows  that  the  variations  of  tan  Oz,  and  therefore 
those  of  Z  and  F,  are  determined  by  the  circuit  constant  Qr  and 
by  the  ratio  of  the  impressed  angular  frequency  c c  to  the  series- 
resonant  angular  frequency  cor.  If  the  frequency  response  of  a  series 
circuit  is  plotted  in  terms  of  this  frequency  ratio,  all  circuits  with 
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the  same  Qr  yield  curves  of  the  same  shape.  As  the  frequency  co 
occurs  only  as  compared  with  cor,  it  is  convenient  to  refer  to  this 
ratio  as  w  and  call  it  the  fractional  frequency.  Then 

tan  6Z  =  Qr\w  —  -  ]  where  w  =  —  =  co  \^LC  (11.6) 

\  W/  C 0r 

The  relation  (11.6)  is  useful  if  it  is  desired  to  compare  the 
response  at  some  frequency  removed  from  resonance  with  that 
obtained  at  resonance.  For  example,  if  a  circuit  is  tuned  to  a 
signal  delivered  by  a  constant- voltage  generator,  the  current 
^sponse  at  a  frequency  twice  as  great  (the  second  harmonic  of  the 
signal,  Chap.  IX)  is  readily  calculated  from 

w  =  2  tan  dz  =  Qr( 2  -  i)  =  1.5 Qr  \Z\  =  R  a/I  +  (1.5Qr)2 

(11.7) 

The  value  of  \Y\,  and  therefore  the  current,  is  reduced  to 

1 

VI  +  2.256? 

of  its  value  at  resonance,  and  it  lags  the  voltage  by  tan-1  1.5Qr 
If  1.5Qr  is  large,  \Y\  is  reduced  by  the  approximate  factor  l/(1.5Qr), 
or  1/tan  6Z.  If  a  circuit  having  the  same  Qr  were  tuned  to  the 
second  harmonic  of  a  signal,  its  response  at  the  fundamental  fre¬ 
quency  (w  =  i)  would  be  reduced  by  the  same  factor,  since  for  a 
given  value  of  w  and  its  reciprocal  the  magnitude  of  tan  6Z  in  (11.6) 
is  the  same. 

The  half-power  frequencies  of  the  circuit  may  be  determined 
in  terms  of  Qr  by  solving  (11.6)  for  w ,  yielding  the  following  quad¬ 
ratic  expression  and  its  solution: 

9  tan  6Z  tan  Qz  .  L  ,  /tan  6Z\2  -- 

w  -QTW-1=0  w  =  +  V1  +  \-2Qt)  (1L8) 

Since  at  resonance  w  =  1  and  tan  6Z  =  0,  only  the  positive  sign 
of  the  radical  has  meaning.  At  the  half-power  frequencies  the 
following  relations  hold: 


Upper  half-power  frequency  Lower  half-power  frequency 


o)  =  w"  w  — 

co" 

—  tan  6Z  =  1 

CO 

—  co/ 

w  — 

co' 

tan  0Z 

=  -i 

cor 

cor 

co"  1 

=7  =  2<2;  +  < 

J1  +  4Ql 

3  1  3 

11 

to!  1 

+  \ 

h+ 

~T 

(11.9) 
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Upon  subtracting  these  expressions,  the  radical  vanishes  and 


0)r 


1 

Qr 


=  or 


Qr  = 


Wr 


BW 


(11.10) 


where  BW  is  the  difference  between  the  half-power  frequencies 
and  is  called  the  band  width.  It  may  be  measured  in  radians/ 
second,  equal  to  w"  —  w',  or  cycles/second,  equal  to  /"  —  /'.  The 
ratio  of  the  band  width  to  the  resonant  frequency  is  called  the 
fractional  band  width  and  is  BW/uT  =  1  /Qr.  The  band  width 
in  per  cent  of  the  resonant  frequency  is  100/Qr.  The  expressions 
(11.10)  are  exact  and  hold  for  any  value  of  Qr. 

In  some  circuits  the  applied  signal  voltage  contains  many 
frequencies  closely  grouped  around  the  resonant  frequency  of  the 
circuit.  When  the  per  cent  deviation  from  the  resonant  frequency 
is  small,  an  approximate  relation  between  the  frequency  and 
tan  6Z  simplifies  the  calculation  of  the  circuit  response. 

If  (tan  ez)/2Qr  is  small  in  comparison  with  unity,  its  square  in 
the  radical  of  (11.8)  may  be  neglected  and 


w  —  1  = 


w  —  o or  ^  tan  6Z 
Wr  2  Qr 


(lUll) 


It  follows  that  (tan  6z)/2Qr  approximates  the  ratio  of  the  frequency 
deviation  from  resonance  to  the  resonant  frequency  when  this  ratio 
is  small.  Under  these  conditions  the  frequency  deviation  from 
resonance  is 

w  -  Wr  ~  \  tan  0z  =  ir tan  6z  (ii-i2) 


At  the  half-power  frequencies  tan  Qz  —  ±1,  and  the  approximate 
values  of  «"  and  co'  are 


Cv  =  Wr  + 


BW 


and 


W  =  CCr  — 


(11-13) 


They  occur  at  approximately  a  half  band  width  above  and  below 
the  resonant  frequency.  At  intervals  of  2,  3,  4  half  band  widths 
above  and  belowT  the  resonant  frequency,  tan  Bz  has  the  value 
±2,  ±3,  ±4;  from  (11.3)  the  corresponding  values  of  admittance 
are  \/\Zb,  l/\/l0,  l/\/l7  of  its  value  at  resonance.  Where  this 
approximation  is  applicable,  tan  6Z  is  readily  obtained  as  the  ratio 
of  the  frequency  deviation  from  resonance  to  the  half  band  width. 
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tan  dz  “  ^wji  (1L14) 

This  approximation  predicts  a  symmetrical  variation  of  |7| 
around  the  resonant  frequency,  as  illustrated  in  Fig.  11.1a  for 
a  circuit  of  Qr  =  50.  In  the  small  frequency  range  of  4  per  cent 
below  and  above  resonance  shown,  the  true  curve  has  a  negligible 
difference  from  the  symmetrical  one.  Expansion  of  the  radical 
in  (11.8)  shows  that  at  a  frequency  near  resonance  the  error  involved 
in  the  use  of  the  approximation  of  (11.12)  is  about  one-half  the 
per  cent  deviation  from  resonance. 

For  larger  per  cent  deviation  from  resonance  an  accurate  repre¬ 
sentation  of  \Y\  requires  that  points  on  the  symmetrical  curve  be 

1. 

1/V2 


-4  -3-2-1  0  l  2  3  tun  8? 

0.96  0.97  0.98  0.99  1.00  1.01  1.02  (.03  w-*  0.6  0.7  0.8  0.9  1.0  1.1  1.2  1.3  1.4  w-* 

(a)  (b) 

Fig.  11.1. — Variation  of  the  admittance  of  a  series  LCR  circuit  near  resonance, 
showing  the  departure  from  symmetry  as  the  per  cent  deviation  from  resonance 
increases. 

shifted  toward  higher  frequency  by  an  amount  which  depends 
only  upon  the  per  cent  deviation  from  resonance  and  is  independent 
of  Qr .  In  Fig.  11.6  the  symmetrical  and  true  curves  are  shown 
for  circuits  of  Qr  equal  to  5  and  10.  At  equal  per  cent  deviations 
either  above  or  below  resonance  the  frequency  difference  between 
the  two  curves  is  the  same  and  increases  linearly  with  the  deviation 
from  resonance. 

The  simultaneous  variations  of  magnitude  and  phase  of  Z  and 
Y  are  illustrated  by  the  loci  of  Fig.  11.2.  Figure  11.2a  shows  the 
values  of  Z  and  tan  6Z  for  a  fixed  E,  at  various  frequencies  corre¬ 
sponding  to  integral  values  of  tan  6Z.  Near  resonance  these 
frequencies  have  approximately  equal  differences  of  one-half  band 
width  when  Qr  is  large,  i.e.,  when  the  band  width  is  a  few  per  cent 
of  the  resonant  frequency.  In  Fig.  11.26,  values  of  Z  are  related 
to  w  for  a  circuit  of  Qr  =  5  (20  per  cent  band  width).  For  the 
large  percentage  frequency  deviations  indicated,  the  corresponding 
variations  in  Z  are  unsymmetrical.  In  Fig.  11.2c  are  shown  the 
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values  of  Y  corresponding  to  Figs.  11.2a,  b.  The  symmetrical 
variation  of  Y  near  resonance  in  the  upper  circular  locus  is  charac¬ 
teristic  of  high-Qr  circuits,  while  the  unsymmetrical  behavior  for 
Qr  —  5  is  characteristic  of  low -Qr  circuits. 

If  the  LCR  circuit  is  excited  by  a  constant-current  generator, 
the  various  values  of  Z  in  Fig.  11.2  multiplied  by  the  current  mag¬ 
nitude  describe  the  variation  of  the  vector  voltage  across  the  circuit 
both  in  magnitude  and  in  phase  with  respect  to  the  current. 

When  the  circuit  is  excited  by  a  const  ant-voltage  device,  the 
values  of  Y  describe  the  current  variations.  Although  the  current 
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Fig.  11.2. — Variation  of  Z  and  Y  as  related  to  tan  0z  and  w  for  a  high-Q7  series  LCR 
circuit  and  to  w  for  a  low-Qr  series  circuit. 


in  a  series  LCR  circuit  is  a  maximum  at  resonance,  the  voltages 
across  C  and  L  are,  respectively,  a  maximum  at  a  frequency  slightly 
below  and  slightly  above  resonance  owing  to  the  fact  that  their 
impedance  varies  with  the  frequency.  For  large  values  of  Qr  the 
frequency  deviation  from  resonance  for  these  maxima  is  one  part 
in  4 Q2r)  and  the  maxima  are  larger  than  QrE  (the  voltage  at  reso¬ 
nance)  by  only  one  part  in  8Q£- 

12.  Variation  of  Capacitance  in  a  Series  LCR  Circuit. — If  R,  L, 

and  o)  are  fixed  in  a  series  LCR  circuit  and  C  is  varied,  the  corre¬ 
sponding  changes  in  Z  and  Y  are  similar  to  those  caused  by  varying 
co.  The  chief  difference  is  in  the  variation  of  tan  dz.  As  the  fre¬ 
quency  is  constant  and  C  is  varied,  the  quality  factor  Qr,  defined 
at  resonance,  must  be  given  in  terms  of  Cr .  The  expression  for 
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tan  6Z  from  (11.2)  becomes 

tan  6Z  =  Qr  (l  -  (j)  where  Q,  =  ^  ^  =  -jr 

(12.1) 

For  large  values  of  C ,  tan  0^  approximates  Qr,  and  the  corresponding 
value  of  Y  approaches  l/\/l  +  Qr  of  its  resonant  value.  From 
(12.1)  the  ratio  Cr/C  is 


=  1  - 


tan  Qz 


t - 7T  (12.2) 

tan  Oz 


At  the  upper  and  lower  half-power  values  of  capacitance,  tan  6Z 
equals  +1  and  —1,  respectively, 


Cr  ^  r  ,  Cr 

1  '  +  Qr 


Cr  ^  Cr 

1+1 

+  Qr 


(12.3) 

The  approximation  shows  that  the  half-power  values  are  approxi¬ 
mately  equally  spaced  on  either  side  of  CT  if  Qr  is  large.  The 
approximate  per  cent  deviation  of  the  half-power  values  of  C  from 
Cr  is  100/Qr,  or  twice  the  percentage  deviation  of  the  half-power 
values  of  w  from  wr,  Sec.  11. 

It  is  possible  to  determine  Qr  exactly  in  terms  of  C'*and  C" 
for  any  value  of  Qr.  At  the  half-power  values  of  capacitance, 
(12.2)  becomes 


l  =  i  +  l 

C'  L+Qr 

Cr  _  Cr_  _2 

C'  C"  Qr  N 

Cr{C"  -  C')  2 

C’C"  Qr 


Cr  _  _  ± 

C"  ~  Qr 

1  +  1=2 
C"  '  C" 

Cr(C"  +  C) 


=  2  (12.6) 


Dividing  the  second  equation  by  the  first  in  (12.6), 

%  =  Qr  (12.7) 

Now  Qr  =  o)L/R,  (12.1),  and  Cr  =  1  /oj2L.  If  these  values  are 
substituted  in  (12.6) 


C"  -  C 
~2^CrCrr 


and  L  ~ 


C"  +  C‘ 
2  u2C'Cn 


(12.8) 
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Knowledge  of  the  half-power  capacitances  permits  the  calculation 
by  means  of  (12.8)  of  R  and  L  at  the  frequency  of  operation. 


III.  PARALLEL  RESONANCE 

Parallel  resonance  is  said  to  exist  when  the  impedance  of  a 
parallel  combination  of  reactive  elements  is  a  pure  resistance,  with 
zero  phase  angle.  When  driven  by  a  generator,  the  reactive  com¬ 
ponents  of  the  branch  currents  add  to  zero,  as  contrasted  to  series 
resonance  where  the  reactive  components  of  voltage  cancel. 

Despite  this  and  other  differences  there  exist  marked  similarities 
in  the  behavior  of  the  same  elements  excited  in  series  and  parallel 
resonance.  Many  of  the  series  relationships  are  useful  in  describing 
conditions  in  the  neighborhood  of  parallel  resonance,  particularly 
if  the  losses  of  the  circuit  are  low. 

13.  Conditions  at  Parallel  Resonance.— In  the  parallel  com¬ 
bination  of  Fig.  13.1a,  driven  by  a  constant-voltage  generator,  it  is 


Fig,  13.1. — Parallel  LCR  circuit  and  its  current-voltage  relations  at  resonance. 


assumed  that  the  losses  in  the  capacitor  are  negligible  in  comparison 
with  those  in  the  inductor.  For  suitable  values  of  L,  C,  R,  some 
value  of  w  produces  parallel  resonance.  If  R  is  small,  the  parallel- 
resonant  frequency  is  practically  the  same  as  the  series-resonant 
frequency  of  the  loop;  at  the  parallel-resonant  frequency,  the 
reactances  of  the  two  branches  are  nearly  equal,  and  the  branch 
currents,  which  differ  in  phase  by  almost  180°,  tend  to  cancel  at 
the  generator  terminals.  If  R  were  reduced  to  zero,  the  generator 
current  would  reduce  to  zero,  the  combination  would  have  infinite 
resistance,  and  there  would  be  a  circulating  current  in  the  series 
loop  equal  to  that  through  either  of  its  branches.  With  finite 
though  small  values  of  R,  the  conditions  at  resonance  differ  some¬ 
what  from  this  ideal  case,  but  the  magnitudes  of  the  branch  and 
loop  currents  are  not  greatly  affected. 

The  impedance  of  the  parallel  combination  may  be  expressed 
as  the  product  of  the  branch  impedances  divided  by  their  sum, 


Ski*.  13] 


CONDITIONS  AT  PARALLEL  RESONANCE 


43 


(13.1) 


(13.2) 

(13.3) 


At  resonance  the  impedance  is  a  pure  resistance,  and  the  angle  of 
the  complex  ratio  multiplying  L/CR  in  (13.3)  is  zero.  This  requires 
that  the  angles  of  the  complex  numerator  and  denominator  be 
equal,  then  the  tangents  of  these  angles  are  equal,  and 


R  _  a )L  __  1 

c oL  R  a )CR 


•(13.4) 


Multiplying  through  by  uR/L  and  solving  for  o>  yields  copr,  the 
parallel-resonant  angular  frequency, 


Src- 


(13.5) 


The  ratio  of  the  parallel-resonant  frequency  to  the  series-resonant 
frequency  of  the  loop  (cosr  =  1  /y/LC)  is 


where  Qr  is  the  quality  factor  of  the  series  loop.  The  approximation 
given  holds  only  for  high-Qr  circuits  where  the  resonant  frequencies 
are  almost  the  same.  For  Qr  =  10,  the  approximation  indicates 
the  parallel-resonant  frequency  is  only  per  cent  lower  than  the 
series-resonant  frequency. 

The  parallel-resonant  frequency  is  a  function  of  R.  In  fact, 
if  R  is  so  large  that  Qr  =  1,  the  parallel-resonant  frequency  is 
zero,  from  (13.6).  For  larger  values  of  R  no  parallel-resonant 
frequency  exists  for  this  circuit,1  and  the  ratio  of  driving  frequency 

1  There  is  no  frequency  at  which  the  total  alternating  current  I,  Fig.  13.1a, 
is  in  phase  with  the  applied  voltage  E . 
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to  parallel-resonant  frequency  has  no  meaning.  The  behavior  of 
this  parallel  LCR  circuit  is  described,  therefore,  in  terms  of  the 
previously  defined  Qr  and  the  frequency  ratio  w  =  co/cosr  of  the 
series  loop.  Although  at  parallel  resonance  the  ratio  of  reactive 
volt-amperes  to  power  dissipated  is  not  equal  to  Qr,  it  does  not 
differ  sensibly  from  it  for  a  high-Qr  circuit. 

The  parallel-resonant  impedance  Zpr  is  obtained  by  substituting 
(13.4)  in  (13.3).  The  impedance  of  the  parallel  combination  at 
the  series-resonant  frequency  of  the  loop,  {Z)u„}  is  obtained  from 
(13.1)  by  setting  a  =  1  /y/LC.  The  impedances  presented  to  the 
generator  at  these  two  important  frequencies  are 


Multiplication  by  R/R  yields  from  (8.6)  the  same  relations 
expressed  in  terms  of  Qr , 


Zpr  =  QIR 

Z„BT  =  Q2rR  -  jQrR 


=  QIR 


Hi) 


(13.8) 


Where  parallel  resonance  exists,  the  parallel-resonant  impedance 
and  the  real  part  of  the  parallel  impedance  at  wsr  are  equal.  The 
phase  angle  6Z  for  the  combination  at  cosr  is  always  negative  since 
tan  dz  =  —1/Or  at  this  frequency. 

From  (13.7)  the  smaller  the  value  of  R ,  the  larger  the  parallel- 
resonant  impedance  L/CR  at  the  parallel-resonant  frequency. 
This  is  because  the  currents  in  the  two  branches  at  wpr  become  more 
nearly  equal  in  magnitude  and  opposite  in  phase  as  R  is  decreased. 
The  relation  at  parallel  resonance  between  the  generator  and 
branch  currents  and  the  generator  voltage  is  shown  in  Fig.  13.16. 
At  parallel  resonance  the  magnitude  of  the  current  through  the 
inductor  must  be  larger  than  that  through  the  capacitor  because 
its  out-of-phase  component  is  equal  to  that  through  the  capacitor 
and,  in  addition,  it  possesses  a  component  in  phase  with  the  gener¬ 
ator  voltage.  As  Qr  increases,  the  currents  Ih  and  Ic  approach 
equality  of  magnitude  and  opposition  of  phase.  The  generator 
current  at  resonance  is  thus  progressively  decreased,  and  the 
impedance  of  the  combination  becomes  larger  and  larger.  The 
sine  of  the  angle  4>  of  Fig.  13.1  is  equal  to  1/Qr,  and  at  parallel 
resonance  the  current  through  the  inductor  is  equal  to  Qr  times 
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the  generator  current  for  any  value  of  Qr.  For  large  values  of  Qr 
the  magnitude  of  the  current  through  the  capacitor  approaches 
the  magnitude  of  the  current  through  the  inductor,  and  the  follow¬ 
ing  relations  obtain: 

Qr\I\  =  \Il\  =  \h\  (13.9) 

Thus  at  parallel  resonance  there  is  a  “resonant  rise”  of  current, 
comparable  with  the  “resonant  rise”  of  voltage  at  series  resonance. 
For  a  parallel-resonant  circuit  whose  Qr  is  high  the  circulating  cur¬ 
rent  in  the  LCR  loop  approximates  Qr  times  the  generator  current. 

Qt  is  as  defined  in  (8.6).  It  is  the  Q  of  the  “loop”  at  the  series- 
resonant  frequency  of  the  loop. 

14.  Response  of  a  High-Q  Parallel  Circuit  near  Resonance. — 

If  the  parallel  circuit  of  Fig.  13.1  is  excited  by  a  constant-current 
variable-frequency  generator,  the  variation  in  voltage  across  the 
LCR  combination  is  due  to  its  changing  impedance.  The  expres¬ 
sion  (13.2)  for  the  impedance  of  the  parallel  circuit  may  be  rear¬ 
ranged  to  give 


The  quantity  in  the  brackets  on  the  right  is  the  admittance  Ys 
of  the  series  loop  formed  by  the  branches,  so  that 

Z  -(§)<y->  i®)-  W?!  <>«> 

where  w  =  a/ usr  =  o>  y/LC  and  Qt  is  the  quality  factor  of  the 
series  loop  at  series  resonance.  If  wQr  >>  1,  Qr  large  and  fre¬ 
quency  deviation  from  resonance  small,  the  last  term  in  (14.1) 
is  practically  equal  to  unity  and  can  be  neglected. 

Therefore,  except  for  a  constant  multiplier  L/C,  the  variation  of 
\Z\  for  the  parallel  circuit  is  practically  the  same  as  that  of  \YS\  for 
the  series  circuit.  The  symmetrical  curves  of  \Z\  and  Bz,  Fig. 
14.16,  for  a  parallel  circuit  of  Qr  =  100,  do  not  differ  appreciably 
in  shape,  for  small  deviations  from  resonance,  from  the  curves  for 
\Y\  and  dY  for  a  series  circuit  of  the  same  QT,  Fig.  10.2c?.  The 
band  width  and  half-power  frequencies  of  the  series  loop  calculated 
from  (11.10)  and  (11.13)  also  describe  the  variations  of  Z  for  the 
parallel  combination. 

From  the  values  of  \Z\  and  6Z  for  the  parallel  combination  the 
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equivalent  series  resistance  Rs  and  the  equivalent  series  reactance  X8 
are  obtained  as  the  real  and  imaginary  parts  of  Z.  The  complex 
rectangular  expressons  for  R8  and  X8  are  given  by  (13.6),  Chap.  I, 
and  R8  and  X8  are  shown  as  dashed  lines  in  Fig.  14.  lb.  The  equiv¬ 
alent  series  resistance  Ra,  which  accounts  for  the  power  delivered 
to  the  load  in  terms  of  the  total  current  I ,  Fig.  13.1a,  varies  more 
rapidly  than  \Z\  and  falls  to  one-half  its  maximum  value  at  the  half¬ 
power  frequencies.  At  frequencies  below  resonance  the  circuit  is 
inductive,  while  at  frequencies  above  resonance  the  circuit  is  capac¬ 
itive,  as  shown  by  the  negative  value  of  X8.  The  maximum  values 
of  Xa  occur  at  the  half-power  frequencies. 


Fig.  14.1. — Impedance  variations  for  a  parallel  circuit  of  high  Qr  described  in  polar 
and  rectangular  form  as  a  function  of  the  frequency  ratio  w  =  o)/o)ar  —  o)  Vlc. 

The  variations  illustrated  in  the  four  curves  of  Fig.  14,  lb  are 
described  by  the  single  circular  locus  of  Z  in  Fig.  14.1a.  Here  a 
numerical  scale  relates  the  terminal  positions  of  Z  on  its  circular 
locus  to  w,  the  ratio  of  the  exciting  frequency  to  the  series-resonant 
frequency  of  the  loop. 

When  the  circuit  is  connected  to  a  constant-current  generator, 
the  voltage  is  given  by  the  product  of  Z,  Fig.  14.1,  and  the  constant 
current,  so  that  both  the  diagrams  and  the  locus  describe  the  vari¬ 
ation  in  voltage  across  a  high-Q,  LCR  combination  as  the  frequency 
is  altered.  N ear  resonance  the  impedances  of  the  LR  and  C  branches 
change  by  only  a  few  per  cent,  and  the  magnitudes  of  the  current 
through  both  branches,  or  the  loop  current,  follow  the  voltage  varia¬ 
tion  closely  so  that  the  loop  current  near  resonance  is  approximately 
proportional  to  \Z\,  Fig.  14,1. 

15.  Response  of  Intermediate  and  Low-Q  Parallel  Circuits. — 

With  low-Qr  circuits  and  wide  frequency  deviations  from  resonance 
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the  complex  numeric  factor  of  (14.2)  cannot  be  neglected.  If  it 
is  expressed  in  polar  form, 


its  action  is  seen  to  increase  \Z\  by  a  factor  dependent  upon  (wQr)2 
and  to  decrease  9Z  by  an  angle  determined  by  wQr.  For  small 
values  of  l/(wQr)  the  change  in  angle  is  more  important  than  the 
change  in  magnitude.  This  is  illustrated  in  Fig.  15.  15,  where  the 
variation  of  \Z\  and  6Z  is  given  for  a  circuit  of  Qr  =  8.  The  shape 
of  the  curve  for  Z  differs  only  slightly  from  the  curve  for  Ya,  while 


Fig.  15.1. — Impedance  variations  lor  a  parallel  circuit  of  intermediate  Qr 
described  in  polar  and  rectangular  form  as  a  function  of  the  frequency  ratio 
W  —  to/co^r  =  <0  y/ LC. 


the  curve  for  6Z  is  markedly  affected.  Therefore  \Z\  falls  to  0.707 
of  its  maximum  value  at  frequencies  only  slightly  different  from 
the  half-power  frequencies  of  the  series  loop;  the  ratio  of  the 
resonant  frequency  to  the  band  width  is  equal  to  Qr  to  a  good 
approximation.  The  phase  angle,  however,  no  longer  has  equal 
magnitudes  at  the  upper  and  lower  half-power  frequencies  of  the 
loop.  Nor  has  Xa.  These  changes  appear  in  the  locus  of  Z,  Fig. 
15.1a,  which,  remaining  almost  circular,  is  slightly  enlarged  and 
rotated  clockwise  through  an  angle  whose  tangent  approximates 
1  /Qr.  At  038T  the  tangent  of  the  phase  angle  is  exactly  1  /Qr,  and 
the  locus  shows  that  wsr  and  copr  differ  slightly  in  frequency  in 
accordance  with  (13.6).  The  effect  of  the  complex  numeric  factor 
is  a  maximum  at  zero  frequency  (w  —  0)  where  \Z\  equals  R  and  0Z 
equals  zero,  Fig.  15.15. 

For  still  smaller  values  of  Qr  the  curve  for  \Z\  deviates  sharply 
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from  that  of  \YS\.  In  Fig.  15.26  are  shown  the  variations  for  a 
circuit  of  Qr  =  2.  The  general  behavior  of  \Z\  is  the  same  as  in 
Fig.  15.16  except  near  zero  frequency,  but  Bz  is  zero  at  a  frequency 
well  below  cosr,  and  the  broadened  peaks  of  Rs  and  \Z\  have  separate 
maxima  at  frequencies  different  from  wpr.  The  maximum  value 
of  Rs,  which  corresponds  to  maximum  delivery  of  power  by  a 
constant-current  generator,  occurs  about  halfway  between  apr  and 
co8r.  The  frequency  giving  a  maximum  value  of  \Z\  is  only  slightly 
below  the  series-resonant  frequency  and  differs  from  it  by  approxi¬ 
mately  one  part  in  4 Q\. 


Fig.  15.2. — Impedance  variations  of  a  parallel  circuit  of  low  Qr. 

The  behavior  of  the  low-Qr  circuit  shown  in  Fig.  15.2  exhibits 
many  of  the  characteristics  of  the  parallel  combination  that  are 
not  observable  for  larger  values  of  Qr. 

16.  Fractional  Values  of  Qr . — With  decreasing  values  of  Qr 
the  parallel-resonant  frequency  approaches  zero,  and  the  circuit 
is  inductive  over  a  decreasing  range  of  frequencies  near  zero.  At 
a  Qr  of  unity,  Fig.  16.1a,  both  Bz  and  Xs  have  negative  values  only 
and  remain  near  zero  over  a  considerable  range  of  frequency. 
Both  Rs  and  \Z\  still  exhibit  a  resonant  rise  at  a  frequency  somewhat 
below  series  resonance  for  the  loop. 

With  further  reduction  of  Qr  to  0.707,  Fig.  16.16  the  maximum 
of  Rs  vanishes,  and  R8  decreases  slowly  from  its  zero-frequency 
value  of  R.  The  curve  for  \Z\  rises  slightly  in  a  broad  flat  maximum 
and  returns  to  the  value  R  at  0.707  of  the  series-resonant  frequency 
of  the  loop.1  The  phase  angle  0Z  decreases  steadily  and  varies 

1  This  corresponds  to  N  =  0.5  in  Chap.  XIII,  Sec.  18. 
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almost  linearly  with  frequency  although  a  trace  remains  of  the 
inflection  shown  in  the  Qr  =  1  curve.  For  a  Qr  of  0.5,  Fig.  16.1c, 
the  decrease  of  Bz  is  more  rapid  and  almost  linear.  The  curvature 
at  the  origin  has  reversed,  indicating  that  some  intermediate  value 


Fig.  16.2. — Impedance  variations  for  parallel  circuits  having  very  low  values  of  Qr. 

of  Qr  (approx.  0.57)  would  ensure  linear  variation  of  the  phase 
angle  over  a  wide  range  of  frequencies  beginning  at  zero.1 

The  progressive  changes  in  the  variations  of  Z  are  also  illus¬ 
trated  by  the  loci  of  Fig.  16.2  drawn  for  values  of  Qr  slightly  above 
unity,  unity,  and  ranging  down  to  zero.  The  semicircular  locus 
1  This  corresponds  to  N  =  0.32  in  Chap.  XIII,  Sec.  18. 
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for  Qr  =  0  is  that  of  a  capacitor  and  resistor  in  parallel,  as  L  is 
reduced  to  zero.  The  loci  also  show  that  Qr  =  1  ensures  that  the 
circuit  simulates  a  pure  resistance  with  nearly  zero  phase  angle 
over  a  range  of  frequencies  near  zero;  the  magnitude  of  its  imped¬ 
ance  is  changing,  however.  The  0.707  locus  gives  an  almost  con¬ 
stant  value  of  \Z\  although  6Z  changes  rapidly  near  zero  frequency. 

17.  Division  of  Resistance  between  Branches  in  a  Parallel  Cir¬ 
cuit. — If  the  resistance  R  is  transferred  from  the  inductive  to  the 
capacitive  branch,  the  curves  previously  drawn  serve  to  describe 
the  behavior  of  the  new  circuit  for  all  values  of  Qr ,  with  the  following 
modifications:  The  numbers  on  the  frequency-ratio  scale  in  terms 


Fig.  17.1. — Impedance  variations  for  a  parallel  circuit  (a)  with  all  the  resistance 
in  the  capacitive  branch,  m  =  0;  (b)  with  unequal  division  of  resistance,  m  =  0.6; 
(c)  with  equal  division  of  resistance,  m  =  0.5. 

of  w  =  w/cosr  are  replaced  by  their  reciprocals  war/co,  that  is,  °o 
becomes  1/qo  =0,  5  becomes  i,  etc.  The  impedance  at  the 
parallel-  and  series-resonant  frequencies  is  unchanged  in  magnitude ; 
but  the  ratio  of  c opr  to  u8r  (13.6)  is  inverted,  and  copr  is  now  larger 
than  cosr,  which  is  unchanged.  The  signs  of  9Z  and  Xs  are  reversed. 
In  terms  of  the  loci  this  is  equivalent  to  inverting  them  about  the 
axis  of  reals  and  replacing  w  by  its  reciprocal.  Compare  Fig. 
17.1a  with  Fig.  15.2a. 

If  resistance  exists  in  both  branches,  the  locus  becomes  a  com¬ 
promise  between  the  two  loci  of  Figs.  17.1a  and  15.2a,  as  shown  in 
Fig.  17.16.  The  shape  depends  upon  the  division  of  resistance 
between  the  two  branches.  If  R  =  Rl  +  Rc  is  the  total  loop 
resistance  and  m  is  the  fraction  of  the  total  resistance  in  the  induc¬ 
tive  branch,  the  characteristics  of  the  circuit  at  parallel  resonance 
may  be  described  in  terms  of  m  and  Qr,  the  quality  factor  of  the 
series  loop.  The  ratio  of  parallel-  to  series-resonant  frequency  is 
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Wpr 

co8r 


Ql  ~  rn‘‘ 


(R  ~  (1  -  m)'- 


2m  —  1 

“W” 


The  impedance  at  the  parallel-resonant  frequency  is 


(17.1) 


Zpr  =  ^  +  ^  =  [1»(  1  -  »)  +  Q’]K  =  ^  =  (17.2) 

The  approximations  indicated  hold  for  large  values  of  Qr . 

If  the  resistance  is  equally  divided  between  the  branches 
(m  =  0.5),  the  parallel-  and  series-resonant  frequencies  are  the 
same  and  the  locus  reduces  to  a  circle,  Fig.  17.1c.  At  this  resonant 
frequency  both  \Z\  and  R8  have  equal  maximum  values.  If  the 
resistance  remains  equally  divided  and  the  Qr  of  the  series  loop  is 
reduced  by  varying  the  L/C  ratio,  the  diameter  of  the  circular  locus 
is  reduced.  At  Qr  =  0.5,  corresponding  to  RL  =  Rc  =  y/L/C , 
the  locus  reduces  to  a  point  and  the  circuit  behaves  as  a  pure 
resistance  Rf 2  at  all  frequencies. 


CHAPTER  III 

CIRCUIT  ELEMENTS 


1.  The  Use  of  Equivalent  Circuits  to  Describe  the  Electrical 
Properties  of  Circuit  Elements. — The  physical  elements  that  com¬ 
prise  the  electric  circuit  possess  a  mixture  of  capacitive,  inductive, 
and  resistive  characteristics.  Although  the  coil  of  wire  that  con¬ 
stitutes  an  inductor  has  a  geometry  and  construction  designed  to 
make  inductance  its  primary  attribute,  there  are  always  resistance 
and  capacitance  associated  with  it.  Similarly  a  stack  of  plates 
forming  a  capacitor  has  inductance  and  resistance  present  as 
residual  quantities. 

The  influence  of  the  element  upon  the  electric  circuit  depends 
upon  the  current-voltage  relations  it  maintains  at  its  terminals. 
Over  a  range  of  frequencies  these  relations  change  in  a  complicated 
fashion  depending  upon  the  geometry  of  the  element  and  the  dis¬ 
tribution  in  space  of  its  electric  and  magnetic  fields.  At  any  one 
frequency  the  ratio  of  the  voltage  at  the  terminals  to  the  current 
at  the  terminals  may  be  described  by  stating  the  impedance  or 
admittance  of  the  element,  or  by  attributing  to  the  element  the 
properties  of  an  equivalent  series  or  parallel  circuit  (of  L  and  R  or  C 
and  R )  having  the  same  value  of  Z  or  Y  as  has  the  element  at  the 
frequency  in  question. 

If  the  frequency  is  varied,  it  is  necessary  in  general  to  vary  the 
magnitudes  of  L,  R,  or  C,  in  this  simple  equivalent  circuit  if  the 
calculated  Z  is  to  agree  with  the  actual  Z  of  the  circuit  element. 
By  resorting  to  a  more  complicated  arrangement  of  ideal  elements 
of  constant  L,  R,  <7,  it  is  possible  to  devise  an  equivalent  circuit 
whose  impedance  variation  over  a  frequency  interval  is  similar  to 
that  of  the  actual  element.  This  agreement  can  never  be  perfect 
over  the  entire  range  of  frequencies;  and,  the  wider  the  range  and 
the  greater  the  accuracy  required,  the  more  complex  the  equivalent 
circuit  must  be. 

In  general,  the  simplest  possible  circuit  is  used  that  yields 
sufficient  agreement  with  the  behavior  of  the  circuit  element  over 
the  range  of  frequencies  of  interest.  For  an  air-core  inductor  near 
zero  frequency  the  equivalent  circuit  may  be  reduced  to  a  simple 
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series  combination  of  resistance  and  inductance  of  constant  magni¬ 
tudes.  As  the  frequency  is  increased,  the  effect  of  the  distributed 
capacitance  causes  the  equivalent  series  resistance  and  inductance 
to  change  in  a  manner  that  can  be  accounted  for  by  including  a 
capacitor  in  the  equivalent  circuit.  At  still  higher  frequencies, 
however,  the  current  distribution  in  the  circuit  element  changes 
greatly  from  its  low-frequency  pattern,  and  the  “ constants”  of  the 
equivalent  circuit  again  must  be  altered. 

To  be  able  to  predict  the  behavior  of  a  circuit  element  by  the 
use  of  alternating-current  circuit  theory,  the  establishment  of  an 
equivalent  circuit  is  necessary.  As  the  nature  of  the  equivalent 
circuit  is  related  to  the  geometry  and  construction  of  the  circuit 
element,  the  equivalent  circuit  may  serve  as  a  guide  in  designing 
the  element  for  special  purposes. 

2.  Electrical  Representation  of  an  Isolated  Inductor  or  Resistor. 
An  inductor  or  a  resistor  consists  of  a  conductor  of  such  material 


Fig.  2.1. — Distributed  magnetic  and  electric  characteristics  of  a  coil  and  their 
representation  as  lumped  elements. 


and  of  such  geometrical  form  as  to  cause  inductance  or  resistance 
to  be  its  predominant  electrical  characteristic.  One  simple  arrange¬ 
ment  used  for  both  elements  is  that  of  a  single-layer  solenoid, 
Fig.  2.1a.  In  addition  to  the  magnetic  field  that  accompanies  an 
alternating  current  in  the  element,  there  will  exist  also  an  electric 
field  due  to  the  voltage  across  the  element.  An  axial  section  of  the 
coil  is  indicated  in  Fig.  2.15.  Owing  to  the  momentary  excess  of 
positive  charge  at  the  +  end  of  the  coil  over  that  at  the  —  end, 
lines  of  force  are  established  in  the  manner  indicated  in  the  figure. 
One  half  period  later  the  polarity  of  the  charge  and  the  direction 
of  the  lines  of  force  are  reversed.  The  instantaneous  surface- 
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charge  density  varies  along  the  coil  from  a  maximum  positive  at 
one  end  through  zero  at  the  center  to  a  maximum  negative  at  the 
other  end;  and  as  this  distribution  changes  periodically,  a  charging 
current  similar  to  the  charging  current  of  a  capacitor  is  supplied  at 
the  terminals  of  the  coil.  The  presence  of  this  current  is  accounted 
for  in  Fig.  2.  lc  by  a  lumped  capacitance  Cd  between  the  terminals, 
shunting  the  lumped  resistance  and  inductance  of  the  coil.  The 
magnitude  of  Cd  depends  upon  the  diameter  of  the  coil  and  other 
factors,  including  the  distance  between  turns  and  the  length  of 
the  coil.  When  the  ratio  of  the  diameter  of  the  solenoid  to  its 
length  does  not  differ  greatly  from  unity,  Cd  in  micromicrofarads 
is  of  the  order  of  magnitude  of  one-quarter  of  the  diameter  of  the 
coil  in  centimeters  (the  effects  of  any  dielectric  other  than  air  being 
neglected) . 

The  impedance  variation  of  the  coil,  with  its  mixed  inductive, 
capacitive,  and  resistive  characteristics,  can  be  closely  matched 
over  a  range  of  frequencies  by  the  circuit  of  Fig.  2.1c  made  up  of 
pure  lumped  constants  L,  R,  C .  The  expression  for  the  impedance 
of  this  parallel  combination  is  calculated  in  Chap.  I,  Sec.  13.  The 
variation  of  its  impedance  with  frequency  predicted  there  by  (13.6) 
is  more  readily  followed  if  Z  is  expressed  in  terms  of  the  quality 


factor  of  the  series  loop  of  Fig.  2.1c 


and  the  ratio 


of  the  exciting  frequency  to  the  series-resonant  frequency  of  the 


loop  (w  =  0)/o)sr  =  03  \/LCd). 


Z  =  R - I - -t+jo,L 

=  Ra  ~\r  jXa  ~  Rs  +  j<J)La 


(1  -  «*)*  +  | 


(2.1) 

(2.2) 


These  equations  justify  the  alternative  equivalent  series  circuits 
of  Fig.  2.1  d  and  Fig.  2.1c,  where  Ra,  Xs,  Ls  are  functions  of  fre¬ 
quency.  The  predicted  variations  of  Z  are  quite  different  in 
character  depending  upon  whether  the  values  of  L,  C ,  R  are  chosen 
of  proper  relative  magnitudes  to  describe  an  inductor  or  a  resistor. 

3.  Frequency  Dependence  of  Inductor  Characteristics. — It  is 
important  to  distinguish  between  the  variations  of  Z  predicted  by 
the  circuit  of  Fig.  2.1c  and  the  impedance  variations  of  an  actual 
inductance  coil.  For  such  a  coil  R  and  Cd  are  small  residual 
quantities  in  the  equivalent  circuit  so  that  Qr  in  (2.1)  is  always 
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large.  The  terms  involving  \/Q\  in  (2.1)  may  then  be  neglected 
for  values  of  w  ranging  from  zero  up  to  nearly  unity. 


Z  =  R„  +  jX,  =  R  „  +  jo>L  ! 


(1  -  w2)2  1  J  (1  -  w2) 


(3.1) 


The  equivalent  series  resistance  and  reactance  of  the  circuit  are 
given  by 

R  R 


Ra  = 


and 


X8  —  c cLs  — 


(i  -  w 2)2  (i  -  co 2LCdy 

coL  coL 


1  —  w2  1  —  c c2LCt 


(3.2) 

(3.3) 


If  the  frequency  is  reduced  toward  zero,  it  is  apparent  from  (3.2) 
and  (3.3)  that  Rs  and  Ls  approach  the  values  R  and  L.  If  the 
equivalent  circuit  is  to  match  the  characteristics  of  the  actual  coil 
in  this  range  of  frequencies,  R  and  L  must  be  taken  as  equal  to  the 
measured  d-c  or  low-frequency  value  of  the  coil  resistance  and 
self-inductance,  designated  as  Rdc  and  L dc.  The  calculated  equiva¬ 
lent  series  resistance  and  inductance  may  be  compared  with  these 
constant  values.  Similarly,  the  quality  factor  QB  of  the  equivalent 
series  circuit  may  be  expressed  in  terms  of  Qr ,  the  quality  factor 
of  the  series  loop. 


R8  ^  1  La  ^  1 

Rdc  (1  —  w 2)2  Ldc  1  —  W2 


&  =  §-]  =  Qr(w  -  w3)  (3'4) 


These  relations  for  a  low-loss  coil  are  independent  of  Qr.  They  are 
valid  provided  that  the  frequency  does  not  rise  too  near  to  co«r,  the 
resonant  frequency  of  the  series  loop.  In  the  neighborhood  of  wsr 
the  ratio  w  approaches  unity,  R8  approaches  a  maximum  value 
Q2rR,  and  Ls  drops  abruptly  to  zero.  The  ratios  of  (3.4)  are  illus¬ 
trated  in  Fig.  3.1a.  It  is  seen  that  Rs  increases  more  rapidly  than 
L8.  The  quality  factor  Qs  of  the  coil  predicted  by  this  circuit  with 
constant  elements  Ldc ,  Rdc ,  Cd  has  a  variation  as  shown  in  Fig.  3.15. 
Increasing  at  first  linearly  with  frequency,  it  approaches  a  broad 
maximum  of  0.385Qr  at  a  frequency  of  0.578/v/3  times  the 
resonant  loop  frequency.  Above  this  frequency  Q8  drops  rapidly 
toward  zero. 

The  actual  (measured)  values  of  the  series  resistance  Ra,  induct¬ 
ance  La ,  and  quality  factor  Qa  —  o*La/Ra  for  an  inductor  may  depart 
markedly  from  these  ideal  values,  which  assume  the  L,  R ,  Cd  of  the 
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coil  to  be  constant.  The  dashed  curves  of  Fig.  3.1  indicate  the 
actual  variations  for  a  single-layer  air-core  coil  having  its  maximum 
Qa  in  the  broadcast  range.  The  most  striking  deviation  from  the 
ideal  curves  is  the  rapid  increase  of  Ra)  due  mainly  to  an  increase 
in  resistance  associated  with  the  skin  effect.  The  value  of  La  is 
reduced  as  compared  with  the  ideal  case,  and  these  two  changes 
combine  to  give  a  greatly  reduced  value  of  Qa  with  a  broadened 
maximum. 

The  representative  circuit  of  Fig.  2.1c  has  a  maximum  imped¬ 
ance  almost  exactly  at  its  resonant  frequency,  and  at  this  frequency 
the  reactance  Xs  changes  from  inductive  to  capacitive,  as  shown  in 
Chap.  II,  Fig.  14.1.  In  the  frequency  range  near  resonance  the 
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Fig.  3  1. — Computed  variations  of  the  series  L,  R,  and  Q  for  the  equivalent  circuit 
compared  with  the  measured  values  for  an  actual  coil. 


current  becomes  so  nonuniform  along  the  coil,  owing  to  the  dis¬ 
tributed  capacitance,  that  the  equivalent  circuit  is  useful  only  as  a 
general  guide  to  the  electrical  characteristics  of  the  element.  The 
resonant  angular  frequency  of  the  loop  (\/\/LdcCd)  still  allows  an 
estimate  to  be  made  of  the  frequency  at  which  the  series  inductance 
of  the  coil  becomes  zero.  This  calculated  value  is  generally  too 
low.  It  ranges  between  60  to  80  per  cent  of  the  actual  self-resonant 
frequency  of  the  isolated  coil. 

The  calculated  behavior  of  the  equivalent  circuit  indicates  the 
importance  of  controlling  Cd  in  an  actual  coil.  The  self-resonant 
frequency  of  the  coil  sets  an  upper  limit  to  the  frequency  at  which 
it  is  useful  in  providing  an  inductive  reactance.  In  the  design  of 
coils  to  be  used  at  high  radio  frequencies  it  is  important  to  reduce 
Crf.  Such  coils  commonly  consist  of  a  comparatively  small  number 
of  turns  of  bare  wire  in  the  form  of  a  single-layer  helix.  The  wires 
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may  be  large  enough  to  be  self-supporting  and  are  generally  spaced 
from  one  to  two  or  more  wire  diameters  apart.  The  absence  of  a 
coil  form  with  a  large  dielectric  constant  and  the  spacing  of  the 
wires  both  reduce  Ca¬ 
in  coils  of  larger  inductance  it  is  necessary  to  use  several  layers 
of  insulated  wire.  The  distributed  capacitance  is  minimized  by  the 
choice  of  an  insulation  between  wires  that  has  a  low  relative  dielec¬ 
tric  constant,  by  spacing  the  wires  where  possible,  and  by  keeping 
the  potential  difference  between  adjacent  wires  low.  If  the  second 
layer  of  wire  is  wound  back  over  the  first,  the  average  potential 
difference  between  wires  in  the  two  layers  is  equal  to  the  drop  across 
one  layer.  At  the  expense  of  greater  accuracy  in  winding,  the 
wires  can  be  made  self-supporting  and  a  minimum  potential  differ¬ 
ence  obtained  between  adjacent  wires  by  the  use  of  bank  winding 
as  in  Fig.  3.2a.  The  winding  is  completed  in  one  motion  along  the 


(a)  (b)  (c)  (d) 


Fig.  3.2. — Types  of  winding  used  to  reduce  distributed  capacitance  of  inductors. 

length  of  the  coil  with  successive  turns  laid  on  in  the  order  indi¬ 
cated.  Other  self-supporting  windings  are  made  by  feeding  the 
wire  back  and  forth  along  the  tube  at  a  large  pitch  angle.  The 
resulting  coil  is  porous  and  the  average  separation  between  wires 
increased.  The  potential  between  adjacent  wires  can  be  reduced 
by  keeping  the  coil  short  in  comparison  with  the  thickness  of  wind¬ 
ing,  Fig.  3.26.  By  spacing  the  windings  as  in  Fig.  3.2c  the  capaci¬ 
tance  is  further  reduced.  Radio-frequency  choke  coils  are  often 
made  of  several  short  coils  similar  to  those  shown  in  Fig.  3.26 
arranged  in  series  and  spaced  along  an  insulating  tube.  If  they  are 
operated  at  a  fixed  frequency,  the  increase  in  Ls  somewhat  below 
their  self-resonant  frequency  may  be  utilized  to  make  them  more 
effective.  If  the  frequencies  applied  cover  the  range  of  self¬ 
resonance  and  if  the  coils  do  not  have  the  same  self -resonant 
frequency,  not  only  is  it  possible  to  have  the  unit  appear  capacitive, 
but  owing  to  series  resonance  between  the  equivalent  circuits  of  the 
separate  coils  the  impedance  of  the  combination  may  drop  to  a  low 
value  at  some  frequencies.  At  very  high  frequencies,  a  long  coil  of 
small  diameter  with  widely  spaced  turns  is  sometimes  used  as  a 
radio-frequency  choke,  Fig.  3.2 d. 
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By  the  use  of  magnetic  core  materials,  coils  of  large  inductance 
can  be  made  with  a  greatly  reduced  number  of  turns  and  a  corre¬ 
sponding  decrease  in  d-c  resistance  and  physical  size.  The  eddy 
currents  induced  in  a  solid  core  reduce  the  self-inductance  and 
increase  the  energy  loss  of  the  coil.  At  low  frequencies  this  is 
avoided  by  making  the  core  of  thin  laminations  insulated  from  one 
another.  As  the  frequency  is  increased,  the  core  material  must  be 
still  more  finely  divided.  By  using  powdered  magnetic  particles 
immersed  in  an  insulating  medium  it  is  possible  to  extend  the  use  of 
magnetic  cores  into  the  intermediate-  and  radio-frequency  range. 
The  losses  of  such  a  coil,  which  increase  its  equivalent  series  resist¬ 
ance,  depend  upon  the  size,  resistivity,  and  hysteresis  of  the  mag¬ 
netic  dust  particles  as  well  as  the  dielectric  characteristics  of  the 
insulating  medium.  The  losses  and  the  value  of  the  self-inductance 
are  also  dependent  upon  the  frequency  and  magnitude  of  the  current 
in  the  coil. 

4.  Frequency  Dependence  of  Resistor  Characteristics. — In  a 

resistor  the  inductance  and  capacitance  are  residual  quantities,  and 
L  and  Cd  in  the  equivalent  circuit  of  Fig.  2.1c  are  small  enough  to 
cause  a  low  quality  factor  for  the  circuit.  The  value  of  QT  may  be 
either  larger  or  smaller  than  unity,  depending  upon  the  magnitude 
of  the  resistance  and  the  method  of  winding.  Resistors  of  low 
value  (say  up  to  100  ohms)  generally  have  L/C  ratios  yielding 
values  of  Qr  greater  than  1.  Reference  to  Fig.  15.2  of  Chap.  II 
shows  that  for  this  case  both  Re  and  Xs  increase  with  frequency  in 
the  low-frequency  range.  For  larger  values  of  resistance,  Qr 
decreases  and  may  become  less  than  unity,  in  which  case  Xs  is 
always  capacitive  and  R8  may  increase  or  decrease  with  frequency. 

The  two  essential  characteristics  of  a  pure  resistance  are  its  zero 
phase  angle  and  the  constant  magnitude  of  its  impedance  with 
varying  frequency.  With  a  circuit  similar  to  Fig.  2.1  d  these 
characteristics  can  be  maintained  over  a  range  of  frequencies  by 
reducing  L  and  Cd  to  very  low  values.  If,  in  addition,  the  ratio 
L/Cd  is  adjusted  properly,  it  is  possible  to  obtain  a  close  approxima¬ 
tion  to  one  or  the  other  of  these  characteristics  of  a  pure  resistance 
over  a  greatly  increased  range  of  frequencies.  If  the  ratio  L/C  a  is 
adjusted  to  make  Qr  =  1,  the  variation  in  phase  angle  has  its 
minimum  value,  Fig.  16.1a  of  Chap.  IT.  For  a  Qr  of  0.707,  Rs  is 
nearly  constant,  Fig.  16.15  of  Chap.  II,  as  shown  by  the  following 
approximation  from  (2.1),  where  w 4  is  neglected. 
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1  -  co2Cd(2L  -  i?2Cd) 


(4.1) 


With  L/Cd  such  that  QT  =  0.707,  \Z\  increases  only  a  few  per  cent 
above  its  zero-frequency  value  as  the  frequency  is  increased  and 
again  returns  to  its  zero-frequency  value  at  a  frequency  that  is  70.7 
per  cent  of  the  resonant  frequency  of  the  loop. 

Again  the  equivalent  circuit  serves  as  a  guide  in  the  construction 
of  a  resistor  of  desired  characteristics.  It  is  important  not  only  to 
reduce  L  and  Cd  for  high-frequency  operation  but  also  to  control 
their  ratio.  This  is  accomplished  by  the  use  of  the  proper  form  of 
winding.  If  a  straight  section  of  wire  is  bent  back  upon  itself  in  the 
form  of  a  hairpin,  the  magnetic  effects  of  the  opposing  currents  tend 
to  cancel  each  other  and  the  self-inductance  is  reduced.  Such  a 
winding  is  described  as  bifilar  and  is  one  of  the  simplest  noninduc- 
tive  windings.  It  is  generally  used  for  low-resistance  units,  where 
the  L/Cd  ratio  resulting  from  this  winding  yields  a  value  of  QT  near 
unity.  The  more  closely  the  wires  approach  each  other,  the  smaller 
the  area  of  the  hairpin  loop  and  the  smaller  the  self-inductance. 
However,  the  distributed  capacitance  between  the  wires  is  corre¬ 
spondingly  increased,  and  by  choosing  a  suitable  separation  the 
L/Cd  ratio  can  be  controlled. 

The  wires  can  be  placed  close  together  and  the  value  of  Cd 
prevented  from  becoming  large  by  separating  the  winding  into 
sections.  Consider  the  same  length  of  resistance  wire  arranged  as 
shown  in  the  three  sketches  of  Fig.  4.1.  The  separation  of  the  wires 
is  assumed  small  in  comparison  with  their  length.  The  electric 
lines  of  force  shown  indicate  the  relative  nature  of  the  charge 
distribution  when  equal  potential  differences  are  maintained  across 
the  terminals  of  all  three  circuits.  In  Fig.  4.1a  the  wire  is  cut  at  the 
center,  and  the  potential  difference  is  constant  along  the  wire,  as  is 
also  the  charge  distribution.  The  lumped  capacitance  representing 
that  of  the  wire  is  the  ratio  of  the  charge  to  the  applied  terminal 
potential.  If  the  far  end  of  the  wire  is  shorted  as  in  Fig.  4.15,  the 
potential  difference  decreases  along  the  wire,  approaching  zero 
at  the  far  end,  and  the  average  potential  difference  between  the 
wires  is  \  its  previous  value.  The  charge  stored  and  the  effective 
value  of  Cd  for  the  first  case  is  therefore  twice  that  for  the  second 
case,  which  represents  a  single-section  bifilar  resistor.  If  the  same 
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wire  is  divided  as  in  Fig.  4.1c  into  two  bifilar  sections,  the  average 
potential  difference  between  adjacent  wires  and  the  length  of  each 
section  is  i  that  of  Fig.  4.1b.  If  idle  wires  are  separated  enough  so 
that  practically  no  field  exists  between  sections,  the  charge  supplied 
per  section,  which  is  the  charge  supplied  at  the  terminals,  is  i  that 
of  the  original  bifilar  winding.  Therefore  the  value  of  Cd  is  reduced 
to  approximately  \  of  the  single-section  value  by  dividing  the 
bifilar  element  into  two  sections;  bo  i  for  three  sections;  etc.  The 
reduction  occurs  at  the  expense  of  increasing  the  self-inductance 
slightly  because  the  short  length  of  conductor  joining  two  sections 
is  uncompensated. 

The  sectionalized  bifilar  winding  illustrates  the  principles 
employed  in  general  to  reduce  the  effect  of  distributed  inductance 
and  capacitance  and  to  control  their  relative  magnitudes.  The 
methods  used  have  as  their  purpose  to  cancel  the  magnetic  effect 


Fig.  4.1. — Reduction  of  Cd  by  arranging  a  bifilar  winding  in  sections. 


of  any  current  by  an  equal,  oppositely  directed  current  near  it  and 
to  reduce  the  value  of  Cd  by  keeping  the  potential  difference  between 
adjacent  conductors  as  small  as  possible.  These  precautions 
reduce  the  magnetic  a.  d  electric  fields  and  the  stored  energy 
associated  with  them. 

Many  types  of  winding  are  used  for  the  control  of  residual 
inductance  and  capacitance.  Their  nature  depends  upon  the 
magnitude  of  the  resistance  and  the  frequency  range  for  which  they 
are  designed.  A  simple  type  of  winding  consists  of  a  series  of 
adjacent  turns  wound  like  a  flattened  coil  around  a  thin  sheet  or 
card  of  insulating  material.  Its  inductance  is  small  due  to  cancella¬ 
tion  of  the  magnetic  effects  of  the  currents  on  one  side  of  the  sheet 
by  the  oppositely  directed  currents  on  the  other  side.  Owing  to 
the  large  number  of  turns  the  potential  difference  between  adjacent 
turns  is  small,  and  therefore  Cd  is  not  large.  The  residual  induct¬ 
ance  can  be  reduced  further  by  using  two  windings  in  parallel, 
wound  in  opposite  directions  around  the  card.  This  type  of  wind¬ 
ing  is  called  the  Ayrton-Perry  winding.  Resistance  wire  and 
insulating  fibers  may  be  woven  into  a  tape  in  several  patterns 
designed  to  reduce  inductance  and  distributed  capacitance.  In 
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wire-wound  resistors  the  wire  may  be  wound  on  a  ceramic  spool 
with  adjacent  grooves  connected  by  a  longitudinal  slot.  The 
separate  coils  in  the  spaced  grooves  provide  a  sectionalization  that 
reduces  Cd,  and  the  winding  is  reversed  in  adjacent  grooves  to 
decrease  the  inductance.  In  the  “ fishline”  winding,  used  for  high 
resistances,  fine  resistance  wire  is  wound  in  a  spiral  of  very  small 
diameter  around  an  insulating  cord.  This  cord  may  then  be  wound 
on  a  coil  form  or  in  any  of  the  patterns  described. 

An  alternative  to  the  use  of  long  lengths  of  metal  wires  is  the  use 
of  much  shorter  lengths  of  materials  of  higher  resistivity.  These 
materials  may  consist  of  a  finely  divided  conductor,  such  as  colloidal 
graphite,  dispersed  in  some  inert  insulating  medium.  As  compared 
with  pure  metal  resistors,  the  resistance  of  these  elements  is  more 
dependent  upon  time,  temperature,  and  the  magnitude  of  the 
applied  voltage.  The  variation  of  resistance  with  time  may  be  of 
short  period  and  associated  with  random  changes  in  the  internal 
“ contacts”  of  the  finely  divided  conductor.  If  the  resistor  is  used 
in  the  first  stage  of  a  high-gain  amplifier,  this  erratic  change  in 
resistance  produces  “noise.”  The  noise  introduced  varies  from 
resistor  to  resistor  even  of  the  same  kind  and  may  be  reduced  by 
careful  selection.  Long-period  changes  are  due  to  aging  of  the 
resistor  or  to  temperature  changes.  The  resistance  in  general 
decreases  with  increased  temperature  and  applied  voltage.  These 
disadvantages  of  composition  resistors  are  outweighed  for  many 
purposes  by  the  low  values  of  L  and  Cd  associated  with  them,  which 
make  them  approximate  a  pure  resistance  over  a  wider  range  of 
frequencies.  Their  reduced  size  also  results  in  a  smaller  capacitance 
to  ground.  Owing  to  their  high  resistivity  and  simple  form  the  skin 
effect  (see  Sec.  5)  is  small  as  compared  with  wire-wound  resistors. 

Such  composition  resistors  may  be  produced  in  several  forms. 
In  some  cases  the  resistor  consists  of  a  short  length  of  the  semicon¬ 
ducting  composition  with  leads  attached.  In  others  the  conducting 
composition  forms  a  small  core  embedded  in  a  thick  protective 
insulating  layer,  which  also  serves  to  immobilize  the  lead  wires  and 
their  connection  to  the  core.  In  some  units  the  current  is  carried 
by  a  thin  coating  of  semiconductor  on  an  insulating  cylinder  of 
small  diameter,  which  is  also  protected  by  an  outer  layer  of  insulation. 

The  wattage  rating  of  a  resistor  is  a  measure  of  its  ability  to 
dissipate  heat  under  specified  conditions  without  a  resulting  tem¬ 
perature  increase  sufficient  to  damage  it  or  affect  its  resistance 
characteristics.  The  rating  depends  upon  the  dissipating  surface 
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and  its  radiating  properties  as  well  as  the  thermal  properties  of  the 
materials  used  and  their  ability  to  Avithstand  high  temperatures. 
It  follows  that  the  physical  dimensions  of  a  resistor  of  given  con¬ 
struction  are  determined  by  its  wattage  rating  and  do  not  depend 
upon  its  resistance.  The  wattage  rating  selected  for  a  resistor 
mounted  in  a  confined  space  where  free  motion  of  air  is  impossible 
or  near  other  heat-producing  elements  should  be  two  or  three  times 
the  normal  value.  In  general,  an  underloaded  element  provides 
more  stable  operation  and  longer  life. 

5.  Skin  Effect. — As  the  frequency  is  increased,  the  current  flow 
across  a  section  of  a  conductor  changes  from  the  uniform  distribution 
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(a)  (t>) 

Fig.  5.1; — (a)  Nonuniform  current  density  due  to  skin  effect;  (£>)  skin  depth  and 
resistance  ratios  due  to  skin  effect. 

of  direct  current  to  one  in  which  an  increasing  portion  of  the  current 
flows  near  the  surface  of  the  conductor.  At  sufficiently  high 
frequencies  the  current  may  be  confined  to  a  thin  layer  at  the  sur¬ 
face.  This  is  known  as  the  skin  effect  and  causes  the  high-frequency 
resistance  of  the  conductor  to  be  larger  than  its  d-c  resistance,  by  a 
factor  that  is  larger  the  greater  the  current  concentration. 

The  reason  for  the  concentration  and  the  factors  controlling  it 
are  illustrated  by  consideration  of  an  isolated  straight  conductor  of 
circular  section  carrying  a  direct  current.  The  magnetic  field  of 
the  conductor  is  shown  qualitatively  in  Fig.  5.1a.  If  the  current  is 
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decreased  to  zero,  the  magnetic  field  collapses  and  induces  a  voltage 
in  the  conductor  that  tends  to  oppose  the  changing  current.  The 
voltage  induced  is  not  uniform  over  the  conductor  section ;  for  while 
most  of  the  lines  of  force  cut  the  point  A  near  the  center,  those 
inside  of  the  point  B  near  the  circumference  do  not  cut  it  upon 
collapse.  Therefore  a  sinusoidally  varying  current,  uniform  over 
the  cross  section,  would  cause  a  larger  self-induced  voltage  near  the 
center  than  near  the  periphery  of  the  conductor.  The  higher  the 
frequency  and  the  greater  the  diameter  and  permeability  of  the  con¬ 
ductor,  the  larger  the  difference  in  voltage.  The  greater  the 
conductivity  of  the  conductor,  the  larger  the  redistribution  of  cur¬ 
rent  due  to  this  induced  voltage  differential.  The  corresponding 
redistribution  of  current  and  change  in  resistance  for  such  a  con¬ 
ductor  are  determined  by  the  factor  d  a/ fxaf,  where  d ,  /x,  and  a  are  the 
diameter,  permeability,  and  conductivity  of  the  conductor  and  /  is 
the  frequency  of  the  current. 

At  low  frequencies  where  the  change  in  resistance  is  small,  the 
redistribution  of  the  current  is  slight,  and  the  per  cent  change  in 
resistance  is  proportional  to  the  fourth  power  of  the  above  factor, 
or  the  change  is  directly  proportional  to  the  square  of  the  area, 
permeability,  and  conductivity  of  the  conductor  and  to  the  square 
of  the  frequency.  At  higher  frequencies  the  current  is  concentrated 
near  the  surface  with  a  negligible  value  near  the  center.  As  the 
central  part  of  the  conductor  is  not  used,  the  resistance  of  the  con¬ 
ductor  is  increased.  This  is  indicated  in  Fig.  5.1a,  where  the 
uniform  current  density  over  a  conductor  section  that  exists  for 
sufficiently  low  frequencies  is  compared  qualitatively  with  the 
distribution  at  a  higher  frequency  producing  an  approximate 
threefold  increase  in  resistance.  When  the  current  is  concentrated 
in  a  layer  whose  thickness  is  small  in  comparison  with  the  diameter, 
it  is  possible  to  establish  a  “skin  depth.”  This  is  equal  to  the 
thickness  of  a  hollow  cylinder,  of  the  same  material  and  having 
the  same  outside  diameter  as  the  wire,  whose  d-c  resistance  is  equal 
to  the  high-frequency  resistance  of  the  solid  conductor.  For 
values  of  skin  depth  such  that  the  ratio  of  a-c  resistance  to  d-c 
resistance  increases  to  3  or  more,  the  ratio  Rac/Rdc  becomes  propor¬ 
tional  to  d  \/ fxaf,  or  varies  as  the  square  root  of  the  frequency.  As 
the  d-c  resistance  of  the  wire  is  inversely  proportional  to  d 2  and 
Rac/Rdc  is  proportional  to  d,  the  high-frequency  resistance  is 
inversely  proportional  to  d  (or  the  perimeter  of  the  wire  under  these 
circumstances).  This  may  be  extended  to  conductors  of  any  shape 
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provided  that  the  skin  depth  is  quite  small  in  comparison  with  the 
dimensions  of  the  cross  section  and  the  maximum  radius  of  curva¬ 
ture  of  its  surface.  Under  these  conditions  the  resistance  of  the 
conductor  is  inversely  proportional  to  its  perimeter,  and  its  high- 
frequency  resistance  may  be  calculated  in  terms  of  the  skin  depth, 
perimeter,  resistivity,  and  length.  Values  of  skin  depth  for  copper 
under  these  conditions  are  shown  as  a  function  of  frequency  in 
Fig.  5.16.  They  may  be  extended  to  other  metals  by  noting  that 
the  skin  depth  is  proportional  to  the  square  root  of  the  conductivity. 
The  variation  of  Rac/Rdc  is  also  shown  for  straight,  isolated,  round 
copper  wires  of  American  wire  gauge  Nos.  0  to  40. 

If  the  section  of  the  conductor  is  other  than  circular,  the  current 
flows  in  such  a  manner  as  to  link  a  minimum  number  of  lines 
of  force.  In  a  rectangular  bar  or  strip  this  involves  a  current 
concentration  at  the  corners  or  edges.  The  per  cent  change  in 
resistance  from  the  d-c  value  is  decreased  for  a  circular  conductor 
by  removing  the  central  portion,  yielding  a  tubular  conductor  with 
a  minimum  current  redistribution  with  frequency.  By  reducing 
the  diameter  of  the  wire  the  per  cent  change  in  resistance  also  is 
decreased.  If  a  conductor  is  made  up  of  fine  insulated  wires,  so 
transposed  along  its  length  that  each  wire  appears  at  the  surface  to 
the  same  extent  as  any  other,  equal  currents  will  flow  through  the 
wires  and  the  change  in  resistance  is  minimized.  Such  a  conductor 
is  called  Litzendraht  or  litz  wire.  There  always  exists  an  upper 
frequency  limit  at  which  its  advantages  are  lost  owing  to  the  current 
flowing  by  capacitive  action  between  the  wires  at  the  surface. 
Depending  upon  its  design  it  is  useful  up  to  intermediate  or  lower 
radio  frequencies. 

When  two  conductors  carrying  alternating  currents  are  parallel, 
there  will  be  a  still  further  redistribution  of  current  owing  to  their 
interaction.  In  general,  this  results  in  a  further  increase  in  the 
resistance.  This  is  known  as  the  proximity  effect,  and  the  nature 
of  the  new  current  distribution  depends  upon  the  relative  direction 
of  the  currents.  If  the  currents  are  in  the  same  direction,  the  cur¬ 
rent  shifts  so  as  to  increase  the  distance  between  the  major  portions 
of  the  current.  For  two  circular  conductors  this  further  increases 
the  Rac/Rdc  ratio,  but  by  a  moderate  amount.  If  the  currents  are  in 
opposite  directions,  the  shift  is  toward  the  adjacent  portions  of  the 
conductors;  and  if  the  separation  is  of  the  order  of  a  fraction  of  a 
wire  diameter,  the  increase  in  resistance  may  be  manyfold.  These 
effects  are  minimized  in  r-f  coils  by  spacing  adjacent  wires  and 
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using  single-layer  solenoids  where  possible.  For  multiple -layer  coils 
the  proximity  effect  is  an  important  factor  affecting  their  h-f 
resistance. 

The  redistribution  of  current  due  to  the  skin  and  proximity 
effects  reduces  the  self-inductance  of  a  wire  or  coil  slightly  and  causes 
a  still  smaller  change  in  Cd.  In  many  cases  these  changes  can  be 
ignored  in  comparison  with  the  major  change  in  resistance. 

6.  Electrical  Representation  of  a  Capacitor. — Inductance  and 
resistance  appear  as  residual  characteristics  in  a  capacitor.  The 
inductance,  which  is  a  series  element,  depends  upon  the  arrange¬ 
ment  of  the  leads  and  the  connections  to  the  capacitor  plates. 
There  likewise  is  a  series  resistance  due  to  the  leads  and  also  due  to 
ohmic  losses  in  the  capacitor  plates  as  the  charging  current  flows 
through  them.  The  resistance  in  the  leads  and  in  the  capacitor 


Fig.  6.1. — Representative  circuits  for  a  capacitor. 


plates  may  be  increased  by  the  skin  effect  at  high  frequencies. 
There  also  may  be  a  leakage  current  through  the  capacitor,  properly 
represented  by  a  resistor  in  parallel  with  C.  A  possible  representa¬ 
tive  circuit  for  the  capacitor  is  that  of  Fig.  6.1a.  The  series 
inductance  and  resistance  are  of  increasing  importance  at  very 
high  frequencies,  where  the  capacitive  reactance  becomes  small,  and 
every  precaution  must  be  taken  to  reduce  them  in  a  capacitor 
designed  for  high-frequency  use. 

At  low  frequencies  the  self-inductance  is  commonly  neglected 
and  the  dissipation  of  the  capacitor  is  represented  by  a  single 
resistance  either  in  series  or  in  parallel,  Fig.  6.16  or  c.  The  relations 
between  the  constants  in  such  alternative  series  or  parallel  repre¬ 
sentations  of  a  dissipative  reactor  have  been  established  in  (14.7), 
Chap.  I.  The  losses  in  a  well-made  capacitor  are  so  small  that  the 
approximations  of  (14.8),  Chap.  I,  apply.  The  relations  between 
Ra,  Cs  and  Rp,  Cp  become 

Cp  =  C3  and  RP  =  Q2RS  where  (6.1) 

Q  =  W.  =  wCJl,  =  uCpRp  =  D 
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Q  is  the  quality  factor  of  the  capacitor  and  its  reciprocal  D 
serves  as  a  measure  of  its  losses.  If  Z ,  Fig.  6. Id,  represents  the 
impedance  of  the  capacitor  at  some  frequency,  the  loss  angle  <5 
is  also  a  measure  of  the  losses  of  the  capacitor.  As  the  losses 
decrease,  8  becomes  small  and  \Z\  approximates  l/coCs.  This 
allows  the  following  relations  to  be  established  among  the  dissi¬ 
pation  factor,  the  loss  angle,  and  the  power  factor  of  the  capacitor: 


D  - 


Rs 

1/«C. 


tan  8 


^radians  —  cos  $z  ~  the  power  factor  (6.2) 


7.  Capacitor  Characteristics. — The  important  characteristics 
of  a  capacitor  are  its  capacitance,  maximum  voltage  rating,  and 
losses.  All  these  characteristics  depend  upon  the  geometry  of  the 
capacitor  and  the  nature  of  the  dielectric.  All  may  vary  somewhat 
because  of  changes  in  temperature  or  frequency. 

The  capacitance  is  proportional  to  the  area  and  inversely  pro¬ 
portional  to  the  separation  of  the  plates.  It  also  varies  directly 
with  the  relative  dielectric  constant  er  of  the  dielectric.  This 
constant  is  determined  experimentally  as  the  ratio  of  the  capacitance 
of  a  capacitor  when  the  electric  field  is  established  in  the  dielectric 
as  compared  with  its  capacitance  with  air  or  vacuum  surrounding 
the  plates. 

The  maximum  voltage  that  may  be  applied  safely  to  a  capacitor 
depends  upon  the  dielectric,  the  separation  of  the  plates,  and  their 
shape.  Irregularities  in  their  surface  or  sharp  corners  tend  to 
produce  concentration  of  the  lines  of  force  and  increased  potential 
gradients  tending  to  break  down  the  dielectric.  The  dielectric 
affects  the  breakdown  voltage  of  a  capacitor  both  because  of  the 
limited  constant  potential  gradient  it  can  withstand  and  because 
of  its  loss  characteristics. 

For  most  well-designed  capacitors  the  losses  due  to  conductor 
resistance  are  negligible  in  comparison  with  those  within  the 
dielectric.  If  an  alternating  voltage  were  applied  to  an  ideal 
capacitor,  the  energy  supplied  as  the  capacitor  is  charged  would 
be  completely  returned  to  the  circuit  upon  discharge  one-half  cycle 
later.  Practically,  there  is  a  difference  between  the  two  energies 
representing  a  loss  or  dissipation  that  must  be  explained  in  terms 
of  resistance. 

It  is  mainly  losses  of  this  sort  that  are  described  by  the  resist¬ 
ances  in  the  representative  circuits  of  Fig.  6.16  or  c.  The  parallel 
combination  of  a  constant  Cv  and  Rp  simulates  the  actual  variations 
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of  Z  for  most  capacitors  over  a  wider  range  of  frequencies  than  the 
equivalent  series  circuit.  However,  the  series  representation  is  com¬ 
monly  used,  in  which  case  Rs  decreases  with  increasing  frequency. 

The  loss  characteristics  of  a  dielectric  material  may  be  described 
in  terms  of  the  loss  angle  5  of  a  capacitor  whose  plates  are  immersed 
in  the  material,  it  being  assumed  that  the  dielectric  is  responsible 
for  all  the  losses.  The  angle  8  may  be  expressed  in  degrees  or 
radians  or  in  terms  of  its  tangent. 

8.  Types  of  Capacitors. — As  the  characteristics  of  capacitors 
are  so  dependent  upon  the  dielectric  used,  it  is  convenient  to 
discuss  gaseous,  liquid,  and  solid  capacitors  separately. 

Air ,  or  Gaseous  Capacitors. — Capacitors  with  air  as  a  dielectric 
are  characterized  by  low  losses  and  small  values  of  capacitance 
seldom  over  a  few  hundred  micromicrofarads.  Although  compara¬ 
tively  bulky,  they  can  easily  be  made  variable,  and  with  proper 
design  their  capacitance  at  any  setting  is  accurately  reproducible 
and  nearly  independent  of  frequency. 

The  voltage  breakdown  is  generally  due  to  the  establishment 
of  a  corona  discharge.  This  occurs  when  the  voltage  gradient 
near  some  sharply  curved  surface  becomes  sufficient  to  produce 
ionization  of  the  gas  and  a  glow  discharge.  This  frequently  occurs 
at  the  edges  of  the  plates,  and  capacitors  designed  for  high-voltage 
applications  generally  have  thick,  widely  separated  plates  with 
rounded  edges  to  reduce  the  voltage  gradient. 

The  breakdown  voltage  is  markedly  dependent  upon  the  pres¬ 
sure  of  the  gas  surrounding  the  plates.  At  the  very  low  pressures 
obtainable  with  modern  vacuum  technique  (say  10-9  atmosphere) 
the  corona  effect  is  eliminated,  and  the  breakdown  voltage  is 
greatly  increased.  Such  vacuum-type  glass-enclosed  capacitors 
give  a  compact  unit  of  high  voltage  rating.  With  a  poorer  vacuum 
(higher  pressure)  the  breakdown  voltage  decreases  and  reaches  a 
minimum  at  pressures  of  the  order  of  magnitude  of  ^  atm. 
With  further  increase  in  pressure  the  breakdown  voltage  rises, 
and  at  pressures  of  several  atmospheres  it  is  increased  several  fold 
as  compared  with  its  value  at  atmospheric  pressure.  Such  high 
pressures  are  frequently  employed  to  increase  the  voltage  rating 
of  equipment.  A  corresponding  reduction  of  voltage  rating  occurs 
when  electrical  equipment  is  flown  to  high  altitudes.  At  the 
lower  barometric  pressure  corresponding  to  an  altitude  of  5  miles 
the  breakdown  voltage  of  an  air  capacitor  is  reduced  to  approxi¬ 
mately  one-half  its  value  at  the  earth's  surface. 
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At  moderate  frequencies  most  of  the  loss  associated  with  air 
capacitors  occurs  in  the  insulation  used  to  maintain  the  separation 
of  their  plates.  This  loss  is  minimized  by  placing  the  insulation 
where  the  electric  field  is  weak  and  choosing  its  shape  so  that  it  is 
long  and  narrow  in  the  direction  of  the  electric  field.  As  contrasted 
to  materials  used  for  dielectrics  between  the  plates  of  liquid-  or 
solid-filled  capacitors  this  insulating  material  should  have  a  small 
value  of  er  to  minimize  its  effect  of  increasing  the  capacitance  and 
of  course  should  have  a  small  value  of  tan  S.  The  product  of  er 
and  S  is  used  commonly  as  a  figure  of  merit  for  such  materials. 
The  insulation  is  generally  placed  where  the  strength  of  the  field 
and  therefore  the  losses  are  independent  of  the  position  of  the 
movable  plates  which  determine  the  capacitance. 

Liquid-filled  Capacitors. — The  introduction  of  a  liquid  dielectric 
between  the  plates  of  an  air  capacitor  may  increase  its  capacitance 
several  fold  and  also  may  increase  its  breakdown  voltage.  The 
losses  are  also  increased,  and  in  general  both  the  loss  angle  and  the 
dielectric  constant  depend  upon  frequency. 

In  a  liquid  dielectric  the  alternating  electric  field  causes  motions 
of  charged  ions,  rotations  of  polar  molecules,  and  molecular  dis¬ 
tortions  calling  for  a  supply  of  energy  during  one  part  of  the  cycle 
that  is  not  completely  returned  to  the  circuit  during  the  remainder 
of  the  cycle.  Liquids  with  unusually  large  dielectric  constants 
have  in  general  large  values  of  6. 

Solid-dielectric  Capacitors. — Solid  dielectrics  frequently  used 
in  capacitors  are  mica  and  wax-  or  oil-impregnated  paper.  Mica 
capacitors  have  comparatively  large  voltage  ratings  but  are  gen¬ 
erally  of  low  capacitance,  up  to  about  0.02  pf,  as  compared  with 
values  of  6  or  8  pf  available  in  paper  units.  They  also  have  much 
lower  losses  than  paper  capacitors,  particularly  at  radio  frequencies. 
Mica  capacitors  consist  generally  of  a  pile  of  alternate  sheets  of 
metal  foil  and  mica  held  together  by  some  pressure  device.  Paper 
capacitors  consist  of  long  strips  of  foil  and  specially  treated  paper 
rolled  together  in  a  compact  unit.  Both  types  are  enclosed  in  a 
protective  cover,  which  should  be  airtight. 

The  capacitance  of  such  units  may  vary  slowly  as  the  pressure 
maintaining  the  foil  separation  changes  with  time.  Temperature 
changes  also  change  the  value  of  the  capacitance  by  changing  the 
capacitor  dimensions  and  the  dielectric  characteristics.  Capacitors 
of  quite  stable  value  can  be  made  by  depositing  a  metal  film 
directly  on  the  surface  of  the  mica  sheets.  By  using  certain  ceramic 
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materials  whose  dielectric  constant  increases  or  decreases  with  tem¬ 
perature  it  is  possible  to  obtain  a  capacitor  whose  temperature 
coefficient  cancels  the  effect  of  temperature  variation  in  other  parts 
of  an  oscillatory  circuit.  By  the  use  of  such  capacitors,  oscillators 
may  be  constructed  whose  frequency  is  almost  independent  of 
temperature. 

The  voltage  rating  of  a  solid-dielectric  capacitor  decreases  with 
frequency.  At  low  frequencies  it  is  determined  by  the  maximum 
potential  gradient  the  dielectric  will  withstand  without  rupture. 
As  the  frequency  is  increased,  the  increased  dielectric  losses  and 
the  resulting  temperature  rise  become  the  limiting  factors,  and  the 
voltage  rating  may  be  reduced  by  a  factor  of  100  or  more.  The 
corresponding  rated  current  increases  from  low  values  at  low  fre¬ 
quencies  to  an  upper  limit  at  high  frequencies. 

9.  Electrolytic  Capacitors. — The  breakdown  voltage  of  a 
capacitor  is  determined  by  the  weakest  point  in  its  dielectric.  The 
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Fig.  9.1. — Simplified  pictures  of  electrolytic  capacitors. 


dielectrics  mentioned  thus  far  cannot  be  made  too  thin  without 
increasing  the  possibility  of  holes  or  large  percentage  variations  in 
thickness.  By  chemical  means  it  is  possible  to  establish  uniform 
insulating  layers  whose  thickness  may  be  a  very  small  fraction  of  a 
thousandth  of  an  inch. 

If  a  tantalum  sheet,  immersed  in  sulphuric  acid  of  about  the 
concentration  used  in  storage  cells,  is  made  the  positive  plate  in 
an  electrolytic  cell,  Fig.  9.1a,  the  large  initial  current  decreases 
with  time  to  a  small  final  value  //,  Fig.  9.16.  This  is  due  to  the 
formation  of  an  insulating  layer  over  the  surface  of  the  tantalum. 
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Any  break  or  thin  spot  in  this  layer  causes  a  current  concentration, 
which  builds  up  the  insulation  to  a  value  uniform  over  the  surface. 
The  insulation  is  therefore  self-healing  and  self-adjusting  in  thick¬ 
ness.  Thus  there  is  formed  a  capacitor  having  the  tantalum  as 
one  plate,  the  insulating  layer  as  a  dielectric,  and  the  electrolyte 
as  the  other  plate.  The  thickness  of  the  layer  increases  with  the 
voltage  applied,  as  does  the  final  leakage  current.  This  is  illus¬ 
trated  in  Fig.  9.1c,  which  shows  that  there  is  an  upper  limit  of 
voltage  above  which  the  leakage  current  rises  rapidly.  If  the 
voltage  is  removed,  the  layer  gradually  dissolves  and  in  this  type 
of  cell  would  have  to  be  re-formed  upon  the  next  application  of 
voltage.  Other  metals  and  electrolytes  can  be  used;  this  so-called 
“wet”  type  of  electrolytic  capacitor  with  several  modifications  is 
mainly  used  in  permanent  installations. 

The  most  commonly  used  electrolytic  capacitors  are  of  the  semi¬ 
dry  or  dry  type,  which  may  consist  of  two  sheets  of  aluminum  foil 
between  which  is  held  an  electrolyte  that  has  been  thickened  to 
a  paste  or  even  a  solid  at  ordinary  temperatures.  The  strips  of 
foil  are  separated  by  a  porous  cloth  impregnated  with  the  electro¬ 
lyte.  If  a  battery  is  connected  as  shown  in  Fig.  9.1  d,  the  positive 
aluminum  sheet  develops  an  insulating  layer  as  before,  and  a 
capacitor  is  formed  with  the  electrolyte  serving  as  the  other  plate. 
The  second  aluminum  foil  serves  only  to  give  electrical  contact 
with  the  electrolyte.  In  practice,  the  positive  foil  has  a  coating, 
or  film,  formed  on  it  in  a  previous  operation  by  a  voltage  which 
determines  the  voltage  rating.  This  film  may  be  made  quite 
permanent,  and  the  action  of  the  electrolyte  in  the  finished  capacitor 
is  mainly  to  repair  and  maintain  the  originally  formed  film.  The 
two  foils  and  the  separator  are  rolled  together  and  sealed  in  a 
container. 

The  capacitance  of  the  unit  depends  upon  the  surface  area  of 
the  positive  foil  (which  may  be  increased  by  embossing  or  etching 
it)  and  the  forming  voltage,  which  determines  its  voltage  rating. 
The  larger  the  forming  voltage,  the  thicker  the  insulating  film  and 
therefore  the  smaller  the  capacitance.  For  a  given  area  of  foil  the 
product  of  voltage  rating  and  capacitance  is  approximately  a 
constant  above  a  forming  voltage  of  about  100  volts.  The  capaci¬ 
tance  is  increased  slightly  and  the  leakage  current  strongly  by  an 
increase  in  temperature.  The  capacitance  decreases  with  fre¬ 
quency  and  may  fall  off  markedly  in  the  upper  audio  range. 

The  losses  in  an  electrolytic  capacitor  are  large  in  comparison 


Sec.  10] 


EFFECTS  OF  MOISTURE 


71 


with  those  of  the  other  types  studied,  corresponding  to  values  of 
D  (=  tan  6)  of  the  order  of  0.1.  They  are  due  to  dielectric  losses 
and  leakage,  similar  to  those  of  other  capacitors  but  larger;  in 
addition,  there  are  losses  due  to  the  resistance  of  the  electrolyte. 
Though  it  is  difficult  to  separate  their  effects  this  last  is  probably  the 
principal  loss. 

The  polarity  of  electrolytic  capacitors  should  be  carefully 
observed  when  they  are  installed,  as  the  film  has  rectifierlike  char¬ 
acteristics  and  therefore  a  lower  resistance  in  the  reverse  direction. 
With  time  the  film  is  partly  dissolved  by  a  reversed  voltage,  and  the 
corresponding  film  formed  on  the  other  aluminum  foil  does  not 
have  the  desirable  characteristics  of  the  original  one.  The  ripple 
component  should  not  be  too  large  because  of  the  possibility  of 
reversing  the  polarity  momentarily  and  also  because  its  heating 
effect  may  cause  a  rapid  deterioration. 

Several  capacitor  units  may  be  assembled  in  the  same  container, 
frequently  sharing  a  common  negative  aluminum  strip.  The  units 
are  seldom  made  with  voltage  ratings  much  above  550,  but  occa¬ 
sionally  capacitors  of  larger  voltage  ratings  are  made  with  two  such 
units  in  series.  If  two  such  formed  units  were  connected  in  series 
with  the  polarities  opposing,  they  would  serve  as  a  capacitor  for  use 
in  a-c  circuits,  with  the  separate  capacitors  serving  to  block  the 
current  every  other  half  cycle.  The  same  action  can  be  obtained 
by  preforming  a  hard  insulating  layer  on  each  aluminum  foil  in  a 
single  unit.  Such  capacitors  are  used  in  motor-starting  systems  or 
other  applications  where  an  a-c  capacitor  of  comparatively  large 
losses  can  be  used. 

10.  Effects  of  Moisture. — The  presence  of  moisture  has  an 
important  effect  upon  the  characteristics  of  most  electrical  elements. 
Even  under  conditions  of  moderate  humidity  an  invisible  thin  film 
of  water  forms  on  the  surface  of  most  substances  and  is  absorbed 
into  their  interior  if  they  are  at  all  porous.  Although  pure  water 
has  a  high  volume  resistance,  the  small  amount  of  dissolved  impuri¬ 
ties  present  makes  it  possible  to  cause  changes  of  a  millionfold  in 
the  surface  and  volume  leakage  of  insulators.  Owing  to  its  large 
dielectric  constant  and  large  value  of  tan  6,  it  also  introduces 
important  dielectric  losses  if  it  is  exposed  to  an  alternating  electric 
field. 

In  the  manufacture  of  capacitors,  this  is  recognized  by  the 
efforts  made  to  drive  out  water  vapor  and  to  impregnate  and  sur¬ 
round  the  capacitor  by  an  insulating  compound  generally  applied 
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at  an  elevated  temperature.  Impregnation  under  partial  vacuum 
reduces  or  eliminates  entrapped  air  bubbles  together  with  their 
water-vapor  content  and  does  away  with  their  action  in  producing 
high  local  electric  stresses.  As  a  further  precaution  the  unit  may 
be  enclosed  in  a  sealed  container  to  prevent  slow  penetration  of 
water  vapor. 

Similar  precautions  should  be  taken  in  the  construction  of 
inductors,  particularly  if  they  are  to  be  exposed  to  high-humidity 
conditions.  Under  conditions  of  low  humidity  the  dielectric  losses 
due  to  the  insulation  between  turns  and  in  the  supporting  form  may 
be  made  negligible  up  to  very  high  frequencies  by  suitable  choice  of 
materials.  With  the  presence  of  water  vapor  on  the  surface  or 
porous  interior  of  the  insulation  there  is  an  increase  in  Cd  due  to  the 
large  dielectric  constant  of  water  and  also  a  marked  increase 
in  the  losses  in  the  coil.  This  possibility  can  be  reduced  by  impreg¬ 
nating  the  coil  with  a  thick  layer  of  water-repellent  wax. 

Erratic  behavior  of  equipment  may  sometimes  be  traced  to  the 
failure  of  insulators  due  to  decrease  of  surface  or  volume  resistivity 
caused  by  water.  This  may  come  slowly  after  a  few  days  of  high 
humidity  or  abruptly  because  of  a  change  in  temperature  that 
causes  condensation  of  water  droplets,  which  unite  to  form  a  con¬ 
ducting  path  over  the  surface.  The  droplets  can  be  driven  off  or 
prevented  by  maintaining  an  elevated  temperature  in  the  equip¬ 
ment  or  may  be  controlled  by  covering  the  insulation  with  a  surface 
that  is  not  wetted  by  water  so  that  the  droplets  remain  separate. 
Prevention  of  the  slow  penetration  of  water  into  fine-grained  porous 
insulators  such  as  mica  and  some  ceramic  materials  requires  thick 
and  unbroken  coatings.  Once  water  is  absorbed,  it  is  driven  from 
the  interior  only  with  the  greatest  difficulty. 

11.  Shielding. — For  simplicity  it  has  been  assumed  in  earlier 
sections  that  the  circuit  element  studied  was  isolated.  The  action 
of  such  an  element  in  an  electric  circuit,  however,  depends  upon  the 
nature  of  the  surroundings  to  the  extent  that  its  electric  and  mag¬ 
netic  fields  affect  them.  This  interaction  can  be  reduced  by 
shielding,  which  at  the  same  time  decreases  undesired  induced 
voltages  and  renders  the  impedance  of  the  shielded  element  more 
definite. 

The  effect  of  adjacent  objects  upon  the  electrical  characteristics 
of  an  element  is  of  increasing  importance  at  high  frequencies  and 
depends  in  a  complicated  manner  upon  the  geometry  and  the 
potentials  involved.  In  many  cases,  however,  the  effect  of  the 
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surroundings  can  be  described  electrically  by  altering  slightly 
the  representative  electric  circuit  of  the  isolated  element. 

Let  a  uniform  circuit  element,  which  may  be  a  resistor  or 
inductor,  lie  along  a  line  between  the  terminals  AB,  Fig.  11.1, 
parallel  to  a  grounded  conductor.  If  equal  alternating  voltages  of 
opposite  phase  are  applied  to  the  terminals,  the  momentary  excess 
positive  and  negative  charges  along  the  conductor  are  shown  in 
Fig.  11.1a  at  an  instant  when  A  is  positive.  Charges  of  opposite 
sign  are  induced  along  the  parallel  conductor,  as  in  a  capacitor, 


o'TffiWfV) 


(oi)  (b)  (c) 


Fig.  11.1. — Representation  of  the  electrical  effects  of  an  adjacent  grounded 
conductor  upon  a  resistor  or  coil:  (a)  when  electrical  balance  exists;  (&)  when  one 
end  of  the  resistor  or  coil  is  grounded ;  (c)  when  the  resistor  or  coil  is  unbalanced  to 
ground. 

but  owing  to  the  limited  areas  and  large  separation  they  are  much 
smaller  than  the  inducing  charges.  One-half  period  later  the  signs 
of  the  charges  are  reversed,  but  their  magnitude  and  distribution 
are  the  same.  There  is  thus  produced  an  alternating  current  along 
the  grounded  conductor,  but  as  the  induced  positive  and  negative 
charges  are  equal  in  magnitude  no  net  current  flows  to  ground. 
If  the  impedance  of  the  grounded  conductor  is  negligible,  so  far  as 
measurements  made  at  the  terminals  AB  would  determine,  the 
effect  of  the  adjacent  conductor  could  be  explained  by  connecting 
equal  capacitances  from  A  to  ground  and  from  B  to  ground.  As  no 
net  current  flows  to  ground,  this  is  equivalent  to  adding  to  the 
representative  circuit  of  the  isolated  element  an  additional  parallel 
capacitor  (7/,  the  modified  circuit  of  Fig.  11.1a  being  thus  obtained. 


74 


CIRCUIT  ELEMENTS 


[Chap.  Ill 


Such  a  system  is  said  to  be  balanced  electrically  with  respect  to 
ground,  and  the  effect  of  the  adjacent  grounded  conductor  is  to 
increase  the  shunting  capacitance  across  the  coil. 

If  the  terminal  A  of  the  circuit  element  is  grounded,  Fig.  11.16, 
the  induced  charge  is  of  one  sign,  and  the  capacitive  current  is  zero 
at  A  and  a  maximum  at  B.  The  current  through  B  is  the  vector 
sum  of  that  through  A  plus  the  unbalanced  capacitive  current  to 
ground.  The  effect  of  the  neighboring  grounded  conductor  is  to 
add  to  the  representative  circuit  for  the  isolated  element  a  capaci¬ 
tance  to  ground  at  the  ungrounded  end  as  shown  below  in  Fig. 
11.16.  If  the  geometry  and  resistance  of  the  circuit  element  are  not 
symmetrical  about  its  geometrical  center  or  if  unequal  alternating 
voltages  are  applied  to  A  and  B,  Fig.  11.1c,  unequal  capacitive 
currents  to  ground  flow  through  the  terminals.  In  general,  this  is 
represented  by  placing  unequal  capacitances  to  ground  at  both 
terminals.  In  the  special  case  of  Fig.  11.1c,  where  a  portion  of  the 
element  remains  at  ground  potential,  the  capacitive  currents  to 
ground  partly  cancel  in  the  grounded  conductor  and  the  effect  is  to 
add  a  shunt  capacitance  to  the  representative  circuit  of  the  isolated 
element  and  a  capacitance  to  ground  at  the  terminal  carrying  the 
larger  capacitive  current. 

The  capacitive  coupling  between  the  surroundings  and  the 
unshielded  inductance  or  resistance  coil  of  Fig.  11.2a  makes  its 
impedance  depend  upon  the  geometry  of  neighboring  objects  and 
the  nature  of  its  potential  variations  relative  to  them.  The 
coupling  also  permits  undesired  voltages  and  currents  to  be  induced 
either  in  adjacent  conductors  owing  to  the  action  of  the  coil  or  in 
the  coil  owing  to  external  potential  variations.  If  a  conducting 
shield  encloses  the  element,  Fig.  11.2a,  and  is  connected  to  one 
terminal,  the  distributed  capacitance  of  the  coil  is  increased  by  an 
amount  Cd'  but  the  impedance  between  the  terminals  is  made 
definite.  The  shield  also  prevents  any  interaction  between  the 
potential  gradient  along  the  coil  and  external  conductors.  Any 
capacitive  current  to  the  surroundings  is  confined  to  the  terminal 
to  which  the  shield  is  attached.  The  capacitive  coupling  between 
this  terminal  and  the  surroundings  is  still  dependent  upon  their 
relative  positions  and  potentials,  but  it  can  be  rendered  definite  and 
undesired  capacitive  currents  to  other  elements  prevented  by  placing 
a  grounded  shield  around  it,  Fig.  11.2c.  Both  the  impedance  of  the 
element  and  its  capacitance  to  ground  now  are  made  definite. 
Multiple  shields  of  this  sort  are  frequently  employed  in  bridge 
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circuits.  For  many  purposes  the  grounded  shield  of  Fig.  11.2c  may 
be  used  with  the  inner  shield  removed.  This  single  shield  prevents 
capacitive  coupling  between  the  coil  and  neighboring  circuits  and 
makes  its  impedance  independent  of  changes  in  the  geometry  of  the 
surroundings.  Its  capacitance  to  ground,  however,  depends  upon 
the  potential  variations  of  its  terminals  with  respect  to  ground. 

Coupling  due  to  mutual  inductance  is  most  important  for  two 
inductors  but  may  occur  between  any  two  elements.  It  can  be 
minimized  by  separating  the  elements  or  orientating  them  so  as  to 
produce  minimum  flux  linkage.  Induced  voltages  in  a  pair  of  leads 
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Fig.  11.2. — The  effect  of  a  shield  in  controlling  the  capacitance  to  adjacent  objects 
and  in  fixing  the  impedance  of  an  element. 


may  be  minimized  by  keeping  the  two  wires  close  together  in  the 
form  of  a  twisted  pair. 

Magnetic  shielding  may  be  accomplished  by  enclosing  the  coil 
in  a  thick  container  of  large  permeability  or  small  resistivity.  The 
former  is  more  effective  at  low  frequencies  where  the  shield  provides 
a  closed  magnetic  circuit  for  the  flux,  thus  reducing  the  external 
magnetic  field  to  a  minimum.  The  high-permeability  shield  also 
causes  an  increase  in  the  self-inductance  of  the  coil,  an  increase  in 
its  resistance  due  to  eddy-current  and  hysteresis  losses,  and  an 
increase  in  its  capacitance  Cd.  The  usefulness  of  such  a  shield  is 
reduced  at  high  frequencies  owing  to  a  decrease  in  the  effective 
permeability  and  to  increased  losses.  Under  these  circumstances 
the  shield  should  be  made  of  a  metal  of  high  conductivity  such  as 
aluminum  or  copper.  The  shielding  is  due  in  this  case  to  the 
induced  currents  in  the  surrounding  metal  whose  magnetic  field,  by 
Lenz’s  law,  opposes  the  magnetic  field  of  the  coil  and  thus  tends  to 
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cancel  it  at  external  points.  The  effectiveness  of  such  a  shield 
varies  directly  as  the  square  root  of  the  conductivity  and  of  the 
frequency. 

The  thicker  the  shield,  the  better  its  shielding;  for  the  strength 
of  the  magnetic  field  decreases  exponentially  with  the  thickness  of 
metal  penetrated.  The  shielding  action  will  be  lessened  by  any 
joint  that  introduces  resistance  in  the  path  of  the  eddy  currents. 
The  magnetic  field  due  to  the  currents  in  the  shield  likewise  reduces 
the  field  of  the  coil  and  therefore  slightly  lowers  its  self-induct¬ 
ance.  The  energy  loss  due  to  the  shield  currents  increases  the 
series  resistance  of  the  coil,  and  the  presence  of  the  shield  around 
the  coil  increases  the  value  of  Ca • 

It  is  possible  to  construct  a  shield  that  will  decrease  the  capaci¬ 
tive  coupling  without  appreciably  affecting  the  coupling  due  to 
mutual  inductance.  By  slotting  the  conducting  shield  the  eddy 
currents  that  produce  the  magnetic  shielding  may  be  greatly 
reduced  without  much  change  in  the  electric  shielding.  Such 
shields  are  sometimes  employed  between  the  windings  of  a  trans¬ 
former  to  prevent  electric  coupling  between  the  input  and  output 
circuits. 

12.  Relation  of  Electrical  Measurements  to  the  Circuit  Repre¬ 
sentation  of  an  Element. — It  has  been  shown  possible  to  predict 
the  electrical  behavior  of  an  actual  inductance  coil  over  a  range  of 
frequency  extending  upward  from  zero  on  the  basis  of  an  equivalent 
parallel  combination  of  a  fixed  L,  R,  and  Cd>  As  the  frequency  is 
increased,  the  skin  effect  and  proximity  effect  require  the  value 
of  R  in  this  circuit  to  be  progressively  increased.  Other  losses  due 
to  imperfect  dielectrics  and  eddy  currents  in  adjacent  conductors 
also  affect  R.  Accompanying  the  change  in  R  are  smaller  changes 
in  L  and  still  smaller  changes  in  Cd . 

The  complexity  of  the  behavior  of  such  a  coil  in  a  practical 
circuit  emphasizes  the  difficulty  of  predicting  its  performance  at 
high  frequencies  on  the  basis  of  its  low-frequency  characteristics. 
For  high  frequencies  the  representative  circuit  is  useful  mainly 
as  guide  to  the  general  behavior  of  the  element.  Numerical  calcu¬ 
lations  based  on  it  have  validity  only  over  a  limited  range  of  fre¬ 
quencies,  and  the  values  of  L,  R,  Cd  used  must  be  those  determined 
for  that  range. 

These  values  are  determined  in  general,  not  by  extrapolation 
from  the  low-frequency  case,  but  by  measurements  on  the  element 
made  in  the  frequency  range  of  interest.  These  measurements 
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involve  the  determination  of  the  relation  between  the  current 
through  the  element  and  the  voltage  across  it  and  yield  actual 
values  of  Za  or  Ya  that  are  definite  at  any  given  frequency.  They 
may  be  described  in  either  the  polar  or  the  rectangular  form.  In  the 
latter  form,  Za  leads  directly  to  a  description  of  the  equivalent 
series  circuit  in  terms  of  Ra  and  Xa\  or  of  Ra  and  La ,  where  La  is 
the  value  of  the  actual  series,  lumped  inductance  which  would 
account  for  the  reactive  effects.  In  general,  it  is  these  equivalent 
series  characteristics  which  are  meant  when  the  resistance  R  and 
the  inductance  L  of  an  r-f  coil  are  specified.  The  series  resistance 
Ra  accounts  for  all  the  energy  lost,  and  \I\2Ra  gives  the  total  power 
dissipation.  For  this  reason  it  is  sometimes  referred  to  as  the 
effective  resistance  of  the  element. 


(a)  (b)  (c) 

Fig.  12.1. — Series  circuit  of  an  actual  inductor  and  capacitor,  and  its  representative 

circuit. 

For  many  purposes  these  values  of  Ra  and  La  suffice  to  describe 
the  behavior  of  the  coil  over  a  moderate  range  of  frequencies  where 
their  changes  in  value  are  negligible.  In  particular,  the  series 
circuit  containing  an  actual  coil  and  capacitor,  Fig.  12.1a,  with 
the  representative  circuit  in  (6),  may  be  described  adequately  by 
the  series  circuit  of  (c),  in  which  Ra  and  La  are  assumed  constant 
over  a  moderate  range  of  frequencies.  Fortunately,  the  capacitance 
of  a  good  capacitor  is  constant  over  a  wide  band  of  frequencies 
and  although  its  losses  vary  they  may  be  neglected  in  comparison 
with  the  losses  due  to  Ra. 

It  was  shown  in  Fig.  3.1  that  for  any  coil  there  is  a  range  of 
frequencies  where  Qa  =  ( wLa/Ra )  is  almost  constant  despite  vari¬ 
ations  in  La  and  Ra .  The  variation  of  impedance  of  the  coil  and 
capacitor  combination,  Fig.  12.1a,  can  be  described  more  accurately 
in  this  frequency  range  in  terms  of  the  constant  Qa  of  the  coil  and 
the  resonant  frequency  of  the  combination  as  determined  by  direct 
measurement.  The  expression  for  Z  may  be  written 

z  =  Ra  +  j  (uL„  - 


(12.1) 
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Ra  ^~3\Ra  UCRJ 


1+*('-S)  <i2-2> 


where  cor  is  the  series-resonant  frequency  of  the  coil  and  capacitor 
combination,  LT  is  the  value  of  La  at  the  resonant  frequency,  and 
use  has  been  made  of  the  relations 


Ra  =  -f~  and  <SJLrC  =  1  (12.3) 

Vo 

In  (12.2)  Ra  andLa  are  functions  of  frequency  that  can  be  evaluated 
by  measurement.  However,  if  C  >  >  Cd ,  as  is  usually  the  case  in 
practice,  and  the  frequency  deviation  from  resonance  is  small,  the 
value  of  La  will  not  change  greatly  for  a  reasonable  range  of  fre¬ 
quencies  and  Lr/La  may  be  taken  as  unity.  Although  the  vari¬ 
ations  of  Ra  and  La  differ  greatly  from  coil  to  coil,  the  rate  of  increase 
of  Ra  is  always  greater  than  that  of  La.  In  some  cases  the  con¬ 
stancy  of  Qa  (  =  c oLa/Ra)  is  due  mainly  to  a  linear  increase  of  Ra 
with  frequency,  while  La  is  almost  constant.  Under  these  circum¬ 
stances  (12.2)  may  be  written 

Z  =  wRr  [  1  +  jQa  (l  -  (12.4) 

and 

\Z\  =  y^j  =  wRr  a/T+  tan2  $z 

where 

tan  6Z  =  Qa  (l  -  (12.5) 

Here  w  —  co/«r,  and  Rr  is  the  measured  value  of  the  equivalent 
series  resistance  at  the  resonant  frequency. 

The  behavior  of  an  actual  coil  and  capacitor  thus  is  predicted 
under  these  conditions  in  terms  of  constants  determined  in  the 
frequency  range  of  interest.  The  shape  of  the  resonance  curve  is 
only  slightly  different  from  that  obtained  for  an  ideal  series  circuit 
with  fixed  lumped  constants,  but  the  phase-angle  variation  is  not 
quite  so  symmetrical.  For  circuits  of  moderate  Qa  the  differences 
are  minor,  and  the  same  relations  exist  between  Qa  and  the  half¬ 
power  frequencies  measured  in  terms  of  circuit  response.  Then 
Qa  may  be  taken  as  the  Q  determined  by  laboratory  measurements 
based  on  band-width  determinations. 
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MEASUREMENT  OF  CIRCUIT  ELEMENTS 

The  impedance  of  a  circuit  element  can  be  measured  by  direct 
determination  of  the  current  and  voltage  relation  at  its  terminals. 
The  accuracy  of  such  measurements  is  limited  by  the  characteristics 
of  the  instruments  used.  In  general,  an  instrument  can  compare 
two  voltages  or  currents  more  accurately  than  it  can  indicate  their 
actual  values.  Therefore  methods  of  measurement  frequently  are 
employed  that  involve  comparison  of  voltages  or  currents.  A 
further  increase  in  accuracy  is  obtained  by  so-called  “null”  methods 
of  measurement,  in  which  a  device  serves  only  to  indicate  that  a 
current  or  voltage  has  been  reduced  to  zero.  Some  such  circuits 
establish  a  relationship  among  the  magnitudes  of  L,  C,  R ,  and  to. 
Bridge  measurements  are  special  cases  of  such  null  methods. 

1.  Theory  of  A-c  Bridge. — The  Wheatstone  bridge,  which  was 
developed  for  the  comparison  of  d-c  resistances,  may  be  extended 


Z.V Z2Z3 

(a)  <b)  (c) 

Fig.  1.1. — (a)  Basic  Wheatstone  bridge  circuit;  ( b )  circuit  for  comparison  of  induc¬ 
tors;  (c)  circuit  for  comparison  of  capacitors. 

to  compare  impedances.  The  impedances  are  connected  as  shown 
in  Fig.  1.1,  a  source  of  alternating  voltage  is  bridged  across  two 
of  the  opposite  corners,  and  an  a-c  detector  is  bridged  across  the 
other  two  corners.  If  the  impedances  are  adjusted  so  that  no 
voltage  exists  across  the  detector,  then  no  current  flows  through  it, 
and  the  current  through  Z\  equals  that  through  Similarly,  the 
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current  through  Z3  is  the  same  as  that  through  Z4.  The  voltage 
drops  across  Z i  and  Z3  are  equal,  as  are  those  across  Z2  and  Z4. 
Therefore, 

Z  \I  12  =  Z  3^34  and  Z2I12  —  Z4734  (1-1) 

where  7 12  and  734  are  the  currents  through  the  upper  and  lower 
branches.  Dividing  one  equality  by  the  other, 

Zi  Z3  \Z1\I61  _  \Zs\/Jh 

Z2  Zt  or  |Z2|/fl?  |Z4|/04  (  ’ 

For  balance,  the  following  relations  exist  between  the  magnitudes 
and  angles  of  the  impedances: 

|^j  =  j^j  and  0!  -  02  =  93  —  04  (1-3) 

Cross  multiplying  the  ratios  of  (1.2), 

ZiZ4  =  Z2Z3  or  FiF4  =  Y2Y3  (1-4) 

The  products  of  the  impedances  or  admittances  of  the  opposite 
arms  are  equal.  The  two  conditions  of  (1.3)  arise  from  the  fact 
that  at  balance  both  the  magnitude  and  the  phase  of  the  sinusoidal 
voltage  at  the  two  detector  terminals  must  be  the  same.  In 
general,  the  balance  requires  the  successive  adjustment  of  at  least 
two  elements  in  the  bridge,  and  it  allows  tw'o  unknown  parameters 
to  be  evaluated  in  terms  of  other  known  standards.  The  imped¬ 
ances  to  be  compared  may  be  elements  with  distributed  character¬ 
istics,  but  in  general  the  bridge  calculations  are  based  on  lumped 
values  of  R,  L,  and  C. 

In  the  following  descriptions  of  several  bridges,  the  source  and 
detector  are  omitted,  as  their  positions  can  be  interchanged  without 
effect  upon  the  equations  of  balance. 

2.  Simple  Types  of  Bridges. — A  bridge  circuit  for  the  com¬ 
parison  of  one  inductor  with  another  is  shown  in  Fig.  1.1b.  Apply¬ 
ing  (1.4),  the  general  equation  of  balance, 

i?i(i?4  +  jcoLi)  =  Rz(Rz  4“  jcoLs)  (2.1) 

RiRa  -}-  joiR\L\  =  R2R3  4”  jidRzLz  (2.2) 

Upon  equating  reals  and  imaginaries, 

R\R±  =  R2R3 


and  R1L4  =  RJL 


(2.3) 


Sec.  2] 


SIMPLE  TYPES  OF  BRIDGES 


81 


which  are  the  conditions  at  balance;  or 

Ri  R$  i  Ri  L& 

W2  -  Rt  ana  R*  "  U 


(2.4) 


Since  to  cancels,  the  balance  is  independent  of  the  applied  frequency. 

The  same  type  of  circuit  may  be  used  for  the  comparison  of 
capacitors,  Fig.  1.1c.  By  similar  calculation, 


R\  _  Rz  i  @ 4 

S“2  “  K ;  ancl  Ri  ~  Cl 


(2.5) 


If  R 4  and  L4  are  unknown  in  Fig.  1.16,  a  balance  is  obtained 
readily  by  varying  the  standard  elements  R%  and  L3.  The  accuracy 


(a)  (b) 

Fig.  2.1. — Resonance  bridges. 


is  improved  by  making  the  ratio  arms  R\,  R2  equal.  If  the  standard 
of  inductance  available  is  a  fixed  inductor,  the  balance  can  be 
made  by  varying  the  ratio  R1/R2  and  Rz‘,  but  the  equations  (2.4) 
show  that,  as  the  ratio  R1/R2  is  adjusted,  the  balance  conditions 
for  both  resistance  and  inductance  are  affected.  Each  successive 
change  in  one  variable  disturbs  the  balance  condition  for  the  other, 
causing  the  balance  point  to  “crawl,”  resulting  in  a  slow  approach 
to  a  final  balance.  The  values  of  7>4  and  Ri  obtained  are  the  actual 
series  equivalent  resistance  and  inductance  of  the  coil  at  the  applied 
frequency.  The  values  of  Rz  and  L3  of  the  standard  must  also  be 
those  at  the  applied  frequency. 

In  the  two  bridges  of  Fig.  2.1  the  phase-angle  condition  of  (1.3) 
requires  that  resonance  exist  in  the  fourth  arm  in  order  that  it  be  a 
pure  resistance  at  balance.  The  balance  conditions  can  be  calcu¬ 
lated  as  before  or  can  be  based  on  the  values  of  R  and  to  at  series 
and  parallel  resonance. 
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Series-resonance  bridge  jt  = 

ft  2  ft 


Parallel-resonance  bridge 


R* 

L/CR 


_ 

~  LC 

1  _  R? 
LC  L2 


The  frequency  appears  explicitly  in  the  balance  condition,  and 
bridges  of  this  sort  may  be  used  to  measure  frequency  in  terms  of 
L,  R,  and  C .  If  a  resonance  bridge  is  used  to  measure  L  and  R , 
the  frequency  of  the  generator  must  be  known.  If  the  waveform 
of  the  generator  is  not  sinusoidal,  the  harmonic  frequencies  will 


Fig.  2.2. — (a)  Schering,  (6)  Hay,  and  (c)  Wein  bridge  circuits  and  their  conditions 

of  balance. 


still  be  heard  in  the  detector  when  the  bridge  is  balanced  at  the 
fundamental  frequency.  To  obtain  a  balance  under  these  con¬ 
ditions  it  is  necessary  to  use  a  detector  tuned  to  the  fundamental 
or  to  make  use  of  the  frequency  discrimination  of  the  ear  and  reduce 
the  fundamental  note  to  zero  against  the  harmonic  background. 

Resonance-bridge  networks  sometimes  are  used  to  suppress  the 
fundamental  so  as  to  allow  the  residual  harmonic  content  of  a  dis¬ 
torted  wave  to  be  measured. 

Other  simple  bridges  are  shown  in  Fig.  2.2,  together  with  their 
balance  conditions.  The  Schering  bridge  is  convenient  for  measur¬ 
ing  the  capacitance  and  dissipation  factor  of  a  capacitor.  Its 
balance  is  independent  of  frequency,  and  successive  adjustments 
are  independent  if  R i  and  Ci  are  varied.  However,  a  fixed  resistor 
can  be  made  with  smaller  residuals  than  a  variable  one;  and  if  Ri 
is  fixed,  balance  still  can  be  obtained  by  varying  the  two  air  capaci- 
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tors  Ci  and  C3.  This  gives  a  smooth  variation  for  balance;  but 
the  tAvo  adjustments  are  interdependent,  and  the  balance  crawls. 
The  bridge  is  adaptable  to  measure  a  wide  range  of  capacitances 
down  to  very  Ioav  values.  It  may  be  used  also  to  measure  the 
high-voltage  characteristics  of  the  capacitor  C4  in  arm  4.  The 
high-voltage  generator  is  connected  betAveen  the  top  and  bottom 
corners  of  Fig.  2.2a  with  the  top  terminal  grounded.  The  variable 
elements  are  Ri,  R2,  C i;  together  with  the  detector,  they  remain  at 
relatively  Ioav  potentials  if  the  impedance  of  the  grounded  half  of 
the  bridge  is  kept  small  in  comparison  with  the  half  containing  the 
unknoAvn  and  the  standard  fixed  low-loss  capacitor  C3. 

The  Hay  bridge,  Fig.  2.26,  may  be  conveniently  used  to  measure 
the  inductance  and  resistance  of  an  iron-core  choke  since  the  con¬ 
nections  of  supply  voltage  and  detector  shown  in  the  diagram  allow 
a  direct  current  to  be  maintained  through  the  choke  while  its  a-c 
characteristics  are  determined.  For  measurements  on  an  air-core 
inductor  the  usual  supply  and  detector  circuits  are  sufficient. 
Under  these  conditions  there  is  only  one  inductor  in  the  bridge 
circuit,  and  magnetic  coupling  with  other  elements  is  reduced.  The 
Hay  bridge  also  alloAvs  an  inductor  to  be  measured  in  terms  of  a 
capacitor,  Avhich  is  in  general  a  much  more  satisfactory  standard 
at  radio  frequencies  than  an  inductor.  The  r-f  inductor  is  con¬ 
nected  in  place  of  the  iron-core  inductor  indicated  by  R^L^  Fig. 
2.26,  and  the  quality  factor  of  the  coil  is  determined  readily  at  the 
frequency  of  measurement  from  C i  and  Rt  at  balance.  (If  the 
quality  factor  is  Ioav,  more  satisfactory  results  are  obtained  by 
placing  Ri  in  parallel  Avith  Ch  forming  a  MaxAvell  bridge.)  The 
balance  point  of  the  Hay  bridge  depends  upon  the  frequency. 
In  fact,  the  bridge  may  be  used  as  an  audio-frequency  measuring 
device  Avith  a  linear  scale,  since  the  equations  of  balance  give 

co  =  2? r/  =  (R2R3L4C1  -  Ll)-iR, 

By  suitable  choice  of  circuit  constants  the  factor  multiplying  R4 
can  be  made  equal  to  2w  and  then  the  frequency  in  cycles/second 
equals  i?4  in  ohms.  The  bridge  is  balanced  by  varying  and  R4. 

The  Wein  bridge  of  Fig.  2.2c  is  similar  to  the  bridge  of  Fig. 
1.1c.  If  C4R4  represent  the  unknoAvn  capacitor,  these  two  bridges 
measure  it  alternatively  in  terms  of  either  a  parallel  or  a  series 
combination  of  C  and  R .  The  Wein  bridge  balance  does  not 
crawl  if  R3  and  C3  are  varied.  Its  balance  depends  upon  the  fre¬ 
quency,  and  this  property  is  employed  in  several  applications.  If 
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Ra  is  known,  it  is  possible  to  evaluate  C4  in  terms  of  frequency  and 
resistance  without  reference  to  C3. 

3.  Application  of  Bridge  Methods. — Certain  considerations  are 
applicable,  not  only  to  the  bridges  described,  but  to  bridge  circuits 
in  general.  The  method  of  obtaining  the  balance,  the  arrangement 
of  the  circuit  elements,  the  nature  of  the  standards  used,  all  have 
their  effect  upon  the  speed  and  accuracy  of  the  determination. 

Balance  is  obtained  in  a  bridge  by  adjusting  one  bridge  param¬ 
eter  until  a  minimum  response  is  produced  in  the  detector  and  then 
changing  a  second  parameter  to  reduce  the  response  to  a  still  lower 
value.  These  adjustments  are  made  alternately  until  no  further 
reduction  in  the  output  of  the  detector  is  observable.  From  the 
values  of  the  known  circuit  parameters  the  impedance  at  the 
terminals  of  the  unknown  is  calculable.  The  unknown  impedance 
generally  is  represented  in  the  bridge  circuit  and  appears  in  the 
equations  for  balance  as  a  series  or  parallel  combination  of  resistive 
and  reactive  components.  The  corresponding  values  of  L,  C,  and 
R  calculated  from  the  balance  equations  have  an  accuracy  that 
depends  upon  many  factors.  In  general,  the  accuracy  of  the 
bridge  is  improved  if  the  magnitude  of  the  impedance  in  each  of  the 
four  arms  is  approximately  the  same.  Although  the  equations  of 
balance  are  not  affected  if  the  generator  and  detector  are  inter¬ 
changed,  the  current  in  the  detector  for  a  given  unbalance  of  the 
bridge  will  be  greater  the  more  nearly  the  internal  impedance  of 
the  generator  is  matched  to  the  input  impedance  of  the  bridge 
considered  as  a  load  on  the  generator.  The  detector  also  should 
be  matched  to  the  internal  impedance  of  the  equivalent  generator 
at  the  detector  terminals  of  the  bridge.  If  the  detector  and  gen¬ 
erator  impedances  are  not  equal,  the  sensitivity  of  the  bridge 
sometimes  may  be  improved  by  reversing  their  positions.  The 
sensitivity  also  may  be  improved  by  the  use  of  proper  matching 
transformers. 

If  an  amplifier  is  used  in  connection  with  the  detector,  matching 
considerations  are  of  limited  importance  in  determining  the  range 
of  the  variable  over  which  no  perceptible  change  occurs  in  the 
detector  indicator.  The  accuracy  depends  upon  the  sharpness 
of  this  null,  which  with  an  amplifier  is  apt  to  be  limited  by  the 
presence  of  extraneous  voltages  due  to  undesired  couplings  writh 
the  surroundings  or  between  the  elements  of  the  bridge.  Also,  when 
harmonics  are  present  in  the  source  they  are  not  balanced  out  at  the 
same  setting  as  the  fundamental  if  the  bridge  balance  depends  upon 


Sec.  3] 


APPLICATION  OF  BRIDGE  METHODS 


85 


the  frequency  or  if  the  parameters  of  the  bridge  arms  are  functions 
of  frequency.  Undesired  couplings  are  reduced  by  proper  shield¬ 
ing,  and  troubles  due  to  harmonics  may  be  minimized  by  the  choice 
of  a  suitable  generator  and  detector. 

The  accuracy  of  any  bridge  measurement  of  course  is  limited 
by  that  of  the  standard  used.  It  should  be  remembered  that  every 
standard  has  residual  characteristics  whose  effects  must  be  con¬ 
sidered,  particularly  at  high  frequencies.  It  is  possible  to  reduce 
these  residuals  more  effectively  in  fixed  standards  than  in  variable 
ones.  For  accurate  work  at  high  frequencies  a  standard  should 
have  at  least  one  shield  in  order  to  make  its  distributed  capacitance 
definite.  This  shield  frequently  is  permanently  attached  to  one 
terminal  of  the  element.  A  second  shield  surrounding  the  first, 
and  insulated  from  it,  is  convenient  as  it  allows  the  capacitance  to 
ground  of  the  element  to  be  fixed. 

Standards  of  inductance  are  useful  mainly  for  low-frequency 
measurements  because  of  their  comparatively  large  residual  param¬ 
eters,  which  vary  with  frequency.  In  the  audio-frequency  range 
a  variable  mutual  inductor,  which  may  also  serve  as  a  variable  self¬ 
inductor,  is  a  convenient  standard.  Fixed  resistors  may  be  used 
over  much  wider  ranges  of  frequency  if  precautions  are  taken  to 
reduce  the  skin  effect.  In  variable  resistors,  generally  available 
as  decade  boxes,  the  varying  capacitance  and  inductance  of  the 
switching  mechanism  are  possible  sources  of  error.  By  proper 
design  their  effect  may  be  reduced,  and  certain  “compensated” 
boxes  arrange  the  switching  so  as  to  make  the  residual  self-induc¬ 
tance  independent  of  the  positions  of  the  switches.  For  certain 
types  of  measurement  this  reactance  component  can  be  canceled 
by  proper  adjustment,  in  which  case  it  causes  no  error  in  the 
determination. 

The  variable  air  capacitor  is  the  most  usable  standard  at  radio 
frequencies.  The  variation  of  capacitance  is  smooth  and  can  be 
made  linear  over  most  of  the  scale.  Although  the  resistance  asso¬ 
ciated  with  an  air  capacitor  varies  in  a  complicated  manner  with 
frequency,  its  effects  generally  are  negligible  in  comparison  with 
other  losses  in  the  circuit.  The  capacitance  is  nearly  independent 
of  frequency  up  to  radio  frequencies,  where  the  effect  of  the  residual 
series  inductance  causes  the  capacitance  to  increase  with  frequency, 
at  first  slowly  and  then  more  rapidly. 

Over  a  greatly  reduced  range  of  frequencies,  fixed  mica  capaci¬ 
tors  may  be  used.  Paper  capacitors  have  a  still  more  limited  use 
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as  standards.  The  losses  of  such  solid-dielectric  capacitors  are 
much  larger  than  those  of  air  capacitors,  and  as  the  applied  fre¬ 
quency  approaches  zero  the  capacitance  may  increase  slightly 
owing  to  dielectric  absorption.  In  the  radio-frequency  range, 
specially  designed  transmission  lines  also  may  be  used  as  standards. 

The  nature  of  the  generator  depends  upon  the  frequency  at 
which  the  measurements  are  made.  Power-line  voltage  at  60  cps 
may  be  used,  but  special  generators  delivering  higher  frequency 
signals  are  generally  employed.  The  microphone  hummer,  which 
consists  of  a  tuning  fork  maintained  in  oscillation  by  an  electro¬ 
mechanical  system,  can  be  made  to  give  a  reasonably  pure  signal 
of  fixed  frequency.  Audio  oscillators  of  either  the  beat-frequency 
or  the  resistance-capacitance  type  give  a  close  approximation  to  a 
sinusoidal  voltage,  and  their  frequency  is  conveniently  variable. 
In  general,  the  purity  of  waveform  is  improved  by  restricting  their 
operation  to  low  output  levels.  At  radio  frequencies  a  modulated- 
signal  generator  is  a  convenient  source. 

The  most  commonly  used  detector  at  low  frequencies  is  a  pair 
of  headphones,  used  with  or  without  an  amplifier.  At  60  cps  the 
ear  is  not  as  sensitive  as  at  higher  frequencies,  and  an  a-c  vibration 
galvanometer  may  be  used.  If  this  is  tuned  to  60  cps,  it  becomes  a 
sensitive  device  and  one  that  tends  to  ignore  stray  voltages  and 
harmonics.  The  headphones  also  may  be  tuned  to  the  bridge 
frequency,  or  tuned  circuits  may  be  inserted  in  the  amplifier  in 
order  to  achieve  a  sharper  null  due  to  the  reduction  of  background 
noise.  At  radio  frequencies  a  well-shielded  all-wave  radio  receiver 
is  a  convenient  detector. 

In  practice,  the  simple  conditions  of  the  ideal  bridge  network 
are  seldom  achieved,  particularly  at  high  frequencies.  The  inaccu¬ 
racies  caused  thereby  may  be  partly  avoided  by  using  the  bridge 
to  compare  directly  the  unknown  and  a  variable  standard.  The 
bridge  is  balanced  with  the  unknown  connected  in  one  arm.  The 
unknown  is  then  replaced  by  the  standard  and  the  balance  restored 
by  varying  the  standard.  This  is  known  as  the  “substitution” 
method.  This  simple  method  is  useful  only  if  the  residuals  of  the 
unknown  and  the  standard  are  negligible.  It  is  employed  mainly 
for  the  comparison  of  capacitors,  particularly  small  air  capacitors. 
If  residuals  exist,  the  balance  frequently  may  be  restored  by  minor 
adjustments  in  the  bridge  itself  and  much  of  the  advantage  of  the 
method  retained. 

Another  method  that  reduces  the  errors  due  to  the  bridge  is  to 
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make  a  preliminary  balance  on  a  four-arm  bridge  and  then  to 
connect  the  unknown  to  one  arm  of  the  bridge.  The  unknown  is 
connected  in  series  if  it  has  a  low  impedance,  in  parallel  if  it  has 
a  high  impedance,  and  the  bridge  is  then  rebalanced.  The  imped¬ 
ance  of  the  unknown  element  is  calculated  from  the  difference  of 
the  two  bridge  settings.  This  may  be  described  as  the  “difference” 
method.  Although  it  is  not  as  independent  of  possible  bridge  errors 
as  the  substitution  method,  it  may  reduce  their  effect  appreciably. 

4.  Precautions  at  High  Frequencies. — When  the  generator, 
standards,  unknown  impedance,  and  detector  are  connected  together 
according  to  the  wiring  diagram  of  one  of  the  bridge  circuits,  there 
are  at  the  same  time  other  inductive  and  capacitive  couplings  (not 
indicated  on  the  diagram)  between  each  of  the  elements  and  their 
surroundings.  A  current  in  one  branch  may  induce  a  voltage 
in  another  branch,  or  a  charging  current  may  flow  in  a  branch 
because  of  its  capacitance  with  respect  to  another  branch  or  to 
ground.  These  undesired  voltages  and  currents  increase  with  the 
frequency,  and  the  result  is  that  at  sufficiently  high  frequencies 
the  actual  bridge  circuit  is  far  from  the  ideal  one  of  the  diagram.  The 
effect  of  these  couplings  is  to  make  the  impedance  of  the  bridge 
arms  depend  upon  the  surroundings,  to  decrease  the  sharpness  of 
the  null  at  balance,  and  to  give  an  incorrect  value  for  the  impedance 
of  the  unknown. 

The  inductive  coupling  is  greatest  between  coils.  It  can  be 
reduced  by  using  coils  having  small  external  fields  such  as  toroids 
or  other  coils  with  closed  magnetic  circuits  or  by  separating  and 
orienting  coils  approximately  at  right  angles  so  that  their  magnetic 
fields  produce  a  minimum  of  interaction.  Matching  transformers, 
when  used  for  the  source  and  detector,  should  be  well  separated. 
If  the  number  of  coils  can  be  reduced  to  one  by  proper  choice  of  a 
bridge  circuit,  the  magnetic  linkage  is  mainly  with  the  loops  formed 
by  the  wires  themselves.  This  can  be  reduced  by  keeping  the 
loops  small  or  by  running  the  connecting  wires  close  together  in 
twisted  pair  or  coaxial  line.  However,  these  precautions  will 
increase  the  stray  capacitance. 

The  capacitive  coupling  between  elements  can  be  reduced  by 
surrounding  each  element  and  its  leads  by  a  grounded  shield  as 
shown  in  Fig.  4.1a.  The  generator  G  and  the  detector  D  are  each 
represented  by  one  of  the  windings  of  the  matching  transformers. 
The  impedances  Zh  Z2,  Z3,  Z4 ,  as  well  as  the  generator  and  detector, 
are  shown  surrounded  by  shields,  insulated  from  them  and  in 
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practice  extending  from  terminal  to  terminal  of  the  bridge.  If  the 
corresponding  shields  Si,  $2,  S3,  S4,  SG,  SD  are  connected  to  ground, 
but  no  part  of  the  bridge  is  grounded,  the  equivalent  circuit  is  that 
of  Fig.  4.1  b,  where  the  four  capacitances  from  the  bridge  terminals 
a,  b,  c,  d  to  ground  are  due  to  the  stray  capacitance  of  the  shields 
on  the  bridge  arms  and  also  the  generator  and  detector  shields. 
Although  the  shields  increase  the  capacitance  of  the  elements  to 
ground,  they  make  that  capacitance  definite,  and  no  extraneous 
voltages  are  produced  in  the  bridge  arms  by  capacitive  coupling 
between  arms.  The  four  capacitances  provide  paths  between 


b  b 


Fig.  4.1.— (a)  Bridge  with  shielded  impedances  and  a  Wagner  ground;  (b)  Wag¬ 
ner  ground  disconnected  and  all  shields  grounded;  (c)  terminal  a  grounded  also; 
( d )  Wagner  ground  connected  and  adjusted;  (e)  Wagner  ground  removed,  *Si» 
added  and  connected  to  terminal  d,  and  other  shields  connected  as  shown. 


opposite  corners  that  shunt  the  generator  and  detector.  These 
shunt  paths  alone  may  reduce  the  sensitivity  slightly  but  cannot 
affect  the  balance.  In  addition,  owing  to  the  common  ground, 
they  shunt  the  arms  of  the  bridge  and  may  cause  an  error  in  its 
indication  if  the  impedances  in  the  arms  are  sufficiently  high.  If 
with  the  shields  all  grounded  the  terminal  a  is  grounded  as  well, 
there  will  be  no  potential  difference  between  a  and  g,  therefore  no 
current,  and  the  capacitor  Ca0  may  be  omitted  as  in  Fig.  4.1c.  The 
arms  be  and  cd  are  still  shunted  by  stray  capacitances  to  ground. 

The  “Wagner  ground”  may  be  used  to  reduce  still  further  the 
effect  of  stray  capacitances  to  ground.  It  is  shown  in  Fig.  4.1a 
as  an  added  two-element  potential  divider,  Zh,  Z6.  The  impedance 
of  this  branch  must  be  small  in  comparison  with  that  of  the  stray 
capacitances.  At  low  frequencies  it  may  be  a  wire-wound  poten- 
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tiometer,  and  for  high  frequencies  it  often  consists  of  a  pair  of 
variable  air  capacitors.  In  using  the  Wagner  ground  the  first  step 
is  to  obtain  a  rough  balance  on  the  bridge.  If  the  effect  of  stray 
capacitances  is  serious,  this  null  is  apt  to  be  poorly  defined.  The 
detector  connection  at  c  is  broken,  the  detector  is  connected  between 
a  and  e,  and  a  balance  is  obtained  by  varying  Z*>  and  Z*.  Upon 
returning  the  detector  to  its  original  position  between  a  and  c  and 
rebalancing,  a  much  sharper  null  is  obtained.  This  process  is 
repeated  until  no  further  improvement  results  in  the  balance. 
Generally  only  one  or  two  switching  operations  are  necessary.  The 
Wagner  ground  balance  adjusts  the  potential  of  terminal  a  to 
ground.  The  bridge  balance  ensures  that  the  potential  of  terminal 
c  is  the  same  as  that  of  a,  and  therefore  both  a  and  c  remain  at 
ground  potential  even  though  not  directly  connected  to  ground. 
The  equivalent  circuit  reduces  to  that  of  Fig.  4.  Id,  where  the 
capacitances  CaQ  and  Ccg  are  neglected.  The  only  remaining 
capacitances  simply  shunt  the  generator  and  have  no  effect  on  the 
bridge  balance.  The  Wagner  ground  therefore  not  only  ensures 
sharper  nulls  but  eliminates  the  error  due  to  the  ground  capaci¬ 
tances.  It  may  be  employed  with  profit  in  many  bridge  circuits, 
even  though  the  elements  are  not  separately  shielded,  by  connecting 
it  to  a  shielded  container  surrounding  the  entire  bridge.  Some 
advantage  is  gained  by  its  use  even  if  no  shield  at  all  is  used  and  the 
Wagner  ground  is  connected  to  any  good  ground  in  the  neighbor¬ 
hood.  If  the  ab  and  ad  arms  of  the  bridge  are  the  fixed-ratio  arms, 
very  few  adjustments  of  the  Wagner  ground  are  necessary. 

Control  of  the  capacitance  to  ground  can  be  obtained  also  by 
connecting  the  shields  to  various  terminals  of  the  bridge.  If  the 
shields  Sh  S2  are  connected  to  terminal  b ;  S3,  Sa,  Sg  to  terminal  d; 
and  SD  to  terminal  c,  the  equivalent  circuit  is  again  that  of  Fig. 
4.1c,  although  no  parts  of  the  bridge  and  none  of  the  shields  are 
grounded.  The  capacitance  Cbg  is  nowT  the  capacitance  of  and 
$2  to  ground,  that  of  Ccg  is  the  capacitance  of  the  detector  shield  to 
ground,  and  Cdg  is  the  sum  of  the  capacitances  to  ground  of  shields 
$3,  SG-  If  a  second  shield  S12  is  added  surrounding  shields  Si 
and  $2  (as  indicated  in  Fig.  4.1a  by  a  dotted  line)  and  connected  to 
terminal  d,  the  effect  is  to  change  the  equivalent  circuit  to  that  of 
Fig.  4.1e.  The  capacitance  to  ground  of  terminal  b  is  reduced  to 
zero,  and  there  is  added  instead  a  shunt  capacitance  from  b  to  d  that 
cannot  affect  the  bridge  balance.  The  arm  cd  is  still  shunted  by  the 
series  combination  of  Ccg  and  Cdg.  If  now  the  terminal  d  is  grounded, 
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only  the  capacitance  Ccg  due  to  the  detector  screen  shunts  the  cd 
arm.  The  capacitance  across  the  cd  arm  can  be  balanced  by  the 
small  variable  air  capacitor  Cadl  Fig.  4.1e.  After  this  preliminary 
balance  an  unknown  can  be  placed  in  parallel  with  the  cd  arm,  the 
balance  restored  by  varying  the  ad  arm,  and  the  method  of  differ¬ 
ences  used.  Alternatively,  both  the  arms  cd  and  ad  can  be  replaced 
by  other  elements  having  their  shields  connected  to  d  and  the  effects 
of  stray  capacitances  to  ground  remain  eliminated  provided  that  the 
ratio  arms  ab  and  be  are  not  altered. 

A  further  advantage  is 'obtained  if  equal-ratio  arms  ab  and  be 
are  used.  If  the  shield  on  the  detector  coil  is  disconnected  from  c 
and  is  grounded  at  the  center,  it  adds  equal  capacitances  from  a  to 
g  and  from  c  to  g  if  precautions  are  taken  to  make  it  symmetrical. 
When  the  bridge  is  balanced,  the  circuit  is  symmetrical  about  the 
vertical  line  bd  and  the  capacitive  currents  through  Cag  and  Ccg  can¬ 
not  affect  the  balance.  This  assumes  that  the  shields  Si  and  $2 
likewise  have  equal  capacitances  to  ground. 

Thus  it  is  possible  by  the  use  of  shields  to  decrease  the  ca¬ 
pacitances  between  the  arms  of  the  bridge  and  to  render  their 
impedances  definite.  By  suitable  connection  of  the  shields  the 
capacitances  to  ground  may  be  thrown  across  the  source  or  the 
detector  or  across  a  low-impedance  arm.  They  may  likewise  be 
balanced  out  by  a  preliminary  adjustment  or  by  resorting  to 
symmetrical  construction.  It  is  only  by  the  use  of  such  carefully 
designed  shields  that  bridge  methods  have  been  extended  success¬ 
fully  to  radio-frequency  measurements. 

5.  Bridged  T  and  Parallel-T  Measurements. — Another  null 
method  of  measurement  employs  a  three-terminal  network,  as 
opposed  to  the  four  terminals  of  a  bridge  circuit.  The  bridged  T, 
Fig.  5.1a,  consists  of  a  T-shaped  arrangement  of  impedances 
Z 1,  Z2,  Zz,  connected  between  the  terminals  d ,  g,  and  the  common 
terminal  e ,  h.  Across  the  top  of  the  T,  from  terminal  d  to  terminal 
g ,  is  bridged  an  impedance  Z 4.  If  a  generator  is  connected  across 
the  terminals  d,  e,  it  is  possible,  by  suitable  adjustments,  to  make  the 
output  voltage  at  g,  h  approach  zero. 

The  conditions  necessary  for  this  null  in  output  voltage  may  be 
determined  by  making  use  of  the  T  to  II  transformation  of  Chap.  V, 
Sec.  4.  It  is  shown  there  that  the  T  connections  between  the  three 
terminals  enclosed  in  the  dashed  rectangle  of  Fig.  5.1a  may  be 
replaced  by  an  equivalent  circuit  consisting  of  ZA,  ZB ,  Zc,  arranged 
in  a  II  connection  between  the  same  terminals,  Fig.  5.15.  The 
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resultant  impedances  ZA}  ZB,  Zc  may  not  be  physically  realizable, 
but  any  calculations  based  upon  the  equivalent  circuit  lead  to 
exactly  the  same  currents  and  voltages  at  the  three  terminals  as 
for  the  original  circuit.  If  the  impedance  of  the  parallel  combina¬ 
tion  Z4,  ZB  is  infinite,  it  is  apparent  from  Fig.  5.1b  that  there  can  be 
no  current  through  the  detector. 


Fig.  5.1. — (a)  Bridged  T;  ( b )  equivalent  circuit. 


As  an  example,  consider  the  inductance  coil,  represented  in 
Fig.  5.2a  by  the  series  combination  of  La  and  R8)  bridged  across  the 
capacitive  arms  of  a  T.  If  the  T  is  transformed  to  a  II  by  use  of 
(4.10)  to  (4.12),  Chap.  V,  the  equivalent  circuit  of  Fig.  5.2 b  is 
obtained.  The  horizontal  section  of  the  II  between  terminals  d  and 
g  is  equivalent  to  a  capacitance  of  magnitude  C/2  and  a  negative 
resistance  of  magnitude  \/u?C2R.  If  the  parallel  combination 


Ls=oj2C’  Rs=u>2C2R’  q=coCR 

Fig.  5.2. — (a)  Bridged  T;  (6)  equivalent  circuit. 


between  terminals  d  and  g  is  adjusted  so  that  both  reactance  and 
resistance  of  one  branch  are  equal  and  opposite  in  sign  to  those 
in  the  other  branch,  there  results  a  parallel-resonant  circuit  with 
zero  losses  whose  impedance  is  infinite.  The  conditions  for  a 
voltage  null  at  g,  h  are  therefore 


c cLg  = 


2_ 

coC 


and 


Bs  co2C*R 
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and  the  quality  factor  of  the  coil  is  equal  to  a>CR.  Balance  is 
obtained  by  varying  R  and  each  C ,  Fig.  5.2a.  As  C  enters  both 
balance  conditions,  the  balance  crawls. 

This  method  has  the  advantage  that  the  generator  and  detector 
have  one  side  in  common,  which  may  be  grounded.  Care  must  be 
taken,  however,  to  reduce  the  stray  capacitance  shunting  R  and  to 
avoid  stray  coupling  between  terminals  d  and  g. 

Another  form  of  the  bridged  T  allows  one  side  of  the  unknown 
coil  to  be  grounded  as  well.  In  Fig.  5.3a  the  unknown  coil  is 
represented  by  the  parallel  combination  of  Lv  and  Rv.  If  the  T 
in  this  circuit  is  transformed  to  a  II,  the  circuit  of  Fig.  5.35  is 
obtained,  where  R  is  bridged  across  the  equivalent  series  LCR 
combination,  which  forms  the  horizontal  part  of  the  II.  The  values 


e  h  e  h 

( Q )  RELATIONS  AT  CURRENT  NULL  (b) 
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LP=2Cuj2'  RP=w2C2R  ’  Q='wCR 
Fig.  5.3 — (a)  Bridged  T;  (&)  equivalent  circuit. 


of  the  series  components  are  shown  on  the  diagram.  If  the  series 
inductance  and  capacitance  have  equal  and  opposite  reactances  the 
d,  g  connection  reduces  to  a  parallel  combination  of  a  positive  and 
negative  resistance.  If  these  are  equal  in  magnitude,  the  impedance 
of  the  combination  is  infinite.  To  satisfy  these  conditions  the  null 
equations  shown  in  Fig.  5.3  suffice. 

The  parallel,  or  twin-T,  network  consists  of  two  T  sections  con¬ 
nected  in  parallel  between  the  same  three  terminals.  The  circuit 
cf  Fig.  5.4  illustrates  one  possible  combination,  where  the  unknown 
coil  is  represented  by  the  equivalent  parallel  combination  of  Lv  and 
Rp.  Upon  transformation  of  the  two  T  sections  to  equivalent  II 
sections,  two  parallel  branches  between  d  and  g  are  obtained, 
Fig.  5.45. 

The  equations  of  zero  voltage  transfer  (i.e.,  infinite  impedance 
between  d  and  g)  given  in  Fig.  5.4  are  satisfied  by  variation  of 
C o  and  C 2.  Two  important  advantages  follow  from  this,  the  balance 
conditions  for  Lv  and  Rp  are  now  independent,  and  the  resistor  R  is 
fixed  and  therefore  can  be  made  with  smaller  residual  inductance 
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and  capacitance.  In  addition,  one  side  of  both  the  standard 
capacitors  Co  and  C2  may  be  grounded  as  well  as  the  generator  and 
detector.  This  simplifies  the  shielding  problem  and  allows  the 
network  to  be  used  at  relatively  high  radio  frequencies. 

The  effects  of  stray  couplings  may  be  further  reduced  by  apply¬ 
ing  the  method  of  differences.  The  bridge  is  first  adjusted  to  a  null 
condition  with  a  coil  in  place.  Then  the  coil  to  be  measured  is 
connected  in  parallel  with  the  first  coil.  The  inductance  Lp  and  the 
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Lp=“2[to+C'G"(£+j=U<y]  ’  Rf>=  u>RC'C"(l+%y 

Fig.  5.4. — (a)  Parallel,  or  twin-T;  (b)  equivalent  circuit. 

parallel  resistance  Rv  of  the  second  coil  is  easily  expressed  in  terms 
of  the  difference  in  C0  and  C2  for  the  two  balances.  If  ACo  and 
A C2  represent  the  increases  in  C0  and  C2,  then,  for  the  second  coil, 

T  —  ^  n  rirl  7?  — 

^  _  co2  ACo  P  ~  c SRC'C”  AC 2 

Either  inductive  or  capacitive  impedances  may  be  measured  in  this 
way.  For  an  unknown  with  a  capacitive  reactance,  the  value  for 
ACo  would  be  negative. 

6.  Single -circuit  Resonance  Methods. — Measurements  based 
on  the  relations  in  a  series  loop  at  or  near  resonance  do  not  have  the 
inherent  accuracy  of  null  methods.  However,  the  simplicity  of  the 
circuit  makes  it  possible  to  obtain  moderate  accuracy  at  radio 
frequencies  without  the  elaborate  precautions  against  coupling 
required  in  more  complicated  networks. 

Q  Meter . — The  Q  meter  uses  the  resonant  rise  of  voltage  in  a 
series  loop  to  determine  the  Q  of  the  circuit  and  therefore  the  Q 
of  the  coil  at  the  resonant  frequency,  if  it  can  be  assumed  that  the 
coil  is  responsible  for  the  losses.  In  the  basic  circuit  of  Fig.  6.1a 
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an  oscillator  maintains  a  constant  driving  current  la  through  the 
resistance  R  whose  magnitude  is  small  in  comparison  with  Rs. 
This  current  is  adjusted  to  produce  a  standard  voltage  across  R, 
which  then  acts  as  low-resistance  generator  for  the  circuit.  The 
low-loss  air  capacitor  C  is  varied  until  ECj  as  measured  by  a  vacuum- 
tube  voltmeter,  is  a  maximum.  For  a  low-loss  circuit  this  corre¬ 
sponds  to  resonance,  and  L8  can  be  evaluated  in  terms  of  the 
frequency  a>  and  the  capacitance  C.  At  the  same  time  the  volt¬ 
meter  reading  Ec  as  compared  with  the  known  applied  voltage 
is  a  measure  of  Q.  The  scale  of  the  voltmeter  may  be  calibrated  to 
read  Q  directly.  Knowledge  of  Q,  w,  and  Ls  enables  Ra  to  be 
calculated.  Such  a  meter  allows  a  rapid  comparison  of  the  Q  of 
various  coils  with  an  accuracy  that  is  satisfactory  for  all  but  very 
low-loss  or  very  high-loss  inductors. 


Id 

r=si 


Ls.Rs 

— 


f 


(a)  -  “  (b) 

Fig.  6.1. — Resonant  measurement  circuits. 


Resistance-variation  Method. — The  resistance-variation  method 
makes  use  of  the  simple  current-voltage  relations  in  a  series  loop 
at  resonance  to  determine  the  circuit  resistance,  which  can  often  be 
assumed  to  be  that  of  the  coil.  The  series  loop  of  Fig.  6.16  is 
excited  by  the  voltage  induced  in  the  inductor  due  to  the  driving 
current  la  in  an  adjacent  coil.  A  grounded  shield  is  placed  between 
the  coil  and  the  inductor  to  eliminate  capacitive  coupling  between 
them,  and  the  inductive  coupling  is  made  small  enough  to  ensure 
that  changing  currents  in  the  resonant  circuit  have  no  effect  upon 
ld ;  therefore  the  induced  voltage  is  constant.  An  r-f  milliammeter, 
generally  of  the  thermocouple  type,  indicates  the  current  I. 

The  circuit  is  tuned  to  resonance  and  the  magnitude  of  current 
I  is  measured.  An  additional  resistor  Padded  is  inserted  in  series 
with  the  loop  and  the  circuit  again  tuned  to  resonance  if  necessary 
because  of  the  residuals  of  the  resistor.  If  the  magnitude  of  I  were 
reduced  to  half  its  original  value,  the  original  circuit  resistance 
clearly  would  be  equal  to  the  added  resistance  Padded.  Generally, 
however,  several  values  of  Padded  are  inserted,  and  the  reciprocals 
of  the  corresponding  currents  are  plotted  against  the  values  of  R^d, 
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Fig.  6.2a.  If  the  line  obtained  is  extended  to  zero  on  the  vertical 
scale  (corresponding  to  infinite  current),  the  intercept  to  the  left  of 
the  axis  gives  the  resistance  that  should  be  subtracted  to  make  the 
total  circuit  resistance  zero.  This  is  of  course  equal  to  Rs  if  other 
losses  can  be  neglected. 

Reactance-variation  Method. — If  C  is  the  only  variable  in  Fig. 
6.16,  a  knowledge  of  the  corresponding  variation  of  the  current  is 
sufficient  to  evaluate  the  Q  of  the  circuit.  The  quality  factor 
and  the  value  of  L8  and  Rs  for  such  a  circuit  with  variable  capaci¬ 
tance  were  shown  in  Chap.  II,  Sec.  12,  to  be  determined  by  the 


RESISTANCE  VARIATION  REACTANCE  VARIATION  FREQUENCY  VARIATION 

(a)  (b)  (c) 

Fig.  6.2. — Evaluation  of  circuit  parameters. 


half-power  value  of  C  and  the  frequency.  From  (12.7)  and  (12.8), 
Chap.  II,  the  equivalent  series  inductance  Lfi,  series  resistance  R8} 
and  Q,  are  given  by 

^  _  C"  +  C'  T  _  C"  +  C'  A  0  _  C"  -  c  ta  1N 
H  ~~  C"  -  C'  8  -  2a WC"  an  3  ~  2o C  ' 

The  half-power  values  of  C  may  be  determined  from  a  curve 
similar  to  Fig.  6.26.  Here  the  square  of  the  current  is  plotted, 
since  the  response  of  a  thermocouple  meter  commonly  is  propor¬ 
tional  to  |/|2.  In  this  case  the  half-power  values  of  C  are  those 
which  reduce  |/|2  to  one-half  its  value  at  resonance. 

Frequency-variation  Method. — If  the  frequency  of  the  constant- 
magnitude  driving  current  Id  is  altered  and  the  variation  of  Ec  is 
determined,  it  is  possible  to  evaluate  the  circuit  parameters  in 
Fig.  6.16.  The  voltage  across  C  is  given  by  the  product  of  the 
current  and  the  capacitor  impedance;  in  magnitude  values, 
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Therefore  the  variation  of  \EC\,  except  for  a  constant  factor,  is  of 
the  same  form  for  this  circuit  as  the  variation  with  frequency  of  the 
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admittance  \Y\  of  the  series  loop.  It  is  possible  to  determine  the 
half-power  and  resonant  frequencies  of  the  circuit  from  a  curve 
similar  to  that  of  Fig.  6.2c.  The  half-power  frequencies  are  those 
at  which  Ec  drops  to  0.707  of  its  value  at  the  resonant  frequency  cor. 
From  (11.10)  and  (11.5),  Chap.  II, 

Q  -  -rr^- — 7  Ls  =  -h  and  R,  =  r  1  „  (6.2) 

co  ~co  co;G  QrCorC 

Although  these  methods  have  been  applied  to  the  measurement 
of  coils,  it  is  possible  to  extend  them  all  to  the  measurement  of 
resistor  characteristics.  After  a  preliminary  measurement  of  a 
coil  by  one  of  the  described  methods,  an  unknown  resistor  may  be 
placed  in  series  or  in  parallel  with  the  coil  (depending  upon  whether 
its  resistance  is  small  or  large)  and  a  new  balance  obtained.  From 
the  difference  in  the  two  measurements  it  is  possible  to  calculate  the 
characteristics  of  the  added  resistor. 

7.  Evaluation  of  Equivalent  Circuit  Constants  from  Measure¬ 
ments. — In  the  methods  of  measurement  described,  the  constants 
determined  for  a  coil  were  its  equivalent  series  inductance  Ls  and 
series  resistance  Rs  at  one  frequency.  By  determining  the  con¬ 
stants  of  the  coil  at  several  frequencies  it  is  possible  to  determine 
the  L,  R ,  and  Cd  of  the  equivalent  circuit,  Chap.  Ill,  Fig.  2.1c, 
which  was  earlier  shown  to  describe  it. 

Under  the  assumption  that  L,  R}  Cd  are  constant  and  of  magni¬ 
tudes  suitable  to  describe  a  well-made  coil,  it  is  shown  in  Chap.  Ill 
that,  for  all  frequencies  up  to  those  near  the  self-resonant  frequency 
of  the  coil,  the  equivalent  series  inductance  Ls  is  related  to  L  as 
follows, 


Ls 

L 


where 


CO 

w  —  — 

Wflr 


CO  VLCd 


(7.1) 


from  (3.4),  Chap.  III.  Here,  cosr  is  the  series-resonant  frequency 
of  the  loop  formed  by  L  and  Cd .  Although  in  practice  the  resistance 
of  the  coil  increases  greatly  with  frequency  owing  to  skin  effect,  the 
inductance  L  is  more  nearly  constant,  decreasing  slightly.  It  is 
possible  to  identify  L  in  the  equivalent  circuit  with  the  low-fre¬ 
quency  self-inductance  of  the  coil  Ldc  and  from  (7.1)  to  obtain 


U  = _ 1 _ 

Ldc  1  U“LdcCd 


(7.2) 
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Inverting,  and  dividing  by  Ldc , 

I  =  ~-  Md  (7.3) 

■Ls  Edc 

Ls  is  the  measured  equivalent  series  inductance  of  the  coil  at  the 
frequency  co.  If  1/LS  is  plotted  against  co2,  the  linear  variation  of 
Fig.  7.1a  is  obtained  if  the  inductance  of  the  coil  is  constant.  The 
value  of  Ldc  is  obtained  from  the  intercept  on  the  vertical  axis,  and 
Ca  can  be  determined  from  the  slope  of  the  line. 

For  some  coils  the  variation  of  the  inductance  L  due  to  skin 
effect  is  sufficient  to  cause  appreciable  deviation  from  the  straight 


(a)  (b) 

Fig.  7.1. — Evaluation  of  equivalent  circuit  constants. 


line,  corresponding  to  departure  of  L  from  its  low-frequency 
value  L de¬ 
li  the  values  of  L3  and  Rs  are  obtained  by  resonant-circuit 
methods,  it  is  possible  to  evaluate  Cd  from  the  relation  between  the 
capacitance  C  and  the  frequency  co  at  which  resonance  exists.  At 
resonance,  c cLs  is  equal  to  1/coC,  and  (7.3)  may  be  transformed  to 


C  +  Cd  =  j - 2 

Ldc  u 


(7.4) 


In  Fig.  7.1b,  1/w2  is  plotted  against  C,  the  resonant  value  of  the 
tuning  capacitor,  at  various  applied  frequencies.  The  intercept 
on  the  horizontal  axis  gives  the  value  of  Cd .  The  slope  of  the  line 
depends  on  the  value  of  the  self-inductance.  If  it  varies  from  its 
low-frequency  value  over  the  range  of  frequencies  applied,  the  line 
becomes  curved  and  the  value  of  the  Cd  determined  becomes  a 
function  of  the  frequency  range. 


CHAPTER  V 


NETWORKS  AND  IMPEDANCE  MATCHING 

1.  Introduction. — A  network  may  be  defined  as  any  combination 
of  generators  and  impedance  elements.  A  network  composed  of 
impedance  elements  but  with  no  sources  of  electromotive  force  is  a 
passive  network,  while  one  containing  generators  is  an  active  net¬ 
work.  There  are  two  general  objectives  in  the  study  of  networks, 
first  to  express  the  impedance  presented  by  the  network  between 
any  two  points,  and  second  to  express  the  current  in  or  the  voltage 
across  any  element  of  the  network  when  a  voltage  is  applied  in  any 
arbitrary  manner.  For  the  purposes  at  hand  the  study  of  networks 
will  be  confined  to  the  relatively  simple  cases  of  two-,  three-,  and 
four-terminal  networks. 

Certain  limitations  on  the  scope  of  the  network  equations  and 
theorems  are  imposed  by  the  need  for  simplicity.  First,  all  circuit 
elements  of  which  the  network  and  its  external  circuits  are  com¬ 
posed  are  assumed  to  be  linear  elements.  Thus  the  values  of  the 
resistance,  inductance,  and  capacitance  of  the  various  elements  are 
assumed  to  be  independent  of  the  current  or  voltage ;  they  may  be 
and  in  general  are  functions  of  applied  frequency.  Mathematically 
speaking,  the  term  linear  means  that  the  differential  equations 
of  the  circuits  are  linear  differential  equations  with  constant 
coefficients.  The  general  form  of  Ohm’s  law  is  the  mathematical 
expression  of  the  steady-state  voltage-current  ratio  in  linear  circuits. 
If  the  applied  voltage  is  doubled,  the  corresponding  current  is 
doubled,  etc.  In  general,  the  linearity  of  all  circuit  elements  is 
restricted  by  certain  current  and  voltage  limitations.  Extreme 
currents  cause  heating  and  changes  in  dimension;  high  voltages 
may  cause  corona  or  a  breakdown  of  insulation.  However,  by 
limiting  the  maximum  voltages  and  currents  it  is  possible  to  con¬ 
sider  most  ordinary  resistances,  inductances,  and  capacitances  as 
linear  elements.  Many  devices  such  as  vacuum  tubes,  electrolytic 
capacitors,  and  iron-core  inductances  exhibit  linear  properties  over 
limited  ranges  of  their  current-voltage  characteristics.  In  these 
ranges  they  may  be  regarded  as  linear  elements  in  the  calculation 
of  variational  components  of  current. 
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If  an  alternating  voltage  of  sinusoidal  waveform  at  any  given 
frequency  is  applied  to  a  linear  circuit  element,  the  resulting  current 
is  of  the  same  frequency  and  waveform  and  contains  no  harmonics 
(Chap.  IX).  On  the  other  hand,  the  current  flowing  through  a 
nonlinear  circuit  element  for  a  sinusoidal  applied  voltage  does 
contain  harmonics.  Which  harmonics  appear  and  whether  or  not 
the  fundamental  appears  depend  on  the  circuit  and  the  nature  of 
the  nonlinearity. 

2.  Network  Notation  and  Equations. — Since  a  network  may 
consist  of  a  large  number  of  circuit  elements  in  any  arbitrary 
arrangement,  it  is  desirable  to  have  a  system  of  notation  by  which 
the  various  quantities  to  be  used  in  the  network  equations  may  be 


Fig.  2.1. — Example  of  a  four-mesh  network,  branch  currents  indicated. 


designated.  Figure  2.1  shows  a  “four-mesh”  network  having  a 
generator  and  impedances  in  each  loop,  or  “mesh,”  of  the  network. 
In  Fig.  2.1  and  in  succeeding  diagrams  the  symbol  for  current 
through  each  branch  or  around  each  loop  is  accompanied  by  an 
arrow,  which  indicates  the  assumed  'positive  direction.  This  arrow 
does  not  indicate  the  actual  direction  of  current  flow  since  the  cur¬ 
rent  under  consideration  is  the  root-mean-square  value  I  of  the 
instantaneous  current  i  —  I  sin  (c ot  +  0)  that  flows  for  an  equal 
time  in  each  direction.  Another  caution  about  current  directions: 
The  arrows  do  not  indicate  that  the  currents  in  the  several  branches 
flow  simultaneously  in  the  indicated  directions.  They  may  have 
any  phase  relationship  whatsoever,  depending  on  the  assumed 
positive  directions  and  on  the  nature  of  the  circuits.  The  assumed 
positive  directions  of  externally  applied  voltages  are  indicated  by 
plus  and  minus  signs  on  the  symbol  for  the  voltage. 

A  branch  is  a  path  from  one  junction  to  another.  In  the  net¬ 
work  of  Fig.  2.1,  the  branch  current  Ia  flows  through  the  impedance 
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Za,  h  through  Zb)  etc.  The  Kirchhoff  voltage  equations  for  each 
closed  loop  of  the  circuit  are 


Ei  —  IaZa  —  Iczc  4~  IdZd  =  0  (2.1) 

E%  +  IcZe  4*  LZC  —  IbZb  =  0  (2.2) 

Ez  —  Id%d  —  IfZf  —  IgZg  =  0  (2.3) 

Ei  —  IhZh  +  IfZf  —  IeZe  =  0  (2.4) 

Equating  junction  currents  to  zero, 

Ic  =  la-  h  (2.5)  If  =  -Ih  +  Ig  (2.7) 

la  =  -la  +  Ig  (2.6)  Ie  =  -Ib  +  Ih  (2.8) 

Substituting  these  values  in  the  voltage  equations  and  regrouping 
terms, 

E\  —  I  a(Z  a  +  Zc  +  Zd)  +  IbZc  +  IgZd  =  0  (2-9) 

E2  —  Ib(Zb  +  Ze  +  Zc)  +  IhZe  +  IaZc  =  0  (2.10) 

E  3  —  Ig{Zd  +  Zf  +  Zg )  +  IaZd  +  IhZf  —  0  (2.11) 

E  4  —  Ih(Zh  +  Z/  +  Z  e)  +  IgZf  +  IbZe  =  0  (2.12) 


Thus  (2.9)  represents  the  sum  of  voltages  around  the  first  loop,  or 
mesh,  of  the  network.  The  current  Ia  may  be  thought  of  as  flow¬ 
ing  around  the  first  mesh  of  the  circuit  through  the  impedance 
(Za  4-  Zc  4-  Zd)j  and  if  the  second  and  third  meshes  were  open  the 
voltage  equation  for  the  first  mesh  would  be  given  by  the  first  two 
terms  of  (2.9),  viz., 

El  —  I a(Z a  4^c4  Zd)  =  0 

Similarly,  Ib  may  be  considered  to  flow  around  the  second  mesh,  etc. 
Thus  when  all  these  “mesh”  currents  are  flowing,  (2.9)  states  that 
the  applied  voltage  of  mesh  1  is  equal  to  the  drop  around  mesh 
1  due  to  its  mesh  current  Ia,  plus  the  drop  in  Zc  (the  common 
element  between  mesh  1  and  mesh  2)  due  to  the  mesh  current  Ib  of 
mesh  2,  plus  the  drop  in  Zd  (which  is  common  to  mesh  1  and  mesh  3) 
due  to  the  mesh  current  I g  of  mesh  3. 

Thus,  when  a  current  is  considered  to  flow  around  a  mesh  rather 
than  only  through  one  branch,  the  current  is  called  a  “mesh 
current”  and  is  usually  designated  by  a  numerical  subscript  corre¬ 
sponding  to  a  particular  mesh.  If  the  upper  left-hand  mesh  in 
Fig.  2.1  is  denoted  by  the  number  1,  the  mesh  current  for  this  mesh 
is  1 1.  For  circuit  of  Fig.  2.1, 

(2.13)  h  -  Ig 

(2.14)  U  =  h 


h  =  Ia 

h  -  h 


(2.15) 

(2.16) 
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It  is  possible  therefore  to  write  the  network  voltage  equations  using 
either  the  branch  currents  or  the  mesh  currents.  Since  there  are 
four  meshes  in  the  network  of  Fig.  2.1,  four  mesh  currents  com¬ 
pletely  determine  the  currents  through  all  elements  of  the  network. 

Referring  to  (2.13)  and  (2.9),  and  to  Fig.  2.1,  the  total  imped- 


ance  in  mesh  1  through  which  current  h  flows  is  designated 

as  Z  ix. 

Thus,  for  Fig.  2.1, 

Zi\\  =  Za  +  Zc  +  Zd 

(2.17) 

Similarly, 

Z  22  =  Zb  +  Ze  +  ZG 

(2.18) 

Z33  =  Zd  +  Zf  +  Zg 

(2.19) 

Z44  =  Zh  +  Zf  +  Ze 

(2.20) 

Common  elements  between  two  meshes  of  the  network  are  desig¬ 
nated  by  a  similar  double-subscript  notation.  Thus  Zc  is  common 
to  meshes  1  and  2,  is  the  impedance  in  mesh  1  through  which  J2 
flows,  and  is  designated  as  Zi2.  Since  the  impedance  in  mesh  2 
through  which  current  I 1  flows  is  the  same  as  Z i2,  Z21  =  Z 12.  If 
the  positive  directions  of  the  mesh  currents  7 1  and  /2  are  in  the  same 
direction  through  Ze,  Z 12  =  Zc .  If  the  positive  directions  of  mesh 
currents  are  in  opposite  directions  through  Zc ,  the  voltages  across 
Zc  due  to  these  currents  are  opposite  in  sign,  and  Z 12  =  —Zc. 
Thus,  for  mesh  currents  all  assumed  clockwise  as  in  Fig.  2.1, 


Z 12  —  — Zc  (2.21)  Z  34  —  — Zj  (2.23) 

Z  24  =  Ze  (2.22)  Zz\  =  — Za  (2.24) 

Consider  the  circuit  of  Fig.  2.2. 


Z 11  =  Zg  +  Z\  +  Z3  (2.25) 

Z 22  =  Z%  Zl  +  Z 3  (2.26) 

Z 12  =  Z21  —  — Z  3  (2.27) 


for  the  mesh  current  directions  indicated  in  the  figure. 

The  impedance  presented  to  the  generator  at  the  terminals  C 
and  D  is 


Z 


CD 


=  Z  !  + 


Zz(Z<i  -f-  Zl) 
Z%  Z2  Zl 


Figure  2.2  is  a  special  case  of  the  more  general  two-mesh  network  of 
Fig.  2.3.  Here  the  dotted  rectangle  represents  a  generalized  four- 
terminal  network  connected  between  the  generator  and  load 
impedance  ZL.  In  practice,  the  connecting  system  might  be  a 


102 


NETWORKS  AND  IMPEDANCE  MATCHING  [Chap.  V 


circuit  of  the  form  shown  in  Fig.  2.2,  or  it  might  be  a  transformer,  a 
filter,  a  transmission  line,  or  a  system  of  antennas.  The  network 
equations  are  applicable  to  a  wide  variety  of  problems. 

For  the  system  shown  in  Fig.  2.3  some  of  the  elements  of  the 
network  may  be  unknown  so  that  it  is  necessary  to  define  the  mesh 
impedances  in  terms  of  an  operational  procedure.  In  Fig.  2.2  the 
impedance  {Zcd)ef0w n  =  Zi  +  Z3  can  be  measured  by  discon- 


zg  C  E 


0  F 

Fia.  2.2. — Example  of  a  two-mesh  network,  mesh  currents  indicated. 


Fig.  2.3. — Generalized  two-mesh  network. 

necting  the  load  ZL  and  measuring  the  impedance  Zcd  with  the 
terminals  E  and  F  open.  By  using  this  procedure,  it  is  possible  to 
define  Zn  for  Fig.  2.3  as 

Z\\  =  Zg  “h  [Zcd)eF  open 

The  symbol  (Z  cd)  ef  open  means  the  impedance  measured  at  the 
terminals  C  and  D  with  E  and  F  open,  or  with  ZL  =  «> .  Similarly, 

Z 22  =  Z L  +  (Z ef)  CD  open 

In  the  circuit  of  Fig.  2.2  it  is  evident  that  when  a  current  flows 
around  the  first  mesh  a  voltage  will  appear  across  the  impedance 
Z3  and  hence  in  the  second  mesh.  This  voltage  might  be  measured 
as  the  open-circuit  terminal  voltage  across  E  and  F.  Let  {E^efowh 
be  this  open-circuit  voltage  (i.e.,  the  value  of  E 2  in  Fig.  2.2  with 
ZL  =  00 ),  for  a  current  h  in  the  first  mesh.  Then 

(E 2)  EF  open  =  I\Z$ 


(2.28) 
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With  the  assumed  positive  directions  in  Fig.  2.2,  Zi2  =  —Z 3,  and 
Z 12  =  —  (E’z)ef  from  (2.28).  Since  the  currents  and  voltages 

have  the  same  designations  in  Figs.  2.3  and  2.2,  Z\2  for  the  network 
of  Fig.  2.3  can  be  defined  as  Z\2  =  EF  open  /I  !• 

It  is  customary  to  write  the  voltage  equation  (2.9)  in  the 
“mesh”  form 

Eg  —  I\Z\\  —  I2Z\2  *  •  •  —  I nZ in  *  •  *  =  0  (2.29) 

as  the  externally  applied  voltage  Eg  is  assumed  positive  when  acting 

in  the  direction  of  h  and  all  the  other  terms  in  the  equation  are 
given  negative  signs.  Equation  (2.29)  is  a  general  equation  that 
can  be  used  for  any  complicated  system  of  meshes  in  which  each 
term  represents  the  voltage  produced  in  the  first  mesh  by  current 
flow  in  each  of  the  other  meshes.  For  the  circuit  of  Fig.  2.2,  the 
voltage  equations  become 

Eg  —  I\Zn  —  1 2Z 12  =  0  (2.30) 

0  —  I  \Z  12  —  1 2Z  22  =  0  (2.31) 

where  the  impedances  are  given  by  (2.25),  (2.26),  and  (2.27). 
These  equations  may  be  written  in  the  alternate  forms 


From  (2.31), 

Eg  =  IlZll  +  1 2Z 21 

0  =  I\Z\2  T  1 2Z 22 

(2.32) 

(2.33) 

/*=  -1^ 

£22 

(2.34) 

Substituting  this  value  for  I2  in  (2.30), 

E„  l,Zn  +  h  Zlf21  -  0 
&22 

(2.35) 

and  since  Z12 

=  Z2i,  (2.35)  becomes 

E, -I,(z„-fj)-0 

(2.36) 

7  _  Eg  y  Z\2 

&ab  —  ~t~  —  An  —  77— 

1 1  a22 

(2.37) 

Equation  (2.37)  is  very  useful  since  it  expresses  the  input  impedance 
of  the  two-mesh  network  when  there  are  no  sources  of  emf  in  the 
second  mesh.  From  (2.36), 


Eg 
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whereas,  from  (2.34), 


EgZ  12 

Z  \\Z  22  —  Z\i 


(2.39) 


3.  Inductive  Coupling. — As  an  example  of  the  application  of 
the  network  equations,  consider  the  transformer  shown  in  Fig.  3.1. 
Suppose  that  two  coils  of  wire  are  arranged  as  shown  with  the  turns 
of  each  in  the  same  direction  relative  to  the  common  axis,  so  that 
a  part  of  the  magnetic  field  of  one  coil  threads  through  the  other. 
The  current  7i  produces  a  voltage  of  self-induction  —  jwLJi  in  the 
upper  coil,  opposing  the  current  and  hence  given  the  minus  sign. 
Simultaneously  there  is  a  voltage  —jcoMh  induced  in  L2.  The 
algebraic  sign  attached  to  the  magnitude  of  the  mutual  inductance 
depends  on  the  geometrical  arrangement  of  the  coils  in  space  and 


a  7-.  r  , — ,  c 


Fig.  3.1. — Two-mesh  transformer  circuit. 

on  the  assumed  positive  current  directions  in  the  circuits.  If  the 
voltage  induced  in  a  “first”  circuit  by  the  current  in  a  “second” 
circuit  is  in  the  same  direction  as  the  voltage  of  self-induction 
in  the  first  circuit  (the  instantaneous  currents  in  both  circuits 
increasing  in  the  positive  direction),  ¥  is  a  positive  number,  just 
as  L  is.  This  means  that,  if  the  magnetic  fields  are  additive  when 
instantaneous  currents  are  in  the  assumed  positive  direction  in  each 
coil,  M  is  a  positive  number  of  henrys.  When  the  magnetic  fields 
are  opposed  when  currents  are  in  the  assumed  positive  direction  in 
each  coil,  M  is  a  negative  number  of  henrys. 

For  the  coil  geometry  of  Fig.  3.1  and  the  assumed  positive 
directions  of  current  the  magnetic  fields  subtract  and  M  is  a  nega¬ 
tive  number  of  henrys.  The  symbol  is  always  M,  although  M  may 
be  algebraically  positive  or  negative.  The  equation  for  the  primary 
circuit  is 

Eg  =  I\Zg  +  I\R\  +  JljtoLl  +  ItfwM  (3.1) 

or 

Eg  =  I\Z  ii  +  1 2Z 12  (3.2) 
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Z 12  =  jo)M 

(3.3) 

For  the  secondary  circuit  the  equation  is 

0  =  hZL  4"  I2R2  4“  IzjtoLz  4“  7 jjcoNf 

(3.4) 

or 

I \Z 21  4"  I2Z22  —  0 

(3.5) 

and 

Z21  =  jcoM  =  Z12 

(3.6) 

If  the  assumed  positive  direction  of  J2  were  opposite  to  that  in 
Fig.  3.1,  the  magnetic  fields  would  add,  Z i2  =  juM  as  before,  but 


(oc) 


<b) 


Fia.  3.2. — Tapped-coil  or  autotransformer  connection.  M  is  a  negative  number  of 
henrys  for  the  assumed  positive  directions  of  I 1  and  1 2. 


M 

Cc - 


M  would  be  a  positive  number  of  henrys.  The  symbol  M  “  carries 
its  own  sign.” 

The  coupling  may  be  provided  by  a  tapped  coil  or  autotrans¬ 
former  as  in  Fig.  3.2.  The  coil 
might  be  used  as  the  mutual  element 
between  two  circuits  in  such  a  way 
as  to  make  M  a  positive  number  as 
in  Fig.  3.3,  where  the  magnetic  fields 
due  to  assumed  positive  currents 
are  additive.  In  all  these  cases, 

Z 12  =  Z 2i  =  jo>M,  where  M  is  posi¬ 
tive  for  additive  magnetic  fields  and 
negative  for  opposed  magnetic  fields 


D<- 


T)  (h 


- of 

Fig.  3.3. — Tapped-coil  arrange¬ 
ment  in  which  M  is  a  positive  num¬ 
ber  of  henrys  for  the  assumed  posi¬ 
tive  directions  of  I\  and  1 2. 


For  the  circuit  of 


corresponding  to  the  assumed  current  directions. 

Fig.  3.1,  (2.37)  becomes 

Z.B  =  -  fa  «  Zt  +  R1+  juLi  +  -  r-  (3.7) 

^22  Ll  +  +  JOOL  2 

Similarly, 


w2!2 


Zcd  —  R 1  4-  jcoLi  4* 


<o2M2 


Zl  4-  R 2  4~  juL<t 


(3-8) 
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The  input  impedance  to  a  transformer  is  given  by  (3.8). 
secondary  circuit  is  open,  ZL  =  qo,  and 

(Zcd)eF  open  =  R 1  +  JOdLl 


If  the  terminals  E  and  F  are  short-circuited,  ZL  =  0,  and 

w2ikf2 


(Zcd)  EF  shorted  —  R  i  +  jwLi  + 


^2  + 


If  the 
(3.9) 

(3.10) 


These  relations  will  be  used  in  Sec.  4. 

4.  Equivalent  Networks. — It  is  often  desirable  to  transform  a 
four-terminal  network  from  a  T  configuration,  Fig.  4.1a,  to  an 
equivalent  network  having  a  II  configuration,  Fig.  4.1  b,  and  vice 
versa.1  Two  such  networks  are  equivalent  when  they  have  iden¬ 
tical  terminal  currents  and  voltages  between  terminals  under 


C°~“ wvwvv- 


Do 


wwvw - »£ 


■oF 


z8 


(a)  (b) 

Fig.  4.1. — T  and  II  networks  equivalent  to  each  other  when  equations  (4.6)  to  (4.12) 

hold. 


identical  conditions  external  to  the  terminals.  The  corresponding 
input  impedances  must  be  equal.  With  E  and  F  left  open,  the 
impedance  at  the  terminals  CD  of  the  II  network  of  Fig.  4.16  is 


rj  _  ZA(ZB  +  Zc ) 

Z A  “k  ZB  “l"  Zc 

and  for  the  T  network  of  Fig.  4.1a  is 

Zcd  =  Z\  +  Z% 


Equating  (4.1)  and  (4.2), 


Z\  +  Z$  = 


Similarly, 


Z<L  +  Zi  =S 


Za(Zb  ~h  Zc) 

ZiA  +  ZB  +  zc 

Zc(ZA  j-  ZB) 
ZA  +  ZB  +  Zc 


(4.1) 

(4.2) 

(4.3) 

(4.4) 


Equating  the  impedances  ZCd  with  E  and  F  short-circuited, 

7  I  ^2^3  __  ZAZB 

Zt  +  Zt~  ZA  +  ZB 


(4.5) 


1  The  T  network  is  also  known  as  the  Y,  or  star,  connection;  the  II  network  is 
also  known  as  the  A  (delta)  connection. 
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Eliminating  Zi  between  (4.3)  and  (4.5)  and  substituting  the  value 


of  Z*  +  Z%  in  (4.4), 

r,  __  ZAZc 

3  Za  +  ZB  +  Zc 

(4-6) 

whence,  from  (4.3), 

7  ZaZb 

Za  +  Zb  +  Zc 

(4.7) 

and  from  (4.4), 

ry  _  ZBZc 

Za  +  Zb  +  Zc 

(4.8) 

Multiplying  (4.4)  and  (4.5), 

Z  \Z  2 

\  ry  ry  \  ry  ry  Z  AZ  bZ  c 

+  Z2Z3  +  ZaA  -  Za  +  Zb  +  Zc 

(4.9) 

Dividing  (4.9)  by  (4.8),  (4.6),  (4.7)  gives  (4.10),  (4.11),  (4.12),  for 
the  values  of  the  impedances  of  a  II  network  equivalent  to  a  given  T. 


Z* 

Zb 

Zc 


Z  \Z  2  +  Z  2Z  3  -\-  Z  %Z  i 
Z  2 

Z  \Z  2  Z  ^Z  3  j-  Z  %Z  i 

z% 

Z  i_Z  2  Z  %Z  3  -\-  Z $Z  i 


(4.10) 

(4.11) 

(4.12) 


Since  impedances  of  circuit  elements  are  functions  of  frequency, 
two  networks  constructed  to  be  equivalent  at  one  frequency  may 


Fig.  4.2. — (a)  General  four-terminal  network;  (6)  its  equivalent  T  when  (4.22)  to 
(4.24)  hold,  as  described  in  the  text. 


not  be  equivalent  at  any  other  frequency.  It  is  not  always  possible 
to  construct  physically  an  equivalent  network  using  ordinary  cir¬ 
cuit  elements  since  some  resistance  values  may  come  out  negative. 

It  is  useful  to  develop  the  expressions  for  the  T  or  II  network 
equivalent  to  a  general  four-terminal  network  in  terms  of  the  input 
impedances  of  the  general  network  under  open-  and  short-circuit 
conditions.  Figure  4.2a  shows  a  four-terminal  network.  Let 


(Zcd)eF  open  ”  Z„i  (4.13) 


(Z ef)  CD  open  —  Zq2  (4.14) 
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and 


(Z Cd)  EF  shorted  —  ZS 1  (4.15)  (Z  ef)  CD  ehorted  —  ZS  2  (4.16) 

Then  for  the  T  of  Fig.  4.2 b  to  be  equivalent  it  is  necessary  that 


and 


Z\  +  Zz  —  Z01 
Z 2  "h  Z%  =  Zq2 


(4.17) 

(4.18) 


The  short-circuited  impedances  must  also  be  equal, 

rj  _  rj  i  Z<lZt  _  Z\Z 2  +  Z^Z 3  +  Z^Z\ 

~  Zl  +  ZT+r;  "  zT+zi 


and 


(4.19) 


v  7  ZiZ3  ZiZ2  +  Z2Z3  +  Z3Zi  f 

Za 2  =  +  z7+T3  = - zT=T^ -  (4-20) 

Substituting  (4.18)  in  (4.19)  and  (4.17)  in  (4.20), 

Z1Z2  T"  Z2Z3  +  Z3Z1  =  Z02Z51  =  ZoiZsi  (4.21) 

Substituting  Z\  =  Z0 1  —  Z3  from  (4.17)  and  Z2  =  Z02  —  Z 3  from 
(4.18)  in  (4.21), 


Zz  —  +  \/'Zo2(Zoi  —  Zs  1)  =  ±  y/ Zoi(Z02  —  Z S2)  (4,22) 

whence 

Zi  =  Z01  +  '\/Zo2(Zoi  —  Zsi)  (4.23) 

and 

Z2  =  Z02  +  \/Zo2(Zoi  —  Zs  1)  (4.24) 


The  choice  of  the  +  or  —  sign  in  (4.22)  to  (4.24)  is  determined  by 
the  phase  of  the  voltage  at  the  terminals  EF  with  respect  to  the 
current  at  the  terminal  C  and  must  be  chosen  to  satisfy  (2.28). 
Thus  the  determination  of  Z3  requires  the  measurement  or  calcula¬ 
tion  of  the  phase  relationship  between  {E<l)ef  open  and  Ii.  Where 
phase  relationships  may  be  ignored  and  only  the  input  and  output 
impedances  must  be  equivalent,  either  choice  of  sign  suffices.  Of 
course,  if  the  +  sign  is  used  in  (4.22),  the  minus  sign  must  be  used 
in  (4.23)  and  (4.24),  and  vice  versa. 

As  an  example  of  the  application  of  these  equations,  let  it  be 
required  to  find  the  T  network  equivalent  to  the  transformer  of 
Fig.  3.1.  From  (3.9)  and  (3.10), 


Z01  =  Ri  +  jo>Li 
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Zsl  =  Rl+juLl  +  R2  +  ju,L2 

Similarly, 

Z02  =  R  2  "1"  jb>L  2 

Substituting  these  values  in  (4.22),  (4.23),  (4.24),  the  minus  sign 
being  chosen  in  accordance  with  the  required  phase  relationship  of 
(2.28), 

Z3  =  -juM  =  ju\M\  (4.25) 

Zi  =  Ri  +  ML x  +  M)  =  f?i  +  j»(L,  -  |M|)  (4.26) 

Z2  =  +  jto(L2  +  M)  =R2+  ML*  -  |M|)  (4.27) 


R,  (LflMl) 

C  l>-VWvV — '  300  0  0 

IMI 


(L2-|Ml)  Rj 
innnp1 — avw — ©  £ 


It  should  be  recalled  at  this  point  that  M  is  a  negative  number  of 
henrys  for  the  circuit  of  Fig.  3.1  owing  to  the  directions  of  the 
windings  and  the  assumed  positive  directions  of  current.  The 
equivalent  T  has  the  form  shown  in  Fig.  4.3.  The  network  of 
Fig.  4.3  is  physically  realizable  with  coils  so  long  as  Li  and  L2  are 
each  larger  than  \M\.  This  will 
always  be  true  for  a  one-to-one 
transformer.  If  the  transformer 
is  step-up  or  step-down,  one  of  the 
series  reactances  in  the  equivalent 
T  may  be  negative.  In  construct¬ 
ing  the  equivalent  circuit,  the  neg¬ 
ative  reactance  may  be  furnished  by  a  series  capacitor  in  the 
required  branch  and  by  making  —  1/coC  =  w(L  —  \M\)  when  |7kT|  is 
greater  than  L.  After  C  is  thus  chosen,  the  circuit  is  equivalent  to 
the  actual  transformer  at  only  one  frequency.  If  the  transformer 
is  a  one-to-one  transformer,  L\  =  L2  =  L,  Introducing  the  coeffi¬ 
cient  of  coupling  k  where 


Fig.  4.3.- 


- of 

Equivalent  T  for  the  trans¬ 
former  of  Fig.  3.1. 


then 


(4.28) 


Zi  =  Ri+  jo>L(  1  -  k)  (4.29) 

Z2  =  R2  +  jo>L(  1  —  k)  (4.30) 

Zz  =  jo>Lk  (4.31) 


Further  development  of  the  equivalent  circuits  for  a  transformer 
is  given  in  Chap.  XIII. 

5.  Network  Theorems. — There  are  a  number  of  general  prin¬ 
ciples  or  theorems  that  may  be  employed  to  determine  the  currents 
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and  voltages  in  a  network.  Some  of  these  principles  are  presented 
here  without  proof,  which  may  be  found  in  the  literature. 

Superposition  Theorem . — Suppose  that  an  active  network  has 
several  generators  introducing  voltages  at  various  points  in  the 
network  and  that  it  is  required  to  find  the  current  through  a 
particular  element  when  all  these  generators  are  operating.  The 
superposition  theorem  states  that  the  instantaneous  current 
through  any  circuit  element  is  the  sum  of  the  instantaneous  currents 
caused  by  each  generator  acting  separately.  It  is  necessary  that 
all  the  circuits  be  unchanged  when  the  current  due  to  a  given 
generator  is  being  calculated;  therefore  other  generators  must  be 
considered  to  be  “shut  down”  but  not  removed  from  the  circuit,  so 
that  the  internal  impedances  of  all  generators  remain  in  the  circuit 
at  all  times.  This  last  condition  means  that  each  generator 
except  the  one  for  which  the  current  is  being  calculated  is  replaced 
by  its  internal  impedance. 

The  superposition  theorem  holds  because  of  the  linearity  of  the 
network  elements,  since  in  a  linear  system  of  differential  equations 
the  sum  of  any  number  of  solutions  is  also  a  solution. 

Reciprocity  Theorem. — Suppose  that  a  voltage  is  applied  in 
series  with  a  certain  branch  of  a  network  and  the  resulting  current 
in  any  branch  is  measured.  The  ratio  of  voltage  introduced  to 
current  flowing  will  have  a  certain  value.  The  reciprocity  theorem 
states  that,  if  the  positions  of  generator  and  ammeter  are  inter¬ 
changed,  the  ratio  of  voltage  to  current  is  the  same.  Again,  for  this 
theorem  to  apply,  the  impedances  of  the  several  branches  must  not 
be  altered  when  the  generating  and  measuring  devices  are  inter¬ 
changed.  The  reciprocal  properties  of  a  network  are  an  indication 
of  the  bilateral  nature  of  linear  networks. 

Thevenin’s  Theorem. — Consider  an  active  network  of  generators 
and  impedances  in  any  configuration  whatever,  having  two  termi¬ 
nals.  Thevenin’s  theorem  states  that  in  the  steady  state  the 
system  may  be  replaced  by  a  simple  circuit  containing  a  source  of 
voltage  in  series  with  an  impedance.  The  voltage  of  the  source 
is  the  open-circuit  voltage  across  the  two  terminals  of  the  original 
network,  and  the  series  impedance  is  the  impedance  “looking  in” 
at  the  terminals  with  all  the  generators  of  the  original  system 
replaced  by  their  internal  impedances.  As  an  example,  consider 
the  circuit  of  Fig.  5.1a,  which  is  a  radio-frequency  amplifier  with  a 
tuned  plate  load.  The  problem  is  to  reduce  the  whole  system  to  a 
simple  series  circuit  so  far  as  small  variational,  or  alternating, 
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currents  are  concerned,  so  that  its  frequency-response  character¬ 
istics  may  be  studied  more  easily.  By  the  use  of  the  equivalent 
plate-circuit  theorem,  developed  in  Chap.  XI,  the  circuit  may  be 
reduced  to  the  form  of  Fig.  5.1  6.  By  applying  Thevenin’s  theorem 
to  that  part  of  the  circuit  to  the  left  of  terminals  AB ,  the  whole 
circuit  can  be  reduced  to  Fig.  5.1c,  where  E'  is  the  open-circuit 


Fig.  5.1. — Reduction  of  a  vacuum-tube  amplifier  circuit  to  a  simple  equivalent  series 
circuit  by  means  of  Thevenin’s  theorem. 


voltage  across  AB  and  ( R '  —  jl/coC')  is  the  impedance  looking 
to  the  left  at  AB.  With  Rb  and  Lb  disconnected  in  Fig.  5.16,  the 
open-circuit  voltage  at  A  B  is 


(Eab)  open  —  — }JiE6 


0>Cb 


1  jfpwCi 


(5.1) 


The  impedance  looking  to  the  left  at  A  B  is  the  impedance  of  Cb  and 
rp  in  parallel.  Therefore, 


„  .  Tv 

“  r  1  l+jr„uCb 

Tt  ]  0>Cb 

Rationalizing  ZAB , 

7  rv  —  jr%uCb  r?,  .  1 

AB  “  1  +  rl^Cl  ~  K  3^C' 

where 

(5.2) 

Rr  —  Vp 

1  +  rWd 

and 

(5.3) 

n,  ^  1  -f  r2p<j)2Cl 
* 

(5.4) 

In  many  applications, 

>  >  1 
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so  that 


r^Cl 


NETWORK  1,  °- 
GENERATORS  AND 
IMPFDANCFS  0 

A  I  C 

°  NETWORK  2, 
JMPEDANCES 

B  D 

C'  =  Cb  (5.6) 

The  effect  of  the  tube  on  the  tuned  circuit  is  easily  calculated  from 
(5.3)  and  (5.4).  The  presence  of  the  tube  increases  the  effective 
series  resistance  of  the  tuned  circuit,  lowering  the  Q  and  broadening 
the  response  curve. 

When  the  impedances  of  part  of  a  network  are  independent  of 
frequency,  the  calculation  of  transients  sometimes  may  be  simplified 
by  applying  Thevenin’s  theorem  to  that  part. 

Conditions  for  the  Transfer  of  Maximum  Power. — At  any  fre¬ 
quency,  a  network  containing  _ j  - 

generators  and  impedances  can  NETWORK  I,  *  ^NETWORK 2 
be  replaced  (by  Thevenin’s  Gu!i™I?rrcNt)  JMPEDANGES* 

theorem)  by  a  simple  series  cir-  - IB  Dl - 

cuit  containing  a  generator  and  1 

a  series  impedance.  Likewise, 

a  network  not  containing  gen-  | — lR,+jXi  f— £ — l— ^ - 

erators  may  be  replaced  by  its  I  +  + !  — L — . 

input  impedance.  If  a  genera-  y-'  -qco 

tor  and  a  load  impedance  are  ‘ - g - i - 

connected  together  and  the  gen-  ^ 

erator  impedance  is  fixed,  the  Fig.  5.2.-(o)  General  form  of  two 
condition  for  maximum  power  coupled  networks;  (b)  its  equivalent  form 
transfer  is  that  the  load  imped-  ,or  the  calculation  of  power  transfer' 
ance  be  the  conjugate  of  the  internal  impedance  of  the  generator. 

Figure  5.2a  shows  the  generalized  circuit  and  its  equivalent, 
Fig.  5.2 b,  where  Ei  is  equal  to  (EAB) open,  Zi  is  the  internal  impedance 
of  network  1,  and  Z2  is  the  input  impedance  of  network  2.  Referring 
to  Fig.  5.2 b,  the  power  transferred  across  terminals  CD  into  R2  is 


T2+JX2I 


Fig.  5.2. — (a)  General  form  of  two 
coupled  networks;  ( b )  its  equivalent  form 
for  the  calculation  of  power  transfer. 


P  CD  = 

[Ecd\  |/|  cos  0 

(5.7) 

where 

\Ecd\  = 

|7|  VRl  +  XI 

(5.8) 

and 

OAG  f)  = 

R2 

(5.9) 

LUo  1/  — 

VRl  +  XI 

so  that 

P  CD  = 

(5.10) 
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m  -  |gil  _ _ m _ 

1  \Zi  +  H  VWi  +  W  +  Wl  +  x,)* 


(5.11) 


and  the  power  transferred  is 


|£l|2^2 

(Ri  +  i?2)2  +  {Xi  +  X2)2 


(5.12) 


Suppose  now  that  the  generating-system  impedance  is  fixed  and  the 
problem  is  to  find  the  load  impedance  which  will  absorb  the  maxi¬ 
mum  power  from  the  generator.  So  far  as  the  reactance  X2  is 
concerned  the  largest  value  of  current  in  (5.11)  is  secured  by  making 
the  term  (Xi  +  X2)  equal  to  zero.  Therefore, 


X2  =  -Xi  (5.13) 

is  the  reactance  condition  for  maximum  power  transfer.  If  this 
condition  is  met,  (5.12)  reduces  to 


P  CD 


WRt 

(Ri  +  R 2)2 


(5.14) 


Differentiating  (5.11)  with  respect  to  R2  and  setting  the  result  equal 
to  zero, 

R2  =  Ri  (5.15) 


This  is  the  resistance  condition  for  maximum  power  transfer. 

6.  Impedance  Transformation. — In  radio  and  communication 
circuits  the  generators  are  vacuum  tubes,  microphones,  photocells, 
or  other  sources  of  voltage.  The  design  of  these  generators  is 
controlled  usually  by  considerations  other  than  internal  impedance. 
A  vacuum  tube  often  has  a  high  internal  impedance.  On  the  other 
hand,  the  common  loads  to  which  power  is  to  be  transferred  are 
antennas,  or  lines,  or  loudspeakers,  or  other  loads,  many  of  which 
are  inherently  of  low  input  impedance.  The  problem  arises  of 
transforming  impedances  by  means  of  networks.  Such  impedance¬ 
transforming  networks  often  are  called  matching  sections.  The 
general  problem  is  to  take  a  given  load  impedance  and  design  a 
network  which  transforms  that  load  impedance  to  any  desired 
value  at  the  input  terminals  of  the  matching  device. 

In  many  radio-frequency  applications  of  matching  devices  the 
band  width  is  relatively  narrow  and  tuned  circuits  ordinarily  are 
used  in  the  matching  networks.  On  the  other  hand,  in  audio-  or 
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video-frequency  circuits  the  relative  frequency  band  width  is  very 
large  so  that  other  methods  must  be  employed.  Matching  may  be 
done  to  achieve  maximum  power  transfer  into  the  load  or  to  provide 
any  desired  load  for  a  given  device.  In  many  cases  the  desired  load 
is  not  the  load  that  would  absorb  the  maximum  power. 

In  general,  it  is  desirable  to  keep  the  losses  in  the  matching 
section  to  a  minimum  so  that  as  much  as  possible  of  the  power 
transferred  to  the  matching  section  is  handed  on  to  the  load. 

7.  Radio-frequency  Transforming  and  Matching  Networks. — 
A  very  important  example  of  an  impedance-transforming  network 
is  the  parallel-resonant  circuit  known  as  a  “tank”  circuit.  Figure 
7.1  shows  a  typical  tank  circuit  used  as  the  plate  load  for  a  vacuum 


A 


Fig.  7.1. — A  power  tube  with  a  tuned  load.  The  tank  circuit  acts  like  an  impedance- 
transforming  circuit  with  terminals  AB  and  CD. 


tube  designed  to  deliver  considerable  power.  Cb  and  Lb  are  the 
tuning  capacitance  and  inductance  and  Rb  is  the  load  resistance  in 
which  the  radio-frequency  power  output  of  the  tube  will  be  dissi¬ 
pated.  The  resistance  of  the  load  to  which  radio-frequency  power 
is  to  be  supplied  and  the  resistance  of  the  coil  Lb  are  included  in 
Rb ,  so  that 

Rb  =  RCOii  -f-  f^ioad  (7.1) 


The  tank  circuit  achieves  two  important  results.  First,  it  serves  as 
a  transforming  network  to  transform  a  relatively  low  impedance 
load  such  as  a  line  or  an  antenna  to  a  higher  impedance  that  is 
purely  resistive  and  that  is  required  for  good  performance  of  the 
tube.  Second,  it  acts  as  a  filter  circuit  to  prevent  the  higher 
harmonic  components  of  the  plate  current  from  developing  appre¬ 
ciable  voltages  in  the  load  circuit.  This  latter  function  is  par¬ 
ticularly  important  where  the  vacuum  tube  is  operating  as  a  Class  C 
amplifier,  whose  plate  current  is  rich  in  harmonic  content. 
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The  admittance  of  the  parallel  LbC b  circuit  is 

Rb  .  uLb 


Yab  =  Yl  =  jcoCb  + 


Rl  +  3  R\  +  ^L\ 

In  order  that  the  impedance  presented  to  the  tube  by  the  tank 
circuit  shall  be  pure  resistance  at  the  fundamental  frequency,  the 
j  terms  in  (7.2)  must  vanish,  or 


(7.2) 


jo>Cb  j  ™  +  *  o 


(7.3) 


'b  \  w 

This  condition  leads  to  the  following  expressions  for  parallel 
resonance : 

Rl  +  o o*Ll  =  ^ 

LbCt  LI 

If  (7.4)  is  satisfied,  the  admittance  becomes 

RbCb 


Yt.  = 


Lb 


and  the  impedance  is  given  by  the  reciprocal  of  (7.6),  or 

Lh 


ZL  —  Rl  — 


CbRb 


(7.4) 

(7.5) 

(7.6) 

(7.7) 


It  is  possible,  therefore,  to  design  the  tank  circuit  to  have  any 
desired  impedance  RL  within  certain  limits.  Suppose  that  the 
frequency  w  is  given,  that  the  load  impedance  Rb  is  fixed,  and  that 
the  desired  plate-load  resistance  RL  has  been  chosen.  The  value  of 
Lb/Cb  thus  is  fixed  by  the  given  conditions,  as  is  the  frequency,  so 
that  Lb  and  Cb  are  not  independent  and  one  of  them  may  be  elimi¬ 
nated  from  the  equations. 

Substituting  (7.4)  in  (7.7), 


v>  _  Lb  __  R\  + 

^l  n  t>  7> 

Cbitb  rib 

Dividing  out  R\  from  the  numerator, 

Rl  =  Rb  (l  +  =  fl»(l  +  Ql) 


(7.8) 


(7.9) 


where  Qb  is  the  quality  factor  of  the  inductive  branch,  including  the 
load  resistance,  at  the  parallel-resonance  frequency,  which  is  also 


116 


NETWORKS  AND  IMPEDANCE  MATCHING  [Chap.  V 


the  impressed  frequency.  The  ratio  of  tank  impedance  RL  to  load 
impedance  Rb  is  therefore 

I*  =  1  +  Ql  (7.10) 

rib 

If  Qb  is  large  compared  with  unity,  the  ratio  is  approximately  equal 
to  Qi.  It  is  evident  that  the  range  of  possible  impedance  ratios, 
achievable  with  this  circuit,  is  limited  by  the  possible  range  of 
values  of  Qb .  Since  Rb  includes  both  load  resistance  and  coil 
resistance,  the  highest  attainable  value  of  Qb  is  always  less  than  the 
Q  of  the  coil  alone. 

If  the  tank  circuit  is  to  be  used  for  transfer  of  radio-frequency 
power  from  the  plate  circuit  to  the  load,  it  should  have  a  high 
efficiency.  The  efficiency  of  the  tank  circuit  as  a  transducer 
between  plate  circuit  and  load  is  given  by 


Efficiency  = 


output 


I  -I  |  coil^^load 

\I\loilRb 


(7.11) 


and,  from  (7.1), 


Since 


(7.12) 

(7.13) 


the  efficiency  expressed  in  terms  of  Q  is 


_1_ _ 1__ 

Efficiency  =  =  1  -  (7.14) 

For  high  efficiency  the  Q  of  the  coil  should  be  much  greater  than  the 
Qb  of  the  inductive  branch  including  the  load  resistance.  In  order 
to  get  a  large  ratio  of  impedance  transformation,  say  100  to  1,  it 
is  necessary  to  have  the  value  of  Qb  =  10  from  (7.10);  and  in  order 
to  get  high  efficiency  of  power  transfer,  say  95  per  cent,  it  is  neces¬ 
sary  to  have  the  Q  of  the  coil  equal  to  200.  Hence  the  upper  limit 
to  the  ratio  of  impedance  transformation  is  set  by  the  available  Q 
of  the  coil  and  the  desired  efficiency. 

If  the  tank  circuit  is  to  function  as  a  band-pass  filter  as  well 
as  an  impedance-transforming  device,  the  value  of  Qb  must  not  be 
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too  low.  For  example,  in  the  tank  circuit  of  a  Class  C  amplifier  it 
is  usually  desirable  to  reduce  the  second  harmonic  voltage  across  the 
output  load  to  a  small  value  in  comparison  with  the  fundamental 
voltage.  The  admittance  of  the  tank  circuit  for  the  second  har¬ 
monic  2w  is 


( F/,)  2nd  =  2juCl  + 


Rb 


-2j 


o)Lj 


(7.15) 


R\  +  4c o'Ll  J  R\  +  4 rfLl 

Upon  neglecting  the  real  term  in  comparison  with  the  imaginary 
terms  and  dropping  Rl,  which  is  much  less  than  4 co2L|  if  Q  is  of  the 
order  of  10,  (7.15)  becomes 


(Yl) 


2nd 


.  4 u'LiCt  -  1 

J  2 wLh 


From  (7.16)  and  (7.5), 

/  rr  \  •  2 0)Lb 

\ZL)  2nd  —  J 


1  -  4c o*LhCb 


=  3 


2c oLb 


1-4  +  4 


RlCb 

Lb 

=  -3 


2o)Lh 


3-4 


RlCb 


Lib 


and  since 


RlCb 

Lh 


Ql 


(  *7  \  JL-  A  *2wLb 
\Al)  2nd  —  ~J  — ^ - 


(7.16) 


(7.17) 

(7.18) 

(7.19) 


whereas,  at  the  fundamental  frequency,  (7.7)  yields 


Then 


7  Lh  .  co2L|  n  T 
—  V?  ri  ~  ~  HbuRb 

/£&<_/*>  lib 


I(^)2ndl  =  3^  | ZL\ 


(7.20) 

(7.21) 


In  actual  operation  of  the  type  of  tube  used  in  the  circuit  of 
Fig.  7.1,  the  second  harmonic  component  of  the  plate  current  is  less 
than  the  fundamental  component.  Then  from  (7.21)  the  second 
harmonic  voltage  across  the  load  is  less  than  2/(3Q&)  times  the 
fundamental  voltage.  Also,  since  the  inductive  reactance  of  the  coil 
is  doubled  at  the  second  harmonic  frequency,  the  second  harmonic 
current  through  the  inductive  branch  is  less  than  l/(3Qj)  times  the 
fundamental  current.  For  example,  if  Qb  =  11,  the  second  har- 
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monic  current  in  the  load,  or  inductive,  branch  is  less  than  3  per  cent 
of  the  fundamental  component. 

To  sum  up  the  limitations  for  a  simple  tank  circuit,  if  harmonic 
filtering  is  required,  the  tank  circuit  Qb  should  be  kept  as  high  as  10. 
Consequently,  a  high  transformation  ratio  between  the  plate  circuit 
and  load  requires  that  the  Q  of  the  coil  alone  be  high  for  good 
efficiency. 

It  may  be  desirable  to  provide  a  means  for  changing  the  imped¬ 
ance  presented  to  the  tube.  A  form  of  tank  circuit  in  which  this  is 


Rm=Rr+R, 

Rr 


Fig.  7.2. — Adjustable  tank  circuit. 


possible  is  shown  in  Fig.  7.2.  The  admittance  of  the  plate  load 
is  given  by 


Ri 


TT9  H- 


R 


62 


Rl  i  +  X\  1  Rl,  +  XI 


+ 


Rl  i  +  X\  1  Rl,  +  XI 


(7.22) 


where  Xi  =  wLi  and  X2  =  c oL2  —  1  /«C&.  The  condition  that  the 
plate  load  be  pure  resistance  requires  that  the  j  terms  in  (7.22) 
vanish,  or  that 


whence 


Rh  +  X?  Rl,  +  XI 


(7.23) 


Xl  _  ^62l  +  XI  __  \Zx\ 
X2  Rl,  4 -  XI  |Z2|2 


If  the  values  of  L\  and  L2  are  adjusted  for  parallel  resonance  of  the 
circuit,  which  is  the  same  condition  as  making  the  plate  load  a  pure 
resistance, 

y  _  /~i  _  Rbl  i  Rb2 

AR  “  "  Rh  +  X\  ^  W+Xl 


(7.25) 
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and  since  R&  +  X\  =  (-X2/Xi)(i%  +  X{)  from  (7.24), 


and 


Gh 

Rl 


Rbi  —  Rbi 

a2 

(7.26) 

Rl  +  X\ 

Rl  1  +  X\ 

r>  X 1  j-y 

(7.27) 

Rbl  —  Rb2 
a2 


If  the  Q  of  each  branch  is  high,  R£  <  <  X\ ,  —  Xi/X*  =  1,  (7.27) 
becomes 


Rl  — 


c m 


bl 


Rbi  4"  R 


b  2 


(7.28) 


Thus  by  varying  the  taps  on  the  two  coils  it  is  possible  to  adjust 
coLm  to  vary  RL  over  a  range  of 
values  and  then  tune  the  circuit 
by  varying  coL&2.  This  system 
of  “matching/’  or  transforming, 
a  given  load  into  an  impedance 
suitable  for  the  tube  is  rather 
poor  for  harmonic  suppression 
since  there  is  no  capacitance  path 
to  by-pass  the  higher  harmonic 
components  of  plate  current  to 
ground.  More  elaborate  match¬ 
ing  devices  between  vacuum-tube  generators  and  low  impedance 
loads  are  discussed  in  Chap.  XIY. 

From  (7.10)  it  is  evident  that  low  ratios  of  transformation  mean 
low  ratios  of  reactance  to  resistance.  This  in  turn  means  that 
special  arrangements  must  be  used  for  harmonic  filtering.  How¬ 
ever,  since  transmission  lines  and  half-wave  antennas  are  low 
impedance  devices,  there  is  need  for  matching  sections  whose  ratio 
of  impedance  transformation  is  low.  Figure  7.3  shows  a  typical 
matching  section  of  pure  reactance  elements  for  transforming  the 
load  resistance  RL  to  a  larger  value  Rc.  It  is  evident  from  the  figure 
that  this  is  the  same  circuit  as  the  tank  circuit  already  considered, 
Fig.  71.  Applying  (7.7)  to  the  circuit  of  Fig.  7.3, 


Fig.  7.3. — Matching  section  for 
which,  the  input  resistance  Rc  is  greater 
than  the  load  resistance  Rl  when  prop¬ 
erly  adjusted. 


L  cojL  — X  2X3 

CRl  coCRl  Rl 


(7.29) 
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Suppose,  however,  that  it  is  assumed  that  X2  and  X3  of  Fig.  7.3  are 
reactances  of  unknown  sign  and  that  RL  and  Rc,  the  desired  imped¬ 
ance  at  CD,  are  known.  Then,  setting  Rc  equal  to  the  input 
impedance  at  CD, 


_  jXs(RL+jX2) 
c  Rl  +  jX2  +  jXs 

whence 


(7.30) 


RcRl  +  jX2Rc  +  jXsRc  =  iXzRl  -  X2Z3  (7.31) 
Equating  the  real  parts  of  (7.31), 

RcRl  =  — X2Xz  (7.32) 


which  is  the  same  equation  as  (7.29).  However,  since  Rc  and  RL 

are  both  positive,  X2  and  X3 
must  be  of  opposite  sign.  Equat¬ 
ing  the  imaginary  parts  of  (7.31), 

Xz(Rc  -  Rl)  =  -X2Rc  (7.33) 

Multiplying  (7.33)  by  (7.32), 

X2  =  +  VWdftc  -  Rl)  (7.34) 
and  by  substitution  in  (7.32) 
RlRc 


Xz  =  T 


VRl(Rc  -  Rl)  (7'35) 


Fig.  7.4.-Phase  vootwdiagram  for  the  Thus  the  values  of  and  X3  are 

expressed  in  terms  of  the  desired 
resistance  terminations.  Furthermore,  the  ±  signs  in  (7.34)  and 
(7.35)  indicate  that  X2  could  be  either  inductive  or  capacitive. 
Having  chosen  the  sign  of  X2,  however,  Xz  must  be  of  the  opposite 
sign.  The  particular  arrangement  of  Fig.  7.3  always  will  make  Rc 
larger  than  RL.  Both  (7.34)  and  (7.35)  become  imaginary  when 
Rc  <  Rl.  Figure  7.4  shows  the  voltage  and  current  phase- vector 
diagram  for  Fig.  7.3.  The  voltage  Ecd  is  always  greater  than 
Eef,  while  the  current  7i  is  always  less  than  I2;  the  product  I\ECd 
is  equal  to  I2EEf ,  as  would  be  expected  in  an  ideal  transformer. 
However,  the  input  and  output  voltages  differ  in  phase  by  an  angle 
that  approaches  90°  as  the  ratio  of  Rc  to  RL  is  increased.  For  the 
circuit  of  Fig.  7.3,  where  inductance  is  in  series  with  Rh,  the  output 
voltage  lags  the  input  voltage  by  an  angle  given  by 
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COS  d  = 


assuming  no  losses  in  L  or  C. 

If  the  input  resistance  Rc  is  to  be  less  than  Rl ,  the  matching 
network  is  turned  end  for  end  as  in  Fig.  7.5.  Similar  analysis  leads 
to  the  values  of  Xi  and  X3  given  by 


As  before, 


Xi  =  ±  VRc(Rl  -  Rc) 

(7.36) 

Y  _  l_  RlRc 

3  “  \/Rc(Rl  -  Rc) 

(7.37) 

RcRl  =  -XiXs  =  I 

(7.38) 

Again  the  signs  in  (7.36)  and  (7.37)  could  be  chosen  to  place  the 
inductance  in  either  position  as  required  by  conditions.  Figure  7.6 


J.  jX, 

!«,  E 

\h  1 

Rc-* 

=jx3  j 

o - - - J 

Q  1 

. .  *  "  o- 

D  F 


Fig.  7.5. — Matching  section  for  which 

Rc  <  Rl. 


Fig.  7.6. — Phase  vector  diagram  for 
the  circuit  of  Fig.  7.5. 


shows  the  phase  vector  diagram  for  the  network  of  Fig.  7.5.  For 
this  case  the  phase  lag  of  the  output  voltage  with  respect  to  the 
input  voltage  is  given  by 


cos  0  — 


(7.39) 


If  the  load  impedance  is  not  a  pure  resistance  but  contains 
some  reactance,  it  is  necessary  merely  to  add  a  reactance  in  series 
with  the  load  equal  to  the  negative  of  the  load  reactance.  In  the 
circuit  of  Fig.  7.3  this  reactance  may  be  combined  with  X2  from 
(7.34)  and  one  coil  or  capacitor  used  to  obtain  the  total  required 
reactance. 

When  the  wavelengths  are  sufficiently  short,  matching  sections 
can  be  constructed,  using  sections  of  transmission  line.  These  line 
sections  have  low  losses  and  may  be  adjusted  easily  and  accurately. 
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Their  use  and  design  are  discussed  in  Chap.  I  of  the  reference  given 
below.1 

If  there  is  no  dissipation  in  the  matching  section,  all  power 
transferred  across  the  terminals  CD  of  Figs.  7.3  and  7.5  must  also 
be  transferred  to  the  load.  It  is  then  true  that  if  Rc  is  equal  to  the 
internal  impedance  of  a  constant-voltage  generator  connected 
to  the  terminals  CD  of  Figs.  7.3  and  7.5,  there  is  a  maximum  power 
transfer  across  CD  and  across  EF,  and  the  impedance  looking  back 
into  the  matching  section  at  EF  (toward  the  generator)  is  equal  to 
Rl.  If,  on  the  other  hand,  there  is  dissipation  in  the  elements 
of  the  matching  section,  it  is  necessary  in  general  to  arrange  to 

match  at  each  end  of  the  section. 

All  the  matching  networks  thus 
far  considered  were  designed  for 
a  single  frequency  or  a  relatively 
narrow  band  of  frequencies.  In 
public-address  systems,  where  it  is 
necessary  to  match  from  vacuum- 
tube  generators  to  lines  or  loud¬ 
speakers,  and  in  telephone  systems, 
where  the  match  is  from  lines  to  amplifiers  and  back  to  lines,  the 
frequency  bands  may  comprise  several  octaves.  In  a  high-fidelity 
public-address  system  the  frequency  range  is  from  30  to  10,000  cps  or 
more,  perhaps  nine  octaves.  The  matching  systems  used  are  iron- 
core  transformers  having  very  close  coupling  between  primary  and 
secondary  coils.  Figure  7.7  shows  a  transformer  used  to  transfer 
audio-frequency  power  from  a  vacuum-tube  generator  to  a  low- 
impedance  load  assumed  to  be  a  pure  resistance  RL.  From  (3.8), 
the  impedance  presented  to  the  vacuum  tube  by  the  loaded  trans¬ 
former  when  ZL  —  RL  is 


D  F 

Fig.  7.7.— Schematic  diagram  of  an 
iron-core  transformer. 


Zcd  =  Rl  +  jtoLi  + 


co2M2 


(Z?2  +  Rl)  + 

Rationalizing  the  last  term  and  combining  real  and  j  terms, 

-7  _  j)  i  +  RL)a>2M° 

-  Ri  +  +  Riy  +  u2L| 


(7.40) 


+ 


(L‘- 


L*o2M2 


CR2  +  RlY  +  w2L| 


:)  (7.41) 


1  King,  R.  W.  P.,  H.  R.  Mimno,  and  A.  H.  Wing,  u Transmission  Lines, 
Antennas,  and  Wave  Guides,”  McGraw-Hill  Book  Company,  Inc.,  1945. 
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If  M  is  set  equal  to  k  \ZLiL2,  where  k  is  the  coefficient  of  coupling 
between  coils,  and  if  (J?2  +  Rl)  is  called  RLf,  (7.41)  becomes 


ZcD  =  -R 


,  Rl’uWUL 2  ,  .  r  A  k2o)2Ll  \  An. 

+  b/2  +  «2ii +  •?"il  V1  i?z,'2  +  «2id  (7-42) 


The  ideal  matching  section  between  tube  and  resistance  load  should 
be  independent  of  frequency  and  should  present  a  pure  resistance 
to  the  generator.  If  wL2  is  much  larger  than  RL'}  this  requirement 
is  partly  met.  With 


ojZ/2  >  >  Rl 

(7.42)  becomes 

Zcd  =  Rl  +  +  >>Li(l  -  fc2) 

and  if  the  coefficient  of  coupling  approaches  the  value  1, 


and 


1  -  k2  <  <  1 


Zcd  = 


(7.43) 

(7.44) 


(7.45) 

(7.46) 


Under  these  conditions,  (7.46)  is  independent  of  frequency. 

Since  the  transformer  is  handling  audio  power,  it  is  desirable  to 
make  its  losses  as  small  as  possible.  When 


$} 

A 

A 

Nh 

to  1  1-1 

tn 

(7.47) 

and 

R2  <  <  Rl 

(7.48) 

Rcd  becomes 

R 

CD  —  Y~  - 2  RL 

L12  or 

(7.49) 

where  a  is  given  by 

\u 

(7.50) 

Equation  (7.49)  defines 

a  condition  secured  by  an 

“ideal”  trans- 

former.  Since  the  inductance  of  a  coil  of  very  closely  coupled 
turns  is  proportional  to  the  square  of  the  number  of  turns,  (7.49) 
may  be  written 


L 


(7.51) 
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This  is  a  very  useful  approximation.  If  the  losses  in  the  transformer 
are  negligible, 

I\Rcd  =  I\Rl  (7.52) 


and 


Eln  =  E%f 
Rcd  Rl 


(7.53) 


whence,  from  (7.50)  and  (7.52), 


Ecd  N 1  1 2  1 

Eef  -A^2  1 1  a 


(7.54) 


Equation  (7.54)  shows  the  relationship  between  primary  and 
secondary  voltages  and  currents  for  an  ideal  transformer. 

The  conditions  which  must  be  fulfilled  to  make  an  actual  trans¬ 
former  approach  the  ideal  are,  first,  that  wL2  be  much  larger  than 
Rl,  (7.43);  second,  that  k  =  1,  (7.45);  third,  that  Rj_  and  R2  be 
negligible  as  stated  in  (7.47)  and  (7.48) ;  fourth,  that  effects  of 
stray  capacitance  between  turns  and  coils  be  negligible. 

The  first  condition  cannot  be  met  at  low  frequencies  since  wZ/2 
is  small.  The  second  condition  cannot  be  met  at  high  frequencies 
since  the  term  juLi(l  —  k 2)  becomes  appreciable  as  w  increases  even 
when  1  —  k2  is  small.  The  fourth  condition  cannot  be  met  at  very 
high  frequencies  since  the  effects  of  stray  capacitance  increase  with 
frequency.  As  a  result  of  these  limitations  an  actual  transformer 
can  be  considered  as  ideal  only  within  a  limited  range  of  frequencies. 
(The  frequency  response  of  transformers  is  described  in  more  detail 
in  Chap.  XIII.)  The  third  requirement  is  necessary  for  high 
efficiency  of  power  transformation  and  is  introduced  into  the 
ideal-transformer  definition  because  it  simplifies  the  expressions  for 
impedance,  voltage,  and  current  ratios. 

8.  Mechanical  Analogies  in  the  Impedance -matching  Problem. 
The  impedance  of  an  electric  circuit  is  the  complex  ratio  of  voltage 
applied  across  two  terminals  of  the  circuit  to  the  current  at  the 
terminals.  In  mechanical  terms  this  is  analogous  to  the  ratio  of 
force  applied  to  a  mechanical  system  to  the  velocity  of  motion  of  the 
part  of  the  system  where  the  force  is  applied,  the  velocity  being 
assumed  in  the  direction  of  the  force.  If  the  motion  is  rotary,  the 
mechanical  impedance  is  the  ratio  of  torque  to  angular  velocity. 
Thus  any  mechanical  device  that  changes  the  force-velocity  ratio 
is  an  impedance-transforming  device,  or  matching  system. 

A  system  of  gears  used  to  transform  the  torque-angular-velocity 
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ratio  is  a  matching  device.  When  an  automobile  is  starting  from 
rest,  the  power  input  to  the  rear  wheels  must  be  at  high  torque  and 
low  angular  velocity.  Later,  when  the  automobile  is  moving,  the 
required  torque  is  much  smaller  but  the  angular  velocity  is  much 
greater.  At  the  start  the  impedance  presented  by  the  drive  shaft 
is  high  compared  with  the  impedance  when  the  automobile  is  mov¬ 
ing  at  moderate  speeds  on  level  ground.  The  automobile  engine 
on  the  other  hand  develops  a  maximum  torque  at  a  particular 
angular  velocity  and  has  a  maximum  power  output  at  a  somewhat 
higher  angular  velocity.  The  familiar  torque-speed  and  output- 
horsepower-speed  characteristic  curves  for  an  engine  are  graphical 
expressions  of  the  optimum  impedance  conditions  for  the  engine  as 
a  generator  of  power.  The  transmission  in  the  automobile  is  the 
adjustable  matching  device  between  the  engine  and  the  wheels. 
Shifting  gears  changes  the  impedance  ratio. 

Consider  the  pedaling  of  a  bicycle  and  suppose  the  two  sprockets 
to  be  of  the  same  size,  this  being  unusual  but  possible  in  the  design 
of  a  bicycle.  Under  these  conditions  the  force  required  to  pedal  the 
bicycle  will  be  quite  small,  for  operation  on  level  ground,  but  it 
would  require  very  rapid  pedaling  to  get  normal  speed.  The 
impedance  is  too  low  for  effective  energy  transfer  to  the  bicycle. 
However,  this  sprocket  arrangement  would  be  ideal  for  riding  up 
steep  hills,  where  the  ordinary  sprocket  ratio  would  present  too  high 
an  impedance  to  the  rider  so  that  he  would  be  unable  to  deliver 
energy  to  the  pedals  at  anything  like  the  usual  rate. 

The  handle  on  an  old-fashioned  water  pump  is  a  matching 
device  to  transform  the  impedance  of  the  piston  to  a  somewhat 
lower  value  so  that  the  power  source,  the  arm  and  the  hand  of  the 
operator,  can  work  at  the  ideal  force-velocity  ratio. 

Thus  the  matching  problem  is  by  no  means  confined  to  electrical 
engineering  but  is  a  familiar  and  important  problem  in  many  other 
fields. 


CHAPTER  VI 

TRANSIENTS 

1.  Introduction. — The  study  of  transients  in  electrical  or 
mechanical  systems  involves  an  analysis  of  the  sequence  of  events 
immediately  following  a  disturbance  of  the  equilibrium  of  the 
system.  Thus  the  angular  displacement  of  a  pendulum  from  its 
equilibrium  position  gives  rise  to  a  transient  series  of  oscillations, 
which  eventually  dies  out,  leaving  the  pendulum  in  its  original 
position.  The  same  pendulum  under  water  would  make  fewer 


Fig.  1.1. — Transient  angular  displacement  6  of  a  pendulum  plotted  against  time 
for  three  assumed  viscosities  of  the  surrounding  medium:  (a)  in  air;  ( b )  in  water; 
(c)  in  heavy  oil. 

oscillations  for  the  same  initial  conditions  and  if  in  a  very  viscous 
oil  might  not  oscillate  at  all  but  slowly  move  back  to  its  position  of 
equilibrium.  The  three  curves  in  Fig.  1.1  represent  the  angular 
displacement  of  the  pendulum  for  these  three  transients. 

The  general  objective  in  the  analysis  of  transients  in  electrical 
systems  is  to  express  in  mathematical  form  the  voltage-time, 
current-time,  and  charge-time  relationships  at  various  points  in  the 
system.  Since  the  analysis  of  two-element  series  circuits  is  simpler 
than  that  for  the  more  general  case,  the  transient  equations  for  the 
resistance-inductance  and  resistance-capacitance  circuits  will  be 
developed  first. 

2.  Resistance -Inductance  Circuit. — Consider  the  circuit,  Fig. 
2.1,  consisting  of  a  resistance  R  and  an  inductance  L  in  series  with  a 
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switch  and  battery.  Assume  in  this  and  in  subsequent  circuits  that 
the  battery  has  zero  internal  impedance.  If  this  is  not  so,  it  is 
necessary  merely  to  add  the  internal  impedance  of  the  battery  or 
generator  to  the  impedance  of  the  circuit  and  proceed  with  the 
analysis.  When  the  switch  in  Fig.  2.1  is  closed,  the  battery 
voltage  E  is  applied  to  the  circuit  and  current  flows,  giving  rise  to 
voltage  across  the  resistance  and  across  the  inductance.  The 
voltage  eR  across  the  resistor  R  measured  in  the  direction  of  the 
current  is 

eR  ==  —  Ri 

where  i  is  the  instantaneous  current.  The  voltage  eL  across  the 
inductance  L  is  ^ 


T  di 

Cl~  ~Ldt 


where  di/dt  is  the  instantaneous  Fig.  2.1.— Resistance-inductance  se- 
time  rate  of  change  of  the  current  i.  ries  circult- 

Note  that  di/dt  in  an  inductance  must  always  be  finite  since  the 
voltage  eL  across  the  inductance  must  always  be  finite.  This 
means  that  the  current  through  an  inductance  never  can  jump  instan¬ 
taneously  from  one  value  to  another.  The  change  must  always  take 
a  finite  time.  This  is  one  of  the  fundamental  facts  in  the  analysis 
of  transients. 

Conforming  to  the  general  convention  as  to  current  and  voltage 
signs,  currents  are  positive  when  they  flow  clockwise  in  a  given 
mesh,  and  voltages  also  are  taken  as  positive  when  they  are 
clockwise. 

Applying  Kirchhoff’s  voltage  law  to  the  circuit  of  Fig.  2.1, 


E  -  Ri  -  L  5-*  =  0 
dt 

Rearranging  terms  to  separate  the  variables, 

—  R  di  R  , 

_ -  —  — r  at 

E  -  Ri  L 


Since  a  general  relationship  between  current  and  time  is  wanted, 
this  equation  will  be  integrated  between  time  limits  zero  and  t , 
where  t  is  measured  from  the  instant  of  closure  of  the  switch;  since 
in  this  case  the  current  must  be  zero  when  the  switch  is  open,  the 
current  limits  of  integration  are  zero  and  i  where  i  is  the  instan¬ 
taneous  current  at  time  t. 
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Introducing  these  limits, 


Integrating, 


log* 


(2.2) 


or,  in  exponential  form, 

*  =  |  (1  -  *-Rt/L)  (2.3) 

The  solid  line  of  Fig.  2.2  is  a  graph  of  (2.3). 

Certain  features  of  this  curve  are  important.  The  term 
t-m/L  approaches  zero  as  t  approaches  infinity;  hence  the  current 


Fig.  2.2. — Graph  of  current  versus  time  for  the  series  LR  circuit  of  Fig.  2.1. 


approaches  E/R  as  a  final  steady  value.  This  final  current  is  shown 
in  the  graph  as  a  horizontal  dotted  line.  The  voltage  drop  across 
the  resistance  becomes  equal  to  the  applied  voltage  E,  while  the 
voltage  across  the  inductance  becomes  zero  since  the  current  is 
constant.  On  the  other  hand,  at  the  beginning  of  the  transient 
the  current  is  zero ;  hence  at  the  instant  of  closure  of  the  switch  the 
battery  voltage  E  appears  as  a  voltage  drop  across  the  inductance. 

The  slope  of  the  current-time  curve  is  given  by  the  time  deriva¬ 
tive  of  (2.3)  and  is 

di  __  E 

dt~  l€ 


(2.4) 
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At  time  t  —  0, 

di |  =  E 

dt]t=o  L 

This  is  the  initial  slope  of  the  current-time  curve. 

Equation  (2.3)  indicates  that  the  current  never  reaches  the  final 
value  i  =  E/R .  However,  when  the  value  of  the  exponent  Rt/L  is 
numerically  equal  to  5,  the  term  e~Rt/L  is  equal  to  0.00674,  which  sub¬ 
tracted  from  1  gives  0.993,  so  that,  when  t  —  5L/R ,  i  —  0.993 E/R. 
That  is,  the  current  has  increased  from  zero  to  99.3  per  cent  of  its 
final  value  in  a  time  equal  to  5 L/R.  Since  the  time  for  any  degree 
of  completion  always  will  be  expressed  in  terms  of  some  numerical 
constant  multiplied  by  L/R,  it  is  convenient  to  define  the  time  con¬ 
stant  of  a  resistance-inductance  circuit  as  tc  =  L/R.  At  this  time, 

»]  =  f(1  -  e"1)  =  0.632 1  (2.5) 

In  general,  the  time  constant  is  the  time  when  the  change  in 
current  or  voltage  from  the  initial  state  to  the  final  state  is  63.2 
per  cent  complete.  The  time  constant  has  another  interpretation. 
Suppose  that  the  current  kept  increasing  from  zero  to  its  actual 
final  value  i  ~  E/R  at  the  initial  rate  of  increase  di/dt  =  E/L. 
The  current  would  reach  its  actual  final  value  E/R  in  time  L/R, 
since  the  tangent  of  the  initial  angle  is  E/L.  Figure  2.2  illustrates 
these  slopes,  currents,  and  times. 

To  examine  the  effects  of  varying  the  parameters  of  the  circuit, 
first  let  L  be  increased,  eveiything  else  remaining  unchanged.  The 
effects  are  a  smaller  initial  slope  and  a  longer  time  to  reach  any 
given  percentage  of  the  final  value,  i.e .,  a  longer  time  constant.  A 
decrease  in  L  results  in  a  steeper  initial  slope  and  a  shorter  time 
constant,  as  indicated  in  Fig.  2.3.  In  each  case  the  final  value  of 
the  current  is  E/R  and  is  the  same  since  R  has  not  been  changed. 

Varying  the  magnitude  of  R  does  not  affect  the  initial  slope  but 
does  affect  the  final  current.  Increasing  R  reduces  the  final  cur¬ 
rent  and  decreases  the  time  constant.  The  effects  of  varying  R 
are  shown  in  Fig.  2.4. 

Increasing  E  increases  both  the  initial  slope  and  the  final  current 
but  does  not  affect  the  time  constant. 

Another  type  of  transient  occurs  when  a  current  in  an  inductance 
dies  out.  Equation  (2.2)  is  derived  by  integrating  from  zero  initial 
current  to  current  i  at  time  t.  Since  many  transients  to  be  dealt 


130 


TRANSIENTS 


[Chap.  VI 


with  recur  at  regular  time  intervals,  it  will  be  necessary  usually  to 
integrate  from  some  initial  value  of  current  z'i,  where  i\  is  the  current 
at  the  instant  the  switching  or  other  initiating  action  occurs. 

Figure  2.5  shows  a  circuit  in  which  the  current  i  for  the  part 
of  the  circuit  indicated  may  flow  after  the  switch  is  opened.  When 
the  switch  is  closed  for  the  first  time,  the  current  through  Rx  jumps 


Fig.  2.3.- — Effect  of  varying  the  inductance  L  while  the  resistance  R  and  the  applied 
voltage  E  are  held  constant. 


Fig.  2.4. — Effect  of  varying  the  resistance  R  while  the  inductance  L  and  the  applied 
voltage  E  are  held  constant. 

instantly  to  the  value  E/R\  and  continues  at  this  value  as  long  as 
the  switch  remains  closed.  The  current  through  R2  and  L  is,  from 
(2.3), 

i  =  f-  (1  -  (2.6) 

■ft  2 

Let  this  current  increase  from  an  initial  value  0  to  a  value  im  at  tm. 
At  time  tm  let  the  switch  be  opened.  The  voltage  equation  around 


Sec.  2]  RESISTANCE-INDUCTANCE  CIRCUIT  131 


i 


LT 

+  < 

:=:E 

e"i|Ri  :  i 

L_ 

1 

(a) 


Fig.  2.5. — (a)  Circuit  containing  resistance  and  inductance;  ( b )  graph  of  current 
through  Ri  and  L  when  the  switch  is  closed  and  opened  again;  (c)  graph  of  current 
through  Rz  and  L  when  switch  is  closed  and  opened  repeatedly  at  the  interval 
indicated. 
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the  circuit  Rv,  L ,  Ri  is  now 

-HRi  +  R,)  ~Ljt  =  0  (2.7) 

Since  the  current  through  the  inductance  cannot  change  instan¬ 
taneously,  the  integration  is  from  im  and  the  expression  for  the 
current  is 

i  =  ime  l  (2.8) 


Equation  (2.8)  describes  the  transient  decrease  of  current  in  the 
circuit.  Note  that  now  the  time  constant  for  the  decrease  in  i 
is  L/(Ri  +  R2),  which  is  smaller  than  that  for  the  increase.  Figure 
2.5 b  shows  the  transients  for  current  through  R2  and  L  after  closing 
and  also  after  opening  the  switch,  it  being  assumed  that  a  long  time 
elapses  between  the  closing  and  the  opening. 

If  the  switch  is  reclosed,  (2.1)  applies.  If  the  reclosure  of  the 
switch  occurs  before  the  current  dies  out,  (2. 1)  must  be  integrated 
from  the  value  of  the  current  in  at  the  instant  of  reclosure  of  the 
switch,  and 

i  =  M-  (1  —  «-«’"*)  +  (2.9) 

IC2 


Figure  2.5 c  shows  the  current  through  L  and  R2  resulting  from 
opening  and  closing  the  switch  at  regular  intervals.  As  shown,  the 
interval  between  opening  and  closing  is  equal  to  L/R2,  the  process 
being  repeated  indefinitely.  It  is  assumed  for  Fig.  2.5  that 
Ri  —  2R2. 

The  voltage  across  R\  is  E  while  the  switch  is  closed.  While  the 
switch  is  open,  the  voltage  is 


eRl  =  —  iRi  =  imRie  L  (2.10) 


The  maximum  value  that  im  can  have  is  E/R2.  Then  the  maximum 
value  of  |z/ih|  while  the  switch  is  open  is 


(2.11) 

If  Ri  is  larger  than  R2,  the  voltage  across  Ri  at  the  time  of  opening 
the  switch  is  larger  than  the  battery  voltage,  as  shown  in  Fig.  2.5 
for  Ri  =  2R2. 
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where  im  is  the  current  through  R2  when  the  switch  is  opened. 
Figure  2.66  shows  the  current  through  R2  as  a  function  of  time  after 
closing  and  also  after  opening  the  switch,  a  long  time  elapsing  after 
opening  the  switch  so  that  the  steady  state  exists.  Figure  2.6c 
shows  the  recurring  transients  that  occur  when  the  switching  is 
repeated  at  regular  intervals,  the  interval  between  operations  being 
L/R2.  Again  in  this  circuit  there  will  be  a  voltage  developed  across 
R i  when  the  switch  is  opened.  At  the  instant  of  opening  the  switch 
the  voltage  across  R\  is  greatest  and  is 

@R\  =  imR\ 

which  can  have  a  maximum  value 

|e*,U  =  E  (2.14) 

Here  again  the  voltage  across  Ri  at  the  instant  of  opening  the  switch 
may  be  many  times  the  battery  voltage. 

An  extreme  case  of  this  type  of  transient  arises  when  the  switch 
in  a  circuit  like  that  of  Fig.  2.1  is  opened.  In  this  case  the  resistance 
in  parallel  with  the  switch  is  infinite;  and  if  there  were  no  other 
limiting  factors,  the  voltage  across  the  switch  would  be  infinite 
when  the  switch  is  opened,  according  to  (2.14),  where  Ri  is  infinite. 
One  of  the  limiting  factors  is  the  capacitance  between  the  switch 
contacts  as  they  part.  This  effect  will  be  discussed  later.  Also  as  a 
result  of  the  high  voltage  developed  across  the  switch  when  opened, 
an  arc  strikes  across  the  contacts  so  that  opening  the  switch  inserts, 
not  an  infinite  resistance  in  series  with  the  circuit,  but  the  finite 
resistance  of  the  arc.  Since  the  resistance  of  an  arc  is  not  fixed,  it  is 
difficult  to  analyze  the  problem  and  calculate  the  exact  voltage 
developed  across  the  opening  contacts.  There  is,  however,  the 
possibility  of  developing  high  voltages  for  brief  periods  of  time  by 
opening  inductive  circuits.  These  voltages  may  be  destructive 
since  they  may  cause  insulation  breakdown  in  the  inductance  or 
elsewhere  in  the  circuit.  The  arc  at  the  switch  causes  pitting  and 
burning  of  the  contact  surfaces.  A  circuit  for  the  suppression  of 
such  arcs  will  be  discussed  later. 

Equations  involving  two  exponential  terms,  such  as  (2.9), 
(2.12),  (2.13),  may  be  thought  of  as  representing  two  simultaneous 
transients  in  the  circuit:  the  building  up  of  the  current  to  the  new 
steady  state  as  expressed  by  the  first  term,  and  the  dying  out  of  the 
current  from  the  initial  value  as  expressed  by  the  second  term. 
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Figure  2.7  shows  the  two  terms  of  (2.12)  plotted  separately  and  in 
sum  in  order  to  bring  out  the  further  significance  of  the  time  con¬ 
stant  and  the  initial  slopes.  Note  that  the  change  from  the  initial 
value  in  to  the  final  value  E/R 2  is  63.2  per  cent  complete  at  the 
time  tc  =  L/R2.  The  curve  for  i  is  the  same  as  would  be  obtained 
if  the  curve  (E/R2)(l  -  e~Rit/L)  were  moved  bodily  to  the  left  until 
it  intersected  the  vertical  axis  at  in  and  only  the  part  to  the  right 
of  the  vertical  axis  were  retained. 


"  . .  L/Rz  t~ 

Fig.  2.7. — Graph  of  equation  (2.12)  showing  the  terms  plotted  separately  and  in 

total. 

Consider  the  energy  input  by  the  battery  to  the  LR  circuit  of 
Fig.  2.1.  At  any  instant  the  voltage  across  the  inductance  is 
L  di/dt,  and  the  current  is  i.  Therefore  the  instantaneous  power 
input  to  the  inductance  is  p  =  eLiL  =  Li  di/dt  watts,  and  the  total 
energy  input  in  watt-seconds  is 

-  /„'“!<* 

or  in  terms  of  current 

U l  =  J  Li  di  =  -%Li2  (2.15) 

This  is  the  total  energy  input  to  the  inductance  when  the  current  is 
increased  from  zero  to  i.  The  energy  input  to  an  inductance  is 
stored  energy  because  it  is  released  into  the  circuit  when  the  current 
is  reduced  to  zero  again.  Part  of  this  energy  is  dissipated  in  the  arc 
Across  the  switch  contacts  when  an  inductive  circuit  is  opened.  The 
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energy  stored  in  an  inductance  is  in  the  form  of  a  magnetic  field 
around  the  conductors  that  form  the  inductance.  An  increase  in 
the  current  through  a  given  conductor  causes  the  number  of  mag¬ 
netic  lines  of  force  in  the  field  to  increase,  and  it  is  the  cutting  of 
the  conductor  by  these  lines  of  force  that  sets  up  the  voltage 
L  di/dt  that  opposes  the  increase  of  current.  The  emf  applied  to 
the  circuit  does  work  in  establishing  the  current  against  this 
counter  emf  =  L  di/dt.  Any  attempt  to  diminish  the  current 
brings  about  the  collapse  of  the  magnetic  field,  which  again  cuts  the 
conductor;  this  time  the  magnetic  field  is  changed  in  the  opposite 
direction  and  induces  a  voltage  that  tends  to  maintain  the  current. 
The  action  of  the  inductance  is  to  oppose  any  change  in  current. 

In  mechanics,  the  quantity  mass  is  analogous  to  inductance. 

Consider  the  forces  acting  on  a  mass 
falling  in  a  uniform  gravitational 
field.  If  all  the  forces  that  act  on  a 
falling  body  are  indicated  as  vectors, 
the  result  is  the  so-called  “free- 
body  ”  diagram,  Fig.  2.8.  The  draw¬ 
ing  of  the  free-body  diagram  of  a 
single  particle  is  the  mechanical 
equivalent  of  indicating  the  various 
voltages  around  a  single  closed  elec¬ 
tric  circuit.  Equating  to  zero  the 
sum  of  all  the  forces  on  the  falling  body, 

W  —  ma  —  bv  =  0 
or 

di) 

m  +  bv  =  W  (2.16) 

Integrating  and  solving  for  v, 

W 

v  =  -y  (1  -  e~bt/m)  (2.17) 

or  if  there  is  an  initial  downward  velocity  v0, 

W 

V  =  y  (1  -  e~bt'm)  +  (2.18) 

These  equations  for  velocity  have  the  same  form  as  (2.3)  and  (2.9) 
for  current  in  resistance-inductance  circuits.  If  mass  is  considered 
as  the  mechanical  analogue  of  inductance,  velocity  is  analogous  to 


ma 


bv 


W 


m=mass 
a  =  acceleration 
b- frictional  constant 
v=  velocity 
W=  weight  or  force  of 
gravity  on  the  mass  m 


Fig.  2.8. — Free-body  diagram 
of  a  body  falling  in  a  resisting 
medium  under  a  constant  down¬ 
ward  force  Wf  its  weight. 
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current  and  force  to  voltage.  The  quantity  b  in  (2.16)  is  a  sort 
of  mechanical  resistance  that  depends  on  the  viscosity  of  the  medium 
in  which  the  body  falls  and  on  the  shape  of  the  body.  Thus  a 
man  falling  through  the  air  with  his  parachute  unopened  would 
have  a  relatively  small  value  of  b ,  his  final  velocity  would  be  quite 
large,  and  the  time  required  to  reach  any  proportion  of  this  final 
velocity  would  be  relatively  long.  The  man  falling  with  the  para¬ 
chute  open  would  have  a  much  smaller  final  velocity  and  would 
reach  that  velocity  in  a  relatively  shorter  time,  this  being  an 
example  of  a  large  value  of  b  and  consequently  a  small  value  of  the 
time  constant  m/b.  If  the  man  could  alternately  open  and  close 
the  parachute  at  regular  intervals,  the  graph  of  his  downward 
velocity  vs.  time  would  have  the  same  form  as  that  of  Fig.  2.6c. 

In  connection  with  Figs.  2.5,  2.6,  attention  was  called  to  the 
possibility  of  producing  large  voltages  from  relatively  small  ones 
by  means  of  the  circuits  shown.  A  mechanical  analogue  of  this 
condition  is  force  developed  by  a  hammer  upon  striking  a  nail. 
It  is  impossible  for  a  man  to  exert  sufficient  force  with  his  hand  to 
push  a  spike  into  a  piece  of  lumber.  However,  by  exerting  a 
relatively  small  force  over  a  period  of  time  while  swinging  the 
hammer,  he  can  accelerate  the  mass  of  the  hammer  up  to  a  certain 
velocity.  When  this  mass  strikes  the  head  of  the  spike,  the  stored 
kinetic  energy  is  given  up  to  the  spike,  the  forward  velocity  of  the 
hammer  is  abruptly  reduced,  and  the  resultant  force  is  sufficient 
to  push  the  nail  into  the  wood.  The  operation  of  the  hydraulic 
ram  is  another  good  example  of  this  sort  of  mechanical  transient. 

The  work  done  in  accelerating  a  mass  is  given  by  the  familiar 
work  integral 


but  since 


U 


force  *  distance 


-/ 

-  /  m7td‘ 


ma  ds 


v  = 


U 


=f: 


ds 

dt 


mv  dv  —  imv‘ 


(2.19) 
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This  is  the  expression  for  the  kinetic  energy  of  a  mass  in  motion 
and  is  analogous  to  the  magnetic  energy  stored  in  an  inductance 

UL  = 

3.  Capacitance-Resistance  Circuit. — The  range  of  possible  time 
constants  for  an  inductance-resistance  combination  is  restricted 

somewhat  by  the  fact  that  a 
physical  inductor  has  an  appreci- 
D  able  inherent  resistance.  Thus 

the  time  constant  for  an  induct¬ 
ance-resistance  circuit  cannot  be 
greater  than  L/Rl  where  L  and  RL 
are  the  inductance  and  resistance 
of  the  inductor.  There  is  no  such 
limitation  in  capacitance-resistance  circuits  since  it  is  possible  to 
build  capacitors  in  which  the  series  resistance  is  negligibly  small. 
The  capacitance-resistance  circuit  has  many  and  varied  applications 
in  electronic  equipment. 

Figure  3.1  shows  a  circuit  made  up  of  resistance  and  capacitance 
in  series  with  a  switch  and  a  battery.  Kirchhoff’s  voltage  equation 
for  the  circuit  is 


_U 

n 


Fig.  3.1. — Circuit  of  resistance 
and  capacitance  in  series  with  a 
switch  and  battery. 


E  -  Ri  -  ±  =  0 


(3.1) 


where  E  is  the  battery  voltage,  —Ri  is  the  voltage  across  the  resist¬ 
ance,  and  —q/C  is  the  voltage  across  the  capacitance.  The 
current  i  is  assumed  positive  when  it  flows  clockwise  in  the  circuit, 
and  the  charge  q  on  the  capacitor  is  assumed  positive  when  the 
voltage  across  the  capacitor  is  positive  on  the  left  as  indicated. 
The  current  into  a  capacitor  equals  the  rate  of  increase  of  charge, 
i  =  dq/dt.  Since  the  current  cannot  be  infinite,  the  charge  on  the 
capacitor  cannot  change  at  an  infinite  rate.  Therefore,  the  voltage 
across  a  capacitor  cannot  jump  suddenly  from  one  value  to  another. 
This  is  another  fundamental  concept  in  the  study  of  transients. 

Equation  (3.1)  may  be  written  in  terms  of  q  as 

S-«|-C  »2> 

This  is  of  the  same  form  as  (2.1).  Integration  between  the  limits 
of  initial  charge,  q0  at  time  t  =  0,  to  a  general  value  of  q  at  any  time 
t  results  in 

q  =  CE{  1  -  e-l'CR)  +  q0e-t/CR  (3.3) 
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The  corresponding  current  is 

p  _  Qo 

dq_  _ C  (3.4) 

1  ~  dt~  R 

Figure  3.2  is  a  plot  of  (3.3)  where  the  initial  charge  on  the  capacitor 
is  zero,  that  is,  qQ  =  0.  The  graph  shows  the  relationship  between 


Fig.  3.2. — Graph  of  charge  vs.  time  for  the  circuit  of  Fig.  3.1.  when  the  initial 
charge  on  the  capacitor  is  zero. 


Fig.  3.3. — Graph  of  current  vs.  time  for  the  same  conditions  as  those  of  Fig.  3.2. 

the  time  constant  RCy  the  initial  slope  E/R,  and  the  final  value  of 
the  charge  CE.  Figure  3.3  is  the  graph  of  (3.4)  showing  the  current 
for  the  same  transient. 

Figures  3.4  and  3.5  show  the  effects  of  varying  the  series  resist¬ 
ance  R .  Since  the  final  value  of  charge  (after  an  infinite  time)  is 
independent  of  the  resistance,  all  the  charge  curves,  Fig.  3.4, 
approach  the  same  final  value  at  rates  depending  on  the  time  con¬ 
stant.  The  corresponding  current  curves,  Fig.  3.5,  all  enclose  the 
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Fig.  3.4. — Graph  of  charge  vs.  time,  showing  the  effect  of  varying  the  resistance  R. 


Fig.  3.5, — Graph  of  current  vs.  time,  showing  the  effect  of  varying  the  resistance 

R. 


Fig.  3.6. — Graph  of  charge  vs.  time,  showing  the  effect  of  varying  the  capacitance  C. 
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same  area  between  zero  and  infinity  since  the  area  under  the  curve 


i  dt  =  CE,  which  is  constant  when  C  and  E  are  constant. 


Figures  3.6  and  3.7  show  the  results  of  varying  the  capacitance. 
When  an  external  voltage  is  suddenly  applied,  it  must  all  appear 
across  the  resistance,  since  the  voltage  across  a  capacitance  cannot 
change  instantaneously.  Thus  the  initial  current  is  E/R  and  is  the 
same  for  all  values  of  C. 


Fig.  3.7, — Graph  of  current  vs.  time,  showing  the  effect  of  varying  the  capacitance 

C. 

If  the  charge  on  the  capacitor  is  not  zero  when  the  transient 
is  initiated,  the  expression  for  the  charge  is 

q  =  CE(  1  -  e~t/CR)  +  q0e-t/CJi  (3.5) 

where  qQ  is  the  initial  charge  on  the  capacitor,  and  the  corresponding 
current  equation  is 


Notice  that  the  quantity  (E  -  q0/C)  is  the  algebraic  sum  of  the 
battery  voltage  and  the  initial  voltage  across  the  capacitor.  Equa¬ 
tions  (3.5),  (3.6)  are  plotted  in  Figs.  3.8,  3.9. 

With  initial  charge  on  the  capacitor  the  time  constant  has  the 
same  significance  as  formerly,  being  the  time  required  for  the  charge 
from  the  initial  to  the  final  value  of  charge  or  current  to  be  63.2 
per  cent  complete. 

The  first  term  on  the  right  of  (3.5)  represents  a  transient  in  which 
the  capacitor  is  charged  from  zero  charge  to  final  charge  CE. 
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This  term  is  plotted  as  a  dash  line  in  Fig.  3.8.  The  second  term 
on  the  right  of  (3.5)  represents  the  discharge  through  the  circuit 
of  the  initial  charge  g0.  This  term  is  plotted  as  a  dot-dash  line  in 
Fig.  3.8.  Thus  the  actual  charge  of  the  capacitor,  shown  as  a  solid 
line  in  Fig.  3.8,  may  be  regarded  as  the  superposition  of  two  transient 


Fig.  3.8. — Graph  of  equation  (3.5)  when  the  initial  charge  on  the  capacitor  is 

positive. 


Fig.  3.9. — Graph  of  equation  (3.6)  when  the  initial  charge  on  the  capacitor  is 

positive. 


effects,  one  the  building  up  of  the  new  charge  and  the  other  the 
decay  of  the  old  charge. 

The  solid  line  of  Fig.  3.8  is  a  section  of  the  dash  curve;  if  the 
dash  curve  is  moved  to  the  left  until  it  intersects  the  vertical  axis 
at  g0,  the  part  to  the  right  of  the  vertical  axis  coincides  with  the 
solid-line  curve.  This  is  a  particular  example  of  a  general  principle 
that  the  current-time  and  charge-time  curves  for  any  initial  condi¬ 
tion  are  sections  of  the  curves  obtained  when  the  capacitor  has  no 
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initial  charge.  Figure  3.9  shows  the  actual  current  (solid  line) 
as  the  sum  of  two  transient  currents. 

As  an  illustration  of  this  principle,  suppose  the  switch  of  Fig. 
3.1  is  closed  and  then  reopened  before  the  charging  operation  has 
been  completed,  then  closed  again  and  reopened,  this  process  being 
repeated  several  times.  During  each  interval  when  the  switch  is 
closed,  the  capacitor  accumulates  charge.  During  each  interval 


Fig.  3.10. — Effect  of  closing  and  opening  the  switch  of  Fig.  3.1  several  times;  graph 

of  charge  vs.  time. 


Fig.  3.11. — Graph  of  equation  (3.5)  when  the  initial  charge  on  the  capacitor  is 

negative. 

when  the  switch  is  open,  the  charge  remains  fixed.  The  resulting 
charge  vs.  time  curve  is  shown  in  Fig.  3.10.  The  rising  portions 
of  this  curve  are  portions  of  the  curve  that  would  be  obtained  if 
the  switch  had  remained  closed.  That  is,  if  the  intervals  when  the 
switch  is  opened  were  disregarded  and  the  rising  portions  of  the 
curve  shifted  horizontally  to  the  left  to  eliminate  the  horizontal 
portions,  the  resultant  curve  would  be  the  same  as  though  the  switch 
had  never  been  opened. 

The  solid-line  curves  of  Figs.  3.11  and  3.12  are  graphs  of  (3.5) 
and  (3.6)  when  the  initial  charge  of  the  capacitor  is  negative,  the 
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dash  and  dot-dash  curves  representing  the  first  and  second  terms 
on  the  right  of  (3.5)  and  (3.6)  for  this  case.  The  dash  curves  would 
obtain  if  the  initial  charge  were  zero,  and  the  curves  for  the  actual 
charge  and  current  are  sections  of  the  dash  curves  moved  to  the  right. 


Fig.  3.12. — Graph  of  equation  (3.6)  when  the  initial  charge  on  the  capacitor  is 

negative. 


The  case  of  negative  initial  charge  is  of  particular  importance  when 
a  square-wave  voltage  is  applied  to  the  capacitance-resistance 
circuit. 

In  a  series  capacitance-resistance  circuit,  the  current  approaches 
zero  after  a  long  time,  and  the  charge  q  on  the  capacitor  approaches 

CE.  Thus  the  voltage  across  the 
capacitor  becomes  equal  and  opposite 
to  the  battery  voltage.  If  now  the 
switch  is  opened  and  the  battery  is 
replaced  by  a  wire,  reclosing  the  switch 
will  initiate  another  transient.  The 
circuit  is  shown  in  Fig.  3.13.  The  sum  of  the  voltages  around  the 
circuit  is 


_L  R 


Fig. 


3.13. — Simple  form 
series  CR  circuit. 


of 


so  that 


and 


ill  ^  —  0 


-R  ^7  = 
at 


dq 

q 


(3.7) 


RC 


dt 


Integrating  from  q  =  q0  (the  initial  charge  at  the  time  of  closing 
the  switch), 

q  =  q0e-*/CR  (3.8) 
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i 


c-t/CR 

CR 


(3.9) 


Graphs  of  the  complete  charge  and  discharge  are  shown  in  Fig.  3.14. 
The  current  during  discharge  is  opposite  in  direction  to  that  during 
charge  and  is  plotted  negatively.  The  same  time  constant  tc  =  CR 
holds  for  all  the  curves  and  is  a  function  of  C  and  R  only  and  not 
of  initial  or  boundary  conditions. 


Fig,  3.14. — Curves  of  charge  and  current  for  a  charging  operation  and  a  discharging 

operation. 

The  quantity  mass  in  mechanics  was  shown  to  be  analogous 
to  inductance  in  an  electric  circuit.  Capacitance  also  has  an 
analogue  in  mechanics,  expressible  in  terms  of  the  elastic  deforma¬ 
tion  of  mechanical  systems  under  mechanical  forces.  The  com¬ 
pressing  of  a  spring  or  a  volume  of  gas  is  analogous  to  the  charging 
of  a  capacitor.  Hooke’s  law  relates  the  displacement  to  the  force 
producing  the  displacement  and  to  the  stiffness  of  the  spring  or 
other  elastic  body. 

4.  Applications  of  CR  Circuits. — CR  circuits  having  different 
time  constants  are  extremely  useful  in  electronic  applications. 
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The  characteristics  of  these  circuits  are  brought  out  by  considering 
their  response  to  an  applied  voltage  having  square  or  rectangular 
waveform.  Such  a  voltage  is  usually  generated  by  an  electronic 
device,  but  the  result  is  equivalent  to  a  battery  applied  to  a  circuit 
through  a  quick-reversing  commutator  in  such  a  manner  that  there 


CR=3.J3j 

CR=3.33| 


Fig.  4.1. — Voltage  waveforms  resulting  from  the  application  of  a  square  wave  to  a 
CR  circuit,  for  the  time  constants  indicated. 


is  no  interval  when  the  circuit  is  open  and  the  applied  voltage  has 
equal  intervals  of  positive  and  negative  polarity. 

Figure  4.1  shows  the  voltage  across  the  elements  of  a  series 
CR  circuit  having  various  time  constants,  the  applied  voltage  having 
the  square-wave  form  of  Fig.  4.16.  The  curves  c  and  d  are  the 
voltage  across  the  capacitor  and  the  voltage  across  the  resistor  in  a 
circuit  whose  time  constant  is  very  small  compared  with  the  period 
T  of  the  square  wave.  The  curves  e  and  /  are  for  a  circuit  whose 
time  constant  is  equal  to  the  half  period  T/2  of  the  square  wave. 
The  curves  g  and  h  are  for  a  time  constant  larger  than  T. 
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The  circuit  having  a  very  small  time  constant  is  often  called  a 
differentiator  or  peaker  circuit  Curve  d  shows  that  the  voltage 
across  the  resistance  is  a  series  of  sharp  peaks,  whence  the  name 
peaker  circuit.  Since  the  voltage  across  the  resistance  is  iR,  the 
voltage  consists  of  a  series  of  peaks  each  having  the  form  of  Fig.  3.3. 
The  small  time  constant  leads  to  a  rapid  completion  of  the  transient 
so  that  the  duration  of  the  peaks,  or  pulses,  is  very  short.  As 
shown  in  Fig.  4.1c,  the  capacitor  C  is  charged  to  +E  practically 
at  the  end  of  a  positive  half  cycle  and  to  —  E  at  the  end  of  a  negative 
half  cycle.  At  the  beginning  of  each  half  cycle  of  the  square  wave, 
the  applied  voltage  and  the  voltage  previously  built  up  across  C 
act  in  the  same  direction.  Therefore  the  peaks  of  curve  d  have  a 
value  approximately  equal  to  2 E.  This  is  an  example  of  the 
principle  enunciated  in  Sec.  3,  that  a  suddenly  applied  voltage 
appears  entirely  across  the  resistance  in  a  C/2  circuit,  since  the 
voltage  across  a  capacitance  cannot  change  suddenly.  The  alterna¬ 
tions  of  the  square  wave  involve  a  sudden  change  of  2 E  volts 
(from  ±E  to  +E ).  All  this  sudden  change  appears  across  R . 

The  name  differentiator  for  this  circuit  arises  from  a  considera¬ 
tion  of  (3.1)  when  the  applied  voltage  is  a  function  of  time  e(t ). 
Then 

e(t)=Ri  +  l  (4.1) 


By  making  R  and  C  small,  the  Ri  term  can  be  made  small  compared 
with  q/C,  so  that 


and  therefore 


q  =  Ce  (t) 

-dq^r  de(t) 
1  ~  dt  ~  °  dt 


The  voltage  across  the  resistance  is  then 

e*  =  Ri  =  RC  d4r~ 
dt 


(4.2) 


Thus  eR  is  approximately  proportional  to  the  derivative  of  the 
applied  voltage. 

Note  that  the  approximation  used  requires  that 


CR 


»<k 

dt 


^  >  >  Ri 


or 
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When  q  is  zero,  this  condition  is  violated.  Furthermore,  if  dq/dt 
is  large  as  it  is  when  de/dt  is  large,  it  is  impossible  to  maintain  the 
condition.  Whereas  the  value  of  de{t)/dt  is  infinite  at  the  instances 
of  reversal  of  the  square  wave  and  zero  at  other  times,  the  output 
voltage  of  the  differentiator  circuit  is  not  infinite  but  is  equal  to  2 E 
at  the  instants  of  reversal  and  is  not  zero  at  other  times. 

However,  by  making  CR  very  small  compared  with  the  duration 
of  the  cycle  it  is  possible  to  approach  the  conditions  of  (4.2)  when 
the  derivative  is  finite.  Making  CR  small  also  makes  the  output 
voltage  small. 

The  curves  e  and  f  for  the  circuit  having  a  time  constant  equal 
to  T / 2  show  that  the  reversal  in  the  voltage  across  C  is  considerably 
delayed  with  respect  to  the  instants  at  which  the  applied  voltage 
reverses.  This  circuit  is  used  in  certain  applications  where  the 
delay  is  the  desired  feature. 

The  circuit  having  a  very  large  time  constant  is  employed 
commonly  in  the  form  of  the  coupling  capacitor  and  grid  resistor 
in  a  resistance-coupled  amplifier.  In  this  application  the  voltage 
across  the  resistor  should  be  the  same  as  the  voltage  input.  To 
secure  this  result,  the  Ri  term  in  (4.1)  should  be  much  greater 
than  the  q/C  term  in  order  that 

eR  =  Ri  =  e(t)  (4.3) 

With  this  end  in  view  it  is  necessary  to  make  both  C  and  R  large 
or  the  time  constant  CR  large  compared  with  the  period  of  the 
input  voltage.  Thus  Fig.  4.1  h  is  a  close  approximation  to  the 
original  square  wave. 

In  some  applications  of  the  CR  circuit  having  a  large  time  con¬ 
stant,  the  output  voltage  is  taken  from  the  capacitor  and  the  circuit 
is  called  an  integrator  circuit.  Thus,  the  curve  of  Fig.  4.1gf  has 
the  same  form  as  the  integral  of  the  function  of  Fig.  4.16.  This 
integrator  action  results  when  CR  is  very  large  compared  with  the 
period  of  the  square  wave,  since  under  these  conditions,  the  capaci¬ 
tor  accumulates  only  a  small  charge;  the  q/C  term  in  (3.1)  is  then 
small  compared  with  the  Ri  term.  Suppose  any  voltage  waveform 
e{t)  is  applied  to  a  CR  circuit  so  that  e(t)  =  q/C  +  Ri.  If  q  is 
kept  small  and  the  product  CR  is  large,  which  is  true  when  the 
voltage  across  the  capacitor  is  much  less  than  that  across  the 
resistor, 


e(t)  =  Ri 


or 
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and  since  q  =  fidt  the  voltage  across  the  capacitor,  except  for  a 
constant  of  integration,  will  be  given  by 


When  variational  components  are  of  interest,  the  constant  term 
may  be  neglected. 

Thus  the  variational  part  of  the  output  voltage  is  approximately 
proportional  to  the  time  integral  of  the  variational  part  of  the 
applied  voltage.  Figure  4.16  shows  an  applied  voltage  square 
wave  and  Fig.  4.1*7  shows  the  output  waveform  of  the  integrator 
circuit  when  the  time  constant  of  the  integrator  circuit  is  1.67  times 
the  period  T  of  the  square  wave. 

U  U 

(aHNPUT  PULSES 

( b )  -OUTPUT  OF  DIFFERENTIATOR  OR  "PEAKER" 

Fig.  4.2. — Use  of  a  CR  peaker  circuit  for  sharpening  pulses. 

Integrator  and  differentiator  circuits  are  also  possible  with 
resistances  and  inductances.  The  differentiator,  or  peaker,  circuit 
is  commonly  used  as  a  pulse-sharpening  circuit.  For  example, 
the  rather  broad  pulses  of  Fig.  4.2a  when  applied  to  a  differentiator 
circuit  whose  time  constant  CR  is  small  compared  with  the  duration 
of  each  pulse  yield  the  extremely  sharp  pulses  of  Fig,  4.26.  The 
negative  portion  of  the  voltage  of  Fig.  4.26  can  be  removed  by 
methods  to  be  discussed  in  Chap.  XXIV  and  the  sharp  positive 
pulses  retained. 

As  an  example  of  the  use  of  an  integrator  consider  the  simple 
relaxation  oscillator  shown  in  Fig.  4.3.  The  thyratron  (type  884 
tube)  in  the  circuit  is  biased  to  ignite  at  some  voltage  less  than 
the  applied  battery  voltage  E.  The  resistance  R2  is  much  less  than 
Ri.  When  the  switch  is  closed,  a  current  through  7th  charges  the 
capacitor  C.  No  current  flows  through  R2  since  the  thyratron 
does  not  conduct  until  a  certain  ignition  voltage  is  reached,  deter¬ 
mined  by  and  approximately  proportional  to  the  grid-bias  voltage. 
Thus  the  capacitor  charges  until  its  voltage  reaches  the  “  firing  ” 


150 


TRANSIENTS 


[Chap.  VI 


value  for  the  tube.  It  is  the  property  of  gas  tubes  such  as  this 
one  that,  once  conduction  has  started,  the  voltage  drops  to  a  low 
value  (about  15  volts)  which  is  nearly  independent  of  the  current 
through  the  tube.  Since  R2  is  small  and  the  tube  drop  is  small, 
the  time  constant  during  the  discharge  of  the  capacitor  through 
R2  and  the  tube  is  much  less  than  that  during  the  charging  of  the 
capacitor  through  Rx.  When  the  current  through  the  tube  falls 
to  a  very  low  value,  the  tube  stops  conducting  and  the  capacitor 
is  recharged  through  Ri  as  before.  This  process  repeats  itself  in  a 

TYPE 
884 


Fia.  4.3. — Simple  relaxation  oscillator. 


Fig.  4.4. — For  the  circuit  of  Fig.  4.3,  graphs  versus  time  of  voltage  ec  across  the 
capacitor  (solid  line),  current  12  through  R2  (dash  line),  and  current  ii  through  Ri 
(dot-dash  line). 

regular  cycle.  The  whole  combination  of  circuit  and  tube  is  known 
as  a  relaxation  oscillator.  Figure  4.4  shows  the  voltage  ec  across 
the  capacitor  as  a  function  of  time.  The  values  of  ignition  voltage 
and  extinction  voltage  of  the  thyratron  form  the  upper  and  lower 
boundaries  of  the  voltage  variation.  If  the  constants  are  chosen 
so  that  (1)  the  charging  curve  of  the  capacitor  is  approximately 
a  straight  line,  (2)  the  discharge  time  is  much  shorter  than  the 
charge  time,  the  result  is  a  saw-tooth  wave  that  finds  practical 
application  as  the  sweep  voltage  for  a  cathode-ray  oscilloscope. 
Condition  (1)  is  necessary  in  order  to  make  the  horizontal  traverse 
of  the  spot  on  the  screen  linear  with  respect  to  time.  This  is 
accomplished  by  having  the  applied  d-c  potential  large  compared 
with  the  firing  voltage  of  the  tube,  the  operation  being  thus  con- 
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fined  to  a  small  portion  of  the  total  charging  curve.  Another  more 
elaborate  means  of  achieving  this  result  is  discussed  in  Chap.  XXIV. 
Condition  (2)  is  desirable  in  order  to  make  the  return  trace  on  the 
oscillograph  screen  occupy  as  short  a  time  as  possible.  This  is 
accomplished  by  making  CR2  as  small  as  possible.  It  might  be 
supposed  that  R2  could  be  made  zero,  and  this  is  actually  done  in 
some  cases.  The  real  limitation  in  this  direction  is  that  of  limiting 
the  peak  current  in  the  thyratron  in  order  to  avoid  damage  to  the 
emitter.  If  voltages  are  not  too  high  and  if  C  is  small,  it  is  quite 
possible  that  wiring  resistance  and  inductance  plus  tube  drop  will 
hold  the  current  to  a  safe  value.  The  rate  of  repetition  of  the  cycle, 
i.e.}  the  sweep  frequency,  may  be  controlled  by  varying  the  time 
constant  CRX.  Since  Ri  must  be  kept  much  larger  than  R2}  the 
range  of  variation  is  somewhat  limited.  Furthermore,  Ri  must 


R|=R2 

be  so  large  that  at  the  end  of  the  discharge  of  the  capacitor  the 
battery  cannot  maintain  enough  current  in  the  tube  to  maintain 
the  arc.  In  the  usual  application  the  variation  of  a  part  of  Rx 
is  used  as  a  vernier  frequency  control  while  the  coarse  control 
of  frequency  is  accomplished  by  changing  the  value  of  C  in  steps. 

Figure  4.4  also  shows  the  currents  through  Rx  and  R2  during  the 
cycle.  The  voltage  across  R2  has  the  same  waveform  as  the  current 
and  is  a  series  of  pulses.  The  relaxation  oscillator  here  described 
is  also  used  as  a  pulse  generator. 

Another  application  of  CR  circuits  is  that  of  suppression  of  the 
transient  in  an  LR  circuit.  It  is  pointed  out  in  Sec.  2  that  the 
sudden  opening  of  an  LR  circuit  may  result  in  dangerously  high 
voltages  and  burning  of  contact  points.  This  effect  may  be 
minimized  by  the  use  of  the  circuit  shown  in  Fig.  4.5.  With 
Ri  =  R2  =  R  and  with  the  time  constants  of  the  two  branches 
of  the  circuit  equal,  that  is,  L/Rx  =  CR2  or  L/C  =  R 2,  the  two 
currents  after  closing  the  switch  are 

n  =  ^  (1  -  (4.5) 

ic  =  J-  (4.6) 


Fig.  4.5. — Spark-suppressor  circuit. 
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and  the  total  current  through  the  switch  is  the  sum  of  these, 

i  =  ih  +  ic  =  ^  (4.7) 

Thus  current  in  the  switch  rises  immediately  to  its  final  value  and 
remains  there.  The  transient  components  cancel  exactly.  If  now 
the  switch  is  opened,  the  current  through  the  switch  must  be  zero 
so  that 

i  =  %l  +  ic  —  0 

and  under  the  conditions  assumed, 


Fig.  4.6. — Graphs  of  current  in  the  two  branches  of  the  circuit  of  Fig.  4.6. 

Then  the  voltage  across  the  LR  circuit  is 

i*  _  _ 

Ri  +Ljt  =  Ee-Rt/L  -  Ee~Rt/L  =  0 

Hence  the  voltage  across  the  switch  never  exceeds  the  battery 
voltage  E.  Figure  4.6  shows  the  currents  in  each  branch  after 
closing  and  after  opening  the  switch.  This  circuit  finds  prac¬ 
tical  application  in  the  suppression  of  arcing  at  key  and  relay  con¬ 
tact  points.  In  an  automobile  ignition  system  the  breaker  points 
are  by-passed  by  a  capacitor  to  achieve  the  same  result.  In  this 
application,  R2  of  Fig.  4.5  is  part  of  Ri ,  which  is  the  resistance  of 
the  primary  of  the  ignition  coil,  and  C  is  connected  across  the 
contacts  of  the  breaker.  The  transient  analysis  is  similar.  The 
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voltage  across  C  and  hence  across  the  contacts  never  exceeds 
the  battery  voltage  in  a  circuit  adjusted  to  critical  damping,  Sec.  5. 

It  is  also  a  property  of  the  circuit  of  Fig.  4.5  that  its  impedance 
is  a  pure  resistance  equal  to  Ri  or  R%  =  y/L/C  at  all  frequencies. 

5.  Series  LCR  Circuit. — Consider  the  series  circuit  containing 
inductance,  capacitance,  resist¬ 
ance,  connected  to  a  battery 
and  switch,  Fig.  5.1.  Kirch- 
hoff’s  voltage  law  applied  to 
this  circuit  gives 


R  L 


Fig.  5.1. — Series  LCR  circuit. 


This  equation  might  be  written  either  in  terms  of  the  charge  q 
on  the  capacitor  or  in  terms  of  the  current  L  Since  i  =  dq/dt, 
(5.1)  becomes 


LW+Rf+ht  (5-2> 

Differentiating  (5.1), 

LS  +  fii  +  c-0  (5-3) 


Equation  (5.3)  is  homogeneous;  hence  its  solution  is  somewThat 
simpler  than  that  of  (5.2).  As  the  solutions  of  the  LR  and  CR 
circuits  were  exponential  functions  of  time,  it  is  reasonable  to 
suppose  that  the  solution  of  (5.3)  is  exponential.  If  the  current 
i  is  assumed  to  have  the  form  i  =  Aekt ,  the  first  and  second  deriva¬ 
tives  will  be 

ft  -  "•*'  i  - 

Substituting  these  values  in  (5.3), 

Lk 2  Rk  £9  =  0  (5.4) 

Solving  for  k, 

k  =  “  2E  1  yJS?  ~  m  (5-5) 


The  constant  k  has  two  values  corresponding  to  the  plus  and 
minus  sign  in  front  of  the  radical.  It  is  therefore  necessary  to 
take  account  of  both  signs  in  the  expression  for  the  current.  This 
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can  be  done  best  by  writing  the  current  in  the  somewhat  more 
general  form 

i  =  A W*  +  AW*  (5.6) 

where 

‘••-scWS-ra  <6-7> 

and 

k*  =  ~  2 l~  ~  LC  ^6'8^ 

The  constants  ki  and  k2  are  functions  of  the  circuit  elements 
only,  whereas  the  constants  A  i  and  ,42  are  functions  of  both  circuit 
elements  and  the  way  in  which  the  transient  is  initiated,  that  is, 
Ai  and  A2  are  said  to  depend  on  the  initial  conditions  of  the  problem. 
For  the  general  case  it  would  be  necessary  to  know  what  voltages 
were  applied  and  where,  as  well  as  the  initial  charges  on  all  capaci¬ 
tors  in  the  circuit  and  the  initial  currents  in  all  inductive  elements. 

In  the  circuit  of  Fig.  5.1  there  can  be  no  current  when  the  switch 
is  open.  Suppose  that  the  initial  charge  on  the  capacitor  is  q0  and 
that  the  battery  voltage  E  is  applied  by  closing  the  switch.  The 
initial  conditions  then  are 


£  =  0  £  =  0  q  =  Qo 


the  initial  current  i  being  zero  because  the  current  cannot  jump 
in  value  after  closing  the  switch  owing  to  the  presence  of  L. 
Substituting  these  values  in  (5.6), 


whence 


0  —  A\  A 2 
A  2  =  - Ai 


Upon  dropping  the  subscripts  and  writing  A  =  Ai  = 
current  becomes 

i  =  A(eklt  -  ekii) 


—A  2,  the 
(5.9) 


In  order  to  evaluate  A  consider  the  voltage  equation  around 
the  circuit  when  t  =  0, 


E-if I  -£  =  0 

at_p=o  C 


so  that 


di 

dt  t-o 


L 


(5.10) 
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The  initial  slope  of  the  current-time  curve  is  given  by  the  derivative 
of  (5.9), 


(j- 1 

^  =  Akieklt  -  Ak*k« 
dt 


At  time  t  =  0, 


di 

dt 


-1  =A(ki-h) 
Substituting  the  values  of  ki  and  k2, 

*1  _  2A  IE  _  J_ 

*1-0  “  V 4L2  LC 

Equating  (5.11)  and  (5.10), 


(5.11) 


A  = 


E~  C 


2 L 


R}  _  J_ 

\  4L2  LC 


Thus  the  equation  for  the  current  is 


i  = 


c 


or  IE  _  J, 
\  4L2  LC 


(e*l«  _  e*2f) 


(5.12) 


Equation  (5.12)  can  be  written  in  several  useful  forms  according 
to  the  relative  magnitudes  of  the  quantities  1/LC  and  R2/^L 2 
appearing  in  the  radical. 

Since  the  quantity  y/l/LC  —  (R2/4L2)  has  the  dimensions  of 
frequency,  let 


/  1  R2 
\LC  4L2 

Multiplying  both  sides  of  (5.13)  by  j'  =  \/  —  l, 

■  _  \e  r 

Jo>0  \4L!  LC 


(5.13) 


Substituting  this  in  (5.12), 


E  - 


i  = 


£o 

C 


2jLo}0 


-Rt/2L 
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By  the  use  of  Euler's  identity  the  exponential  terms  may  be  replaced 
by  their  trigonometric  equivalent,  so  that 


E-p 

—T - e-W2L  sin  u0t 


(5.14) 


Equations  (5.12)  and  (5.14)  are  different  forms  of  the  same  equation. 
If  (1/LC)  <  ( R2/4:L 2),  uq  is  imaginary  by  (5.13),  and  (5.12)  is 
usually  more  convenient  for  calculating  the  current.  Equation 
(5.12)  may  also  be  written  in  the  hyperbolic  form 


[W  _  J L 

\  4L2  LC 


sinh  (y[Er~m) 


If  (1/LC)  >  (R2/ 4L2),  oj0  is  real,  and  (5.14)  is  the  more  useful  form. 

A  special  case  arises  when  1/LC  —  R2/4:L2.  Then  o)0  is  zero, 
and  (5.14)  seems  to  be  indeterminate, 

g  _  Qo 

4  -  . _ sin  ^ 


However,  by  expanding  (sin  ccQt)/oio  for  small  values  of  w0t, 


sin  o)0t 


wit 3 

~  ir +  ~5\ 


Thus  the  value  of  (sin  a)02)/wo  approaches  the  value  i  as  w0 
approaches  0,  and  the  current  for  the  special  case  of  1/LC  =  R2/4L 2 
becomes 


P  9° 

E~c 


critical 

damping 


(5.15) 


The  condition  that  (1/LC)  =  (R2/4L2)  is  known  as  critical  damping. 
Graphs  of  (5.12),  (5.14),  (5.15),  are  shown  in  Fig.  5.2  for  constant 
values  of  L  and  C  and  three  values  of  R. 

If  R  <  2  y/L/C,  the  circuit  is  said  to  be  underdamped;  i.e.y 
the  dissipation  is  small,  and  the  current  when  the  switch  is  closed 
is  oscillatory.  If  R  >  2  \^L/Cy  the  circuit  is  overdamped  and  no 
oscillations  occur,  The  condition  R  =  2  y/L/C  is  called  critical 
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damping.  There  is  no  reversal  of  current  when  the  circuit  is  over¬ 
damped  or  critically  damped. 

Consider  first  the  oscillatory  transient  represented  by  (5.14) 
and  plotted  in  Fig.  5.3.  The  coefficient  of  the  sine  term  establishes 
the  envelope,  or  boundary,  of  the  oscillations.  The  term  t~mnL 


Fig.  5.2. — Graphs  of  equations  (5.12),  (5.14),  (5.15)  with  qo  =  0  plotted  for 
three  values  of  R]  L  and  C  are  held  constant.  All  curves  have  the  same  initial  slope 
E /L  and  enclose  the  same  total  area  from  zero  to  infinity  of  time.  Areas  above  the 
time  axis  are  considered  positive,  and  areas  below,  negative. 


Fig.  5.3. — Graph  of  current  versus  time  for  an  oscillatory  transient  showing 
(a)  two  successive  maxima  of  current;  (6)  detail  of  the  first  maximum  showing  the 
difference  between  the  positive  peaks  of  the  damped  and  undamped  sinusoids. 


is  the  damping  term  and  accounts  for  the  reduction  in  the  amplitude 
of  current  peaks.  If  2 L/R  is  small  compared  with  the  period  of 
oscillation,  the  oscillation  boundaries  come  together  rapidly  and  the 
oscillation  dies  out  after  relatively  few  cycles.  If  2 L/R  is  large 
compared  with  the  duration  of  a  cycle,  the  oscillation  persists  for 
many  cycles.  The  ratio  between  the  amplitudes  of  two  successive 
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positive  peaks  i\  and  i2  of  the  current  curve  in  Fig.  5.3a  is 

11  _  e~Ril/2L  sin  cap t\ 

12  ^  Rti/2L  s^n 


where  t\  and  t2  are  the  times  when  the  current  has  the  maximum 
values  shown.  These  times  differ  by  one  period,1  so  that 


where 


Then 
and  since 


and 


—  ti  -H  To 


To 


% r  =  1 
fo 


o)ot2  —  +  27 r 


sin  o)oti  =  sin  (o>0£i  +  2?r)  =  sin  c oot2 


c-Rti/2L 

R(h+To) 
2  L 


RT  o 
2  L 


=  8 


(5.16) 


This  value  is  the  same  for  the  ratio  of  any  two  successive  positive 
(or  negative)  maxima.  The  logarithmic  decrement  5  is  the  ratio 
of  the  period  of  the  oscillation  to  the  time  constant  2 L/R  of  the 
envelope,  Fig.  5.3a.  Its  reciprocal  1/5  is  approximately  the 
number  of  complete  oscillations  of  the  current  from  the  beginning 
of  the  transient  to  the  time  when  the  amplitude  is  reduced  to  37 
per  cent  of  its  initial  amplitude  (more  correctly,  to  the  time  when 
e-Rt/2L  —  o.37).  The  logarithmic  decrement  5  =  ttR/Lo)0  =  v/Q, 
where  Q  =  Lu0/R  is  the  quality  factor  of  the  circuit.  Thus  Q/n  is 
approximately  the  number  of  oscillations  before  the  amplitude  is 
reduced  to  37  per  cent  of  the  maximum  value. 

Another  interpretation  of  the  quantity  1/5  =  Q/t  can  be 
expressed  in  terms  of  energy.  Multiplying  numerator  and  denomi¬ 
nator  of  (5.16)  by  izlai  and  inverting, 


1 

5 


j-L|  fmaxl2 


(5.17) 


Now  iL|^max|2  is  the  maximum  energy  stored  in  the  inductance  during 
a  cycle,  and  if  the  current  is  assumed  to  be  sinusoidal  (approxi- 

1  The  instant  of  current  maximum  precedes  the  instant  when  sin  wt  =  +1 
by  a  small  amount,  Fig.  5.36,  which  increases  with  the  damping.  This  amount 
is  constant  in  each  cycle  and  is  equal  to  CR/2  when  Q  is  large. 
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mately  true  if  Q  is  large)  =  I?maR,  the  average  rate  of 

energy  dissipation  in  the  circuit.  Then  iiL*RT0/2  is  the  dissipation 
per  half  cycle  of  the  oscillation.  The  fraction  1/5  =  2L/RTq  is 
approximately  the  ratio  of  maximum  stored  energy  in  the  inductance 
to  the  energy  dissipated  per  half  cycle.  Since  in  a  high-Q  circuit 
practically  all  energy  stored  in  the  inductance  at  the  instant  of 
maximum  current  is  transferred  to  the  capacitance  during  a  quarter 
cycle  and  back  again  to  the  inductance  in  the  next  quarter  cycle, 
the  maximum  energy  stored  in  the  inductance  is  approximately 
the  total  stored  energy  in  the  circuit.  Figure  5.6  shows  the  instan¬ 
taneous  plot  of  energies  stored  in  the  inductance  and  capacitance 
and  their  total  as  functions  of  time. 

If  the  resistance  of  an  LCR  circuit  is  increased,  the  oscilla¬ 
tion  boundaries  come  closer  together  and  at  critical  damping, 
R  —  2  's/L/C,  the  transient  ceases  to  be  oscillatory.  The  critical 
value  of  R  allows  the  most  rapid  charging  of  the  capacitor  from 
zero  charge  without  “overshooting.”  Further  increase  of  R 
results  in  the  sort  of  current-time  curve  shown  in  Fig.  5.2.  The 
initial  slopes  of  all  the  current  curves  are  the  same  if  only  R  is 
varied,  E,  L,  and  C  remaining  fixed.  Furthermore,  the  areas  under 
all  the  curves  between  zero  and  infinity  are  the  same  since  the  total 
charge  moved  around  the  circuit  during  the  entire  transient  is 
independent  of  R. 

Equation  (5.12)  can  be  reduced  to  a  simpler  form  if 


LC  ^  ^  4L2 


or  CR2<<1 


From  (5.7), 


7  R  , 

kl  “  “  2L  + 


[R2  1 

\4L2  LC 
_  R_  ,  R  /  _  4  L 
2L  +  2L  \  R*C 


Then,  from  (5.18), 

*■--«(*- 


1+  “l 

+  R*C  ^ 


(5.18) 


Similarly,  from  (5.8)  and  (5.18), 


_  jR^_ 

2  L  \4 L2 


1 

CR 


1 

LC 
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Then  (5.12)  becomes 


i  = 


P 

E~c 


(« 


_ L  « 

n  r  v  i 


2L 


V 


lR 2  1 
\  4L2  LC 

P 

^  ~  r  _ l 

°  (€  __  € 


ft2  - 


4L 


If  L  approaches  zero,  (5.19)  reduces  to 

?o 

C 


E  -  % ? 


z  = 


e - t/CR 


(5.19) 


the  equation  for  a  C7£  circuit.  Also,  if  C  approaches  infinity  (no 
capacitor  in  the  circuit),  (5.19)  becomes 

i  =  f  (1  - 

tl 

the  equation  for  an  LR  circuit. 

The  charge  on  the  capacitor  in  the  LCR  circuit  is  given  by  the 
solution  of  (5.2),  viz., 

q  =  Bieklt  +  +  CE  (5.20) 

where  Aq  and  k2  have  the  same  values  as  in  (5.7)  and  (5.8), 

,  _  _  R_  ,  lR2  _  1 

1  2L  '  \4L2  LC 

and 

,  R  _  lR2  _  1 

2  2  L  \  4L2  LC 

The  constants  5i  and  B2  are  evaluated  from  the  boundary  condi¬ 
tions.  At  t  =  0,  q  —  q0,  i  —  0,  so  that  qQ  =  Bi  +  B2  +  CE. 
Differentiating  (5.20)  with  respect  to  time, 

i  =  BJd*™  +  BJsW*  (5.21) 

By  comparison  with  (5.12)  it  is  evident  that 
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B s 


-  (*  - $) 


(2iV£-  a) 


and  since  the  product  kik2  is 


(  R  _L 

IR 2 

i  \ 

(  R 

IR 2 

i\ 

1 

\  2L  '  * 

\  4L2 

EC/ 

\  2  L  ' 

V4L2 

LC/ 

“  LC 

E-^k, 


B  i  = 


which  may  be  written 


fcifc2 


J3t  = 


go  -  CL 


(«>-c®(I+VS“k) 

(1+Fl) 


and  similarly 


a/1' 


4L 

L2C, 


n  w 

Writing  and  L2  in  terms  of  o>0  =  ~  IJV 


and 


Bl  * 

*2  = 


go-C#  /  g  \ 

2  V  2Lo>0  / 

go  ~  CE  (  _  R  \ 

2  V  2Lw0/ 


Writing  out  the  entire  equation  for  charge  on  the  capacitor 
when  the  transient  is  oscillatory, 

q  —  CL  +  (go  —  CE)e~Rt/2L  cos  w0£ 

+  (g0  -  CE)  ~  e-*™  sin  (5.22) 

ZEo)  o 


The  graphs  of  charge  vs.  time  for  various  values  of  R  are  shown 
in  Fig.  5.4.  Note  that  if  R/LoiQ  is  small  compared  with  unity 
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the  curve  of  charge  is  approximately  a  damped  cosine  curve  and 
thus  lags  the  current  curve,  Fig.  5.3,  by  tt/2  radians. 

Since  the  expressions  for  current  and  charge  have  been  devel¬ 
oped  in  general  form,  the  same  equations  hold  for  transients 
initiated  by  connecting  a  battery  in  the  circuit  with  or  without 


(cl-rc%T7  or  R=Rc--2)fc 

Fig.  5.4. — Graphs  of  equation  (5.22)  for  various  values  of  R. 


(b),R=Rc=2\/f 

Fig.  5.5. — Curves  of  discharge  of  a  capacitor  through  an  LC  circuit  for  two  values 

of  R. 

an  initial  charge  qQ  on  the  capacitor.  Likewise,  they  hold  where 
the  transient  is  the  discharge  of  an  initially  charged  capacitor, 
with  no  battery  in  the  circuit.  The  curves  of  charge  and  current 
for  this  case  are  determined  by  setting  E  =  0  in  (5.12)  and  (5.20). 
Two  curves  of  q  are  shown  in  Fig.  5.5. 
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It  is  of  interest  to  examine  the  energy  stored  in  the  inductance 
and  in  the  capacitor  during  an  oscillatory  transient.  The  energy 
stored  in  the  inductance  is  UL,  where 

UL  =  iLP 


and  in  the  capacitor  Uc ,  where 

Uc 


<£ 

c 


From  (5.14)  and  (5.22),  the  total  stored  energy  is 
U  =  UL  +Uc  =  i^  <rR,/L  (l  +  2Zuo sin  2“of 

+  5K3  (623) 

Graphs  of  the  energy  stored  in  the  inductance  and  in  the  capacitance 
as  well  as  of  the  total  energy  are  shown  in  Fig.  5.6. 


Fig.  5.6. — -Graph  of  equation  (5.23)  showing:  (solid  line)  total  stored  energy  in 
the  system  during  the  discharge  of  a  capacitor  in  slylLCR  c:rcuit;  (dash  line)  energy 
stored  in  the  capacitor;  (dot-dash  line)  energy  stored  in  the  inductor.  The  curves 
are  plotted  for  the  case  where  ccoL/R  =  it. 

In  setting  up  a  CR  circuit  it  was  assumed  that  such  a  circuit  is 
physically  possible.  Actually,  however,  every  circuit  has  some 
series  inductance,  and  a  more  rigorous  examination  of  the  circuit 
is  sometimes  desirable.  If  a  very  small  series  inductance  is  present 
in  a  series  CR  circuit,  the  condition  that  1  >  >  4L/R2C  is  fulfilled 
and  (5.19)  is  applicable.  Graphs  of  the  current  in  a  series  LCR 
circuit,  Fig.  5.1,  are  shown  in  Fig.  5.7  for  various  values  of  L, 
including  zero.  If  L  =  0,  the  current  jumps  from  zero  to  the  value 
E/R  when  the  switch  is  closed,  and  the  initial  slope  E/L  is  infinite. 
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Fig  5.7. — Showing  the  effect  on  the  transient  current  of  adding  inductance  to  a 

series  CR  circuit. 


Fig.  5.8. — Showing  the  effect  on  the  transient  charge  of  adding  inductance  to  a  series 

CR  circuit. 


Fig.  5.9. — Effect  on  the  current  transient  of  varying  the  capacitance  in  a  series 
LCR  circuit,  starting  from  infinite  series  capacitance  or  the  equivalent  of  a  series  LR 
circuit. 
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The  second  curve  for  small  L  shows  the  form  typical  of  actual  CR 
circuits.  This  type  of  curve  may  be  observed  in  any  physical 
CR  circuit  where  it  is  possible  to  resolve  the  transient  by  expanding 
the  time  scale. 

Note  that  the  curves  for  L  <  R2C/A  (L  =  R2C/ 4  is  the  criti¬ 
cally  damped  case)  all  intersect  the  curve  for  L  =  0  at  two  places. 
Another  point  of  interest  is  the  curve  for  L  =  R2C/2.  This 
curve  intersects  the  zero  axis  in  the  shortest  time  and  corresponds 
to  the  largest  value  of  co0,  the  natural  frequency  of  the  circuit,  that 
can  be  obtained  by  variation  of  L.  This  particular  value  of  L 
will  appear  in  the  discussion  of  amplifier  compensation.1  The 
corresponding  curves  of  charge  on  the  capacitor  are  shown  in  Fig. 

5.8. 

Families  of  curves  of  current  vs.  time  for  various  values  of 
series  capacitance  with  L  and  R  held  constant  are  shown  in  Fig. 

5.9. 

6.  Mechanical  Analogues  of  the  LCR  Circuit. — The  simplest 
analogue  in  mechanics  to  an  LCR  circuit  is  a  mass  suspended  from 
a  rigid  support  by  a  spring,  Fig.  6.1.  The  force  of  gravity  W 
acting  downward  corresponds  to  the  battery  voltage  in  the  circuit 
of  Fig.  5.1.  The  acceleration 
force  ma  acting  in  a  direction 
opposite  to  the  acceleration  is 
analogous  to  the  L  di/dt  volt¬ 
age.  The  friction  force  bv, 
where  v  is  the  velocity  and  b  is 
a  constant  depending  on  the 
size  and  shape  of  the  mass  and 
on  the  viscosity  of  the  medium 
in  which  the  mass  is  suspended, 
is  analogous  to  the  voltage  Ri 
and  acts  in  a  direction  opposite 
to  the  velocity.  The  force  ks 
exerted  by  the  spring,  where  k  is  the  stiffness  of  the  spring  and  $  is 
the  displacement,  is  the  analogue  of  the  voltage  across  the  capacitor. 
Equating  the  sum  of  all  these  forces  to  zero, 

W  —  ma  —  bv  —  ks  —  0  (6.1) 


ks 


bv 


ma 


W 


(a)  (b) 

Fig.  6.1. — (a)  Spring  and  weight  sys¬ 
tem  showing  scale  along  which  displace¬ 
ments  8  are  measured;  (6)  free-body 
diagram  showing  the  forces  exerted  on  the 
mass  as  a  dynamic  system. 


1  See  Chap.  XIII.  L  —  R2C/ 2  corresponds  to  the  condition  where  N  =  0.5 
for  high-frequency  compensation. 
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and  since  the  acceleration  a  =  d^s/dt2  and  the  velocity  v  =  ds/dt , 
(6.1)  may  be  written 

=  °  (6-2> 

This  equation  is  of  the  same  form  as  (5.2)  and  has  the  same 
form  of  solution.  If  the  mass  is  disturbed  from  its  equilibrium 
position,  given  by  the  condition  W  =  ks ,  it  will  oscillate  up  and 
down  about  the  equilibrium  position  if  the  experiment  is  performed 
in  air  where  b  is  small.  If  the  experiment  is  repeated  in  a  medium 
of  sufficient  viscosity,  the  motion  becomes  critically  damped  or 
overdamped.  The  equation  of  the  angular  displacement  of  a 
pendulum  is  similar  to  (6.2)  when  the  displacement  is  small. 

Another  excellent  analogue  of  the  oscillatory  case  is  the  oscilla¬ 
tion  of  a  balance-wheel  and  hairspring  combination  used  to  regulate 
the  rate  of  unwinding  of  the  mainspring  of  a  clock  or  watch.  When 
used  in  a  clock,  the  pendulum  or  the  balance-wheel  system  is  an 
example  of  an  oscillatory  system  in  which  the  damping  is  very 
small,  i.e.,  the  decrement  is  small  or  the  Q  is  high.  An  example 
of  critical  damping  is  met  in  the  pointer  on  an  indicating  ammeter 
or  voltmeter.  It  is  undesirable  to  have  the  pointer  oscillate  about 
the  final  indication  when  a  given  current  is  sent  through  the  instru¬ 
ment.  On  the  other  hand,  the  damping  may  be  too  high,  causing 
the  pointer  to  be  sluggish  in  reaching  its  final  reading.  The  critical 
damping  gives  the  most  rapid  arrival  at  the  final  reading  without 
overshooting.  Actually,  the  damping  is  adjusted  usually  to  be 
slightly  less  than  critical  so  that  the  pointer  overshoots  slightly 
but  does  not  make  more  than  one  visible  oscillation.  A  spring 
balance  is  not  damped  ordinarily  and  has  to  be  stopped  from 
oscillating  by  hand  in  order  to  get  a  reading  quickly. 

Vibrations  of  plucked  strings  on  musical  instruments,  vibrations 
of  drumheads,  etc.,  are  further  examples  of  oscillatory  transients 
in  mechanical  systems,  although  the  conditions  are  not  analogous 
to  the  simple  LCR  circuit. 

The  LCR  combination  having  a  high  Q  is  used  to  fix  the  fre¬ 
quency  of  oscillation  of  an  oscillator  just  as  the  extremely  high  Q 
systems  of  the  pendulum  or  balance  wheel  are  used  to  govern 
the  frequency  of  a  clock  or  watch.  The  oscillation  of  a  piezo¬ 
electric  crystal  is  another  example  of  an  extremely  high-Q  electro¬ 
mechanical  system  whose  oscillations  can  be  maintained  electrically 
and  used  in  very  accurate  timing  devices. 
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7.  Square-wave  Testing. — Another  application  of  transient 
equations  is  in  the  analysis  of  the  performance  of  an  amplifier. 
With  an  input  voltage  of  square  waveform  together  with  an 
examination  of  the  output  waveform  it  is  possible  to  determine  the 
phase  and  frequency  distortion  of  the  amplifier. 

Then,  if  t  =  0  at  the  beginning  of  any  positive  or  negative 
alternation,  (3.5)  applies  and 

q  =  EC (l  ~  e-r/2c«)  +  qo€-T/2CR  (7.1) 

Ji  =  r/2 

Since  the  charge  at  the  end  of  an  alternation  is  the  negative  of  that 
at  the  beginning  (on  the  assumption  that  many  cycles  have  elapsed), 

Q  \  =  -Qo 

Jt=T/2 

and  (7.1)  yields 

]1  „  e-T/2CR 

(7'2) 

=  BCtanh4 m 


When  a  voltage  of  square  waveform  is  applied  to  a  simple 
CR  circuit,  the  steady  state  is  a  series  of  recurring  transients, 
Fig.  4.1.  Consider  the  graph  of  Fig.  4.1c.  Since  in  the  steady 
state  the  flow  of  charge  in  one  direction  equals  the  flow  of  charge 
in  the  opposite  direction  (there  being  no  steady-state  direct  current 
resulting  from  a  square-wave  voltage),  the  maximum  voltage  across 
the  capacitor  in  the  positive  direction  is  equal  to  the  maximum 
voltage  across  the  capacitor  in  the  negative  direction.  Hence  the 
charge  on  the  capacitor  at  the  end  of  one  of  the  recurring  transients 
is  equal  and  opposite  to  the  charge  at  the  beginning.  This  charge 
is  the  charge  left  on  the  capacitor  at  the  end  of  each  half  cycle  of 
operation  and  is  positive  at  the  end  of  a  positive  alternation  of 
the  square  wave.  Substitution  of  this  value  as  initial  charge 
in  (3.4)  gives  the  analytic  form  of  the  current.  At  the  beginning 
of  each  positive  half  cycle,  the  initial  charge  is  given  by  (7.1) 
with  a  negative  sign.  The  current  then  is 


E 

_  fT-t/CR 

R 


+ 


2  E 

_ _ _  ~—t/CR 

R(  1  +  C-T/2CS) 


'  /l  ~  €~T/2Cr\  _ 
:  \1  +  e—T/2CRj  € 


■< t/CR 


(7.3) 
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Figure  4.1  shows  the  applied  square  wave  and  the  resultant  voltages 
across  the  resistor  and  the  capacitor  for  several  assumed  time 
constants.  Note  that  the  initial  value  of  the  voltage  across  the 
resistor  is  approximately  twice  the  applied  square-wave  voltage 
for  CR  <  <  T/2. 


Fig.  7.2. — Typical  distortion  of  a  square  wave  caused  by  distortion  of  the  low- 
frequency  components. 


(C) 


Fig.  7.3. — (a)  Square  wave  and  its  fundamental  component;  ( b )  effect  of  only 
reducing  the  amplitude  of  the  fundamental  component;  (c)  effect  of  only  shifting  the 
phase  of  the  fundamental  component. 


Low-frequency  Distortion. — Consider  first  the  coupling  capacitor 
and  grid  resistor  of  an  amplifier,  Fig.  7.1.  Suppose  a  square  voltage 
wave  is  developed  across  the  load  resistor  Rb ;  then  the  voltage  at 
the  grid  of  the  next  tube  might  have  the  form  shown  in  Fig.  7.2. 
The  output-voltage  waveform  is  a  series  of  recurring  transients. 
The  equation  of  each  curved  part  is  given  by  (7.3)  multiplied  by 
Rc.  This  is  an  obvious  distortion  of  the  square-wave  voltage  due 
to  the  fact  that  the  low-frequency  components  are  reduced  in 
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amplitude  and  shifted  in  phase.  Figure  7.3a  shows  the  square- 
wave  voltage  and  the  fundamental  component  of  voltage.  Sup¬ 
pose  that  the  fundamental  component  is  reduced  in  amplitude 
but  not  shifted  in  phase.  Then  the  resultant  waveform  would  have 
the  appearance  of  Fig.  7.3 b.  If,  on  the  other  hand,  the  fundamental 
component  is  shifted  slightly  in  phase,  the  effect  is  to  raise  one 
corner  of  the  square-wave  voltage  and  depress  the  other  corner, 
Fig.  7.3c.  This  is  the  sort  of  distortion  encountered  in  E(7-coupled 
amplifiers. 


Fiq.  7.4. — Voltage  vector  diagram  for  the  fundamental  component  of  the  square 
wave;  tan  6  =  0.1;  6  =  5°40'. 

There  is  a  rule  of  thumb,  often  used  in  amplifier  design,  which 
states  that  the  lower  half-power  frequency/'  should  be  one- tenth  the 
lowest-frequency  component  of  the  signal.  The  lower  half-power 
angular  frequency  in  an  EC-coupled  amplifier  is  a/  =  l/(Re2C). 
The  tangent  of  the  angle  of  lead  for  the  voltage  developed  across 
Re 2  is  tan  6  =  Xe/Rc 2  =  1/a )CRc2;  at  the  half-power  frequency 
a)  =  a/,  tan  0  =  1.  Suppose  that  on,  the  fundamental  angular 
frequency,  is  ten  times  cutoff  frequency,  that  is,  that  a>i  =  10a/. 
This  means  that  Rc 2  and  C  have  been  so  chosen  that  a/  is  one- tenth 
the  fundamental  frequency  of  the  applied  square  wave  o?i.  Under 


Fiq.  7.5. — Angular  shift  of  the  fundamental  component  corresponding  to  the  vector 
diagram  of  Fig.  7.4  and  causing  the  distortion  shown  in  Fig.  7.3c. 

these  conditions  the  value  of  tan  8\  for  the  fundamental  component 
will  be  to.  The  angle  whose  tangent  is  to  is  5°40'  so  that 
cos  6  =  0.995  and  sin  8  =  0.099.  As  shown  in  Fig.  7.4,  Eg2,  the 
voltage  applied  to  the  grid  of  the  succeeding  stage,  leads  Eb,  the 
fundamental  voltage  developed  across  the  resistor  Rb ,  by  5°40'. 
Since  Eg 2  =  Eb  cos  6  —  0.995 Eb,  the  effect  of  the  coupling  network 
in  reducing  the  magnitude  of  the  fundamental  voltage  is  negligible 
under  the  assumed  conditions,  being  of  the  order  of  one-half  of 
1  per  cent. 

However,  the  5°40'  phase  shift  has  the  effect  shown  in  Figs. 
7.5  and  7.3c  of  raising  the  leading  edge  of  the  square  wave  by  an 
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amount  proportional  to  the  sine  of  5°40'.  Since  the  amplitude  of  the 
fundamental  component  is  4/tt  times  the  square-wave  amplitude, 
the  leading  edge  is  lifted  by  a  factor  4/t  sin  5°40'  =  0.126.  Thus 
the  leading  edge  is  raised  by  12.6  per  cent  of  its  undistorted  value, 
and  the  trailing  edge  is  lowered  by  the  same  amount,  causing  the 
output  wave  to  have  the  appearance  shown  in  Fig.  7.3c.  This  is 
typical  of  low-frequency  distortion  in  an  i2(7-eoupled  amplifier, 
and  it  is  evident  that  the  first  visible  effects  of  low-frequency 
distortion  are  largely  due  to  phase  shift  and  not  to  reduction  in 
amplitude. 

High-frequency  Distortion. — The  equivalent  high-frequency  cir¬ 
cuit  of  an  amplifier  can  be  reduced  to  the  form  of  Fig.  7.6.  The 
input  is  a  square-wave  current  of  amplitude  gmEg 1}  where  Egl  is  the 

square-wave  voltage  applied  to  the 
input  grid  and  gm  is  the  trans- con¬ 
ductance  of  the  tube.  In  the  dia¬ 
gram,  Cs  is  the  total  shunting 
capacitance  and  Rpar  is  the  equiva¬ 
lent  resistance  of  the  parallel  com¬ 
bination  of  plate  resistance  rp ,  load 
resistance  Rb)  and  the  grid-leak 
resistance  Rc 2  of  the  following  stage.  Let  iR  be  the  variational 
current  through  the  equivalent  resistance  Rpar  and  ic  the  current 
through  the  capacitance  Cs.  The  output  voltage  developed  across 
Rpar  is  equal  to  the  voltage  across  Cs,  so  that 


9mEg 


Fig.  7.6. — High-frequency  equiva¬ 
lent  circuit  of  an  amplifier. 


Differentiating  (7.4), 


Now 


Eq2  —  'I'RRpar  —  £ 

diR  _  l^dq  1 

^  “  C8dt 

ic  —  QmEg  —  in 


p  UVR  _  jl  tty  _  x  . 

Iipar'dt  ~  C,dt~  C y 


(7.4) 

(7.5) 


Substituting  this  value  in  (7.5)  and  separating  the  variables, 


diR 

gmEg  ift 


CaR 


dt 


par 


(7.6) 


Since  gmEg  is  constant  for  the  duration  of  a  square-wave  alternation, 
it  may  be  considered  as  a  constant  in  the  integration  over  the 
duration  of  the  half  cycle. 
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whence 


fiB  _ di 

J  (is)i-o  QmMg 


R _ 

—  Ir 


1 


CsR 


par 


ip  Ir 
~  (lR)t=  0 


1 


C8R 


par 


t 


or,  expressed  in  exponential  form, 

Ir  =  ip(  1  —  e~l/CaRpar)  +  (iR)t=  o  e~i/CtRpar 


(7.7) 

(7.8) 


If  a  number  of  cycles  have  taken  place,  the  condition  that  the 
current  at  the  end  of  each  positive  half  cycle  be  equal  to  the  nega¬ 
tive  of  the  current  at  the  end  of  a  negative  half  cycle  is  fulfilled  and 
the  current  at  the  end  of  a  positive  half  cycle  will  be  given  by  sub¬ 
stituting  T/2  for  the  time,  where  T  is  the  period  of  the  square  wave. 
Then 

(iR)t= o  =  iP(  1  -  e-r/2W.)  _  (iR)t=Q  e—T/iRparC, 

or 

(1  —  e~T/2Bj,arCs)  .  T 

Mt-0  =  Ir  (l  +  e-r/2«,„c.)  =  1p  tanh  4 Rpafci 


and  the  current  through  Rpar  at  any  time  t  of  the  cycle  will  be  given 
by  (7.9). 


Ir  =  lv{  1  +  e~t/RparCt)  — 


lp  (J  €-T/2RparC^ 


R  parCs 


which  reduces  to 


.  .  2e~t/RparCt  ^ 

Ir  —  lp  ^1  —  j  €_t/2 RpaTcs J 


(7.9) 


and  if  T/2 ,  the  duration  of  a  half  cycle  of  the  square  wave,  is  much 
greater  than  the  time  constant  of  the  circuit,  T/2  >  >  RparCs, 
then  e~T/2RparC'  is  a  very  small  quantity  compared  with  unity  and 
iR  ==  iP(l  —  2€~t/RparCt). 

The  voltage  across  the  load,  which  is  the  voltage  applied  to 
the  next  stage  of  the  amplifier,  is 


6g2  ~  iRRpar 
or 

„  n  (  2€~t/RporC>  \ 
e  2  =  EglgmRpar  ^1  -  -  —  t_r/2SjiorC<  J  (7.10) 

Figure  7.7  shows  the  response  according  to  (7.10)  of  the  circuit 
of  Fig.  7.6  when  Egi  has  a  square-wave  form.  For  Fig.  7.7a,  the 
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circuit  parameters  R  and  Cs  are  adjusted  so  that  the  half-power 
frequency  (co"  =  1  /RparCs)  equals  the  frequency  of  the  square 
wave.  For  Fig.  7.7 b,  the  time  constant  RparCs  has  been  reduced 
so  that  the  half-power  frequency  co"  is  10  times  the  frequency  of 
the  square  wave.  The  output-wave  form  now  resembles  the  input 
square  wave.  When  RparCs  is  further  reduced  so  that  the  upper 
half-power  frequency  is  100  times  the  frequency  of  the  square  wave, 
the  reproduction  is  excellent,  Fig.  7.7c. 


Fig.  7.7. — Distortion  of  a  square  wave  caused  by  distortion  of  the  high-frequency 

components. 

The  effects  of  high-frequency  distortion  of  a  square  wave  may 
be  presented  in  another  way:  The  leading  edge  of  the  square  wave 
will  have  a  certain  shape  dictated  by  the  time  constant  RparCs  of 
the  circuit.  If  the  half  period  of  the  square  wave  is  short  compared 
with  the  time  constant  of  the  circuit,  the  output  wave  will  be  dis¬ 
torted;  but  if  the  half  period  is  long  compared  with  the  time  con¬ 
stant,  then  the  output  wave  will  be  reasonably  “ square.” 

Figure  7.8  shows  the  equivalent  circuit  of  a  video-frequency 
amplifier,  series-compensated  by  the  use  of  inductance  Lb  in  series 
with  the  plate-load  resistor  Rb.  The  transient  analysis  of  this 
circuit  is  somewhat  involved  but  follows  the  general  method  used 
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for  any  LCR  circuit.  The  boundary  conditions  for  a  square-wave 
input  are  that  the  current  through  Rb  and  the  charge  on  the  capaci¬ 
tance  C8  at  the  end  of  a  positive  half  cycle  are  the  negatives  of  the 
respective  values  at  the  end  of  a  negative  half  cycle.  The  resulting 


Fig.  7.8. — Equivalent  circuit  of  a  series-compensated  video  amplifier  stage. 

output  voltage  for  a  positive  half  cycle,  taken  after  many  cycles 
have  elapsed,  is 

eff2  =  gmEglRb(l  +  F ^  +  Fi (7.11) 
where  ki  and  /c2  are  as  defined  previously  and 


The  form  of  the  negative  half  cycle  is  given  by  the  negative  of 
(7.11).  Figure  7.9  shows  the  effect  of  the  compensating  inductance 
on  the  leading  edge  of  the  output  wave.  The  initial  slope  of  the 
leading  edge  of  the  output  wave  is  not  dependent  on  Lh.  The 
curves  are  plotted  for  Lb  =  0,  Lb  =  0.25 CR2y  and  Lh  —  0.5 CR2.* 
Since  the  usual  values  of  Lb  lie  between  0.3 CR2  and  0.5 CR2,  the 
circuit  is  oscillatory.  Lb  =  0.25 CR2  corresponds  to  critical  damping. 

Another  application  of  square-wave  testing  arises  in  connection 
with  the  adjustment  of  a  compensated  voltage  divider.  Figure 
7.10a  shows  such  a  circuit.  Because  of  the  input  capacitance  of 
the  vacuum  tube  it  is  necessary  to  provide  the  voltage  divider 
RiRz  with  a  compensating  capacitance  Cc  to  make  the  voltage 
division  independent  of  frequency.  The  required  Cc  is  given  by 
RiCc  =  RzCi.  The  proper  adjustment  of  Cc  is  easily  recognized 


These  values  correspond  to  N  equal  to  0,  0.25,  0.5,  Chap.  XIII. 
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Fig.  7.9. — Graph  of  equation  (7.11)  for  a  positive  half  cycle  and  part  of  the  next 
negative  half  cycle  of  the  input  square  wave. 


(a) 


(b) 


Fig.  7.10.— (a)  Input  circuit  with  compensating  capacitance  Cc ;  ( b )  equivalent 

simplified  circuit. 


(a) 

(b) 

i 

r 

Y 

-f  l _ l  L 

Fig,  7.11. — Voltage  across  R2  of  Fig.  7.10  for  (a)  proper  adjustment  of  Ce,  ( b )  Cctoo 

large,  (c)  Ce  too  small. 
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when  a  square-wave  voltage  is  applied  to  the  divider  and  the  output 
waveform  is  examined  on  the  oscillograph.  Figure  7.11a  shows 
the  waveform  on  the  grid  for  correct  adjustment  of  The  wave¬ 
form  for  too  large  a  value  of  Cc  is  shown  in  Fig.  7.11  b  and  for  too 
small  a  value  of  Cc  in  Fig.  7.11c.  The  period  of  the  square  wave 
used  for  adjustment  of  Cc  should  be  of  the  order  of  magnitude  of 
the  time  constant  CiRiR^/ifli  +  Rz)  of  the  uncompensated  divider. 

In  all  applications  of  square  waves  for  test  purposes  it  must 
be  borne  in  mind  that  the  internal  impedance  of  the  square-wave 
generator  must  be  taken  into  account  in  any  calculation  of  output 
waveforms. 

By  calibration  of  Cc  in  Fig.  7.106  and  using  known  resistors 
Ri  and  R%,  the  input  capacitance  of  a  given  vacuum  tube  can  be 
measured  using  the  square-wave  response  as  an  indication  of 
balance  of  the  equation  R^Ci  =  R\Cc . 


CHAPTER  VII 

COUPLED  CIRCUITS 


1.  Introduction. — Two  or  more  complete  circuits  which  are 
connected  as  parts  of  one  network  so  that  they  react  upon  one 
another  are  called  coupled  circuits.  When  the  circuits  have  both 
inductive  and  capacitive  reactances,  the  interaction  between  the 
circuits  imparts  to  them  interesting  and  desirable  properties  that 
are  quite  different  from  the  properties  of  a  single  tuned  circuit. 

These  special  and  useful  properties  of  coupled  circuits  make 
them  applicable  to  many  types  of  electronic  equipment.  For 
example,  two  coupled  circuits  are  used  often  as  coupling  networks 


Fig.  1.1. — Various  types  of  coupled  circuits. 


in  receivers  because  of  the  wide  transmission  band  that  the  coupled 
system  possesses.  As  another  example,  coupled  circuits  are  used 
generally  as  coupling  systems  from  the  power-amplifier  stage  of 
transmitters  to  the  antenna,  in  which  case  they  are  used  to  match 
impedances  and  to  suppress  harmonics.  Because  of  the  many 
applications  of  coupled  systems  every  radio  and  electronics  engineer 
should  be  thoroughly  familiar  with  their  characteristics  and 
properties. 

In  the  treatment  that  follows,  both  the  transient  response  and 
the  response  to  forced  oscillations  will  be  discussed.  A  familiarity 
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1.1a, 


Z|fZi2 


In-Iyi 


[z«l  ^ 


with  the  transient  response  is  as  essential  as  in  connection  with 
single  circuits,  for  any  sudden  change  in  the  existing  condition  sets 
up  transient  oscillations. 

Two  circuits  may  be  magnetically  coupled  as  in  Figs. 

6,  c  or  capacitively  coupled  as  in 
Figs.  1.1  dj  e ,  /.  They  may  also  be 
coupled  by  a  resistance  common  to 
the  two  circuits.  Besides  these 
three  pure  types  of  coupling,  com¬ 
binations  of  the  three  types  may  be 
used,  as  in  Figs,  l.lg,  h,  i.  A  net¬ 
work  of  two  coupled  circuits  can  be 
transformed  into  the  general  representation  of  Fig.  1.2. 

2.  Coefficient  of  Coupling. — The  degree  of  coupling  is  expressed 
by  a  coefficient  of  coupling  denoted  by  k.  There  must  be  a  separate 
k  for  that  portion  of  the  coupling  involving  each  type  of  circuit 
element.  The  value  of  k  for  the  circuits  shown  in  Fig.  1.1,  expressed 
in  terms  of  the  general  circuit  of  Fig.  1.2,  is 


Fig. 


1 .2. — General  representation 
of  two  coupled  circuits. 


k  = 


IX, 


Iv'XhXmI 


for  one  type  of  circuit  element  (2.1) 


For  resistance  coupling  the  reactances  in  (2.1)  would  be  replaced 
by  resistances.  The  magnitude  of  k  is  independent  of  frequency 
provided  that  the  circuit  elements  are  constant;  and  k  varies  in 
magnitude  from  zero  to  unity.  The  values  of  k  for  the  circuits 
shown  in  Fig.  1.1  are 


k  - 


V (Ll  +  Ti2)(Z/2  T  L 12) 

L\  T  Z/2  —  Lr 


2  \ZL\Ij2 
M 


Vl,l, 


~  >/(Ci 


CiC, 


Ci2)(Ci  +  C12) 

=  1^^ 

\Ci  +  C 12 

=  _ Co _ 

V(c  1  +  c0)(c2  +  Co) 


Fig.  1.1a 

(2.2) 

Fig.  1.16 

(2.3) 

Fig.  1.1c 

(2.4) 

Fig.  l.ld 

(2.5) 

Fig.  l.le 

(2.6) 

.Fig.  1.1/ 

(2.7) 
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I.  TRANSIENT  OSCILLATIONS 

3.  General  Considerations. — When  two  coupled  circuits  are 
disturbed  by  any  sudden  electrical  change,  such  as  discharging  one 
of  the  capacitors  through  its  circuit,  transient  oscillations  are  set 
up.  These  oscillations  plotted  against  time  are  more  complex  than 
the  simple  damped  train  of  oscillations  of  a  single  circuit  of  Fig.  5.2, 
Chap.  VI.  Typical  time  plots  of  the  oscillations  of  two  coupled 
circuits  are  shown  in  Fig.  3.1.  Curve  1  gives  the  voltage  across 
the  primary  capacitor;  curve  2  gives  the  voltage  across  the  second¬ 
ary  capacitor. 

The  amplitude  of  the  voltage  in  each  circuit  rises  and  falls, 
forming  groups  of  oscillations  called  beats.  The  energy  C\E\/2, 


Fig.  3.1. — Oscillations  of  two  coupled  circuits. 


originally  present  in  C i,  is  transferred  partly  or  wTholly  to  the 
secondary  circuit  and  then  back  to  the  primary  circuit,  and  so  on, 
back  and  forth,  as  the  energy  is  gradually  dissipated  in  the  resist¬ 
ances  of  the  circuits. 

The  waveforms  of  Fig.  3.1  are  precisely  the  same  as  the  form 
of  the  resultant  sound  wave  when  two  tuning  forks  of  slightly 
different  pitch  vibrate  simultaneously.  The  beats  of  Fig.  3.1 
therefore  indicate  the  presence  of  two  frequencies  in  each  of  the 
circuits.  The  closer  the  coupling,  the  fewer  the  number  of  oscilla¬ 
tions  in  each  beat  and  the  greater  the  difference  between  the 
two  frequencies  of  oscillation.  If  m  denotes  the  number  of  oscilla¬ 
tions  in  one  beat  and  if  each  of  the  circuits  individually  has  the 
same  natural  frequency,  then 


m 


(3.1) 
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4.  Frequencies  of  Transient  Oscillations. — The  magnitudes  of 
the  frequencies  of  free  oscillations  of  two  coupled  circuits  cannot 
easily  be  derived  for  circuits  having  appreciable  resistance.  How¬ 
ever,  since  in  a  single  circuit  the  resistance,  if  small,  makes  little 
difference  in  the  frequency  of  free  oscillation,  (5.13),  Chap.  VI, 
it  would  be  logical  to  suppose  that  the  frequencies  of  free  oscillation 
of  coupled  circuits  would  be  affected  only  slightly  by  small  resist¬ 
ances  in  the  circuits,  and  this  is  the  fact.  Therefore,  the  frequencies 
will  be  stated  and  derived  for  resistanceless  circuits. 

The  derivation  is  given  in  Sec.  5;  the  formulas  are  given  here. 
Let  o )*  and  o>**  be  the  angular  frequencies  of  the  low  and  the  high 
frequency  of  free  oscillations.  Then,  for  two  magnetically  coupled 
circuits, 

+  wl  +  V(wi  +  w!)2  —  4cofco|(l  —  k 2)  (A  n 

2(1  -  fc2)  V  '  ' 


In  this  expression 


Wl 


y/LiCi 


and 


0)2  — 


VL2C2 


0)1  and  0)2  being  the  angular  frequencies  of  free  oscillation  of  the 
circuits  when  alone  and  unaffected  by  each  other. 

It  is  often  better  to  deal  with  the  wavelength  X  in  free  space, 
which  corresponds  to  an  angular  velocity  0).  Since  the  velocity  of 
an  electromagnetic  wave  in  free  space  is  the  velocity  of  light, 
denoted  by  vc  =  3  *  108  meters/sec,  then 


_  Vc  _  27 TVe 


(4.2) 


Equation  (4.1)  converted  to  wavelengths  becomes 


x*+j  =  Jx?  +  XI  ±  V(xj  +  \\Y  -  4xjx|(i  -  W)  (4  3) 

for  two  magnetically  coupled  circuits. 

Equations  (4.1)  and  (4.3)  are  limited  to  magnetically  coupled 
circuits.  When  the  circuits  are  capacitively  coupled,  the  wave¬ 
lengths  are  those  obtained  by  replacing  the  symbol  w  by  X  in  (4. 1) 
and  the  angular  frequencies  are  those  obtained  by  replacing  the 
symbol  X  by  a  in  (4.3),  the  subscripts  remaining  unchanged  and  the 
superscripts  *  and  **  being  interchanged  in  both  cases. 
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A  better  conception  of  the  meaning  of  (4.3)  can  be  obtained  from 
its  graphical  representation  in  Fig.  4.1,  where  the  coordinates 
are  given  in  ratios  of  the  wavelengths  to  the  natural  primary- 
circuit  wavelength  Xi.  The  45-degree  line  and  the  horizontal  line, 
which  intersect  at  the  point  above  X2/\i  =  1  on  the  horizontal  axis, 


represent  the  free-oscillation  wavelengths,  or  natural  wavelengths, 
for  zero  coupling. 

The  curves  of  Fig.  4.1  show  that  as  the  coefficient  of  coupling 
of  two  circuits  is  increased  the  wavelengths  of  the  free  oscillations 
move  apart  from  the  values  which  would  exist  in  the  circuits  for 
zero  coupling.  When  the  coefficient  of  coupling  approaches  unity, 
one  of  the  free-oscillation  wavelengths  approaches  zero,  or  its 
frequency  approaches  infinity.  However,  the  energy  associated 
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with  this  frequency  approaches  zero,  so  that,  in  the  limit,  currents  of 
this  frequency  do  not  appear. 

When  the  two  circuits  have  the  same  natural  wavelength, 
X2/Xi  =  1,  and  (4.3)  reduces  to 

—  and  — —  =  \/l  ±  k  (4.4) 

Xi  Ai 


This  is  the  case  of  greatest  practical  interest  since  circuits  in 
receivers  and  transmitters  are  tuned  usually  for  X2  =  Xi.  The 
oscillations  of  Fig.  3.1  are  for  this  condition. 

5.  Derivation  of  Frequencies  of  Free  Oscillation  of  Magnetically 
Coupled  Circuits. — The  differential  equations  expressing  the  volt¬ 
ages  in  the  circuits  of  Fig.  1.1c,  resistances  being  neglected,  are1 

Lit+Mt+S  =  °  (5-1} 

L’§+M§+fi-°  ^ 


Differentiating  (5.1)  and  (5.2)  and  substituting  dqi/di  —  h  and 
dq2/dt  —  i2} 


T  4-  M  _L  ^ 

dHi  i2 

dP^Cl 


t  dH2  , 
Ud¥  +  M 


=  0 


(5.3) 

(5.4) 


Since  there  are  no  resistances  in  the  circuits,  the  currents  will  be 
sinusoidal  in  form  with  no  damping.  Hence,  assume  that 

i\  =  1 1  sin  cot  (5.5) 

i2  —  I2  sin  (^t  (5.6) 

where  the  w’s  are  unknown  and  will  be  evaluated.  Substituting 
these  expressions  in  (5.3)  and  (5.4), 


—oi2MI 2  sin  c ct 
—a)2MI  1  sin  (^t 


(5.7) 

(5.8) 


1  Note  that  the  algebraic  sign  before  M  may  be  either  plus  or  minus,  but  the 
sign  chosen  determines  whether  magnetic  flux  caused  by  positive  flow  of 
secondary  current  is  in  the  same  direction  as  or  the  opposite  direction  to  the 
flux  caused  by  positive  flow  of  primary  current.  The  plus  sign  adopted  fixes  the 
convention  that  positive  currents  produce  aiding  magnetic  fields. 
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A  /A 

Multiplying  (5.7)  by  (5.8)  and  canceling  IJ2  sin2  a>t, 


or 


L\1j2 


(to2  —  to2)  (to2  “  to|)  =  Cd4fc2 


(5.9) 

(5.10) 


Solving  (5.10)  for  w  gives  (4.1). 

Dividing  (5.7)  by  (5.8)  gives  the  ratio  I2/I 1,  or  the  relative 
magnitudes  of  the  currents  of  the  same  frequency  in  the  two 
circuits.1 


II.  FORCED  OSCILLATIONS 

6.  General  Considerations. — By  “ forced  oscillations”  is  meant 
the  steady-state  conditions  of  current,  voltage,  etc.,  at  any  point 

resulting  from  the  application  of 
a  sustained,  periodically  varying 
emf  at  a  specified  point  in  the 
network.  The  periodically 
varying  emf  may  have  any  wave¬ 
form;  but  since  any  periodic 
waveform  may  be  resolved  into 
a  series  of  sinusoidal  components, 


the  usual  procedure  in  studying  forced  oscillations  is 
response  of  the  network  to  any  single  sinusoidal  emf. 

to  find  the 

The  combination  of  any  two  coupled  circuits  may  be  represented 
by  the  more  general  network  of  Fig.  1.2.  If  a  sinusoidal  emf  E 1  of 
angular  frequency  to  is  impressed  in  series  with  the  first  circuit  as 
in  Fig.  6.1,  then  (2.32)  and  (2.33)  of  Chap.  Y  express  the  electrical 

conditions  in  the  circuits. 

IiZu  +  1 2%  12  =  Ei 

(6.1) 

I  \Z  12  +  I2Z22  —  0 

(6.2) 

Solving  (6.1)  and  (6.2)  for  h  and  72, 

j  _  Ei 

11  Z 2 

r/  ^12 

^11  ~ 

(6.3) 

j  Z 12E 1 

2  “  Z nZ 22  -  z*u 

(6.4) 

1  E.  L.  Chaffee,  Amplitude  Relations  in  Coupled  Circuits,  Proc. 
4,  283,  1916. 


Fig.  6.1. — General  form  of  two  coupled 
circuits. 
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Equations  (6.3),  (6.4)  are  general  and  apply  to  any  of  the 
circuits  in  Fig.  1.1  when  the  proper  values  for  Zu,  Zu,  Z 22  are 
substituted  in  the  equations. 

For  two  magnetically  coupled  circuits,  Fig.  6.2, 

Z\\  —  Ri  +  j  ^ o>Li  —  +  jX i  (6.5) 

=  R2  +  jX  2  (6.6) 

Z 12  =  jcoM  (6.7) 

Impedance  Zu,  which  is  numerically  equal  to  the  voltage  intro¬ 
duced  into  the  secondary  circuit  by  unit  current  in  the  primary 


Z 22  —  R2  J 


'  (ui2  ~  i) 


Fig.  6.2.- — Two  magnetically  coupled  circuits. 


circuit,  is  juM  for  this  case.  Then  (6.3)  and  (6.4)  become 


h 

h 


_ E 

Zu  + 


o)2M2 

Z22 


—jo)MEi 


Z11Z22  "F 


(6.8) 

(6.9) 


7.  Equivalent  Impedance  of  Coupled  Circuits. — The  equivalent 
impedance  of  the  network  as  presented  to  the  generator  E 1  for  the 
general  case  of  Fig.  6.1  is  given  by  the  denominator  of  (6.3).  Con¬ 
sidering,  however,  only  the  special  case  of  Fig.  6.2,  the  equivalent 
primary  circuit  impedance  Zu'  is  given  by  the  denominator  of 
(6.8),  or 


11 


—  Zu  + 


toW2 

Z22 


(7.1) 


This  equivalent  impedance  consists  of  two  terms;  the  first  term  Zu 
is  the  impedance  of  the  primary  circuit  alone;  the  second  term 
o)2M2/Zi2  is  the  impedance  “ reflected’ 7  into  the  primary  circuit 
from  the  secondary  circuit. 
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Equation  7.1  can  be  expanded  so  as  to  give  the  resistive  and 
reactive  components  of  Zn',  thus: 


Z 


t 


u 


co2M2tf2 
R\  +  X\ 


w2M2X2\ 

m  +  x\) 


(7.2) 


Equation  (7.2)  shows  that  the  reactance  X2  has  the  effect  of 
a  reactance  of  the  opposite  sign  added  in  series  in  the  primary 
circuit.  For  example,  a  metallic  shield  placed  over  or  near  a  coil 
acts  as  a  short-circuited  secondary  circuit  having  a  positive  react¬ 
ance.  Its  effect  upon  the  coil  is  to  increase  its  equivalent  resistance 
and  to  decrease  its  equivalent  inductive  reactance. 

If  the  secondary  circuit  is  tuned  to  resonance,  X2  is  zero,  and 
the  only  effect  of  the  secondary  circuit  is  to  add  a  resistance  of 
o)2M2/R2  ohms  in  the  primary  circuit.  This  is  an  important  case. 

8.  Magnitude  of  Secondary  Current. — Generally  the  greatest 
interest  centers  in  the  magnitude  of  the  secondary  current  and 
its  dependence  upon  the  coupling  and  the  tuning  of  the  two  circuits. 
In  order  to  study  the  secondary  current  the  expression  for  its  magni¬ 
tude  must  be  obtained.  This  expression  can  be  derived  from  (6.9) 
by  applying  the  usual  method  of  finding  the  magnitude  of  a  complex 
quantity.  Thus 

\h\ 


|c oME] 


V(RiRt  -  XiX*  +  orikT-)2  +  C RiX2  +  R*X i); 


(8.1) 


where,  from  (6.5)  and  (6.6), 


Xi  =  wLi  -  -L.  (8.2) 

X%  =  wZ/2  —  q)C~  (8-3) 

Generally  the  adjustable  factors  in  a  coupled  system,  such  as 
that  of  Fig.  6.2,  are  M,  Ch  C2.  Changing  Ci  or  C2  varies  Xi  or 
X2  as  shown  by  (8.2)  and  (8.3).  The  magnitude  of  Z2  can  then  be 
expressed  either  in  terms  of  M,  Xi,  X2  or  in  terms  of  M,  C i,  C2. 
The  state  of  tuning  of  the  circuits  can  also  be  expressed  in  terms 
of  the  series-resonant  frequencies  of  the  primary  and  secondary 
circuits.  Thus,  if  on  =  1/VLiCi,  w2  —  1  /y/Ljel  are  the  series- 
resonant  angular  frequencies  and  co  is  the  impressed  angular 
frequency, 


Sec.  8] 


MAGNITUDE  OF  SECONDARY  CURRENT  185 

i1  -  be)  =  “Li  (!  -  5)  (8-4) 

x2  =  0>L2  (l  -  bjc)  =  (\  -  5)  (8.5) 

Instead  of  using  the  values  of  coi  and  C02  to  express  the  state  of 
tuning  of  the  two  circuits,  the  series-resonant  wavelengths  Ai,  X2 
of  the  circuits  can  be  used.  By  (4.2), 


coi  _  1 

03  Ai/X 

CO  2  _  1 

CO  X2/X 


(8.6) 

(8.7) 


where  X  is  the  wavelength  in  free  space  corresponding  to  go. 
Combining  (8.4)  and  (8.6), 


ojL  1 


<4  _  1  1 

CO2  (A1/A)2 


ft 


and,  correspondingly, 

_  co| 
C0L2  CO2 


(X2/X); 


(8.8) 


(8.9) 


The  symbols  £1  and  (32  are  introduced  as  abbreviations  to  denote  the 
state  of  tuning  of  the  primary  and  secondary  circuits.  They  are 


Fig.  8.1. — Tuning  parameter  )3  as  a  function  of  the  ratio  of  series-resonant  wave¬ 
length  to  wavelength  of  applied  frequency.  (Same  for  02  and  X2/X.) 

dimensionless  factors,  and  when  they  are  multiplied  by  the  reactance 
of  the  coil  the  product  is  the  net  reactance  of  the  circuit  containing 
this  coil.  The  relation  between  /3i  and  Ai/A  is  given  in  Fig.  8.1. 
The  curve  for  /3i  applies  also  to  /S2. 
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Equation  (8.1)  now  can  be  transformed  into  a  simpler  and  better 
form  for  study  by  dividing  numerator  and  denominator  by  oj2LiL2, 
giving 

M  =  .  k\E^yhL.  __  ^  (8.10) 

yl(ok~ +  kj  +  (li  +  S) 

In  this  expression  k  =  \M\/\ZLiL2,  Q\  =  o>Li/Ri,  and  Q2  =  a>L2/R2. 


Fig.  9.1. — Space  model  of  secondary  current  of  two  magnetically  coupled  circuits; 

Ql  =  8,  Qi  —  8,  fc  —  0.3  ^critical. 

9.  Models  for  Secondary  Current. — The  manner  in  which  |/2| 
changes  as  /3i  and  j S2  are  varied  can  be  pictured  by  plotting  |/2| 
vertically  over  a  point  on  the  horizontal  plane  determined  by  the 
coordinates  0 1  and  p2  or  Xi/X  and  X2/X,  thus  forming  a  surface. 
For  certain  values  of  Xi/X  and  X2/X,  \I2\  will  have  a  maximum  value 
denoted  by  |J2|ma*.  Typical  surfaces  for  \I2\/\I2\m&x  are  shown  in 
Figs.  9.1  to  9.4.  These  figures  differ  as  k ,  Qh  Q2  are  given  various 
values. 
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Contour  lines  for  various  levels  expressed  as  fractions  of  the 
maximum  height  are  shown  in  Figs.  9.5  to  9.8,  corresponding  to 
Figs.  9.1  to  9.4. 

The  surfaces  shown  in  the  photographs  and  displayed  by  the 
contour  charts  are  powerful  aids  in  the  understanding  of  the  action 
of  coupled  circuits.  They  furnish  a  clearer  picture  of  the  depend- 


Fig.  9.2. — Space  model  of  secondary  current  of  two  magnetically  coupled  circuits; 
Ql  ~  8,  Q2  =  8,  fc  —  0.125  —  ^critical. 


ence  of  the  secondary  current  upon  the  various  factors  than  do 
the  equations  alone. 

A  general  description  of  characteristics  of  the  surfaces  will 
be  given  first.  In  later  sections  these  characteristics  will  be  derived 
from  the  equations. 

Consider  first  Fig.  9.5.  For  this  case  the  coupling  is  some¬ 
what  large  (\M\  is  greater  than  in  some  of  the  other  cases).  The 
values  of  Qi  and  Q2  are  equal.  This  condition  makes  (8.10)  sym¬ 
metrical  with  respect  to  and  £z,  and  the  model  is  likewise  sym- 
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metrical  about  a  plane  that  makes  a  45-degree  angle  with  the 
reference  axes.  Also,  the  contour  curves  of  Fig.  9.5  are  symmetrical 
about  a  line  making  a  45-degree  angle  with  the  reference  axis. 
There  are  two  peaks,  or  maxima,  of  equal  height,  both  lying  on  the 
45-degree  line.  Between  the  two  peaks  the  space  model  shows  a 
saddle-shaped  region. 


Fig.  9.3. — Space  model  of  secondary  current  of  two  magnetically  coupled  circuits; 
Ql  =  4,  Q 2  ~  16,  k  =  0.3  >  ^critical. 


Figure  9.6  is  for  the  same  conditions  as  Fig.  9.5  (equal  Q’ s) 
except  that  the  coupling  has  been  reduced  to  a  value  known  as 
“critical”  coupling  (to  be  defined  in  Sec.  12).  With  this  coupling 
there  is  only  one  peak,  occurring  where  and  /32  are  zero,  or  when 
both  circuits  are  tuned  to  the  frequency  applied  to  the  system. 

For  the  surfaces  of  Figs.  9.7  and  9.8,  the  Q  of  the  primary  is 
different  from  that  of  the  secondary,  causing  the  asymmetry  shown 
by  the  model.  The  coupling  k  is  again  large  enough  so  that  there 
are  two  peaks.  The  peaks  are  again  of  equal  height,  but  they 
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are  not  located  on  the  45-degree  line.  As  the  coupling  is  reduced, 
the  peaks  approach  each  other,  those  of  Fig.  9.8  being  closer  together 
than  those  of  Fig.  9.7.  If  the  coupling  were  reduced  to  the  critical 
value,  the  two  peaks  would  merge.  For  still  weaker  coupling, 
there  would  be  a  single  peak  of  reduced  height,  located  at  the 
point  corresponding  to  (3i  and  £2  equal  to  zero  (no  net  reactance 
in  either  circuit).  For  still  smaller  values  of  k  the  single  maximum 


Fio.  9.4. — Space  model  of  secondary  current  of  two  magnetically  coupled  circuits; 
Ql  =  4,  Q2  —  16,  Jc  —  0.1822  =  ^optimum* 


of  1 7 2 1 / 1 7 2 1 max  would  decrease  in  height,  remaining  at  the  point  for 
which  (3 1  and  (32  are  zero. 

It  should  be  remarked  here  that  the  models  in  Figs.  9.1  to  9.4 
are  constructed  for  low  values  of  Q  in  order  to  show  clearly  the 
separation  of  the  peaks  and  to  yield  contour  lines  which  are  not 
too  crowded.  For  higher  values  of  Q  the  models  and  contour  curves 
have  the  same  general  characteristics  except  that  the  peaks  are 
sharper  and  confined  to  a  smaller  region  on  the  base  plane. 

10.  Conditions  for  Partial  Resonance. — The  conditions  for  and 
the  value  of  the  maximum  secondary  current  at  the  peaks  are  of 
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considerable  practical  interest.  However,  it  is  necessary  first 
to  find  what  may  be  termed  the  partial-resonance  condition.  To  do 
this  the  value  of  jSi  is  held  constant  and  the  value  of  02  is  found 
that  gives  a  maximum  value  of  |/2|.  Examination  of  (8.10)  shows 
that,  if  the  expression  under  the  radical  in  the  denominator  is 


Fig.  9.5. — Contour  curves  of  model  of  Fig.  9.1;  Qi  =  Qa,  k  >  Critical. 


a  minimum,  the  current  |/2|  is  a  maximum.  To  obtain  this  mini¬ 
mum  value,  differentiate  with  respect  to  jS2  the  quantity  under  the 
radical  (jSi  const.),  and  equate  to  zero,  giving 


whence 


ft  = 


m  + 


for  partial  resonance 
primary  fixed 


(10.1) 
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This  equation  states  the  value  of  02  for  maximum  |/2|  for  any 
chosen  value  of  0i.  This  maximum  is  denoted  by  max  |/2 1^  and 
is  not  necessarily  equal  to  the  greatest  possible  value  of  |/2|  that 
may  be  obtained  with  the  particular  coupling  employed.  The 
greatest  possible  value  of  |/2|  with  the  particular  coupling  employed 


is  denoted  by  |/2|max  and  is  secured  only  when  /3i  and  /?2have  certain 
particular  values,  given  in  Sec.  11. 

Equation  (10.1)  could  have  been  obtained  by  inspection  of  the 
expression  for  I2  as  given  by  (6.9)  if  written  in  the  equivalent  form 


h 


jwMEi 
R\  +  X\  +  J 


R\  +  x\) 


(10.2) 


Since  X2  occurs  only  in  the  parentheses  of  the  denominator,  |/2| 
would  be  a  maximum  for  any  value  of  Xi  if 
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_  WW2Xi 
2  R\  +  X\ 


(10.3) 


Equation  (10.1)  is  the  dimensionless  form  of  this  expression  obtained 
by  dividing  (10.3)  by  «L2.  The  locus  of  j82  vs.  given  by  (10.1), 
is  the  locus  of  max  I/2I01  and  is  called  the  'partial-resonance  primary- 


Fig.  9.7. — Contour  curves  of  model  of  Fig.  9.3;  Qi  <  Q2,  k  >  Optimum 


fixed  locus.  This  locus  is  plotted  in  Fig.  10.1  for  the  conditions  of 
Fig.  9.7. 

In  similar  manner  the  value  of  jSi  may  be  found  to  give  a  maxi¬ 
mum  \I2\  for  any  given  value  of  02,  when  the  tuning  of  the  secondary 
circuit  is  first  set  and  the  primary  circuit  is  then  tuned  for  a  maxi¬ 
mum  |I2|,  denoted  by  max  |/2U-  By  symmetry,  the  condition  is 


coVl^T 
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Fig.  9.8. — Contour  curves  of  model  of  Fig.  9.4;  Qi  <  Qi,  k  =  fcoptimum. 


0  0.5  1.0  1.5  2.0 

A± 

A 


Fig.  10.1 — Partial-resonance  conditions  in  magnetically  coupled  circuits. 
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11.  Conditions  for  |/2|max. — Equation  (10.1)  gives  the  value  of 
for  a  max  \I2U1  for  any  given  value  of  0 1.  Surely,  therefore, 
one  value  of  0i,  denoted  by  0im,  and  02m,  the  corresponding  value 
of  02,  must  give  the  position  of  one  of  the  main  peaks  of  /2  denoted 
by  \I  2)  max*  The  other  main  peak  must  lie  above  a  point  of  the  locus 

(10.1) ,  as  does  the  first  peak. 

Similarly,  the  two  main  peaks  must  also  lie  above  the  locus 
(10.4),  the  line  partial  resonance  secondary  fixed ,  of  Fig.  10.1. 
Hence  the  main  peaks,  being  on  both  loci,  must  be  located  at  two 
of  the  intersection  points  of  the  two  partial-resonance  loci.  The 
third  intersection  point,  if  there  be  three,  cannot  represent  a  maxi¬ 
mum  but  does  locate  the  lowest  point  in  the  “ saddle-shaped” 
region  between  the  main  peaks. 

The  values  of  0im  and  02m  for  |/2|max  can  now  be  found  by  solving 

(10.1)  and  (10.4)  simultaneously,  which  is  the  mathematical 
procedure  for  finding  the  points  of  intersection  of  two  curves. 
Dividing  (10.1)  by  (10.4), 


an) 


Equation  (11.1)  can  be  simplified  to 

02*  _  Qi 

01m  Q2 


(11.2) 


which  describes  the  locus  of  the  peaks.  Since  k  does  not  appear 
in  (11.2),  this  equation  gives  the  relation  between  0U  and  02r„  for 
all  values  of  k.  If  (11.2)  is  plotted  as  the  dashed  line  in  Fig.  10.1, 
it  gives  the  path  over  which  the  peaks  move  as  k  is  varied.  If  Q 1 
is  the  same  as  Q2,  this  path  is  coincident  with  the  45-degree  line. 

Substituting  in  (10.4)  the  value  of  02m  from  (11.2)  gives  the  values 
of  0irn, 


Substituting  (11.3)  or  the  value  of  0im  from  (11.2)  in  (10.1), 


02m  =  ± 


(11.4) 


Equations  (11.3)  and  (11.4)  give  the  coordinates  of  |/2Ua*, 
Fig.  10.1. 


as  in 
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12.  Critical  Coupling.— As  the  coefficient  of  coupling  k  is 
reduced,  the  two  peaks  approach  each  other,  moving  along  the 
dotted  line  in  Fig.  10.1.  The  two  peaks  become  one  when  the 
values  of  (3im  and  /?2m  become  zero.  The  value  of  k  that  reduces 
(11.3)  and  (11.4)  to  zero  is  known  as  the  critical  coupling  kc,  and 


VQ1Q2 


(12.1) 


If  k  is  less  than  kc,  the  values  of  /?im  and  (32m  from  (11.3)  and  (11.4) 
become  imaginary  and  have  no  physical  significance.  For  all 
values  of  k  below  critical  coupling,  there  is  only  one  peak,  which 
is  at  {3im  =  0  and  p2m  =  0. 

Critical  coupling  may  be  defined  also  as  follows:  Critical  coupling 
is  the  greatest  coupling  for  which  there  is  but  one  condition  for  a 
maximum  of  secondary  current.  Critical  coupling  is  the  coupling 
for  which  the  secondary  current  has  its  maximum  possible  value 
for  the  condition  that  both  circuits  are  tuned  to  the  impressed 
frequency. 

13.  Value  of  |/2|maz. — If  k  is  equal  to  or  greater  than  critical 
coupling,  the  value  of  |/2|max  for  each  peak  can  be  found  by  substitut¬ 
ing  f$im  and  /32m  from  (11.3)  and  (11.4)  into  (8.10),  whence 


\n\ 


max 


Iffil  VQi&  i 

2a;  VLiL2  \ic'>  fc, 

Igtl  1 

2  RiRi  J  fe, 


(13.1) 


Equation  (13.1)  shows  that  the  height  of  both  peaks  is  the  same 
and  remains  constant  as  long  as  there  are  two  peaks.  That  is, 
the  maximum  possible  secondary  current  is  independent  of  coupling 
k  when  k  is  greater  than  kc.  Also,  (13.1)  gives  the  greatest  value 
that  |/2|max  can  have  and  is  the  value  corresponding  to  the  peaks  of 
Figs.  9.1  to  9.4  and  indicated  by  the  contour  lines  of  Figs.  9.5  to  9.8. 

To  find  the  value  of  |/2 |max  for  k  less  than  kc,  fa  and  (32  in  (8.10) 
are  given  the  value  zero,  whence 


I  h 


1 


Q\Qi 


+  k2 


(13.2) 


kc 


2  max 


When  k  >  kc,  |/2|max  equals  E i/(2  's/R1R2).  When  k  <  kc,  |/j 
is  less  than  Ei/(2  \/R[ Ri).  A  graph  of  (13.1)  and  (13.2)  against 
k/kc  is  shown  in  Fig.  13.1. 
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For  fc  >  kc,  the  ratio  of  |/2[  to  ]/2|max  can  be  found  by  dividing 
(8.10)  by  (13.1).  The  ratio  is 


\JA  1  =  _ 2kVQ&2 

V[1  +  Q1Q2W-  -  (hfa)}2  +  [/ hQT+P 

This  ratio  is  plotted  in  Figs.  9.1  to  9.8. 


(13.3) 


14.  Recapitulation. — The  purpose  of  this  section  is  to  recapitu¬ 
late  the  important  properties  of  magnetically  coupled  circuits 
given  by  the  mathematical  analysis  of  the  preceding  sections. 

For  each  magnetically  coupled  system  of  two  circuits  there 
is  a  value  kc  of  the  coefficient  of  coupling,  known  as  critical  coupling. 


VQiQ 2 


(14.1) 


For  any  coupling  greater  than  critical  coupling,  the  surface  for 
|/2|  has  two  maxima,  or  peaks,  both  of  the  same  magnitude  or 
height,  given  by 

\Ej  VMl  ] 

2o>\/'LlL<2 

— I  (14.2) 

2  \/RlR2  kc 


If  Qi  =  Qz,  these  two  maxima  lie  on  the  45-degree  line  drawn  on  the 
plane  having  X2/X  =  ///2  as  ordinates  and  Xi/X  =  ///1  as  abscissas, 
Fig.  9.5. 

If  Qi  is  not  equal  to  Q2,  these  two  maxima  lie  off  the  45-degree 
line.  The  amount  of  detuning  to  reach  a  maximum  is  less  for  the 
circuit  having  the  higher  Q ,  as  would  be  expected.  The  more 
common  condition  met  in  practice  is  that  for  which  Qi  <  Q2,  as 
in  Fig.  9.7. 

As  the  coupling  is  decreased,  the  two  peaks  approach  each 
other,  moving  toward  the  point  f/fi  =  1  and  ///2  =  1,  denoting 
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the  condition  that  each  circuit  is  tuned  to  the  impressed  signal. 
At  critical  coupling  the  two  peaks  merge  into  one,  the  maximum 
point  lying  at  the  point  (1,1),  as  in  Fig.  9.6  for  Qi  =  Q2. 

For  k  less  than  kc  there  is  only  one  maximum,  or  peak,  which 
remains  at  the  point ///i  =  1  and///2  =  1  but  decreases  in  height 
as  k  decreases.  Its  value  is  given  by 


A/ 1 J57i|/ c*>  \Zlj\Ij2 
Q1Q2  _k<kc 


(14.3) 


At  critical  coupling  the  ratio  of  the  maximum  voltage  |2£C2|ma* 
across  the  secondary  capacitor  to  the  series  voltage  \Ei\  in  the 
primary  circuit  is  important  in  intermediate-frequency  amplifiers. 
Its  value  is 


%rl  =iJrVm  (i4.4) 

l^il  ]k  =  ke  \L  1 

15.  Variation  of  |/2|  with  co. — A  full  knowledge  of  the  manner 
in  which  |/2[  varies  with  the  frequency  of  the  impressed  signal 


Fig.  15.1. — Indicating  sections  through  coupled-circuit  models  and  contour  plots. 

is  of  the  greatest  practical  importance.  A  graph  of  |I2|  vs.  w 
or  /  gives  the  equivalent  resonance  curve  of  the  system  and  enables 
the  band  width  of  the  system  to  be  determined.  One  of  the  reasons 
for  using  coupled  circuits  in  an  intermediate-frequency  amplifier  is 
to  obtain  a  more  uniform  amplification  over  a  greater  band  width 
than  can  be  obtained  by  an  equivalent  single  circuit. 

The  models  in  Figs.  9.1  to  9.4  and  the  corresponding  contour 
curves  of  Figs.  9.5  to  9.8  are  of  considerable  value  in  visualizing 
the  shape  of  the  resonance  curve  with  changing  /.  Suppose  that 
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the  circuits  are  tuned  to  the  same  frequency  and  that  the  impressed 
voltage  Ei  has  a  frequency  corresponding  to  the  series- resonant 
frequency  of  the  two  circuits.  The  state  of  tuning  would  be  repre¬ 
sented  by  fli  =  0  and  /J2  =  0,  determining  a  point  on  the  base 
plane  of  the  models,  point  a,  Fig.  15.1.  The  coordinate  axes  of  the 
models  are  marked  off  linearly  in  terms  of  Xi/X  =  f/fi  =  o>  v£iC, 
and  X2/X  =  ///2  —  co  vXa.  If  now  X  or  /  is  varied,  the  two 


Fig.  15.2. — Sections  of  Fig.  9.5. 


coordinates  of  the  point  vary  proportionately  and  the  point  repre¬ 
senting  the  state  of  tuning  moves  along  the  45-degree  line  in  Fig. 
15.1.  Distances  along  the  45-degree  line,  measured  from  the  origin, 
are  directly  proportional  to  the  frequency  /  of  the  impressed  signal. 

A  cross  section  along  the  45-degree  line  of  any  one  of  the  models 
gives  the  variation  of  \I2\  as  /  is  varied,  when  both  circuits  are  tuned 
to  the  same  frequency. 
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If  the  circuits  are  not  tuned  to  the  same  wavelength  or  frequency, 
a  cross  section  of  the  models  along  a  straight  line  passing  through 
the  origin  and  making  an  angle  whose  tangent  is  X2/Xi  with  the 
horizontal  gives  the  variation  of  |/2|  as  /  is  varied.  Such  a  section 
is  indicated  by  the  line  Obcd  in  Fig.  15.1.  The  frequency  /  for 
any  point  b}  for  example,  is  determined  best  by  projecting  b  on 
the  horizontal  axis  to  find  the  value  of  f/f  i.  At  point  c  the  impressed 
frequency  is  that  which  would  resonate  the  primary  circuit  alone; 
at  point  d  the  impressed  frequency  is  that  which  would  resonate 
the  secondary  circuit  alone  but  would  be  about  50  per  cent  greater 
than  the  resonance  frequency  /i  for  the  primary  circuit.  For 


Fig.  15.4. — Sections  of  Fig.  9.7. 


example,  sections  of  the  model  of  Fig.  9.1  along  five  radial  lines  for 
which  X2/Xi  or/i//2  has  the  values  0.667,  0.8,  1,  1.25,  1.5  are  shown 
in  Fig.  15.2.  Similar  sections  of  the  model  of  Fig.  9.2  for  critical 
coupling  are  shown  in  Fig.  15.3.  Sections  for  Fig.  9.7  where  k  is 
greater  than  kQ  and  Q2  is  greater  than  Qi  are  shown  in  Fig.  15.4. 

16.  Resonance  Curve  when  fi  =  /2. — The  proper  tuning  con¬ 
dition  for  an  intermediate-frequency  coupling  system  is  that/2  =  fu, 
hence  the  resonance  curve  is  that  given  by  a  section  of  the  models 
along  the  45-degree  line.  To  find  this  resonance  curve  put  /?2  =  fii 
in  (13.3),  repeated  here  in  (16.1). 

jm_1  = _ 2 wm, _ 

4-  Vtl  +  QiQ2(fc2  -  0i)]2  +  0?(Qi  +  Q2)2  '  ' 

Remember  that  |I2|ra*x  is  the  maximum  value  of  the  secondary 
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current  attainable  for  a  given  coupling  and  may  not  be  located  on 
the  45-degree  section. 

Equation  (16.1),  plotted  for  Q i  =  Q2  and  for  a  coupling  greater 
than  critical  coupling,  is  shown  by  the  curve  marked  X2/Xi  =  1  in 
Fig.  15.2.  The  curve  for  Qi  <  Q2  is  shown  by  the  curve  marked 
X2/Xi  =  1  in  Fig.  15.4.  In  both  cases  there  are  two  maxima  of 
equal  height,  with  a  minimum  between  at  point ///i  =  1. 

The  positions  of  these  maxima  and  minima  on  the  f/fi  scale 
can  be  found  by  differentiating  (16.1)  with  respect  to  f/fi  and 
equating  the  result  to  zero.  Since  Qi  and  Q2  as  well  as  0i  are 
dependent  upon/,  this  differentiation  would  be  somewhat  involved. 
But  it  should  be  noted  that  Qi  and  Q2  vary  much  more  slowly  than 
13 1  when  co  or  /  is  varied,  because  /3i  is  a  difference  of  two  terms 
that  have  about  the  same  value.  Furthermore,  because  of  skin 
effect,  the  resistance  of  a  circuit  increases  with  frequency  so  that 
Q  is  generally  more  nearly  constant  than  R.  Neglecting  the 
variation  of  Q  with  co,  the  differentiation  can  be  carried  out  with 
respect  to  j9i;  and  since  0i  occurs  only  in  the  denominator,  the 
result  can  be  obtained  by  differentiating  the  expression  under  the 
radical  and  equating  the  result  to  zero.  The  result  is 

gi  =  Q _  (16.2) 

*  =  ±ylka~iQi  +  ®)  (16-3) 

The  position  of  the  minimum  between  the  two  maxima  is  given  by 
(16.2).  The  two  maxima  are  located  at  the  two  numerically  equal 
values  of  0i  given  by  (16.3).  As  k  is  decreased,  the  values  of  0i 
given  by  (16.3)  decrease  and  the  separation  of  the  maxima  decreases. 
When  0i  given  by  (16.3)  becomes  zero,  the  two  maxima  merge  into 
a  single  maximum  at  0i  =  0  or  f/fi  =  1.  Hence,  the  largest  value 
of  k  that  gives  a  single  maximum  of  /2  along  the  45-degree  line  is 
the  value  that  makes  0i  of  (16.3)  equal  to  zero.  This  coupling 
is  called  optimum  coupling,1  denoted  by  kQ. 


(16.4) 


Optimum  coupling  is  always  greater  than  critical  coupling 
when  Qi  is  not  equal  to  Q2  but  is  identical  with  critical  coupling 
when  Qi  =  Q2. 


1  In  British  literature  optimum  coupling  is  sometimes  called  transitional 
coupling. 
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The  model  in  Fig.  9.4  and  its  contours  in  Fig.  9.8  are  for  optimum 
coupling.  There  are  two  peaks,  located  off  the  45-degree  line, 
showing  that  the  coupling  is  greater  than  critical  coupling.  Follow- 


Fig.  16.1. — Variations  in  secondary  current;  circuits  tuned  to  the  same  frequency  and 

Qi  —  Q2. 


Fig.  16.2. — Variations  in  secondary  current ;  circuits  tuned  to  the  same  frequency  and 

Qi  <  Qi. 

ing  along  the  45-degree  line  in  Fig.  9.8  it  is  clear  that  there  is 
only  one  maximum. 

Resonance  curves  for  various  values  of  k  when  X2  =  Xi  and  when 
Qi  =  Q2  =  8  are  shown  in  Fig.  16.1.  The  curve  for  k  =  kc  =  0.125 
is  a  section  of  the  model  of  Fig.  9.6.  Note  that,  with  equal  Q7s,  all 
maxima  for  k  ^  kc  have  the  same  height,  equal  to  \Ex\/{2  \ZR\Rz). 
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Corresponding  resonance  curves  for  X2  =  Xi  but  where  Qi  <  Q2 
are  shown  in  Fig.  16.2.  The  values  of  Qi  and  Q2  are  the  same  as 
those  for  Figs.  9.7  and  9.8.  Two  of  the  curves  (i i.e .,  those  for 
k  =  0.3  and  0.1822)  are  sections  of  the  models  for  these  figures. 
The  maximum  of  the  resonance  curve  for  k0  is  less  than  the  maxi¬ 
mum  for  k  =  kc. 

17,  Value  of  \h\/\h\m*x  for  Optimum  Coupling. — The  value  of 
\h\/\h\m*x  at  the  resonant  frequency  /  =  /i  =  /2  for  optimum 
coupling  can  be  found  by  substituting  in  (16.1)  the  values  (3 1  =  0 
and  k0  from  (16.4).  The  result  is 

\h\  L-fc,  _  2 k„  _  2  V2  VoJQi  Vi  +  (Q./005  ,17  n 

\UUA'-Ji\  ~  i  +  KQiQ*  ^  +  Q,y  K  ’ 

If  Q2  =  Qh  (17.1)  reduces  to  unity. 

18.  Band  Width  for  Optimum  Coupling. — The  condition  of 
optimum  coupling  provides  the  best  single-peaked  band-pass 


Fig.  18.1. — Variations  in  secondary  current  at  optimum  coupling. 

resonance  curve  and  is  therefore  the  best  condition  for  a  selective 
intermediate-frequency  amplifier  that  is  required  to  pass  a  modu¬ 
lated  signal.  The  band  width  of  such  a  resonance  curve  is,  there¬ 
fore,  of  practical  interest. 

The  fractional  band  width  is  defined  as  the  frequency  width  of 
the  curve  at  the  half-power  level  divided  by  the  frequency  at  the 
maximum  of  the  curve.  The  ratio  of  the  current  at  any  point  on 
the  optimum-coupling  resonance  curve  for  /2  —  fi  to  the  current 
at  the  peak  of  this  resonance  curve  can  be  found  by  dividing 
(16.1)  with  k  =  k0  by  (17.1),  giving 

1  h\  =  _ 1  +  klQrQ, _ 

VU  +  QW\  -  $)P  +  $(<?.  +  w 


(18.1) 
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The  next  step  is  to  find  the  two  values  of  /3i  that  make  the  left-hand 
side  of  (18.1)  equal  to  1/V2.  The  result  is 


0i  = 


(18.2) 


These  two  values  of  0i  may  be  called  0/  and  0i"  as  in  Fig.  18.1, 
which  is  a  graph  of  (18.1)  for  Qi  =  4  and  Q2  =  16.  Then  expanding 
fii  and  0i"  gives 


r  1 

/1  y/l  -  0i" 
Hence  the  band  width  is 


and 


r  _=  1 

h  Vl  -  W 


(18.3) 


/"  -r  _  1 

fi  Vl  - 181" 


=  *0*i"  -  fli')  (18.4) 

V 1  -  0i 


This  gives  as,  an  approximate  value  for  band  width, 

Band  width  for  k0  =  - — 7—^-  =  fi  +  TT^  (18.5) 
/1  V2  \vi  V2/ 


The  band  width  for  critical  coupling  can  be  obtained  in  a  similar 
manner  and  is  given  by  the  following  approximate  formula: 


Band  width  f°r  K  =  A=  yfy/Q-  - 


+ 


i6_ 


(18.6) 


19.  Band -width  Curves  for  kc  and  kQ . — Curves  of  constant  band 
width  for  various  values  of  Qi  and  Q2  are  plotted  in  Fig.  19.1. 
The  curves  of  constant  band  width  for  optimum  coupling  k0  are 
obtained  from  the  exact  form  of  (18.4)  by  plotting  Qi  against  Q2 
for  constant  values  of  (/"  —  f)/f\.  The  curves  of  constant  band 
width  for  critical  coupling  kc  are  derived  from  (18.6).  The  45-degree 
lines  with  positive  slopes  are  lines  over  which  Q2/Q1  have  constant 
values  as  indicated  on  the  lines. 

The  manner  of  using  these  curves  is  explained  by  the  following 
examples:  If  Q2  =  Q 1,  the  data  must  be  read  off  the  45-degree  line 
marked  Q2/Qi  =  1.  For  a  band  width  of  0.01  with  equal  Q’ s,  Qi 
and  Q2  must  be  141;  optimum  coupling  is  the  same  as  critical 
coupling.  Suppose  now  that  Q2  is  10Qi  and  that  Qi  is  21.6,  as 
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indicated  by  point  a  in  Fig.  19.1.  The  band  width  with  critical 
coupling  would  be  0.01  but  with  optimum  coupling  would  be  0.036. 

The  spreading  apart  of  the  lines  for  optimum  and  critical 
coupling  shows  that,  as  the  ratio  of  Q2/Q1  departs  from  unity, 
optimum  coupling  gives  a  greater  and  greater  band  width  as  com¬ 
pared  with  that  given  by  critical  coupling. 

BANDWIDTH  OPTIMUM  COUPLING 
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Fig.  19.1.— Fractional  band  width  for  critical  and  optimum  coupling  of  two  mag¬ 
netically  coupled  circuits. 

The  curves  also  show  that,  if  Q2  is  at  least  ten  times  Q i,  the 
band  width  is  practically  independent  of  Q2. 

20.  Parallel -fed  Coupled  Systems. — In  the  preceding  discussion 
the  power  has  been  fed  to  the  coupled  circuits  from  a  series  source 
denoted  by  E 1  in  Figs.  6.1  and  6.2.  Frequently,  however,  the  a-c 
power  is  fed  in  parallel  with  the  primary  circuit,  the  primary  circuit 
being  in  the  plate  circuit  of  a  vacuum  tube  as  in  Fig.  20.1a.  The 
subscripts  1  and  2  indicating  primary  and  secondary  circuits  are 
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replaced  by  subscripts  b  and  c  in  order  to  conform  with  the  notation 
used  in  vacuum-tube  circuits. 

The  vacuum  tube  operating  as  a  linear  Class  A  amplifier1  may 
be  replaced  by  a  generator  of  voltage  nEg  in  series  with  the  plate 
resistance  rp.  Instead  of  treating  this  case  as  a  new  problem  it  is 
easier  to  transform  the  circuit  into  an  equivalent  series  circuit  and 
then  to  apply  the  coupled-circuit  theory  that  has  been  developed 


Cb 


Fig.  20.1. — Parallel -fed  coupled  system  and  its  equivalent  circuit. 

in  the  preceding  sections.  This  transformation  can  be  made  by 
applying  Thevenin’s  theorem  to  the  circuit  of  Fig.  20.1a  at  points 
AB  as  explained  in  Chap.  VI,  Sec.  5.  According  to  Thevenin’s 
theorem  the  portion  of  the  circuit  to  the  left  of  points  AB  can  be 
replaced  by  a  series  generator  having  a  voltage  EAb  equal  to  the 
open-circuit  voltage  between  points  A  and  B ,  in  series  with  an 
impedance  ZAB  equal  to  the  impedance  between  points  A  and  B 
with  the  voltage  suppressed. 


1  See  Chap.  XIII. 
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The  open-circuit  voltage  EAB  is  given  by  (5.1),  Chap.  V.  The 
impedance  ZAB  is  given  by  (5.2),  Chap.  V.  Then  the  circuit  of 
Fig.  20.1a  can  be  transformed  to  the  circuit  in  Fig.  20.16.  If, 
as  is  often  the  case,  the  dimensionless  quantity  ( rpcoCb )2  is  very 
large  in  comparison  with  unity,  the  equivalent  series  circuit  assumes 
the  form  in  Fig.  20.1c.  In  this  case  Cb  is  the  same  as  for  the  parallel- 
fed  circuit,  but  the  added  resistance  due  to  rp  is  rp/(rpwCb)2  hence 
is  much  smaller  than  rp.  The  series  voltage  is  also  advanced  by  90° 
and  is  equal  in  magnitude  to  nE0/rpo)Cb- 
The  effective  Qi  of  the  primary  circuit  is 

Qi  =  — (2o.i) 

* + 

The  added  resistance  rp/{rpo)Cb)2  generally  makes  Qi  less  than  Q2. 

21.  Power  Transfer  in  Coupled  Circuits. — In  amplifier  and 
receiving  circuits,  voltage  gain  and  band  width  are  generally  the 


Fig.  21.1. — Magnetically  coupled  system. 


most  important  quantities  to  be  considered  in  the  adjustments  of 
the  circuits.  In  dealing  with  systems  such  as  transmitters  the 
efficiency  of  power  transfer  from  the  generator  to  the  load  is  an 
important  consideration.  Often,  coupled  circuits  are  used  in  such 
systems,  and  the  conditions  for  the  most  efficient  transfer  of  power 
through  the  circuits  is  worthy  of  some  study. 

Commonly  in  power  systems  a  generator  of  some  sort  feeds 
power  into  one  of  two  or  more  coupled  oscillatory  circuits,  and 
the  load  is  connected  in  one  of  the  other  oscillatory  circuits.  This 
arrangement  is  illustrated  in  Fig.  21.1  wffiere  r2  is  the  resistance  of 
the  secondary  circuit  exclusive  of  the  load  resistance  RL  and  R22 
is  the  total  resistance  of  the  secondary  circuit.  Similarly,  n 
is  the  circuit  resistance  of  the  primary  circuit  exclusive  of  the 
generator  resistance  Ro,  and  R  n  is  the  sum  of  r\  and  RG  and  is  the 
total  resistance  of  the  primary  circuit. 

The  object  is  to  transfer  power  from  Ei  to  Rl,  but  the  power  in 
Rl  is  proportional  to  the  power  transferred  to  the  secondary  circuit. 


Sec.  21]  POWER  TRANSFER  IN  COUPLED  CIRCUITS 
The  total  efficiency  ijt  of  transfer  of  power  may  be  written 
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Vt  =  VcitV2  (21.1) 

where  ? jciT  is  the  circuit  efficiency  and  represents  the  efficiency  of 
transfer  of  power  from  Ei  to  the  secondary  circuit  and  tj2  represents 
the  proportion  of  useful  power  (in  RL)  to  the  total  power  in  the 
secondary  circuit  and  is  equal  to  Rl/Rzz*  The  present  study  is 
concerned  only  with  tjc{t. 

The  circuit  efficiency  yCir  is  the  power  dissipated  in  R22  divided 
by  the  total  power  input,  which  is  the  power  dissipated  in  both 
Rn  and  R22,  or 

Vcir  I\Rn  +  I\Rn  I\  Rn  .  K  } 

II  Rn  + 


where  Ii  and  1 2  are  magnitude  values.  But  (6.2)  gives,  for  magni¬ 
tude  values, 


i\  z*„  ri2  +  xi, 

II  Z{2  o)2M2 

(21.3) 

Substituting  (21.3)  in  (21.2), 

1 

Vc"  Rh+Xl2Rn 
a m2  R22 

(21.4) 

Equation  (21.4)  shows  that  the  efficiency  rjdr  is  not  dependent  upon 
the  value  of  Xu  but  does  depend  upon  X22  and  is  a  maximum  when 
X22  is  zero.  This  important  result  is  restated  as  follows: 

For  maximum  efficiency  of  power  transfer  in  magnetically  coupled 
circuits ,  the  circuit  to  which  power  is  transferred  should  he  tuned 
to  resonance . 

In  the  more  general  case  in  Fig.  6.1,  if  R 12  is  negligible,  maximum 
efficiency  of  power  transfer  results  when  X22  =  0.  Setting  X22  —  0 
in  (21.4)  gives  as  maximum  efficiency 


max  rjc ir 


1 


R11R22 


+  1 


coW2 
fc2QiQ2 
1  + 


(21.5) 

(21.6) 


where  Qi  and  Q2  are  now  given  by  Qi  =  ccLi/Rn  and  Q2  =  o>L2/#22. 
Using  (14.1),  QiQ2  may  be  replaced  by  1  /k2c,  and 
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(k/kc)2  ... 

max  vfcir  -  x  +  (k/kcy 

Equation  (21.7)  shows  that  Avhen  k  =  kc  the  efficiency  is  50 
per  cent,  and  to  obtain  higher  efficiencies  k  must  be  greater  than  kc. 
A  ratio  k/kc  of  5  gives  an  efficiency  of  approximately  96  per  cent. 
Hence  k/kc  should  be  within  the  range  from  3  to  6. 

When  the  secondary  is  tuned  to  resonance,  X22  =  0,  and  the 
impedance  of  the  coupled  system  of  Fig.  21.1  presented  to  Ei  is, 
from  (7.2), 


ZW 


=  n  + 

Xi2  =  0  H'22 


=  R 


11 


1  +  l  h  J  I  +  A"  ii 


(21.8) 

(21.9) 


If  Xu  is  zero,  the  coupled  system  presents  to  E\  a  load  of  unity 
power  factor.  The  setting  of  the  circuits  is  at///i  =  1  and///2  =  1 
on  the  models  in  Figs.  9.1  and  9.3,  or  directly  on  the  low  point  of 
the  saddle.  The  adjustment  to  give  |/2|ma*  is  not  the  condition  of 
greatest  efficiency  except  when  the  coupling  is  equal  to  or  less  than 
critical  coupling. 

If  the  primary  circuit  be  considered  as  the  impedance  of  the 
generator  and  the  secondary  circuit  be  the  load  circuit,  the  condi¬ 
tion  for  maximum  power  transfer  is  that  t o2ilf2/Z22  be  the  conjugate 
of  Z n,  that  is, 

(21.10) 
(21.11) 

for  max.  power 
transfer 

where  /3i  —  Xn/coLi  and  £2  =  X22/coL2.  These  are  the  conditions 
for  1 7 2 1 max  since  (21.11)  is  the  same  as  (10.4)  and  (21.10)  divided  by 
(21.11)  gives  (11.2).  But  substituting  (21.10)  in  (21.4)  gives  an 
efficiency  of  50  per  cent.  This  shows  that  whenever  the  circuits 
are  adjusted  to  give  |/2|max  for  k  >kc  the  circuit  efficiency  is  50 
per  cent. 

The  preceding  demonstration  has  shown  that,  when  the  circuit  is 
driven  by  a  generator  of  constant  internal  impedance,  the  condition 
of  maximum  power  transfer  to  the  secondary  circuit  and  the  condi¬ 
tion  for  maximum  efficiency  are  not  identical. 


R  ii  — 


In  = 


c c2M2R 


22 


R\i  +  X|2 
co2M2X22 
R\  2  +  X22 


or 


£1  = 


M2 


7T2  +  &2 


CHAPTER  VIII 
FILTERS 


1.  Definitions. — An  ideal  low-pass  filter  would  transmit  without 
loss  alternating  power  of  any  frequency  lower  than  a  given  limit 
fC}  called  the  cutoff  frequency,  and  would  block  altogether  the 
transmission  of  alternating  power  of  frequency  higher  than  the  cut¬ 
off  frequency.  The  frequency  band  from  0  to  fc  is  called  the  trans¬ 
mission  band;  the  band  from  fc  to  c©  is  called  the  attenuation 
band.  A  high-pass  filter  has  0  to  }c  for  the  attenuation  band  and 
fc  to  oo  for  the  transmission  band.  A  single  band-pass  filter  has  a 
finite  frequency  band  /i  to/2  for  the  transmission  band;  0  to/i  and 
/2  to  oo  are  attenuation  bands.  A  single  band-stop  filter  has  0  to  /i 


Fig.  1.1. — Block  diagram  of  filtering  circuit. 


and  /2  to  oo  for  transmission  bands  and  fi  to  /2  for  the  attenuation 
band. 

A  block  diagram  of  a  filtering  circuit  inserted  between  a  generator 
and  a  load  is  shown  in  Fig.  1.1.  If  the  filter  contains  resistance, 
it  will  dissipate  some  energy.  A  filter  should  preferably  have  no 
losses,  i.e.y  no  dissipation.  This  cannot  be  attained  in  practice 
but  can  be  approached  closely.  The  development  and  practical 
application  of  the  formulas  used  in  filter  design  are  greatly  facilitated 
by  considering  the  dissipationless  case.  Therefore,  the  theory  of 
the  dissipationless  filter  must  be  regarded  as  a  description  of  con¬ 
ditions  that  are  approached  in  the  limit,  as  the  dissipation  of  the 
filter  is  made  less  and  less  and  finally  becomes  zero.  In  practice, 
the  filter  elements  are  designed  with  as  high  a  Q  (ratio  of  reactance 
to  resistance)  as  is  economically  possible  over  the  range  of  fre¬ 
quencies  used. 

2.  Low-pass  Filter. — A  circuit  containing  series  inductors  and 
shunt  capacitors  will  pass  low  frequencies  and  attenuate  high 
frequencies.  The  simplest  circuit  to  analyze  is  one  having  two 
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equal  series  coils  without  mutual  inductance.  In  practice,  the 
load  is  commonly  a  pure  resistance  R,  constant  over  the  range  of 
frequencies  used.  To  secure  maximum  power  transfer,  the  gener¬ 
ator  should  have  an  internal  impedance  Rg  equal  to  R,  Fig.  2.1. 
The  filter  is  inserted  between  the  generator  and  the  load,  Fig.  2.2. 
It  is  desirable  that  the  filter  terminated  by  the  load  present  the 
same  impedance  R  to  the  generator  as  the  load  itself.  It  will  be 
shown  in  Sec.  4  that  this  is  approximately  true  when 


(2.1) 


The  derivations  that  follow  in  this  section  are  based  upon  this 
condition. 


R  I 


Fig.  2.1. — Generator  and 
load  matched  for  maximum 
power  transfer. 
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Fig.  2.2. — Filtering  network  introduced  between 
generator  and  load  of  Fig.  2.1. 


It  is  possible  to  obtain  the  voltage  E*  across  the  load,  Fig.  2.2, 
from  the  Kirchhoff  equations  of  the  network.  The  derivations  are 
rather  long  and,  not  being  essential,  are  not  given  here.  The 
magnitude  of  E2  is  found  to  be 


m  i 

2  -y/l  +  x6 


and  E 2  lags  Eg  by  radians,  13  being  given  by 


tan  13  = 


2x  —  x3 
1  -  2x2 


(2.2) 


(2.3) 


In  these  formulas  the  numerical  factor  x  is  given  by 

x  —  it  VLCf  =  /  (2.4) 

Jc 

where/  is  the  applied  frequency  and/c  =  1/(tt  y/LC ). 

Figure  2.3  shows  \E2\  and  /3  as  functions  of  frequency.  The 
ratio  of  \E2\  to  \Eg\/2  is  practically  unity  for  all  frequencies  below 
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/c/2;  for  higher  frequencies  the  ratio  decreases  gradually  to  zero. 
The  phase  lag  (3  increases  from  zero  to  3x/2  (or  270°)  and  is  3x/4 
(or  135°)  at  /c. 

Without  the  filter,  the  power  delivered  to  the  load  would  be 
P0  =  PJ/4P,  with  the  filter  it  is  P/  =  I2E2  =  E\/R.  The  power 
ratio 

T,  *  (ft)’  *  1  +  *•  <25> 

is  a  measure  of  the  effectiveness  of  the  filter.  The  number 

D  (db)  =  10  log  (2.6) 

is  called  the  insertion  loss  (in  decibels)  due  to  the  filter.  In  this 
case,  the  loss  is  practically  zero  for  all  frequencies  below  fc/ 2, 


Fig.  2.3. — Frequency  characteristics  of  constant-fc  low-pass  network  with  fixed 

resistive  load. 

Fig.  2.3.  It  is  3  db  (half  power)  at  fc  and  for  higher  frequencies 
increases  indefinitely. 

It  is  seen  from  Fig.  2.3  that  the  network  just  analyzed  does  not 
discriminate  sharply  between  frequencies  above  and  below  a  certain 
frequency  fc,  as  the  ideal  low-pass  filter  defined  in  Sec.  1  should  do; 
rather,  its  response  changes  gradually  from  one  end  of  the  spectrum 
to  the  other.  This  network,  however,  may  be  considered  as  an 
approximation  to  an  ideal  filter  whose  cutoff  would  be  fc.  The 
approximation  is  not  very  good  but  is  as  good  as  can  be  obtained 
with  only  two  coils  L/2  and  one  capacitor  C. 
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3.  Ladder-type  Low-pass  Filter. — A  sharper  frequency  dis¬ 
crimination  is  obtained  if  two  or  more  identical  filter  sections  are 
connected  in  cascade  between  generator  and  load,  Fig.  3.1.  In 
such  a  circuit  any  two  coils  connected  in  series  may  be  replaced 
by  one  coil  only,  Fig.  3.2.  This  form  of  network  is  called  a  ladder- 
type  filter  from  the  appearance  of  its  circuit  diagram.  If  n  sections 


Fig.  3.1. — Three-section  low-pass  filter. 


Fig.  3.2. — A  ladder-type  filter  equivalent  to  the  filter  of  Fig.  3.1. 


R  I  L/2  L/2  3  3  L/2  1/2  5 


2  4  4  6 

Fig.  3.3. — Calculation  of  the  output  voltage  of  a  two-section  filter. 


are  used,  it  consists  of  n  —  1  identical  coils  L  in  series,  plus  a  coil 
L/2  at  each  end,  and  n  capacitors  C  in  shunt. 

Since  a  two-  or  three-section  filter  is  more  effective  than  a 
one-section  filter,  it  is  desirable  to  calculate  the  voltages  and 
currents  in  such  networks.  Unfortunately  the  calculations  become 
more  and  more  complicated  as  the  number  of  sections  increases. 
The  reason  for  this  is  already  apparent  in  the  case  of  n  =  2.  To 
calculate  the  input  impedance  at  terminals  1-2,  and  then  the  input 
current,  replace  the  second  filter  section,  terminated  by  the  constant 
resistance  R  =  \/L/C,  by  its  input  impedance  Zin,  Fig.  3.3.  The 
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first  section  is  terminated  by  this  impedance  Zin,  which,  however, 
is  not  a  constant  resistance  but  is  a  function  of  frequency  given  by 


Zn 


2 j(xz  —  2z5) 
1  +  4x4 


(3.1) 


where  x  =  ///c,  and  is  plotted  in  Fig.  3.4.  The  input  impedance 
of  the  two-section  filter  is  a  still  more  complicated  function  of 
frequency,  and  the  complication  increases  with  the  number  of 
sections. 


Fig.  3.4. — Input  impedance  of  the  filter  network  of  Fig.  2.3,  as  function  of  the 

frequency  ratio  f/fc. 

Calculations,  however,  are  greatly  simplified  if  the  termination, 
instead  of  being  a  constant  resistance,  is  assumed  to  be  a  certain 
specified  impedance.  The  general  theory  of  filters  deals  with 
sections  that  are  equivalent  to  a  T  with  two  unequal  series  arms. 
The  present  treatment  will  consider  only  symmetrical  sections,  for 
which  the  specified  impedance  is  called  the  characteristic  impedance 
of  the  symmetrical  filter. 

4.  Characteristic  Impedance  of  Low-pass  Filter. — Let  /  be 

the  applied  frequency.  By  definition,  the  characteristic  impedance 
Zc  at  frequency  /  has  such  a  value  that,  when  the  symmetrical 
one-section  filter  is  terminated  by  Zc ,  its  input  impedance  measured 
at  terminals  1-2  is  equal  to  Zc,  Fig.  4.1. 
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The  input  impedance  of  the  network,  Fig.  4.1,  is 
/7  _  I  jXc(jXL/ 2  +  Zc) 

Zin  -  JXL/ 2  +  ^  +  jXhn  +  ^ 

In  terms  of  R  and  x,  the  reactance  of  each  series  coil  is 

II  y/LC 


v  .  L  ILVLC 

Xl/2  =  JU  2  =  J  ylQ  — 2 —  w  =  jHx 


I  L/2 

o — 


L/2  3 

— £ 


2  4 

Fig.  4.1. — Characteristic  impedance  of  low-pass  filter. 


Ii  JR* 


■Ifll 
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r  J2x 


jRx 


^ _ _ 

+ 


(4.1) 


(4.2) 


Fig.  4.2. — Network  of  Fig.  4.1,  with  values  of  the  reactances  inserted;  x  =  ///e, 

and  the  reactance  of  the  shunt  capacitor  is 


R_ 

2x 


(4.3) 


as  indicated  in  Fig.  4.2.  Replacing  Zin  by  Zc  in  (4.1)  and  solving 
for  Zc ,  it  is  found  that 


Z'  =  \l§  V1  -  (fj  =  R  (4.4) 

Two  cases  must  be  distinguished: 

Case  1:  /  <  /c,  or  x  <  1.  For  all  frequencies  below  the  cutoff, 
the  characteristic  impedance  is  a  pure  resistance ,  the  value  of  which 
decreases  from  R  =  s/L/C  for  very  low  frequencies  to  zero  for 
fc}  Fig.  4.3a. 

Case  2:  f  >  fc,  or  x  >  1.  In  this  case 


Ze  =  jR  \/x2  -  1  =  jX 


(4.5) 
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For  all  frequencies  above  the  cutoff,  the  characteristic  impedance 
is  a  pure  inductance /  increasing  from  zero  at  fc  to  ja>L/2  at  very 
high  frequencies,  Fig.  4.36. 


Fig.  4.3. — Variations  with  frequency  of  (a)  the  resistive  part  of  Zc  and  ( b )  the  reactive 

part  of  Zc. 

The  variations  of  Zc  plotted  in  the  complex  plane,  Fig.  4.4, 
give  two  perpendicular  straight 
lines.  There  is  no  actual  combina¬ 
tion  of  circuit  elements  that  has 
exactly  these  variations  in  imped¬ 
ance.  However,  these  variations 
are  approximated  by  the  input 
impedance  of  one  filter  section  ter¬ 
minated  in  R  =  \/L/C,  as  shown 
by  Fig.  3.4  and  by  the  dotted  line 
of  Fig.  4.4.  This  approximation 
becomes  better  and  better  the  larger 
the  number  of  filter  sections  con¬ 
nected  in  cascade.  It  is  generally 

j,,  r.  ,  Fig.  4.4. — Variations  with  fre- 

aSSUmed,  therefore,  that  filters  are  quency  of  the  characteristic  imped- 

terminated  by  their  characteristic  anc®  (heavy  solid  lines)  of  a  one- 
.  j  ,,  ,,  i  section  low-pass  filter,  and  of  the 

impedance  rather  than  by  a  con-  input  impedance  Zin  (dotted  line) 

stant  resistive  load,  since  this  when  the  termination  is  R  =  \/L/C’ 

assumption  simplifies  calculations  a9  m  Flg'  3*4' 

and  yields  results  that  are  sufficiently  accurate  to  be  useful. 

1  In  the  general  case  of  a  dissipative  low-pass  filter,  the  Zc  from  (4.4)  could 
be  in  the  attenuation  band  either  R  +  jX  or  —  R  —  jX  (where  R  and  X  are 
positive  quantities).  The  latter  solution  is  usually  disregarded  since  the 
practical  application  of  filters  is  to  dissipative  loads.  In  the  limit,  as  the  filter 
becomes  dissipationless,  R  decreases  to  zero,  leaving  Zc  =  jX  as  in  (4.5). 
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6.  Attenuation  and  Phase  Lag  of  the  Low-pass  Filter. — When 
the  filter  is  terminated  in  its  characteristic  impedance,  Fig.  5.1, 
a  simple  relation  holds  between  the  input  and  output  voltages  and 
currents,  viz,, 


since  the  input  and  output  impedances  are  both  equal  to  Zc. .  From 
(5.1), 


2  b  4 


Fig.  6.1. — One-section  low-pass  filter  terminated  by  its  characteristic  impedance. 

This  common  ratio  now  will  be  calculated.  The  voltage  across  the 
capacitor,  Fig.  5.1,  is  equal  to  the  sum  of  the  voltages  across  the 
right-hand  coil  and  the  load,  or 

-3  ^  iji  ~  h)  =  (jRx  +  R  \/r~^)I,  (5.3) 

whence 

1 1  =  [(1  -  2x2)  +  2 jx  (5.4) 

The  quantity  in  brackets  is  in  general  a  complex  numeric, 
which  has  a  magnitude  and  an  angle.  The  magnitude,  being  a 
positive  number,  may  be  written  as  ea;  the  angle  may  be  called  /3. 
The  physical  meaning  of  the  symbols  a  and  /3  will  appear  shortly. 
The  numeric  then  may  be  written  as 

ea(cos  0  +  j  sin  0)  =  eae^  =  ea+l/3  (5.5) 

so  that 

h  =  e«+j'0/2  (5.6) 

It  will  be  shown  now  that  (5.6)  corresponds  to  two  completely 
different  conditions,  according  to  whether  the  applied  frequency  is 
below  or  above  the  cutoff. 

Case  1 :  f  <  fc,  or  x  <  1.  In  this  case  (1  —  2x 2)  and 
2x  VT  —  x2  are  two  real  quantities,  the  sum  of  whose  squares  is 
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unity.  The  magnitude  of  the  complex  quantity  in  (5.4)  is  then 
1  =  ea;  hence  a  =  0;  and,  by  comparing  (5.4)  and  (5.5), 

1  —  2x2  =  cos  /?  2x  \/l  —  x2  =  sin  /?  (5.7) 

The  magnitudes  |/i|  and  |/2|  are  equal,  and  J2  lags  Ii  by  &  radians. 
From  (5.7)  it  is  seen  that  0  increases  from  0  to  tt  as  x  increases  from 
0  to  1,  that  is,  as  /  increases  from  0  to/c.  In  this  case,  (5.6)  may  be 
written  as 

Ji  «  6®J2  (5.8) 

Case  2:  f  >  fC}  or  x  >  1.  In  this  case,  (5.4)  may  be  written 
as 

7i  =  —(2a;2  -1+2*  (5.9) 


Fig.  5.2. — Variations  of  the  attenuation  a.  and  the  phase  lag  /3  of  a  one-section  low- 
pass  filter  terminated  by  its  characteristic  impedance. 

The  quantity  in  parentheses  is  now  a  positive  real,  increasing  from 
1  to  +  co  as  z  increases  from  1  to  co ,  that  is,  as  /  increases  from 
fc  to  co.  The  minus  sign  indicates  that  the  currents  h  and  1 2 
are  in  phase  opposition,  or  /3  =  7r.  In  this  case,  Eq.  (5.6)  may  be 
written  as 

Ii  =  —el  2  =  ea+jV7  2  (5.10) 

Thus  the  one  general  formula  (5.6)  condenses  the  two  specific 
ones  (5.8)  and  (5.10).  It  may  also  be  written 

I2  =  (5.11) 

The  number  a  is  called  the  attenuation  of  the  filter  in  nepers.  In 
the  low-pass  filter  a  is  zero  for  /  <  fe  and  positive  for  /  >  fc.  The 
number  0  is  the  phase  lag  in  radians  introduced  by  the  filter.  In 
the  low-pass  filter,  0  increases  from  0  to  +7 r  when  /  increases  from 
0  to/c  and  remains  constant  and  equal  to  t  for  /  >  fc. 
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Figure  5.2  shows  a  and  (3  as  functions  of  frequency.  The  first 
portion  of  the  /3-curve  has  the  form  of  one-quarter  of  a  sine  curve, 
the  tangent  at  0  going  through  the  point  (1,2).  The  attenuation 
a  is  equal  to  7 r  nepers  for  x  =  2.50. 

From  (5.2)  the  voltage  ratio  is  the  same  as  the  current  ratio. 
The  vector  diagram  of  a  one-section  filter  terminated  in  Zc  is  given 
in  Fig.  5.3. 

Below  cutoff,  Fig.  5.3a,  E\  and  h  are  in  phase,  Zc  being  a  pure 
resistance  (0.866  \/L/C  at  /  =  fc/ 2).  E 2  and  I2  are  also  in  phase, 
but  lagging  Ei  and  h  (for  example,  7r/3  radians  at  /  —  fc/ 2).  E2  has 
the  same  magnitude  as  E i,  and  I2  has  the  same  magnitude  as  h. 
Power  is  transmitted  from  the  generator  to  the  load  without  dis¬ 
sipation  in  the  filter.  The  frequency  band  from  0  to  fc  is  called  the 
transmission  band . 


(a)  (b) 

Fig.  5.3. — Vector  diagrams  of  the  input  and  output  voltages  and  currents  of  a  one- 
section  low-pass  filter  terminated  in  Zc:  (a)  below  cutoff,  (6)  above  cutoff. 

Above  cutoff,  Fig.  5.35,  h  lags  E i  by  7t/2  radians,  and  I2  lags 
E2  by  the  same  angle,  Zc  being  a  pure  reactance.  E2  lags  Ei  by 
7r  radians  since  (3  =  t.  The  ratio  of  I2  to  h  is  the  same  as  the  ratio 
of  E2  to  Ei.  The  frequency  band  from  fc  to  infinity  is  called  the 
attenuation  band.  No  power  is  accepted  at  the  input  terminals 
in  the  attenuation  band  since  the  whole  network  is  purely  reactive, 
the  power  factor  being  zero. 

In  general,  any  frequency  band  within  which  the  characteristic 
impedance  is  a  pure  resistance  is  a  band  in  which  the  filter  accepts 
power  from  the  generator  and  transmits  all  of  it  to  the  load,  accord¬ 
ing  to  the  relation 

I1  =  |2  =  Rc  (5.12) 

Any  frequency  band  within  which  the  characteristic  impedance  is  a 
pure  reactance  is  a  band  in  which  the  filter  will  take  no  powder 
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from  the  generator,  according  to  the  relation 

=  f -=jXc  (5.13) 

i  1  i  2 

The  definitions  and  statements  made  in  this  section  presuppose 
that  the  filter  is  terminated  by  its  characteristic  impedance. 

6.  Low-pass  Filter  of  Several  Identical  Sections. — The  design 
of  a  low-pass  filter  usually  involves  three  factors :  the  load  resistance 
R,  the  cutoff  frequency  /c,  and  the  sharpness  of  cutoff  as  specified 
by  the  required  attenuation  of  the  filter,  say  D  db,  at  a  frequency 
a  specified  percentage  above  cutoff.  If  this  last  condition  is  not 
satisfied  by  the  one-section  filter  discussed  in  Sec.  5,  two  or  more 
identical  sections  may  be  connected  in  cascade  as  explained  in 
Sec.  3.  The  calculation  of  the  attenuation  and  phase  angle  of  the 
ladder-type  filter  thus  obtained  is  greatly  simplified  if  the  filter 
is  assumed  to  be  terminated  by  its  characteristic  impedance  Zc 
instead  of  by  the  constant  resistance  R .  In  this  case  each  one 
of  the  successive  filter  sections  is  terminated  by  Zc,  and 

E2  =  Ez  =  E2€-a-^  Ei  =  Eze~a~^  •  •  •  (6.1) 

where  Ei  is  the  input  voltage  of  the  first  section  and  E2}  E 3,  E4  are 
the  output  voltages  of  the  first,  second,  third  sections.  Hence, 

Ez  =  Eir**-w  (6.2) 

Ea  =  Ei<r*a-w 

and  the  attenuation  of  a  filter  composed  of  n  identical  filter  sections 
is  na}  and  its  phase  lag  is  nfl. 

Thus  the  ladder  type  approximates  an  ideal  filter  more  and  more 
closely  as  the  number  of  sections  increases,  since  the  attenuation 
at  all  frequencies  above  cutoff  becomes  greater  and  greater. 

A  filter  composed  of  three  sections,  Fig.  3.2,  will  contain  four 
coils  and  three  capacitors;  and  the  question  arises  whether  another 
design,  less  simple  perhaps  but  using  the  same  number  of  elements, 
may  not  give  better  results.  The  composite  filters,  mentioned  in 
Sec.  19,  give  one  answer  to  this  problem.  However,  in  this  chapter 
only  the  most  fundamental  types  of  filters  (“prototypes’7)  will 
be  discussed. 

7.  Low-pass  Filter  as  Delay  Network. — In  Chap.  IX,  Sec.  14, 
the  following  relation  is  obtained: 


(7.1) 
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where  id  is  the  time  delay  in  seconds  between  two  voltage  waves  of 
frequency  co,  one  lagging  the  other  by  (3  radians. 

In  (5.7)  the  phase  lag  0  in  the  transmission  band  is  given  by 

1  -  2x2  =  cos  13  (7.2) 

with  x  =  f/fc  =  03/ 03c-  For  small  values  of  ft 

cos  0  =  1  -  |2  =  1  -  i(2x)2  (7.3) 

whence 

13  =  2z  (7.4) 

and 

<d  =  —  =  -  =  \/LC  (7.5) 

03  03c 


TT 

2 


TT 

3 


Fiq.  7.1. — Variation  with  frequency  of  the  time  delay  td  of  a  low-pass  filter  terminated 

in  Zc. 

Figure  7.1  shows  that  this  relation  holds  with  sufficient  approxi¬ 
mation  nearly  up  to  x  =  0.5,  and  in  this  frequency  band  there  is 
also  little  attenuation.  The  low-pass  filter  is  thus  a  good  delay 
network  for  periodic  signals  whose  important  components  lie 
below  /c/2.  An  ^-section  filter  would  have  a  time  delay  of  n  yjLC 
sec  in  the  same  band. 

8.  High-pass  Filter. — The  simplest  high-pass  filter  consists  of 
two  capacitors  in  series,  each  of  value  2 C,  and  one  inductance  L 
in  shunt,  Fig.  8.1.  For  calculations,  it  is  assumed  that  the  filter 
is  terminated  by  its  characteristic  impedance  Zc.  If 


then 


(8-1) 

(8.2) 


Sec.  8] 


HIGH-PASS  FILTER 


221 


2  4 

Fig.  8.1. — One-section  high-pass  filter. 


Fig.  8.2. — Variations  with  frequency  of  the  characteristic  impedance  of  a  high-pass 

filter. 


Fig.  8.3. — Variations  with  frequency  of  the  attenuation  a  and  the  phase  lag  /3  of  a 
one-section  high-pass  filter  terminated  in  Zc , 


2  4 

Fig.  8.4. — A  three-section  high-pass  filter. 


Below  cutoff,  Zc  is  a  pure  negative  reactance,1  decreasing  in 
magnitude  from  infinity  to  zero  as/ increases  from  zero  to  fc.  Above 
cutoff,  Zc  is  a  pure  resistance,  increasing  from  zero  to  R,  Fig.  8.2, 
as  /  increases  from  fc  to  infinity.  The  upper  frequency  band 
/  >  fe  is  now  the  transmission  band ,  and  the  lower  frequency  band 

1  Here  Zc  is  taken  as  a  negative  reactance  from  the  same  reasoning  that  Zc 
was  taken  as  a  positive  reactance  in  the  low-pass  filter  (see  footnote,  p.  215). 
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f  <  fc  is  the  attenuation  band .  The  attenuation  a  and  phase  lag  /3 
as  functions  of  frequency  are  given  in  Fig.  8.3. 

A  three-section  high-pass  filter  in  ladder-type  form  is  shown 
in  Fig.  8.4.  The  high-pass  filter  cannot  be  used  as  a  delay  network. 

9.  Properties  of  Two-terminal  Nondissipative  Networks. — In 
order  to  generalize  the  low-pass  and  high-pass  filters  it  is  necessary 


(a)  (b)  (c)  (d) 


Fig.  9.1. — Variations  with  frequency  of  the  reactance  of  four  simple  networks;  fr  and 
fa  denote  resonant  and  antiresonant  frequencies. 


Fig.  9.2. — Variations  with  frequency  of  the  reactance  of  the  network  shown  ;/r  and 
fa  denote  resonant  and  antiresonant  frequencies. 


Fig.  9.3. — Variations  of  the  reactance  of  a  network  dual  to  that  of  Fig.  9.2. 

to  know  certain  properties  of  nondissipative  networks.  The 
simplest  types  of  such  networks  are  indicated  in  Fig.  9.1,  which 
also  shows  the  variations  with  frequency  of  their  reactance. 

In  general,  there  are  frequencies  for  which  the  reactance  is  zero, 
Fig.  9.1c,  and  other  frequencies  for  which  the  reactance  becomes 
infinite,  Fig.  9. Id.  Such  frequencies  ( fr,fa )  are  called  resonant 
and  antiresonant  frequencies. 
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It  can  be  proved  that  the  curve  representing  the  reactance  X  of 
a  nondissipative  network  as  a  function  of  frequency  has  everywhere  a 
positive  slope  (Campbell-Foster  theorem).  As  examples,  Figs.  9.2 
and  9.3  show  the  variations  of  reactance  for  two  reactive  networks 
of  three  elements  each  (these  networks  occur  in  the  analysis  of 
quartz  and  magnetostriction  oscillators,  respectively). 

10.  Inverse  Two-terminal  Networks. — In  the  low-pass  filter  of 
Fig.  2.2,  the  series  branch  is  inductive  and  the  shunt  branch  is 
capacitive  at  all  frequencies.  In  the  high-pass  filter  of  Fig.  8.1, 
the  series  branch  is  always  capacitive,  the  shunt  branch  always 
inductive.  In  general,  let  Z\  =  jX i  and  Z2  =  jX2  be  the  imped¬ 
ances  of  the  series  and  shunt  networks  that  form  the  arms  of  the 
filter;  in  the  type  of  filters  to  be  considered  now,  Xi  and  X2  will  be 
of  opposite  signs  at  any  given  frequency.  Two  reactive  networks 
that  satisfy  this  condition  are  called  dual  or  inverse  networks.  (The 
expressions  arm ,  branch ,  two-terminal  network  are  equivalent.)  The 
“critical  frequencies”  at  which  their  reactances  become  zero  or 
infinite  are  the  same,  one  of  the  networks  being  resonant  (Xi  =  0) 
at  every  critical  frequency  for  which  the  other  network  is  anti¬ 
resonant  (X2  =  oc ),  and  vice  versa. 

It  is  a  remarkable  fact  that,  if  Xi  and  X2,  Figs.  9.1c  and  d,  are 
of  opposite  sign  at  each  and  every  frequency,  then  the  product 
XiX2  is  independent  of  frequency.  For  inverse  networks  Z\  and 
Z2 , 

Z  \Z  2  =  k 2  or  XiX2  =  - k 2  (10.1) 

By  comparing  the  circuit  diagrams  of  two  inverse  networks, 
Figs.  9.2  and  9.3,  for  example,  it  is  seen  that  for  every  L  in  one 
network  there  is  a  C  in  the  other,  and  vice  versa.  Moreover,  two 
elements  that  are  in  series  in  one  network  are  in  parallel  in  its 
inverse,  and  vice  versa.  It  can  be  shown  that  these  topological 
conditions  are  necessary  but  not  sufficient  in  the  general  case  in 
order  that  two  reactive  networks  composed  of  series  and  parallel 
branches  be  dual.  It  remains  to  choose  the  numerical  values  of  the 
Us  and  C’ s  so  that  every  resonant  frequency  of  one  network  is  equal 
to  an  antiresonant  frequency  of  the  other  network,  and  vice  versa. 

The  numerical  values  of  the  Us  and  C’ s  must  be  such  that  the 
ratio  of  any  L  in  one  network  to  the  corresponding  C  in  the  other 
network  is  the  same  for  all  element  pairs.  For  example,  for 
Figs.  9.2  and  9.3,  these  conditions  are 


(10.2) 
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Then  the  networks  are  inverse,  and  the  common  value  of  the  ratios 
(10.2)  is  the  constant  fc2  in  (10.1).  Note  that  k  has  the  dimensions 
of  resistance. 

11.  Constant-A;  Filters. — Constant-A;  filters  are  built  with 
inverse  reactive  networks  Z\  and  Z 2  as  their  series  and  shunt  arms, 
Figs.  11.1  and  11.2.  The  low-  and  high-pass  filters  of  Secs.  3  and  8 
are  the  simplest  examples  of  constant-fc  filters.  In  general,  the 
product  Z\Z2  =  k2  is  taken  equal  to  R 2,  where  R  is  the  value 


li  li 

2  2 

0 — 1  ....J — r — L. . 1 — 0 


I 


x 


Fig.  11.1. — A  one- 
section  constant-fc  fil¬ 
ter. 


Fig.  11.2. — A  three-section  constant-/:  filter. 


Fig.  11.3. — A  one-section  constant-fc  filter  terminated  in  its  characteristic  impedance. 


of  the  resistive  load.  This  simple  value  gives  a  good  frequency 
discrimination. 

The  characteristic  impedance  Zc  is  obtained  as  in  Sec.  4  by 
equating  the  input  impedance  of  the  filter  terminated  in  Zc  to  Zc 
itself,  Fig.  11.3, 


Zin  =  Zc  ~ 


(t  +  Zc) 

+  Zc  +  z2 


(11.1) 


Solving  for  ZC)  using  the  relation  Z\Z<i  =  R2, 

Zc  =  R\l1  +  w2 


(11.2) 


The  ratio  Zi/4lZ2,  which  is  a  function  of  frequency,  plays  a 
fundamental  role  in  constant-A;  filters.  The  reactances  Xi  and  X2 
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are  always  of  opposite  sign;  and  if  u  is  written  for 

u  =  li  =  h  =  _  (*N 

U  4  Z2  4X2  V2«/ 

and 

Zc  =  R  v7!  +  w 


(11.3) 

(11.4) 


The  parameter  u  is  alwaj^s  a  negative  real  quantity  for  a  con¬ 
stant  k  filter  and  is  a  function  of  frequency.  In  the  simple  case 
of  a  low-pass  filter, 


and  in  a  high-pass  filter 

u  ~  ~  vm) 


(11.5) 


(11.6) 


12.  Attenuation  Constant  and  Phase  Lag  of  Constant-/*;  Filters. 

The  next  step  is  to  calculate  the  attenuation  constant  a  (nepers) 
and  the  phase  lag  (3  (radians)  of  one  section  of  the  constant-^  filter, 
terminated  in  its  characteristic  impedance.  From  (5.1)  and  (5.6), 


and  after  some  calculation  this  ratio  is  found  to  be 


(12.1) 


6“+^  =  2u  +  1  +  \/  4w(l  +  u)  (12.2) 

The  filter  behaves  in  two  fundamentally  different  ways  according 
to  whether  the  magnitude  of  u  is  less  or  greater  than  unity. 

Transmission  Bands ,  —  1  <  u  <  0. — The  quantity  under  the 
radical  in  (12.2)  is  negative,  and  the  entire  complex  quantity  (12.2) 
has  a  magnitude  equal  to  unity,  so  that 


Then 

with 


a  -  0  (12.3) 

=  (2m  +  1)  +  j  V-4m(1  +  uj  (12.4) 

cos  (8  =  2u  +  1  (12.5) 

sin  (3  =  V— 4^(1  +  u)  (12.6) 


For  frequencies  such  that  —  1  <  u  <  0,  there  is  thus  no  attenuation. 
Such  frequency  bands  are  the  transmission  bands . 


226 


FILTERS 


[Chap.  VIII 


Attenuation  Bands ,  u  <  —1. — The  quantity  (12.2)  is  a  negative 
real  number,  so  that  tifi  =  —  1  and  (3  =  ±7r,  or  more  generally 
0  =  (2 n  +  l)x,  and 

=  (-2 u  -  1)  +  V4w(l  +  u)  (12.7) 

The  calculation  of  a  from  (12.7)  is  much  simplified  by  intro¬ 
ducing  a  function  of  a ,  called  the  hyperbolic  cosine,  abbreviated 
cosh  a,  and  defined  by 

f-a  4-  *~a 

cosh  «  =  -  ^  -  (12.8) 

From  (12.7), 

€  a  =  (  —  2 u  —  1)  —  \/4u(  1  +  u)  (12.9) 

whence 

cosh  or  =  —1  —  2 u  (12.10) 

The  value  of  a  when  u  is  known  is  obtained  from  a  table  of  hyper¬ 
bolic  cosines,  commonly  found  in  mathematical  and  communica¬ 
tion  handbooks. 


n  r 


Fig.  12.1. — Derivation  of  the  critical  condition  for  a  constant-/?  filter. 


Frequency  bands  for  which  u  =  Zi/4Z2  <  —  1  are  attenuation 
bands.  Thus  u  =  —1  is  the  critical  value  of  the  parameter  u> 
separating  the  transmission  bands  from  the  attenuation  bands. 
At  the  cutoff  frequencies,  u  =  Zi/4Z2  =  —  1,  and 

Z1  +  4Z2  =  0  (12.11) 

The  following  remark  suggests  a  physical  reason  for  this  condition. 
Consider  a  ladder-type  filter  of  a  number  of  sections,  Fig.  12.1. 
Each  shunt  network  Z2  can  be  replaced  by  two  networks  of  imped¬ 
ance  2 Z2  in  parallel.  The  filter  will  thus  consist  of  a  number  of 
identical  “cells”  (each  enclosed  in  a  box  in  Fig.  12.1).  Within 
each  cell  there  is  a  “loop”  formed  by  the  network  Z i  in  series 
(around  the  loop)  with  a  network  of  impedance  4 Z2.  A  critical 
condition  will  obtain  at  any  frequency  for  which  each  cell  would 
resonate  if  it  were  an  isolated  loop,  giving  condition  (12.11). 
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13.  Band-pass  Filter. — The  preceding  general  discussion  will 
now  be  applied  to  a  const ant-fc  filter  with  one  transmission  band. 
The  diagram  of  such  a  filter  contains  a  series-resonant  circuit  in 
series,  and  a  parallel-antiresonant  circuit  in  shunt,  Fig.  13.1. 
As  described  in  Secs.  10  and  11, 

j?  =  =  *2  =  R2  (13-1) 

The  variations  of  the  series  and  shunt  reactances  Xi  and  X2  are 
given  by  Fig.  13.2,  where  4X2  has  been  plotted  instead  of  X2.  The 


o- 


o 


Fig.  13.2. — Variations  with  frequency  of  Xi  and  4X2. 


common  resonant  frequency  of  the  series  and  shunt  networks  is 


fr  = 


C0r 


and 


Wr 


n  tirnu  w  r  —  / - 

2*-  VLiC, 

The  parameter  w  as  defined  in  (11.4)  is 


\/L2C, 


(13.2) 


u 


Xx 

4X2 


(13.3) 


Therefore,  calling /i  the  frequency  at  which  4X2  =  —  X\  >  0  and 
/2  the  frequency  at  which  AA  =  —  4Z2  >  0,  as  in  Fig.  13.2,  u  has  a 
magnitude  greater  than  unity  for  /  <  fi  and  /  >  /2,  and  a  magni¬ 
tude  less  than  unity  for  fi  <  f  <  /2.  Therefore,  there  is  one 
transmission  band  between /i  and /2  with  one  attenuation  band  on 
each  side. 
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For  any  given  frequency,  numerical  values  of  a  and  (3  are  easily 
obtained  by  using  (12.5)  and  a  table  of  cosines  for  /3,  and  (12.10)  and 
a  table  of  hyperbolic  cosines  for  a.  The  variations  of  these  two 
quantities  are  sketched  in  Fig.  13.3.  The  attenuation  a  is  zero 
between  /i  and  /2  and  rises  on  either  side  vertically  at  first.  The 
output  quantities  E 2, 1 2  lag  the  input  quantities  Eh  h  at  frequencies 
greater  than  the  resonant  frequency  fr  (as  in  a  low-pass  filter)  and 
lead  Ei ,  h  at  frequencies  less  than  fr  (as  in  a  high-pass  filter). 
It  can  be  shown  that 

fr  =  VJ7*  (13.4) 

The  practical  problem  is  to  design  a  band-pass  filter,  to  pass 
frequencies  between /i  and/2,  working  into  a  constant  resistance  R. 
The  attenuation  curve  a  for  such  a  filter  will  not  show  right  angles 


Fig.  13.3. — Variations  with  frequency  of  the  attenuation  a  and  the  phase  lag  0  of  a 
constant- /t  band-pass  filter  terminated  in  Zc. 


as  in  Fig.  13.3;  the  corners  will  be  rounded  off,  just  as  the  right 
angle  of  the  a-curve  of  Fig.  5.2  is  shown  rounded  off  in  Fig.  2.3. 
The  load  resistance  R  usually  is  taken  equal  to  the  square  root  of  the 
ratios  in  (10.2)  or  (13.1).  Upon  calculating  the  values  fi  and  /2 
for  which  Xi  +  4X2  =  0,  Fig.  13.2,  the  values  of  the  design  con¬ 
stants  are 


T  =  J1/ 

1  *(/.-/.) 

r  =  ^  ~  h 
brRfih 


T  _  Mh  -  A)  1 

2  4t/V2 

r  -  1 

2  "  irR(Jl  -fl)  J 


(13.5) 


These  formulas  are  equivalent  to  the  following  procedure: 

1.  Design  a  low-pass  filter  with  a  cutoff  /«=/»—  /i  and  a  load 
R.  Its  elements  will  be  Li  and  C 2. 

2.  Design  a  high-pass  filter  with  a  cutoff  fc  =  fifz/ih  ~  /0 
and  a  load  R.  Its  elements  will  be  Li  and  CV 
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14.  Band -stop  Filters. — It  is  sometimes  desired  to  design  a 
filter  that  will  stop  the  frequencies  higher  than  fi  and  lower  than 
/2,  that  is,  a  band-stop  filter.  The  circuit  for  such  a  filter  is  easily 
obtained  from  the  application  of  the  general  principle  that,  if  the 
series  and  shunt  networks  of  a  filter  are  interchanged,  the  new 
filter  will  have  the  same  number  of  bands  as  the  original  filter, 
a  transmission  band  taking  the  place  of  an  attenuation  band,  and 
vice  versa.  For  example,  a  filter  Avith  an  antiresonant  circuit  in 
series  and  a  resonant  circuit  in  shunt  is  a  band-stop  filter.  How¬ 
ever,  the  cutoff  frequencies  will  not  be  the  same  as  those  of  the 
original  filter,  since  they  occur  when  Z\  +  4 Zz  =  1.  Therefore, 
for  the  same  cutoff  frequencies,  the  U s  and  C’s  of  the  band-stop 
filter  must  be  recalculated. 

15.  II-section  Filters. — A  one-section  filter  may  be  connected  in 
the  form  of  a  II,  instead  of  the  T 
used  previously  in  this  chapter.  The 
series  impedance  is  labeled  Z i,  the 
shunt  impedances  2Z2,  Fig.  15.1.  A 
filter  composed  of  several  sections 
will  have  Z i  and  Z2  for  series  and 
shunt  impedances,  respectively, 
except  at  the  ends,  Fig.  15.2,  where 
the  shunt  impedances  will  be  2 Z2. 

It  can  be  shown  that  the  values  of  a  and  for  the  II-section 
filter  are  the  same  at  all  frequencies  as  for  the  T-section  filter 
having  the  same  Z\  and  Z2,  and  the  transmission  bands  will  be  the 
same.  The  characteristic  impedance  is  different  and  is  given  by 


2Z2  2Z2 


Fig.  15.1. — Symmetrical  II-section 
filter. 


R 

a/1  +  u 


(15.1) 


However,  the  values  of  Zc  for  the  T-  and  the  II-filter  are  the  same 
and  equal  to  R  for  the  frequencies  corresponding  to  u  =  0  (which 


nz 


are  zero  for  low-pass,  infinity  for  high-pass,  fr  for  band-pass); 
and  therefore  the  same  design  formulas  hold  for  the  II-  and  the 
T-section  Avhen  the  filter  is  terminated  by  a  constant  load  R. 
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Fig.  15.2. — Three-section  II  filter. 
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16.  Lattice  Structures. — Lattice-type  filters,  Fig.  16.1,  are  some¬ 
times  used.  The  characteristic  impedance  Zc  is 

Zc  —  \/  Z  \Z  2  (16.1) 

the  phase  lag  fi  in  the  transmission  bands  is  given  by 

tan  p  =  U  or  tan  ^  =  y/ —u  (16.2) 

and  the  attenuation  a  in  the  attenuation  bands  by 


tanh  a  = 


2  y ' —u 
1  +  u 


(16.3) 


whence  it  is  easy  to  obtain  the  frequency  characteristics  for  a 

lattice  filter  when  X\  and  X2  are 

\  T  3  Pven- 

o - v  — — [  1  s  ■  o  A  remarkable  case  is  that  of 

\\  /V  the  constant-fc  lattice  filter,  in 

which  Zi  and  Z2  are  inverse  net- 
works  such  that  Z\Z2  =  R 2. 

o  — |  ) — — — o  Then  Zc  =  R  at  all  frequencies; 

^  Zj  hence  there  is  transmission  at  all 

2  frequencies,  Sec.  5.  The  phase 

Fig.  16.1. — A  one-section  lattice  filter.  ,  .  .  ,  77 

lag  is  given  by  (16.2).  Such  all- 
pass  networks  have  no  other  effect  than  to  introduce  a  phase  shift 
that  is  a  function  of  frequency,  and  this  may  be  of  interest,  in 
particular  for  a  delay  network. 


Fig.  16.2. — A  lattice-  Fig.  16.3. — Phase-lag  character¬ 
shaped  delay  network.  istic  of  the  delay  network  of  Fig. 

16.2. 


As  an  example,  the  network  of  Fig.  16.2  has  zero  attenuation  at 
all  frequencies  and  introduces  a  phase  lag  /3  given  by 

,  0  co  Vlc 

tan  2  2 


(16.4) 
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and  shown  in  Fig.  16.3.  The  time  delay  =  0/a>  is  approximately 
constant  at  low  frequencies  and  equal  to  \/LC .  This  value  is  the 
same  as  for  a  one-section  low-pass  ladder-type  filter,  Sec.  7,  but  the 
lattice  network  will  introduce  less  distortion. 

17.  Effect  of  Losses. — As  mentioned  in  Sec.  1,  all  the  filter 
elements  have  been  assumed  dissipationless  in  the  previous  discus¬ 
sions.  The  effect  of  losses  in  either  inductors  or  capacitors  is  to 
round  off  the  corners  of  the  a-  and  /3-characteristics  at  the  cutoff 
frequencies.  This  effect  is1  usually  small.  Where  it  must  be  taken 
into  account,  the  filter  is  recalculated  or  its  characteristics  measured 
after  its  design  has  been  first  determined  on  a  resistanceless  basis. 
For  the  constant-/:  filter,  correction  curves  have  been  calculated.1 

18.  Other  Types  of  Filter  Circuits. — The  arms  of  a  lattice-filter 
section,  Fig.  16.1,  are  actually  the  four  arms  of  a  bridge,  of  which 


L/4  L/4 

o — w — — ° 
- - gnd. 


c — — u 

L/4 

(a) 


L/4 


Fig.  18.1. — (a)  Low-pass  filter,  H  type,  coc  »  2 f-\/~LC\  (6)  high-pass  filter,  square 
type,  ioc  =  1/(2  s/LC). 


1-2  and  3-4  are  opposite  corners.  The  condition  of  balance  of  the 
bridge  is  Z\  =  4Z2,  or  u  =  1.  For  a  constant-/:  all-pass  lattice 
filter,  u  is  always  negative,  from  (11.3),  and  the  bridge  is  always 
unbalanced. 

All  the  filters  discussed  in  Secs.  1  to  15  are  four-terminal  net¬ 
works  only  in  appearance,  since  an  equipotential  connection  was 
assumed  between  terminals  3  and  4.  In  certain  cases,  particularly 
with  transmission  lines,  it  is  necessary  to  rearrange  the  parts  to 
secure  symmetry  with  regard  to  a  ground  plane,  actual  or  assumed. 
The  result  is  a  balanced  filter ,  of  the  H  or  square  type  according  to 
whether  the  corresponding  unbalanced  filter  is  of  the  T  or  II  type. 
Figures  18.1a,  b  show  balanced  filters  of  the  low-pass  H  type  and 
high-pass  square  type.  Symbols  are  chosen  so  that  the  formulas 
for  oo c  and  for  the  resistive  load  R  are  the  same  as  for  the  unbalanced 
type.  Lattice  filters  are  always  of  the  balanced  type. 


1  T.  E.  Shea,  “ Transmission  Networks  and  Wave  Filters,”  Sec.  40,  D.  Van 
Nostrand  Company,  Inc.,  New  York,  1929. 
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Frequency  discrimination  also  can  be  obtained  by  using  resonant 
circuits,  which  are  discussed  in  other  chapters.  For  example,  a 
narrow  band-pass  or  band-stop  filter  can  be  made  with  one  resonant 
or  antiresonant  circuit.  A  band-pass  filter  can  be  made  with  two 
resonant  coupled  circuits  (see  Chap.  VII). 

19.  Low-pass  Composite  Filter. — A  one-section  resistanceless 
filter  gives  poor  frequency  discrimination  for  two  reasons:  (1)  In 

the  attenuation  band,  the 
attenuation  does  not  increase 
very  fast,  i.e.,  the  cutoff  is  not 
sharp  enough.  (2)  In  the 
transmission  band,  the  charac¬ 
teristic  impedance  is  a  very 
poor  match  for  the  usual  resis¬ 
tive  load.  Building  a  filter 
from  two  or  three  identical  sec¬ 
tions  in  cascade  remedies  the  first  defect  to  a  certain  extent  but 
requires  numerous  coils  and  capacitors.  A  better  result  for  a  given 
number  of  elements  is  obtained  from  a  composite  filter ,  using  m-derived 
sections  of  a  more  elaborate  design  than  the  prototypes  that  have 
been  described.  The  theory  of  composite  filters  will  not  be  given 
here;  only  a  specific  composite  low-pass  filter  will  be  designed  as  an 
example. 


0  CUC  COco  g> 

Fig.  19.2. — Attenuation  constant  of  m-derived  filter  section. 
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Fig. 


19.1, — Example  of  m-derived  filter 
section  (No.  2  of  Fig.  19.3). 


Consider  first  the  one-section  filter  of  Fig.  19.1. 
low-pass  filter  with  a  cutoff  wc  occurring  when 

Zi  +  4£2  =  0 

Hence, 

-  2 

\/  ( L\  +  4L2)(?2 


This  is  a 

(19.1) 

(19.2) 


The  attenuation  a2  of  this  filter  is  zero  below  cutoff,  Fig.  19.2. 
In  the  attenuation  band  it  becomes  infinite  at  the  frequency 
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1 

>0°  " 


(19.3) 


In  order  to  use  this  filter  section  in  cascade  with  a  prototype 
low-pass  filter,  it  is  desirable  that  their  characteristic  impedances 
be  the  same  at  all  frequencies.  If  L  and  C  are  the  elements  of  the 
prototype,  it  is  found  that  this  condition  is  fulfilled  when 


With  these  values, 

=  Vlc 


Li  =  mL 

1  —  m2 
“  4 m 

C2  =  mC 


L 


COc 

y/l  —  m2 


(19.4) 


(19.5) 


Thus,  upon  choosing  for  any  value  of  frequency  above  cutoff,  a 
numeric  m  results  that  lies  between  0  and  1,  and  the  filter  of  Fig. 

I  L/2  L/2  3  mL/2  mL ,/2  5 


- - 'WKP - - 

— -j - HJW — 

- 0 

j§  I-m2, 

J 

rc 

(o  4m  L 

1 

^|=mC 

N0.1  4  N0.2 


Fig.  19.3. — Two-section  filter,  with  one  prototype  and  one  m-derived  section. 


19.3  composed  of  the  prototype  (No.  1)  and  the  m-derived  sec¬ 
tion  (No.  2)  in  cascade  has  for  its  cutoff  and  its  attenuation  is 
CL  =  CL\  -b  a2.  Since  a2  is  infinite  at  the  angular  frequency 
the  total  a-curve,  Fig.  19.4,  will  be  much  steeper  in  the  neighbor¬ 
hood  of  the  cutoff  than  the  (2«i)-curve  for  a  filter  composed  of  two 
identical  No.  1  prototypes. 

It  still  remains  to  correct  the  image  impedance  of  the  network 
so  that  it  is  more  nearly  constant  below  cutoff.  A  rather  intricate 
theory  shows  that  the  best  result  is  obtained  from  the  following 
simple  rule: 

1.  Design  an  m-derived  filter  from  (19.4),  using  for  m  the  value 
m  =  0.6. 

2.  Construct  the  II-type  section  having  the  same  series  and 
shunt  impedances  Z1}  Z2  as  in  (1),  Fig.  19.5. 
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3.  Place  the  left  half  of  the  n  at  the  left  of  the  terminals  1-2 
in  Fig.  19.3  and  the  right  half  at  the  right  of  terminals  5-6. 

As  an  example,  a  composite  low-pass  filter  cutting  off  at  1,000 
cps,  working  into  a  load  of  500  ohms,  consisting  of  the  prototype 
section,  one  m-derived  section  (/w  =  1,200,  m  =  0.553),  and  two 
lialf-II  sections  (m  =  0.6),  will  appear  as  in  Fig._19.6,  after  reduction 
to  the  smallest  number  of  elements. 


Fig.  19.4. — Over-all  attenuation  characteristic  of  one  prototype  section  and  one 
w-derived  section  in  cascade,  as  in  Fig.  19.3. 


127.2  mh  123.45  m  h  >91.65mh 


Fig.  19.6. — Composite  filter. 


500  Ohms 


The  “body”  of  the  filter,  consisting  in  Fig.  19.3  of  the  prototype 
and  one  m-derived  section,  in  general  may  contain  two  or  more 
m  sections  calculated,  for  example,  for  =  1.25,  1.6,  2  and  thus 
may  have  a  very  high  attenuation  in  a  broad  band  above  cutoff, 
the  two  “ends”  of  the  composite  filter  remaining  in  any  case  as  in 
Fig.  19.5. 

20.  Applications. — Some  important  applications  of  frequency 
discrimination  in  radio  are  for  filtration  of  ripples  in  power  supplies, 
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limitation  of  band  width  in  i-f  amplifiers,  broadening  of  band  width 
in  certain  types  of  video  amplifiers,  and  filtering  of  control  signals 
mixed  with  the  program  in  broadcasting. 

In  communication,  carrier-current  telephony  and  acoustical 
filtering  are  the  major  fields  of  application. 
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CHAPTER  IX 

FOURIER  ANALYSIS 


1.  Periodic  Function. — A  periodic  function  (of  time,  for  example) 
is  defined  by  this  property,  that  the  value  of  the  function  at  time 
t  +  T  is  the  same  as  the  value  of  the  function  at  any  time  t.  The 
constant  T  is  an  interval  of  time  called  the  'period  and  is  the  shortest 
interval  for  which  the  above  property  holds.  The  graph  of  a 
periodic  function  is  an  arc  AB,  of  whatever  shape,  Fig.  1.1,  which 
repeats  itself  indefinitely.  When  the  period  is  an  interval  of  time 
T,  its  inverse  1/T  =  /  is  called  the  frequency.  The  independent 
variable  may  be  distance  instead  of  time.  Then  the  period  is  a 
length  X  called  the  wavelength.  The  succession  of  values  of  time 
or  of  distance  within  a  period  is  called  a  cycle. 


Fig.  1.1. — Periodic  function  of  time. 


Examples  of  periodic  functions  are  sin  x ,  cos  x.  Their  period 
is  27 r  radians.  An  example  of  a  periodic  function  of  time,  of  period 
Tj  is  sin  27 rt/T.  The  quantity  co  =  2t r/T  is  the  angular  velocity; 
and,  in  electrical  problems,  x  =  cot  is  called  the  electrical  angle. 

2.  Object  of  Fourier  Analysis. — If  a  harmonic  voltage  such  as 
sin  ut,  cos  (a t,  cos  (a)t  —  <£),  is  applied  between  two  terminals 
of  a  linear  network,  all  potential  differences  and  currents  in  the 
network  are  harmonic  and  of  the  same  angular  frequency  co.  In 
the  study  of  a-c  theory  and  networks  it  is  shown  how  to  calculate 
the  amplitudes  and  phases  of  these  potential  differences  and  currents 
when  the  applied  emf  is  known.  However,  in  communication 
engineering,  periodic  oscillations  occur  that  are  not  harmonic. 
The  microphone  current  when  a  steady  sound  is  sung  or  spoken, 
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the  output  of  a  detector  on  which  a  harmonic  voltage  is  impressed, 
the  scanning  voltage  on  a  cathode-ray  tube  are  important  examples 
of  periodic  nonharmonic  oscillations.  Fourier  analysis  shows  that 
a  nonharmonic  wave,  Fig.  1.1,  consists  of  harmonic  components,  of 
which  the  component  of  lowest  frequency,  or  fundamental,  has  the 
same  period  T  as  the  nonharmonic  wave.  The  other  components 
have  periods  of  T/ 2,  T / 3,  etc.  A  nonharmonic  wave  consists  of  a 
number  of  harmonic  waves  of  frequencies  /  =  1/T,  2/,  3/,  *  *  *  . 
The  wave  of  frequency  /  is  called  the  fundamental;  the  waves  of 
frequencies  2/,  3/,  .  .  .  are  called  the  second  harmonic,  third 
harmonic,  .... 

Assume  that  a  nonharmonic  voltage  is  applied  to  a  certain  net¬ 
work  and  that  the  output  voltage  is  desired.  Ordinary  a-c  theory 
may  be  used  to  obtain  the  harmonic  output  voltage  due  to  any  one 
of  the  harmonic  components  of  the  input  voltage.  If  the  network  is 
linear,  the  principle  of  superposition  holds  and  the  actual  output 
is  the  sum  of  all  the  harmonic  output  components.  The  building 
up  of  a  periodic  function  from  its  harmonic  components  is  called 
Fourier  synthesis. 

A  network  problem  involving  periodic  nonharmonic  voltages 
and  currents  may  be  solved  in  three  stages:  (1)  Fourier  analysis 
of  the  input  voltage  or  current;  (2)  calculations  on  the  network, 
according  to  a-c  theory,  for  each  component  frequency;  (3)  Fourier 
synthesis  of  the  output. 

3.  Even  and  Odd  Components  (C  and  S  Components). — The 

periodic  nonharmonic  voltage  e(t)  to  be  analyzed  is  supposed  to  be 


Fig.  3.1— Example  of  an  even  func-  Fig.  3.2.— Example  of  an  odd  func¬ 
tion,  or  C  function.  tion,  or  S  function. 

known  for  a  whole  period  of  time  T,  from  t  =  —  T/2  to  t  =  +T/2, 
let  us  say,  either  through  some  mathematical  formula  or  from  some 
measured  or  recorded  curve.  The  first  step  will  be  to  analyze  e(t) 
into  the  sum  of  an  odd  and  an  even  component. 
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A  symmetrical  function  is  one  of  which  the  graph  is  symmetrical 
with  regard  to  the  vertical  axis,  Fig.  3.1.  Examples  of  symmetrical 
functions  are  t 2,  t\  t~2}  .  .  .  and  cos  c ot,  cos  2 wt,  cos  cot/2,  .  .  .  . 


Fig.  3.3. — An  arbitrary  function  of  time,  e(t),  between  —T/ 2  and  +772. 


Fig.  3.6. — The  odd  or  S  component  of  e(t). 


Functions  that  are  symmetrical  with  respect  to  the  vertical  axis  are 
commonly  called  even  functions  or  C  functions. 

An  antisymmetrical  function  is  one  of  which  the  graph  is  sym¬ 
metrical  with  regard  to  the  origin  0,  Fig.  3.2.  Examples  of  anti- 
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symmetrical  functions  are  t,  tz}  trl,  .  .  .  and  sin  at,  sin  2 at, 
sin  co£/2,  .  .  .  .  Functions  that  are  symmetrical  with  respect  to  the 
origin  are  commonly  called  odd  functions  or  S  functions. 

The  required  analysis  of  the  periodic  voltage  e(t)  results  from 


e(4)  -  e(0  +*(-<)  +  e(t)  -  e(-t) 


(3-D 


2  2 
=  m  +  m 

which  shows  that  any  function  e(t)  is  the  sum  of  a  C  component  and 
an  S  component.  An  example  of  such  an  analysis  is  shown  in  Figs. 
3.3  to  3.6. 

4.  Analysis  of  an  Even  Function  C(t). — The  next  step  is  to 
analyze  an  even  function  C(t)  into  its  frequency  components. 
Assume  that  the  analysis  is  possible,  or 

C(t)  =  B0  +  Bt  cos  co£  +  B2  cos  2 ut  +  •  •  •  +  Bn  cos  nut 

+  •  •  •  (4.1) 

The  constant  term  B 0  is  often  called  the  d-c  component,  B  i 
cos  ut  is  the  fundamental  component  or  first  harmonic,  B2  cos  2 ut 
is  the  second  harmonic,  etc. 


The  fundamental  angular  ve¬ 

C 

locity  co  is  co  =  2?r/T,  and  the 

frequency  f  =  co/27r  is  the 

fundamental  frequency. 

•'  + 

To  obtain  B0,  consider,  on 

+7/2  , 

the  one  hand,  the  area  in  Fig. 

o  Np  1 

4.1  limited  by  the  axis  Ot,  the  W 

graph  of  C(t)}  and  the  verticals 

* 

Fig. 


4.1. — Area  under  a  C  function 
between  —Tf 2  and  +T/2. 


t  —  — T/2 ,  t  ~  +  T/ 2;  on  the 
other  hand,  the  areas  similarly 
limited  by  the  graphs  of  the  successive  terms  on  the  right-hand  side  of 
(4.1).  These  areas  are  taken  as  positive  when  they  lie  above  the  Ot 
axis,  negative  when  they  lie  below  it.  The  algebraic  value  of  the  area 
relative  to  B  i  cos  ut  is  zero,  and  this  is  true  for  all  the  following 
components  in  (4.1).  Therefore,  the  area  limited  by  C(t)  from 
t  =  —T/2  to  t  —  +T/2  is  equal  to  T  times  B0.  Consequently \ 
Bo  =  average  value  of  C(t)  over  one  period  or  cycle  or  over  any  whole 
number  of  cycles,  Fig.  4.2. 

To  obtain  Bh  multiply  each  side  of  (4.1)  by  cos  ut  and  consider 
the  areas  limited  by  the  graphs  of  the  different  terms.  Every 
term  on  the  right-hand  side  gives  zero  area  except  the  term  Bi 
cos2  ut.  The  average  value  of  cos2  ut  over  one  period  is  Fig.  4.3, 
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The  area  under  the  curve  B  i  cos2  cot  for  one  period  is  therefore 
TB i/2.  Hence  the  area  limited  by  C(t)  cos  cot  from  t  =  —T/2  to 
t  =  +  T/2  is  equal  to  TBi/2,  and  Bi  =  twice  the  average  value  of 
C(t)  cos  cot  over  one  period  or  cycle.  Similarly,  for  n  =  2,  3,  •  •  •  , 
n,  Bn  =  twice  the  average  value  of  C(t)  cos  ncot  over  one  period  or 
cycle.  Note  that  the  expression  for  the  d-c  component  J50  differs 
from  that  for  Bh  B2j  .  .  .  ,  Bn. 

In  theoretical  problems  a  general  expression  for  Bn  should 
be  obtained,  if  possible.  In  practice,  B0,  B i,  B2,  .  .  .  may  be 
evaluated  graphically  or  experimentally;  when  the  coefficients 
become  smaller  than  the  probable  experimental  error,  they  are 
neglected. 


Fig,  4.2. — Average  value  of  C(t)  between  Fig.  4.3. — The  cos2  u>t  and  its  average 
—  T/ 2  and  -{-T/2.  between  —  T/2  and  +  T/ 2. 


5.  Odd  Function  S(t). — The  analysis  of  an  odd  function  S(t)  is 
similar  and  gives 

S(t)  =  Ai  sin  cot  +  A2  sin  2 cot  +  •  *  •  +  An  sin  ncot  +  •  •  *  (5.1) 

There  can  be  no  constant  term,  and  the  formula  for  all  the  A’s  is 
An  =  twice  the  average  value  of  S(t)  sin  ncot  over  one  period  or  cycle. 

6.  Complete  Fourier  Analysis. — The  complete  Fourier  analysis 
of  a  periodic  function  that  is  neither  even  nor  odd  is,  from  (3.1), 

e(t)  =  C(t)  +  8(f) 

=  Bo  +  Bi  cos  cot  +  B2  cos  2c ot  +  •  *  • 

+  Ai  sin  cot  +  A2  sin  2 cot  +  *  *  *  (6.1) 


The  coefficients  B0,  Bn ,  An  are  given  in  Secs.  4  and  5.  It  is  not 
necessary  to  analyze  e(t)  into  C  and  S  components  to  obtain  B0, 
Bn,  An,  because  the  average  value  of  the  odd  functions  C(t)  sin  ncot 
and  S(t)  cos  ncot  over  one  period  or  cycle  is  zero.  Therefore,  S(t) 
may  be  added  to  C(t)  or  C(t)  to  S(t)  without  changing  the  results 
of  Secs.  4  and  5,  and 

Bo  =  average  of  e(t)  over  one  period  or  cycle  (6.2) 

Bn  =  twice  the  average  of  e(t)  cos  ncot  over  1  period  or  cycle  (6.3) 
An  —  twice  the  average  of  e(t )  sin  ncot  over  1  period  or  cycle  (6.4) 
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i  CAT/2 

Bo  e(t)  dt  (6.5) 

I  J  -  T/2 

9  r+r/2 

Bn  =  —  e(t)  cos  ncot  dt  (6.6) 

7  J  -  T/2 

9  f+T/2 

An  =  /  e(t)  sin  nut  dt  (6.7) 

I  J  -T/2 


Bo/2  is  sometimes  written  for  the  d-c  component,  and  then  all  the 
Bf s  have  the  same  form. 

7.  Amplitude  and  Phase  of  Each  Harmonic  Component. — It  is 

often  convenient  to  combine  two  harmonic  components  (sin  and  cos) 
of  the  same  frequency  into  a  single  compo¬ 
nent.  Let  A  sin  cot  and  B  cos  cot  be  the 
components  to  be  added.  Let  A  and  B  be 
the  position  at  the  time  t  =  0  of  two  rotat¬ 
ing  vectors,  Fig.  7.1.  If  these  vectors 
rotate  counterclockwise  with  the  angular 
velocity  co,  their  projections  on  the  vertical  Fig.  7.1.— Rotating 
axis  at  the  time  t  will  be  A  sin  cot  and  B  ^ca^s A  sin 
cos  cot .  The  sum  of  the  two  harmonic 

components  will  be  represented  by  the  resultant  of  the  two  vectors 
A  and  B}  a  vector  of  magnitude  M  =  \/ A2  +  B 2,  lying  \p  radians 
ahead  of  the  A  vector,  with  tan  \p  =  B/ A. 

The  same  result  is  obtained  algebraically  by  writing 
_  /  q 

A  sin  cot  B  cos  cot  =  V A2  +  B2  (  jp  sin  0)1 

B  A 

-h  — TV  =  -  COS  cot  1 

VA 2  +  B2  ) 

Putting 


COS  ^  - -  :  sin  \1/ 

VA2  +  B2 

one  has 


M  =  VA2  +  B 2 
.  ,  B 

VA2  + 


tan  ~ 
A 


A  sin  oi  +  B  cos  wt  =  M  sin  (ut  +  i p) 


(7.1) 

(7.2) 

(7.3) 


Instead  of  the  two  amplitudes  A  and  B,  two  new  parameters 
M  and  \p  appear,  an  amplitude  and  a  phase  angle,  related  to  A  and 
B  by  (7.1)  and  (7.2). 
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The  Fourier  development  (6.1)  takes  the  form 
e(t)  =  Bq  -}■  Mi  sin  ( ut  -T  i/'i)  M2  sin  (2 cot  ^2)  -b  *  *  •  (7.4) 

It  can  equally  well  be  written 

e(t )  —  Bq  -j-  M\  cos  ( cot  —  $1)  -f-  M2  cos  (2 cot  —  <^2)  d-  *  *  *  (7.5) 
with 

M  =  \/A2  +  B~2  tan  $  =  ~  (7.6) 

The  resultant  M,  the  same  amplitude  as  in  (7.4),  now  lags  <f>  radians 
behind  the  B  vector,  Fig.  7.1. 


Fig.  7.2. — Example  of  an  amplitude  spectrum. 

Note  that  in  (7.4)  the  constants  \ph  ^2,  ^3,  •  •  •  are  not  the 
phases  of  the  successive  components  of  different  frequencies  with 
respect  to  one  another,  since  the  phase  difference  between  two 
components  of  different  frequencies  or  the  angle  between  two  vectors 
rotating  at  different  angular  velocities  is  a  function  of  time,  1^1 
is  the  phase  angle  of  the  fundamental  Mi  sin  (wt  +  ^ 1 )  with  respect 
to  sin  o)t,  arbitrarily  chosen  as  the  standard  of  reference;  is 
the  phase  angle  of  the  second  harmonic  M2  sin  (2 cot  -f  i//2)  with 
respect  to  sin  2c ct  taken  as  standard  for  the  second  harmonic;  etc. 
In  (7.5)  the  cosines  are  taken  as  standard.  In  a  graph  of  voltage 
plotted  against  time,  each  successive  component  occupies  a  definite 
position  with  respect  to  the  given  periodic  curve,  irrespective  of  the 
arbitrarily  chosen  origin  of  time. 

The  values  B0 ,  Mh  M2,  .  .  .  of  the  amplitude  of  the  successive 
components  constitute  the  Fourier  spectrum  of  e(t).  Certain 
devices  are  capable  of  selecting  one  frequency  at  a  time  and  meas¬ 
uring  its  amplitude.  They  are  called  wave  analyzers. 

A  plot  of  the  successive  amplitudes  as  a  function  of  frequency 
is  called  the  amplitude  spectrum  of  the  wave.  An  example  of  a 
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spectrum  plotted  in  terms  of  f/fi  is  given  in  Fig.  7.2.  Each  ampli¬ 
tude  Mn  is  not  necessarily  smaller  than  the  preceding  one  (here 
Ma  >  Ms,  M7  >  Ms),  but  Mn  eventually  becomes  smaller  and 
smaller  as  n  increases. 

A  knowledge  of  all  the  successive  amplitudes  is  necessary  but  not 
sufficient  to  reconstruct  the  periodic  wave  e(t)  since  all  the  phase 


Fig  7.3. — Square  wave,  together  with  its  fundamental  and  third-harmonic 

components. 


angles  are  required  to  establish  the  position  of  each  harmonic 
component  with  respect  to  the  resultant  periodic  wave. 

As  previously  stated,  the  amplitudes  and  the  positions  of 
the  several  harmonic  components  with  regard  to  the  resultant 
periodic  wave  do  not  depend  upon  the  arbitrarily  chosen  origin  of 
time.  For  example,  the  square  wave,  Fig.  7.3,  is  a  square-sine  wave 
if  the  origin  of  time  is  at  0  and  a  square-cosine  wave  if  the  origin  of 
time  is  at  O'.  The  Fourier  development  with  the  origin  at  0  is 
(10.1);  with  the  origin  at  O'  is  (10.2).  These  trigonometric  expres¬ 
sions  are  different  in  form,  but  each  places  the  various  harmonic 
components  in  the  same  position  with  respect  to  the  original  square 
wave,  as  shown  in  Fig.  7.3  for  the  fundamental  and  third  harmonic. 


Fig.  8.1. — >S  function  having  C  sym¬ 
metry  during  half  periods. 


Fig.  8.2. — C  function  having  S  sym¬ 
metry  during  half  periods. 


8.  Quarter-wave  Symmetries. — It  often  happens  that  an  S 
function  considered  over  a  half  period  exhibits  a  C  symmetry, 
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Fig.  8.1,  or  vice  versa,  Fig.  8.2.  Every  other  coefficient  in  the 
development  of  the  S  or  C  function,  (5.1)  or  (4.1),  is  then  zero: 

Sc(t)  —  Ai  sin  cot  +  A3  sin  3 cot  +  A 5  sin  5 cot  +  •  •  •  (8.1) 

Cs(t)  =  Bl  cos  cot  +  cos  3 cot  +  cos  Scot  +  •  •  *  (8.2) 

Equations  (8.1),  (8.2)  represent  the  same  wave,  the  only  difference 
being  that  the  origin  of  time,  t  =  0,  is  at  a  different  point  of  sym¬ 
metry  in  (8.1)  from  that  for  (8.2). 

These  quarter-wave  symmetrical  functions  contain  therefore 
no  even  harmonics.  They  are  particular  cases  of  waves  described 
in  Sec.  9. 

9.  Absence  of  Even  Harmonics. — A  periodic  wave  may  present 
neither  symmetry  nor  antisymmetry  and  yet  have  identically 
shaped  positive  and  negative  half  periods,  Fig.  9.1.  Algebraically, 
e(t+  T/2)  =  -e(t). 

The  functions  sin  (2k  +  l)u£  and  cos  (2k  +  1)oj£  satisfy  this 
relation,  while  sin  2kcot  and  cos  2 kcot  do  not.  Hence,  a  function 


9fl 

s' 

y\ 

^/\ 

-T 

-T/2"^ 

\f 

T/2 — 

1  5T/b-^ 

\T 

Fig.  9.1. — Periodic  function  containing  no  even  harmonics. 


e(t)  having  identically  shaped  positive  and  negative  half  periods 
cannot  contain  components  of  the  form  sin  2kcot  or  cos  2kcot,  and 
therefore  can  contain  no  even  harmonics.  Then 

e(t)  =  Mi  sin  (cot  +  fi)  +  M3  sin  (Scot  +  ^3) 

+  Mh  sin  (5 cot  T-  ’As)  +  ■  •  *  (9.1) 

or 

e(t)  =  Ai  sin  cot  +  A3  sin  3 cot  +  A5  sin  5 cot  +  •  •  • 

+  Bi  cos  cot  -f-  Bz  cos  Scot  T*  B§  cos  5 cot  -j-  •  •  •  (9.2) 

10.  Examples  of  Fourier  Developments. — In  the  following 
examples,  the  indicated  peak  values  of  the  waveforms  have  been 
standardized  to  the  value  unity.  If,  for  example,  the  peak  value 
of  an  actual  voltage  is  E  volts,  the  Fourier  development  given  here 
should  be  multiplied  by  E.  Each  Fourier  development  and  the 
corresponding  figure  bear  the  same  number. 


’2tr  -trX -tt/2  y\0  i rjz  tT 


Fio.  10.3. — Antisymmetrical  sawtooth. 


^2  %  ¥  sin  3x  -f-  -jV  sin  5x  —  -jV  sin  7x  -f- 


(  —  1)” 

(2n  1  1)^  4"  l)x  + 


(10.3) 
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Fig.  10.11. — Portion  of  a  sinusoid  of  unit  amplitude  exceeding  a  height  h  =  cos  6. 


e(x)  —  Bo  +  Bi  cos  x  +  *  *  *  +  £»  cos  nx  +  *  •  •  (10.11) 

B0  =  -  [sin  e  +  (T  -  e)  cos  d]  (10.12) 

7T 

J_  r gn_(»  -  m  _  sin  («  +  1)0]  (10  13) 

irn  \_  n  —  1  n  +  1  J 


11.  Waves  Having  Discontinuities. — In  Fig.  10.1  the  square- 
sine  wave  at  x  —  0  jumps  from  the  value  —  1  to  the  value  + 1.  This 
function  is  discontinuous  for  the  value  x  =  0.  Similarly,  the 
square-cosine  wave  is  discontinuous  for  x  =  ir/2.  In  such  a  case 
the  amplitudes  of  the  successive  components  diminish  very  slowly, 
not  always  exactly  as  1/n,  although  the  decrease  is  of  the  order 
of  1/n.  Other  examples  are  given  in  Figs.  10.5  to  10.7. 

When  e(x)  jumps  discontinuously  from  a  to  b  for  a  certain 
value  of  x,  the  sum  of  all  the  terms  of  its  Fourier  development, 
for  the  value  of  x  at  which  the  jump  occurs,  is  (a  +  b)/ 2.  For 
example,  square-sine  x  is  0  for  x  =  0,  since  a  —  —  1  and  b  =  +1. 

The  sum  of  a  finite  number  of  terms  in  the  Fourier  series  for 
a  function  having  a  jump  is  only  a  fair  approximation  to  the  value 
of  the  function  in  the  vicinity  of  the  jump. 

Other  types  of  waves  present  no  jumps  but  have  sharp  corners, 
such  as  the  waves  of  Figs.  10.3,  10.4,  10.8,  10.9,  10.10.  These 
waves  are  continuous,  but  their  first  derivatives  are  discontinuous 
and  are  characterized  by  jumps  similar  to  those  of  the  square-sine 
and  square-cosine  functions.  Though  for  such  waves  the  successive 
amplitudes  of  the  Fourier  components  decrease  slowly,  the  decrease 
is  more  rapid  than  for  the  square  sine  or  square  cosine,  being  of  the 
order  of  1/n2. 

The  smoother  the  wave,  the  higher  the  order  of  the  derivative 
at  which  a  jump  first  occurs.  The  amplitudes  of  the  successive 
components  diminish  more  rapidly,  of  the  order  of  1  /nk+1,  where 
k  is  the  order  of  the  derivative  at  which  a  jump  first  occurs. 

If  all  the  derivatives  of  a  periodic  function  are  continuous, 
the  amplitudes  of  its  Fourier  components  decrease  very  rapidly  and 
the  expression  for  M  contains  as  a  rule  some  numerical  fraction 
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raised  to  the  nth  power.  Vacuum-tube  oscillators  with  a  slight 
positive  feedback  give  voltages  of  this  type.  Relaxation  oscillators, 
such  as  multivibrators  or  thyratron  oscillators,  give  voltages 
presenting  jumps  or  kinks.  In  waves  having  jumps  or  kinks 
the  harmonic  components  of  high  frequency  have  appreciable 
amplitudes. 

12.  Use  of  Fourier  Series  in  Transmission  Problems. — It  is 

stated  in  Sec.  2  that  the  solution  of  a  transmission  problem  involving 
periodic  nonharmonic  voltages  comprises  three  stages:  (1)  Fourier 
analysis  of  input  voltage  or  current;  (2)  calculations  on  the  network, 
according  to  a-c  theory,  for  each  component  frequency;  (3)  Fourier 
synthesis  of  the  output. 

Suppose  that  a  square-wave  voltage  ei(£)  of  amplitude  Ex  volts 
and  period  T  is  applied  to  the  terminals  1-2  of  the  network  of  Fig. 

9 - VWWWV - ^ - ] - t- 

J'  R  if 

X1TLTL  * 

o — 

2 

Fig.  12.1. — Example  of  a  transmission  problem. 


12.1.  The  problem  is  to  find  the  final  periodic  potential  difference 
across  the  capacitor  C  after  the  square  wave  has  been  applied  for  a 
long  time,  i.e.,  after  the  steady  state  has  been  reached. 

For  harmonic  voltages  of  any  frequency  a> 


Therefore, 


—  =  A  =  1 

Ex  1  +  jRcoC 


(12.1) 

(12.2) 


This  complex  voltage  ratio  can  be  written  in  the  equivalent  forms 


§|  =  A  =  \A\/_^p  = 


(12.3) 


The  numerics  a  and  (3  are  called  the  attenuation  and  the  phase 
lag  of  the  network,  a  is  measured  in  nepers ,  j3  in  radians.  If 
a  and  are  both  positive,  say  a  =  1  neper,  (3  =  71-/6,  Fig.  12.2, 


FOURIER  ANALYSIS 


250 


[Chap.  IX 


the  vector  E2  will  be  smaller  than  the  vector  E i  in  the  ratio  1/2.7 
and  will  lag  the  vector  Ei  by  71-/6,  or  30°. 

The  numerics  A,  a,  p  will  vary  in  general  with  frequency. 
In  the  present  example, 


\A\  =  = 


1 


\/l  +  RWC2 


(12.4) 


so  that  |  A  |  decreases  from  1  to  zero.  The  attenuation  a  will 
increase  from  zero  to  infinity.  From  (12.2),  the  vector  E2  is 
lagging  Ei.  The  phase  lag  /3  is  positive,  increasing  from  zero  to 
tt/2,  Fig.  12.3.  The  locus  of  A  =  e~a~3^  is  a  half  circle,  Fig.  12.4. 


1  VOLT 
Fig.  12.2. — Vector 
diagram  illustrating  an 
attenuation  of  one  neper 
and  a  phase  lag  of  ir/6 
radians. 

The  quantity 


,00=00 


ou=(K 


Fig.  12.3. — Frequency- 
characteristics  of  the  net¬ 
work  of  Fig.  12.1. 


Fig.  12.4. — Locus  of 
the  complex  voltage 
ratio  A  =  t— a~  ft. 


Wo  — 


CR 


(12.5) 


will  be  taken  as  a  reference  angular  frequency;  A  and  tan  /?  can 
then  be  written  as 

1 


A  = 


v 


1 

<*>o 


tan  0  =  — 
coo 


(12.6) 


(12.7) 


The  given  input  voltage  (square  wave)  has  the  Fourier  development, 
from  (10.1), 

4Z?i 

ex{t)  —  — -  (sin  c et  i  sin  3co£  +  i  sin  5c d  +  *  *  ■  )  (12.8) 


The  fundamental  component  will  come  out  of  the  network  with  its 
amplitude  multiplied  by  Ai  and  its  phase  angle  diminished  by  0X, 
Ai  and  being  obtained  from  (12.6)  and  (12.7).  The  third  har¬ 
monic  will  come  out  multiplied  by  A3  and  the  phase  diminished  by 
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03,  A3  and  03  being  obtained  by  replacing  in  (12.6)  and  (12.7)  co 
by  3 to,  etc.  The  sum  of  all  these  harmonic  components  will  be 
the  output  voltage  e2(t). 

In  general,  the  summation  of  these  components  (Fourier  syn¬ 
thesis)  is  difficult  to  work  out.  Two  particular  cases  will  be 
considered. 

13.  Example  of  an  Integrator. — Assume  the  angular  frequency 
to  of  the  applied  square  wave  to  be  large  with  respect  to  the  reference 
angular  frequency  co0  —  l/CR, 


co  >  >  co0  or  T  <<CR 


Then,  approximately, 


Ai  = 


COo 

CO 


(13.1) 

(13.21 


and,  to  a  better  and  better  approximation, 


COo 

3co 


(13.3) 


The  phase  lags  0 1,  03,  05,  .  .  .  will  be  approximately  v/ 2.  Each 
sine  Avave  in  (12.8)  will  have  its  phase  angle  decreased  by  ir/2,  which 
changes  it  to  ( —  cos),  and  the  successive  output  components  will  be 


4 Ex  coo 

7T  CO 


cos  cot  — 


4^i  cop 

Stt  3co 


cos  3 cot  — 


4fj 


COo 


-  cos  5co£ 
or  oco 


and 

AFi  ^ 

e2(t)  = - —  —  (coscot  -f  i  cos  Scot  +  A  cos  5c o£  +  •  *  *  )  (13.4) 

7T  CO  /  \  j 
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From  (10.4)  this  is  the  development  of  a  symmetrical  saw  tooth, 
Fig.  13.15.  The  common  factor  in  (13.4)  can  be  written  as 


AEX  1  T  2  T  p 
t  CR  2t  t2  CR  ' 


(13.5) 


The  common  factor  in  (10.4)  is  8/ir2  for  a  peak  amplitude  1  and 
(S/t2)E2  for  the  peak  amplitude  E2  of  the  output  voltage.  Equat¬ 
ing  this  common  factor  to  the  common  factor  of  (13.5), 

8  2  T  ^  x  T  - 

^E2  =  72crEi  or  Ei  =  i crEi  ^13‘6^ 

and,  from  (13.1),  E2  is  very  much  less  than  Ei. 

Note  that  ex(t)  is  the  derivative  of  e2 (t)  times  a  constant  CR. 
Therefore  e2(t)  is  an  integral  of  ex(t),  and  when  CR  >>  T  the 
network  acts  approximately  as  an  integrator. 

14.  Example  of  Negligible  Distortion. — Assume  that  T  is  large 
with  respect  to  CR,  orw  <<  «0.  From  (12.6), 


to  the  point  where 


A i  —  A3  ===  A 5  •  *  •  ==  1, 
n2co2  <  <  u>l 


(14.1) 


no  longer  holds.  Call  m  the  order  of  the  harmonic  beyond  which 
(14.1)  ceases  to  hold.  From  (12.7), 


(14.2) 


for  the  first  m  harmonics. 

The  idea  of  time  lag,  or  time  delay ,  must  now  be  introduced. 
Consider  two  harmonic  voltages,  or  waves,  ei  and  e2  of  the  same 
angular  frequency  co  and  period  T,  Fig.  14.1.  Their  amplitudes 
do  not  matter.  In  the  figure  the  voltage  wave  e2  lags  e\  by  one- 
quarter  period,  or  T/A  sec;  the  rotating  vector  representing  E2 
lags  the  vector  E\  by  90°,  or  7r/2  radians.  In  general,  if  the  vector 
E2  lags  Ei  by  (3  radians,  the  wave  e2  will  lag  ei  by  td  sec,  and  the 
relation  between  time  delay  td  and  phase  lag  (3  will  be 


(14.3) 


The  time  delay  of  the  successive  components  of  the  output 
voltage  with  respect  to  the  input  component  voltage  of  the  same 
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w  1 

COoCO  Wo 


(14.4) 


or  the  time  delay  for  the  first  m  harmonics  is  approximately  the 
same,  td  =  l/w0  —  CR  sec.  Thus  the  first  m  harmonics  of  the 
input  voltage  come  out  of  the  network  with  their  amplitudes 
unchanged  (A  =  1)  and  are  delayed  by  the  same  amount,  CR  sec. 
Their  sum  is  a  periodic  nonharmonic  output  voltage  of  exactly  the 
same  shape  as  the  sum  of  the  first  m  harmonics  of  the  input  voltage. 
If  the  harmonics  of  order  higher  than  m  can  be  neglected,  the  net¬ 
work,  when  CR  >>  T ,  transmits  the  input  voltage  with  negligible 
distortion  but  with  time  delay. 


15.  Conditions  of  Nondistortion. — This  last  result  can  be 
generalized.  If  for  a  given  network  the  magnitude  of  the  voltage 
ratio,  \A\  —  e““,  is  independent  of  frequency,  and  if  the  time  delay 
td  is  also  independent  of  frequency,  every  harmonic  component  of  a 
periodic  input  voltage  will  be  magnified  \A\  times  and  delayed  td 
sec  so  that  the  periodic  output  voltage  will  be  obtained  by  magnify¬ 
ing  the  input  voltage  \A\  times  and  delaying  it  td  sec.  The  following 
two  conditions  are  therefore  sufficient  to  ensure  nondistortion: 


(1)  |  A  \  constant  with  regard  to  frequency 

(2)  td  constant  with  regard  to  frequency 

These  conditions  can  be  expressed  also  in  terms  of  the  attenuation 
a  and  phase  lag  /?,  as  follows: 


(15.1) 


(1)  a  constant  with  regard  to  frequency  1 

(2)  (3  proportional  to  frequency  (/3  =  taa)  J  ’ 

\A\  or  a  equal  to  a  constant  is  in  any  case  a  necessary  condition 
for  nondistortion.  As  regards  /3  there  are,  however,  other  possibili¬ 
ties  than  that  expressed  by  0  =  tdu.  First,  if  (3  =  tt  radians  for 
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all  frequencies,  every  output  harmonic  will  be  in  phase  opposition 
to  the  corresponding  input  harmonic,  so  that  the  output  periodic 
wave  will  have  the  same  shape  as  the  input  periodic  wave,  only 
inverted  with  respect  to  the  time  axis.  Second,  the  condition  for 
this  inverted  wave  to  be  delayed  by  td  sec  is 

P  =  x  +  to  (15.3) 

The  phase-lag  condition  of  (15.2)  is  represented  by  the  straight 
line  1,  the  condition  of  (15.3)  by  line  2,  Fig.  15.1.  It  is  clear  that 
P  =  2t  or  p  =  2x  +  to  (line  3,  Fig.  15.1)  would  also  be  a  suitable 
condition.  Line  2,  Fig.  15.1,  is  important  as  representing  the  condi¬ 
tions  approximated  in  a  one-stage  amplifier  (Chap.  XIII). 


Fig.  15.1. — Different  types  of  variation  of  phase  lag  /3,  none  of  which  introduces 

phase  distortion. 

Often  the  conditions  (15.1)  or  (15.2)  for  \A\  and  p  will  not  hold 
rigorously  for  all  the  multiples  of  the  fundamental  frequency, 
but  they  may  hold  approximately  for  the  first  m  harmonics,  Sec. 
14,  in  which  case  the  distortion  of  the  input  voltage  wave  will 
usually  be  negligible. 

In  general,  if  the  attenuation  a  is  constant  with  regard  to  fre¬ 
quency  and  if  the  phase  lag  of  the  periodic  output  voltage  e2(t) 
with  regard  to  the  periodic  input  voltage  e\(t)  is  given  by 

P  =  titt  +  to  (n  =  0,  ±1,  +2,  •  •  •  )  (15.4) 

the  voltage  e2(t)  will  be  e~a  as  large  as  the  input  voltage  and  delayed 
by  td  sec  when  n  =  0,  ±2,  •  •  •  .  When  n  =  ±  1,  ±3,  •  •  •  , 
the  output  voltage  will  be  e~a  as  large  as  the  input  voltage,  delayed 
by  td  sec  and  inverted  with  respect  to  the  time  axis.  A  network 
producing  a  time  delay  is  called  a  delay  network . 

Mathematically,  the  above  would  be  equally  true  if  td  were 


Sec.  16]  NUMERICAL  METHOD  OF  FOURIER  ANALYSIS 


255 


negative,  but  physically  it  is  impossible  to  construct  a  network 
that  will  advance  a  signal  in  time  instead  of  delaying  it. 

Distortion  that  occurs  when  |A|  or  a  is  not  constant  with 
respect  to  frequency  is  called  frequency  distortion .  Distortion 
that  occurs  when  /3  is  not  proportional  to  frequency  (or  when  td 
is  not  a  constant  with  respect  to  frequency)  is  called  phase  distortion 
(or  delay  distortion). 

16.  A  Numerical  Method  of  Fourier  Analysis.— There  are 
several  numerical  processes  (called  schedules)  for  calculating  the 
harmonic  components  of  a  complex  waveform.  The  particular 
analysis  to  be  described  was  developed1  to  apply  especially  to 
vacuum-tube  problems  though  the  analysis  may  be  found  useful 
elsewhere. 

The  analysis  applies  only  when  certain  conditions  hold. 
Suppose 

V  =  f(x)  (16.1) 

represents  a  nonlinear  relation  between  the  dependent  variable 
y  and  the  independent  variable  x.  For  example,  y  may  be  the 
plate  current  of  a  vacuum  tube  as  determined  by  the  grid  voltage 
eQ  or  the  plate  voltage  ep,  either  of  which  may  be  represented  by  x. 
Or  y  may  be  the  power  determined  by  some  variable  x  such  as 
voltage  or  current.  Generally,  (16.1)  is  given  in  graphical  form, 
for  example,  as  the  path  of  operation  on  a  characteristic  chart 
of  a  vacuum  tube.  The  conditions  under  which  the  analysis  can 
be  applied  are 

1.  The  variable  y  must  be  a  single- valued  function  of  x. 

2.  The  variable  x  must  vary  sinusoidally  with  time. 

These  conditions  hold  in  the  example  shown  in  Fig.  16.1,  where 
i  —  f(e)  represents  an  e-i  characteristic  of  some  device.  Condition  1 
is  met  since  the  closed  path  of  the  representative  point  (e,i)  is 
the  double  line  A'QA"QA',  or  the  current  i  has  the  same  value 
for  a  given  e  whether  the  voltage  e  is  increasing  or  decreasing. 
Consequently,  the  waveform  of  y  as  a  function  of  time  will  have 
half-wave  symmetry.  Condition  2  is  met  since  the  impressed 
voltage  e  is  equal  to  E  +  'E  cos  c ct. 

In  what  follows,  e  and  i  will  be  measured  from  the  point  Q  taken 
as  a  new  origin.  The  problem  is  to  find  the  average  current  and 
the  harmonic  components  of  the  current  that  flows  when  the 

1  E.  L.  Chaffee,  “A  Simplified  Harmonic  Analysis,”  Rev.  Sci.  Inst.,  7,  384, 
October,  1936. 
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impressed  voltage  is  cos  E  vt,  represented  by  the  sinusoidal  wave¬ 
form  in  the  lower  part  of  Fig.  16.1. 

The  current  waveform  is  the  distorted  sinusoid  in  Fig.  16.2, 
of  which  1^  periods  are  shown.  The  Fourier  analysis  of  this 
waveform  is  based  on  the  values  of  i  for  certain  specified  points 
on  the  curve.  Each  point  corresponds  to  a  specified  value  of  the 
electrical  angle  6  =  wt  and  therefore  to  a  specified  value  of 
e/E  -  cos  6.  It  is  unnecessary,  however,  to  draw  the  actual 
waveform  of  Fig.  16.2,  since  the  desired  values  of  t  can  be  read  off 
directly  from  the  e-i  characteristic  of  Fig.  16.1. 

The  number  of  specified  values  of  6  or  of  e/fi  depends  upon  the 
irregularity  of  the  characteristic  and  upon  the  accuracy  of  analysis 
desired.  Only  two  analyses  will  be  described,  one  making  use  of 
9  points  and  the  other  making  use  of  13  points  of  one  half  cycle. 

The  13  values  of  8  and  e/E  for  the  13-point  analysis  and  the 
9  values  for  the  9-point  analysis  are  indicated  in  Fig.  16.1  and  are 
given  in  Table  16.1. 


Table  16.1 


Electrical 
angle  6  =  cat 

Values  of 
e/E  =  cos  6 

Points  for 
13-point  analysis 

Points  for 
9-point  analysis 

0°,  180° 

±1 

A 

A 

15°,  165° 

±0.966 

B 

Not  used 

30°,  150° 

±0.866 

C 

C 

45°,  135° 

±0.707 

D 

D 

60°,  120° 

±0.500 

E 

E 

75°,  105° 

±0.259 

F 

Not  used 

90° 

0 

G 

G 

The  first  step  is  to  read  from  the  curve  the  two  values  of  i 
for  each  pair  of  points  identified  by  each  capital  letter,  Fig.  16.1. 
For  example,  determine  in'  and  iD",  corresponding  to  e/E  =  +  0.707. 
Then  find  the  algebraic  sum  and  difference  of  iD'  and  iD", 

Pd  =  Id'  ~\~  Id" 

Md  =  iD'  -  iD"  (16.2) 

(The  letters  P  and  M  are  the  initial  letters  of  plus  and  minus.) 

The  next  step  is  to  fill  in  the  various  values  of  P  and  M  cor¬ 
responding  to  the  appropriate  letters  in  Table  16.2  for  the  9-point 
analysis  or  in  Table  16.3  for  the  more  accurate  13-point  analysis. 
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Table  16.2. — 9-point  Analysis 

1  ~  Iq  =  s  [t + Pc + pd 

(hi  =  UMa  +  V3~Mc  +  Me] 

(Da  =  UP  a  +Pc-  Pe] 

(Da  =  UMa  -  2 Me] 

(Da  =  UPa  -  2 PD]  _ 

(Da  =  UMa  -  3-\/2  Md  +  4Mb\ 

(D'  =  UPa-2Pc  +  2Pe] 

(Di  =  UMa  -  2  V3  Mc  +  3\/2  MD  -  2 Mb] 

(Da  -  -  2PC  +  ZPD  -  2 Pa] 

Table  16.3. — 13-point  Analysis 

1  -  Iq  =  ~  +  Pb  +  Pc  +  Pd  +  Pe  +  Pe] 

(hi  =  UMa  +  1.932M  B  +  1.732 Me  +  1.414Mb  +  Me  +  0.518Mjf] 
(Da  =  -MPa  +  1.732 P„  +  Pc  -  Pe  -  1.7327V] 

(Da  =  UMa  -  1.414Ma  -  1.414Ma  -  2 Me  -  1.414Mr] 

(Da  =  A  [Pa  +  Pa  -  Pc  -  2PD  -  Pa  +  Pa] 

(Da  =  *[Ma  +  0.518Ma  -  1.732MC  -  1.414Ma  +  Me  +  1.932My] 
(Da  =  UP  a  -  2Pc  +  2Pa] 

(hi  =  *[MX  -  0.518Ma  -  1.732MC  +  1.414Ma  +  Me  -  1.932Ma] 
(Da  =  A  [Pa  -  Pb  -  Pc  +  2 Pa  -  Pa  -  Pa] 

(h*  =  UMa  -  1.414Ma  +  1.414Mb  -  2Ma  +  1.414Ma] 

(hi.  =  *[Pa  -  1.732Pa  +  Pc  -  Pa  +  1.732Pa] 

(hii  =  AIM  a  -  1.932Ma  +  1.732Mc  -  1.414Ma  +  Me  -  0.518Ma] 

(hi.  =  J2  —  P 3  +Pc-  Pa  +  Pe  —  PaJ 


17.  Analysis  of  a  Simple  Specific  Case. — It  may  happen  in 
practice,  for  example  in  Class  B  and  Class  C  amplifiers,  Chaps. 


Fig.  17.1. — Current-voltage  relationship  when  there  is  no  current  for  negative  values 
of  e;  all  currents  i"  =0. 


XIII  and  XIV,  that  the  variable  y  of  (16.1)  is  zero  for  all  negative 
values  of  x  at  least.  Figure  17.1  illustrates  the  e-i  characteristic 
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in  an  actual  case,  where  the  current  begins  to  rise  at  e/E  =  0.35. 
The  quiescent  current  is  zero,  and  all  the  currents  i"  of  Figs. 
16.1  and  16.2  are  zero.  Then  P  =  M  =  i "  at  all  points.  The 
formulas  for  the  average  and  for  the  fundamental  components  of 
Tables  16.2  and  16.3  reduce  to  the  following: 

Table  17.1. — 9-point  Analysis 
(All  currents  i”  =  0) 

1  =  l  [i  + ic  +  **'] 

(/)  i  =  \[ia  +  v/3  ic  +  is  1 

Note  that,  if  only  the  d-c  and  fundamental  components  are 
desired,  only  six  quantities  need  be  measured  in  general  for  the  9- 
point  analysis,  Table  16.2;  and  if  all  currents  i"  are  zero,  only  three 
quantities  are  needed. 

Table  17.2. — 13-point  Analysis 
(All  currents  i”  =  0) 

I  —  "b  ia  +  ic  +  £d  +  ie  +  fpj 

(/)1  =  Ti s[iA  +  1.932^  +  1.732tc  +  1.414^d  +  iE  4-  0.518z>] 

In  the  numerical  example  of  Fig.  17.1,  the  results  are 
9-point  analysis:  I—  291  ma,  h  =  507  ma 
13-point  analysis:  I  =  293  ma,  1 1  =  511  ma 
The  13-point  analysis  is  in  general  more  accurate  than  the  9-point 
analysis.  The  use  of  I  and  h  in  calculating  the  power  relationships 
in  vacuum  tubes  is  explained  in  Chap.  XIY. 
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CHAPTER  X 

ELECTRON  EMISSION  AND  THE  DIODE 

The  operation  of  vacuum  tubes  depends  primarily  upon  the 
movement  of  electricity  in  the  form  of  electrons  (negatively  charged 
particles)  that  move  through  the  spaces  between  the  electrodes. 
These  electrons  are  released  into  the  space  within  the  tube  by  one 
or  more  of  the  following  processes: 

1.  Thermionic  emission 

2.  Secondary  emission 

3.  Photoelectric  emission 

4.  High-field  emission 

5.  Ionization 

These  will  be  studied  in  turn. 

1.  Thermionic  Emission.1 — Some  of  the  outer  electrons  associ¬ 
ated  with  the  atoms  of  a  metal  are  so  loosely  bound  that  they  can 
circulate  freely  among  the  atoms.  These  are  called  free  electrons . 
A  current  of  electricity  in  the  metal  is  a  drifting  of  free  electrons. 

Associated  with  the  atoms  (or  molecules)  of  a  substance  is  an 
energy  of  vibration  called  heat .  The  random  thermal  vibration 
of  the  atoms  increases  with  increase  in  temperature,  as  does  the 
thermal  agitation  communicated  by  the  atoms  to  the  free  electrons. 
As  a  result  of  thermal  agitation,  all  the  free  electrons  would  spill 
out  of  the  surface  of  a  conductor  if  it  were  not  for  a  surface  effect 
that  opposes  their  escape.  This  surface  restraint,  or  “barrier,” 
is  quantitatively  expressed  as  the  increase  of  the  potential  energy 
(loss  of  kinetic  energy)  of  an  electron  as  it  leaves  the  metal.  It  is 
called  the  work  function,  its  value  being  characteristic  of  the  particu¬ 
lar  metal. 

The  work  function  can  be  expressed  in  terms  of  the  electron 
affinity,  which  is  defined  by  the  relation  4>  =  w/e,  where  w  is  the 
work  function,  <f>  is  the  electron  affinity  (commonly  expressed  in 

1  E.  L.  Chaffee,  “Theory  of  Thermionic  Vacuum  Tubes,”  pp.  55-56, 
95-97,  McGraw-Hill  Book  Company,  Inc.,  1933;  A.  L.  Albert,  “Fundamental 
Electronics  and  Vacuum  Tubes,”  pp.  33-47,  53-72,  The  Macmillan  Company, 
1938. 
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volts) ,  and  e  is  the  electronic  charge.  The  value  of  for  a  tempera¬ 
ture  of  0°K  is  denoted  by  <f> o. 

Among  the  characteristics  that  make  a  metal  desirable  as  a 
thermionic  emitter  are  low  electron  affinity  and  high  melting 
temperature.  These  characteristics  for  certain  metallic  sub¬ 
stances  are  given  in  Table  1.1. 

Table  1.1. — Values  of  Electron  Affinity  and  Melting  Temperature 


Metal 

0o,  volts 

Melting  temp., 
°K 

Calcium . 

2.24 

1083 

Molybdenum . 

4.42 

2893 

Tantalum . 

4.06 

3123 

Thorium . 

3.35 

2118 

Tungsten . 

4.52 

3643 

Thorium  on  tungsten . 

2.63 

Oxide-coated  nickel . 

0.5-1. 5 

The  thermionic  emission  of  electrons  from  a  metallic  surface 
depends  upon  the  absolute  temperature  T  and  the  value  of  <£0 
according  to 

—  ll,600^o 

i  —  AT2e  T  amperes/cm2  (1.1) 

in  which  the  constant  A  for  some  metals,  notably  tungsten,  tan¬ 
talum,  molybdenum,  has  the  numerical  value  60.2.  The  exponent 
of  €  in  (1.1)  is  equal  to  — w0/kT ,  where  w0  is  the  work  function  at 
absolute  zero  and  k  is  Boltzmann’s  constant. 

In  Fig.  1.1  the  thermionic  emission  per  square  centimeter  for 
the  metal  tungsten  is  plotted  against  the  absolute  temperature  T. 

When  thermionic  emission  occurs  at  a  surface  of  an  isolated 
electrode,  such  as  one  in  an  evacuated  glass  envelope,  it  becomes 
surrounded  by  a  cloud  of  electrons  that  exerts  a  force  of  repulsion 
sufficient  to  cause  those  near  the  surface  to  reenter  the  electrode. 
A  condition  of  equilibrium  is  established  in  which  electrons  are 
reentering  the  surface  at  the  same  rate  at  which  they  are  being 
emitted. 

To  verify  (1.1)  experimentally  it  is  necessary  to  provide  an 
electrode,  positive  with  respect  to  the  emitting  surface,  that  will 
collect  all  the  electrons  that  are  emitted.  The  potential  of  this 
positive  electrode  must  be  so  high  that  practically  no  electrons, 
once  emitted,  can  reenter  the  emitting  surface. 
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The  three  important  types  of  thermionic  emitters  are  pure 
metals,  thoriated-tungsten  emitters,  oxide-coated  emitters. 

Pure-metal  Emitters. — Tungsten  and  tantalum,  having  high 
melting  points,  Table  1.1,  can  be  operated  at  sufficiently  high 
temperatures  to  give  copious  emission  without  excessive  evapora¬ 
tion  of  the  metal.  Tungsten  is  the 
most  commonly  used  of  the  pure 
metallic  emitters. 

The  useful  life  of  a  vacuum-tube 
filament  of  this  type  is  arbitrarily 
defined  as  the  operating  time  (in 
hours)  for  which  the  cross-sectional 
area  of  the  filament  is  reduced  by  10 
per  cent.  The  operating  tempera¬ 
ture  is  chosen  usually  so  that  the 
useful  life  is  about  2,000  hr  for  small 
tubes,  but  longer  for  large  power 
tubes.  Representative  operating 
temperatures  for  tungsten  are  2300 
to  2700°K.  In  most  cases  the  volt- 
T  IN  DEGREES  K  age  applied  to  the  filament,  rather 

Fig.  l.i.— Thermionic  emission  than  the  current,  is  maintained  con- 

from  tungsten.  7 

stant  throughout  the  life  of  the  fila¬ 
ment,  since  the  variation  in  cross  section  causes  a  variation  in 
current  (at  constant  voltage)  that  maintains  a  nearly  constant 
operating  temperature. 

Thoriated-tungsten  Emitters. — The  presence  of  a  monatomic 
layer  of  pure  thorium  on  the  surface  of  a  tungsten  filament  greatly 
increases  its  electron  emission.  If  2  or  3  per  cent  of  thorium  oxide 
is  added  to  a  tungsten  filament  during  its  manufacture,  such  a 
monatomic  layer  can  be  secured  by  any  one  of  several  activation 


processes. 

If  a  thoriated-tungsten  filament  is  used  until  its  emission  is 
greatly  reduced,  it  may  be  “reactivated”  by  one  of  several  methods. 
A  typical  procedure  is  to  apply  3  to  3i  times  the  normal  filament 
voltage  for  10  to  20  sec  (without  plate  voltage)  and,  without  allow¬ 
ing  the  filament  to  cool,  to  reduce  the  voltage  to  1£  times  normal 
for  1  to  2  hr.  As  this  process  is  similar  to  the  initial  activation 
process,  it  serves  to  renew  the  monatomic  layer  of  thorium. 

Bombardment  by  gas  ions  of  more  than  about  22  volts  energy 
rapidly  disintegrates  the  delicate  monatomic  layer  and  greatly 
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decreases  emission.  If  a  tungsten  filament  is  heated  in  hydrocarbon 
vapor,  the  outer  layer  is  transformed  into  tungsten  carbide.  A 
monatomic  layer  of  thorium  deposited  on  tungsten  carbide  by  the 
activation  process  is  less  affected  by  gas-ion  bombardment  than  a 
layer  deposited  on  pure  tungsten.  Since  a  thoriated  cathode  is 
very  sensitive  to  residual  gas,  a  “ getter”  is  always  employed  to 
maintain  a  good  vacuum  in  tubes  with  this  type  of  cathode.  The 
getter  is  a  small  amount  of  chemically  active  material  (magnesium, 
for  example)  that  is  placed  in  the  tube  during  manufacture.  After 
the  tube  is  evacuated,  the  getter  is  fired  by  the  application  of  heat, 
which  causes  it  to  absorb  or  combine  with  practically  all  the  gas 
left  in  the  tube  after  the  pumping  operations.  The  getter  maintains 
the  vacuum  after  the  tube  is  sealed  off  by  “ cleaning  up”  any  gas 
emitted  from  the  metallic  parts  of  the  tube.  A  getter  is  also  used 
in  tubes  having  oxide-coated  emitters. 

Oxide-coated  Emitters. — An  emitter  of  the  oxide-coated  type 
consists  of  a  metal  core  coated  with  an  emitting  material  such  as 
the  oxides  of  the  alkaline-earth  elements,  barium  and  strontium. 
Operating  temperatures,  about  1000°K,  are  much  lower  than  for 
pure  metals.  Oxide-coated  emitters  must  be  activated  to  establish 
emission. 

It  is  believed  that  the  emission  of  an  oxide-coated  emitter 
is  pure  thermionic  emission  from  particles  of  the  metal  reduced 
from  the  oxide,  the  oxide  serving  only  as  a  reservoir  for  the  supply 
of  metal.  The  high  emission  at  low  temperatures  results  from  the 
low  work  functions  of  the  metals  strontium  and  barium  and  from 
the  effects  of  monatomic  layers  which  aid  the  escape  of  electrons. 

Emission  efficiency  is  defined  as  milliamperes  of  emission  current 
per  watt  of  heating  power. 


Table  1.2. — Comparison  of  Three  Types  of  Emitters 


Type  of  emitter 

Operating 
temp.,  °K 

Emission, 

ma/watt 

Emission, 

ma/cm2 

Max.  plate 
volts  (d-c) 

Tungsten . 

2400-2600 

2-8 

100-1 ,000 

Oxide-coated . 

1000  approx. 

100-300 

1,000-3,000 

■ 

Thoriated-tungsten . 

1900  approx. 

90-100 

2,000-3,000 

The  oxide-coated  type  of  emitter  disintegrates  if  used  con¬ 
tinuously  at  full  emission.  It  is  employed  in  low-power  tubes  whose 
plate  voltages  are  less  than  about  1,000  volts.  It  is  used  almost 
aniversally  in  receiving  tubes  because  of  its  high  emission  efficiency. 
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Thoriated-tungsten  filaments  are  used  for  small  power  tubes 
whose  normal  plate  voltages  are  below  about  5,000  volts,  while 
pure  tungsten  filaments  are  used  only  in  high-power  tubes  with 
plate  voltages  in  excess  of  about  5,000  volts. 

Indirectly  Heated  Cathodes. — The  thermionic  emitter,  or  cathode, 
of  a  receiving  tube  may  be  a  directly  heated  emitting  filament  or 
a  coated  metal  cylinder  inside  which  is  an  insulated  filament  that 
serves  only  as  a  heater.  The  cylinder  is  thus  equipotential ,  so 
that  alternating  current  can  be  used  in  the  heater  wire  without 
introducing  into  the  circuit  an  objectionable  amount  of  hum- 
producing  current.  The  thermal  capacity  of  the  cathode  prevents 
appreciable  changes  of  temperature  during  a  cycle  of  alternating 
current. 

2.  Other  Types  of  Emission. — Electron  emission  can  be  obtained 
by  other  methods.  The  following  types  of  emission  are  important 
in  the  applications  of  electronic  devices: 

Secondary  Emission. — An  electron  moving  with  the  speed 
acquired  by  falling  through  a  potential  difference  greater  than 
20  or  30  volts  can  cause  the  emission  of  1  to  10  low-velocity  electrons 
from  a  metallic  surface  that  it  strikes.  This  “knocking  out” 
of  electrons  from  the  surface  is  called  secondary  emission,  a  phenom¬ 
enon  that  greatly  affects  the  characteristics  of  vacuum  tubes. 
Secondary  emission  is  increased  markedly  by  the  presence  of  thin 
films  of  metals  (barium,  thorium,  etc.),  which  are  formed  on  the 
electrodes  of  tubes  in  which  these  substances  are  used. 

Photoelectric  Emission. — When  light  of  proper  character  falls 
upon  a  metallic  surface,  electrons  are  emitted  from  the  surface, 
the  energy  necessary  to  remove  them  being  obtained  through  the 
absorption  of  luminous  energy.  For  electrons  to  be  emitted,  the 
frequency  of  the  light  must  exceed  a  certain  critical  value,  which  is 
proportional  to  the  work  function  of  the  metal.  When  emission 
does  occur,  it  is  proportional  to  the  intensity  of  illumination. 

High-field  Emission. — When  the  electric  field  at  the  surface  of  a 
metal  is  very  high,  of  the  order  of  1,000,000  volts/cm,  electrons 
may  be  pulled  out  through  the  surface.  Undesired  emission  from 
the  grid  of  a  high-power  tube  is  sometimes  due  to  this  cause. 

Ionization. — One  or  more  of  the  loosely  bound  electrons  in  an 
atom  of  residual  gas  may  be  knocked  out  of  the  atom  by  collision 
with  a  rapidly  moving  electron.  The  products  of  the  collision 
include  one  or  more  free  electrons  (negative)  and  a  positive  ion 
that  is  the  remaining  portion  of  the  atom.  As  a  result  of  this 
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ionization,  large  currents  can  be  produced  in  tubes  that  contain 
considerable  amounts  of  residual  gas. 

3.  Current -Voltage  Characteristics  of  Diodes  (Static  Character¬ 
istics).1 — The  current  through  a  diode,  called  the  plate  current,  is  a 
function  of  the  plate  voltage  and  the  temperature  of  the  cathode,  or 

ib=f(eb,T )  (3.1) 

where  %  is  the  current,  eb  is  the  potential  of  the  plate  with  respect 
to  the  cathode,  and  T  is  the  cathode  temperature. 

If  the  plate  potential  is  maintained  constant  and  the  current 
is  measured  for  various  values  of  cathode  temperature,  the  results 
for  a  purc-metal  cathode  are  as 
indicated  by  one  of  the  family  of 
curves,  Fig.  3.1.  If  the  plate  poten¬ 
tial  is  increased  from  Ex  to  F2  or  Es, 
the  variation  of  plate  current  with 
cathode  temperature  is  shown  by  the 
curves  so  designated.  The  dotted  'b 
curve,  Fig.  3.1,  represents  the  total 
thermionic  emission.  The  difference 
between  the  emission  current  and  the 
plate  current  represents  the  rate  at 
which  electrons  return  to  the  cathode 
after  being  emitted.  At  a  given 
value  of  plate  voltage,  the  plate  ^ 
current  builds  up  as  the  cathode 
temperature  is  increased  until  the  plate  current  is  limited  by  the 
space-charge  effect,  which  is  due  to  an  accumulation  of  electrons 
in  the  space  between  the  cathode  and  plate.  These  electrons 
exert  an  electric  force  that,  in  the  vicinity  of  the  cathode,  is  opposite 
to  the  electric  force  due  to  the  plate.  This  action  will  be  described 
more  fully  in  Sec.  4. 

If  the  cathode  temperature  is  maintained  constant,  the  variation 
of  current  (for  a  pure-metal  cathode)  as  the  plate  potential  is 
changed  is  shown  (curve  T x)  in  Fig.  3.2.  With  higher  temperatures 
curves  T2  and  Tz  result.  For  a  given  value  of  T  the  limiting  value 
of  the  plate  current  is  determined  by  the  total  thermionic  emission 

1  Chaffee,  op.  cit.,  pp.  66-86;  A.  V.  Eastman,  "Fundamentals  of  Vacuum 
Tubes,”  2d  ed.,  pp.  29-48,  McGraw-Hill  Book  Company,  Inc.,  1941;  H.  J. 
Reich,  “Theory  and  Application  of  Electron  Tubes,”  1st  ed.,  pp.  13-33, 
2nd  ed.,  pp.  19-37,  McGraw-Hill  Book  Company,  Inc.,  1939,  1944. 
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for  that  temperature.  This  limiting  current  is  reached  when  all 
the  electrons  leaving  the  cathode  are  drawn  to  the  plate,  so  that 
any  further  increase  in  plate  potential  cannot  increase  the  current. 

The  horizontal  portions  of  the  curves  of  Fig.  3.2  are  not  repre¬ 
sentative  of  the  results  obtained  (in  the  steady  state)  for  thoriated 
or  oxide-coated  cathodes.  The  surfaces  of  these  emitters  are 
changed  when  high  plate  currents  are  steadily  maintained,  and 
their  emission  characteristics  are  altered.  If  the  plate  voltage 


Fig.  3.2. — Plate  current  versus 
plate  potential. 


is  maintained  only  for  extremely  short  intervals,  curves  similar  to 
those  of  Fig.  3.2  may  be  obtained. 

Fig.  3.3  is  the  ib-et  curve  for  a  diode  operated  at  its  rated  cathode 
temperature.  The  variational  plate  resistance  is  defined  as 


de^  __  deb  _  A eb 

dib  dib_  T  const.  At&— >0  A ib_  T  const. 


(3.2) 


The  increments  A 4  and  Ae&  in  Fig.  3.3  are  measured  from  the  point 
A.  The  variational  plate  conductance  is  the  reciprocal  of  rp ,  or 


_  dib  _  1 
deb  rp 


(3.3) 


which  is  the  slope  of  the  ib-ep  curve. 

Consider  a  diode  in  the  circuit  of  Fig.  3.4  in  which 

Ebb  *=  Cb  +  %Rl  (3.4) 

where  is  a  function  of  ip  and  Ri  is  the  d-c  resistance  of  the  load. 
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If  ib  is  a  known  algebraic  function  of  eb,  the  equation  expressing 
their  relation  can  be  solved  simultaneously  with  (3.4).  If,  instead, 
the  ib-eb  curve  for  the  diode  (operated  at  rated  cathode  tempera¬ 
ture)  is  available,  a  graphical  solution  can  be  obtained,  Fig.  3.5, 
as  follows: 

By  (3.4),  eb  =  Ehb  —  uRl.  This  is  the  equation  of  the  line 

AB,  Fig.  3.5,  called  the  d-c  load  line. 

Though  Ohm’s  law  does  not  apply  to 

the  vacuum  tube,  it  can  be  applied  to 

the  remainder  of  the  circuit  to  determine 

AB,  the  locus  of  eb  for  various  values  of 

current.  For  %  =  0,  eb  —  Ebb,  locating 

the  point  B  at  the  full  battery  potential, 

250  volts,  say.  For  an  arbitrary  value 

of  current,  say  2  ma,  and  Rl  =  50,000  Fig.  3.4. — Diode  in  series  with 
.  . ,  !  ,  i  ,  a  resistor, 

ohms,  it  can  be  seen  that 

eb  =  Ebb  —  uRl  —  250  —  100  =  150  volts, 


locating  another  point  (such  as  P)  on  the  line  AB.  The  intersection 
of  the  load  line  AB  and  the  ib-eb  curve  is  the  point  Q  (quiescent 
point),  whose  coordinates  specify  the  actual  values  of  current  and 
voltage  under  quiescent  conditions. 


Fig.  3.5. — The  d-c  load  line. 


The  construction  of  the  d-c  load  line  is  most  easily  remembered 
by  noting  the  position  of  the  incremental  voltage  iRL  obtained 
for  an  arbitrary  value  of  current,  i.  It  is  often  stated  that  the 
load  line  is  drawn  at  the  angle  arctan  RL  with  respect  to  a  vertical 
axis.  R L  can  be  considered  to  be  the  tangent  of  an  angle  in  only  a 
qualitative  sense,  since  the  increments  of  load  voltage  and  load 
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current,  rather  than  the  distances  that  represent  them,  have  the 
ratio  Rl- 

4.  Space  Charge. — The  cloud  of  moving  electrons  between  the 
electrodes  of  a  vacuum  tube  constitutes  a  distribution  called 
“ space  charge,”  which  is  most  dense  in  the  immediate  vicinity  of 
the  cathode  where  the  electrons  are  moving  at  relatively  low 
speeds.  The  forces  on  an  electron  in  a  diode  include  the  force 
due  to  the  potential  applied  to  the  plate  and  the  force  due  to  the 
space  charge. 

In  a  diode  having  parallel-plane  electrodes,  the  force  on  an 
electron  at  various  positions  is  as  shown  in  Fig.  4.1.  If  the  tem¬ 
perature  of  the  cathode  is  such  as  to  produce  only  a  very  low  ther- 


Fig.  4.1. — Force  on  an  electron  inside  a  diode. 


mionic  emission,  the  current  and  the  space-charge  effect  are  very 
small.  Under  these  conditions  the  force  on  an  electron  at  any 
position  in  the  tube  is  F i,  the  force  due  to  the  uniform  electric  field 
set  up  by  the  plate  potential.  If,  however,  the  thermionic  emission 
is  very  high,  so  that  the  current  is  limited  solely  by  space  charge, 
the  total  force  F  on  an  electron  is  the  resultant  of  F i  and  the  space- 
charge  force.  Near  the  cathode,  at  position  1  in  Fig.  4.1,  the  space- 
charge  force  is  slightly  greater  than  the  force  F i,  so  that  the  electrons 
leaving  the  cathode  encounter  a  repelling  force  in  the  region  between 
the  cathode  and  position  2.  At  2  the  space-charge  force  just 
neutralizes  F±.  At  position  3  the  space-charge  force  is  zero,  and 
the  net  force  on  an  electron  is  F i.  To  the  right  of  3,  the  space- 
charge  force  is  directed  toward  the  plate,  so  that  the  total  force 
on  the  electron  increases  as  the  electron  moves  toward  the  plate 
(positions  5  and  6).  During  its  motion  beyond  the  equilibrium 
position  2,  therefore,  the  electron  has  an  increasing  acceleration. 
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If  the  electrons  leave  the  cathode  with  negligible  initial  velocities, 
the  equilibrium  position  2  for  an  electron  is  at  the  surface  of  the 
cathode.  This  means  simply  that  the  plate  current  increases  until 
the  space-charge  force  on  an  electron  at  the  surface  of  the  cathode 
is  just  sufficient  to  neutralize  the  force  of  attraction  F i  due  to  the 
plate  potential.  The  actual  initial  velocities  of  the  electrons  cause 
the  current  to  increase  slightly  beyond  this  value,  shifting  the  equi¬ 
librium  position  2  outward  from  the  cathode,  Fig.  4.1. 

The  theoretical  space-charge-limited  plate  current  in  a  diode 
is  given  by  Child’s  formula 


ib 


2.336  •  10“W 

d 2 


amp/cm2 


(4.1) 


where  e&  is  the  plate  potential  in  volts  and  d  is  the  distance  in 
centimeters  between  cathode  and  plate.  This  equation  was 
derived  under  the  following  assumptions: 

1.  The  thermionic  emission  at  the  cathode  is  so  great  that  the 
current  is  limited  by  space  charge  alone. 

2.  The  electrodes  are  parallel-plane  surfaces  whose  dimensions 
are  large  in  comparison  with  the  distance  between  them. 

3.  The  electrons  leave  the  cathode  with  negligible  velocity. 

The  space-charge-limited  plate  current  in  a  diode  with  cylindrical 

electrodes  is 


%  = 


14.68  -  10-6ehg 
r/32 


amp/cm  length  of  cathode 


(4.2) 


Here  0  depends  upon  r/a,  where  r  is  the  radius  of  the  plate  and  a 
is  the  radius  of  the  cathode. 


p  =  log  Z  ~  1  (log  0  +  ***  (log  0 -  <4-3)1 

5.  Potential  Distribution  in  a  Plane  Diode. — In  Fig.  5.1  the 
potential  at  a  point  in  a  plane  diode  is  plotted  against  distance 
from  the  cathode.  At  any  point  the  electric  field  strength  S  is 
given  by  the  relation 


£  = 


de 

dx 


(5.1) 


where  e  is  the  potential  of  any  point  with  respect  to  the  cathode 
and  x  is  the  distance  from  the  cathode.  The  force  experienced 

1  The  derivation  of  (4.3)  is  described  in  “Fundamentals  of  Engineering 
Electronics/7  pp.  106-109,  by  W.  G.  Dow,  John  Wiley  &  Sons,  Inc.,  1937. 
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by  an  electron  is  proportional  to  de/dx,  the  slope  of  the  potential 
curve. 

The  line  (a)  shows  the  distribution  of  potential  when  the  space- 
charge  effect  is  zero  or  negligible. 

The  curve  ( b )  qualitatively  describes  the  distribution  of  potential 
when  the  current  is  space-charge-limited  and  the  initial  velocities 
of  emission  of  the  electrons  are  negligible.  The  slope  of  this  curve 
at  the  cathode  is  zero,  indicating  that  the  resultant  field  intensity  at 
the  cathode  is  zero. 

The  curve  (c)  shows  qualitatively  the  actual  distribution  of 
potential,  which  differs  from  (b)  because  of  the  initial  velocities 
of  emission.  Because  of  the  initial  velocities  of  the  electrons, 


Fig.  5.1. — Potential  distribution  in  a  plane  diode. 

the  current  increases  slightly  beyond  the  value  predicted  by  Child’s 
law,  (4.1),  and  the  space-charge  field  at  the  cathode  slightly  exceeds 
the  field  produced  by  the  plate.  This  means  that  the  field  in  the 
immediate  vicinity  of  the  cathode,  at  a  distance  less  than  xo, 
is  negative  and  that  electrons  emitted  by  the  cathode  experience  a 
retarding  force  for  a  short  distance  before  they  reach  the  position 
Xq  of  minimum  potential.  Beyond  x0  the  electrons  are  accelerated 
toward  the  plate.  Position  Xo  corresponds  to  position  2,  Fig.  4.1. 

A  mechanical  analogy  will  serve  to  illustrate  the  ideas  that 
have  been  expressed.  If  Fig.  5.1  is  inverted,  Fig.  5.2,  and  if  the 
potential  energy  of  an  electron  at  the  cathode  is  thought  of  as 
analogous  to  the  potential  energy  of  a  marble  at  the  top  of  an 
incline,  the  values  of  potential  and  field  strength  associated  with 
various  distances  from  the  cathode  can  be  interpreted  in  terms  of 
height  and  the  horizontal  component  of  the  force  on  the  marble. 
As  in  Fig.  5.1,  curve  (a)  shows  the  potential  distribution  for  negligible 
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space  charge,  curve  (6)  for  space-charge-limited  current  without 
initial  electron  velocities.  Curve  (c)  is  the  actual  potential  distribu¬ 
tion.  An  examination  of  curve  (c)  indicates  that  those  electrons 
which  are  emitted  by  the  cathode  with  sufficient  velocity  to  get 
over  the  “potential  hump”  at  x0  will  reach  the  plate,  while  those 
with  lower  velocities  will  return  to  the  cathode.  The  elevation 


Fig.  5.2. — Potential  diagram  inverted. 


of  the  potential  hump  and  its  distance  from  the  cathode  increase 
as  the  temperature  of  the  cathode  increases.  If  x0  is  thought  of 
as  the  position  of  a  “virtual  cathode”  from  which  the  electrons 
are  released  without  initial  velocity  and  if  the  potential  of  the  virtual 
cathode  is  taken  to  be  that  at  x0f  the  assumptions  underlying 
Child’s  law  are  reasonably  justified.  In  Figs.  5.1  and  5.2  the  dis¬ 
tance  xo  and  the  region  of  negative  potential  are  greatly  exaggerated. 


CHAPTER  XI 

MULTIELEMENT  TUBES 


1.  The  Control  Grid. — The  vacuum  tube  was  a  relatively  unim¬ 
portant  device  until  the  introduction  of  a  control  electrode,  called 
the  grid ,  forming  a  three-element  tube,  or  triode .  The  addition 
of  this  control  grid  has  led  to  a  tremendous  variety  of  applications 
of  the  vacuum  tube.  In  most  tubes,  the  grid  is  located  between 
the  cathode  and  the  plate.  Though  it  has  commonly  the  form  of  a 
helix,  it  may  be  a  mesh  cylinder,  a  group  of  parallel  wires  connected 
together,  or  an  electrode  of  some  other  shape. 

When  the  current  in  a  diode  is  space-charge-limited,  the  electrons 
themselves  neutralize  the  field  produced  at  the  cathode  by  the 
positive  potential  applied  to  the  plate.  In  fact,  the  current  builds 
up  until  the  space-charge  force  on  an  electron  at  the  cathode 
slightly  exceeds  the  attraction  produced  by  the  plate,  so  that  the 
electrons  leaving  the  cathode  must  move  against  a  retarding  force 
for  a  short  distance,  and  only  those  having  enough  initial  velocity 
will  escape  permanently  from  the  cathode.  Because  the  grid 
(of  a  triode)  is  located  near  the  cathode,  its  potential  is  very  effective 
in  controlling  the  escape  of  electrons  from  the  region  near  the 
cathode.  A  positive  potential  applied  to  the  grid  serves  to  reduce 
the  retarding  force  on  the  electrons  leaving  the  cathode,  so  that 
fewer  return  to  the  cathode,  and  the  plate  current  is  increased.  A 
negatives  grid  potential,  on  the  other  hand,  increases  the  retarding 
force,  thus  causing  more  electrons  to  return  to  the  cathode  and 
decreasing  the  plate  current.  A  sufficiently  high  negative  potential 
(applied  to  the  grid)  will  prevent  the  escape  of  any  electrons  from 
the  region  near  the  cathode,  entirely  cutting  off  the  plate  current. 

Under  the  ideal  conditions  of  Chap.  X,  Bee.  4,  the  space-charge- 
limited  current  in  a  plane  diode  is  given  by 

2.336  *  lO'W  ,  2 

it  =  - ^2 - amp/cm2 

which  can  be  written 

.  2.336  •  10-6  /e„Y  ,  ,  „  1N 

it  = - J  amp/cm2  (1.1) 
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Thus,  for  a  given  value  of  d,  the  current  is  proportional  to  the  three- 
halves  power  of  the  space-charge-free  field  eb/d  at  the  cathode. 
This  suggests  that  the  effect  of  the  grid  upon  the  total  cathode 
current  in  a  triode  is  determined  by  its  effect  upon  the  space-charge- 
free  field  at  the  cathode.  Let  a  quantity  n  be  defined,  so  that  \xec 
is  the  potential  which,  when  applied  to  the  plate,  would  produce 
the  same  effect  upon  the  space-charge-free  field  as  ec  does  when 
applied  to  the  grid.  The  space-charge-free  field  due  to  both  plate 
and  grid  in  an  ideal  triode  is,  therefore, 


p  66  +  gec 

Fi  =  —t~ 


(1.2) 


Since  the  (total)  space-charge-limited  current  is  proportional  to 
the  three-halves  power  of  F i, 

%  +  4  =  A(eb  +  nec)*  (1.3) 

where  4  is  the  plate  current,  ic  the  grid  current,  the  plate  poten¬ 
tial,  eh  the  grid  potential,  and  A  a  constant.  Most  low-power 
tubes  are  operated  under  conditions  such  that  the  grid  current  is 
negligible  in  comparison  with  the  plate  current,  in  which  case 

ii  =  A(eb  +  fJLecy 

For  an  actual  tube,  the  quantity  n  is  nearly  constant  throughout 
the  most  useful  range  of  operating  voltages.  As  in  the  diode, 
there  is  some  departure  from  the  three-halves-power  behavior,  the 
deviation  being  due  in  part  to  the  initial  velocity  of  electron  emis¬ 
sion,  the  effects  of  contact  potential,  and  the  geometry  of  the  tube. 

2.  Characteristic  Curves. — The  properties  of  a  three-element 
tube  can  be  described  most  simply  by  graphs  portraying  the  depend- 


Fig.  2.1. — Circuit  for  studying  triode  characteristics. 


ence  of  the  plate  current  upon  the  values  of  grid  potential  and 
plate  potential.  Although  a  complete  description  of  the  properties 
of  a  tube  must  include  also  the  dependence  of  grid  current  upon 
grid  and  plate  potentials,  the  cases  in  which  the  grid  current 
is  negligible  are  of  principal  importance  in  low-power  applications. 
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The  circuit  diagram  of  a  laboratory  setup  for  studying  the 
characteristics  of  a  triode  is  shown  in  Fig.  2.1.  With  the  cathode 


Fig.  2.2. — Constant  grid-voltage  (4-e*>)  curves  for  a  type  6C5  triode.  ( Data  supplied 

by  RCA.) 


Fig.  2.3. — Constant  plate- voltage  (%-ec)  curves  for  a  type  6C5  triode.  ( Data  supplied 

by  RCA.) 

at  the  proper  operating  temperature,  values  of  plate  current  can 
be  obtained  for  various  pairs  of  values  of  the  grid  and  plate  poten¬ 
tials.  If  the  plate  current  ib  is  plotted  as  a  function  of  plate 
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potential  for  each  of  several  fixed  (negative)  values  of  grid 
potential  eC}  a  family  of  curves  such  as  is  shown  in  Fig.  2.2  is 
obtained. 

The  data  used  in  plotting  the  curves  of  Fig.  2.2  may  be  repre¬ 
sented  graphically  also  by  the  family  of  curves  in  Fig.  2.3,  in  which 
plate  current  is  plotted  as  a  function  of  grid  voltage,  for  each  of 
several  fixed  values  of  plate  voltage.  A  third  representation,  Fig. 
2.4,  is  obtained  by  plotting  plate  voltage  as  a  function  of  grid 
voltage,  for  fixed  values  of  plate  current. 


Fig.  2.4. — Constant  plate-current  ( eb-ec )  curves  for  a  type  6C5  triode. 


The  simple  circuit  of  Fig.  2.1  cannot  be  used  to  determine 
the  tube  characteristics  when  the  steady  currents  are  so  great 
that  the  tube  electrodes  are  overheated  or  the  cathode  is  damaged. 
Special  methods  must  be  employed  in  which  the  high  currents  are 
drawn  only  during  very  brief  intervals,  so  that  neither  overheating 
nor  cathode  damage  occurs. 

3.  Operating  Point,  Path  of  Operation. — The  operating  point 
of  a  vacuum  tube  is  the  point  (on  a  family  of  characteristic  curves) 
whose  coordinates  represent  the  instantaneous  values  of  the 
electrode  potentials  and  currents.  The  path  of  operation  is  the  path 
traversed  by  the  operating  point  when  a  signal  is  applied.  The 
path  of  operation  can  be  represented  on  any  of  the  three  families 
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of  curves,  Figs.  2.2,  2.3,  2.4.  The  point  of  steady  operation, 
without  a  signal,  is  called  the  Q  point  (quiescent  point) . 

Consider  the  circuit  of  Fig.  3.1,  in  which  the  plate  circuit 


ib 


Fig.  3.1. — Triode  with  a  resistive  load  in 
the  plate  circuit. 


contains  a  resistance  Rl .  A 
any  instant,  the  plate  voltage 
is  given  by 

eb  —  Ebb  —  %Rl  (3.1) 

The  graph  of  this  equation, 
on  the  ib-eb  chart,  is  called  the 
load  line ,  ABC  in  Fig.  3.2.  It 
is  most  easily  constructed  by 
choosing  ib  =  0,  for  which 


eb  =  Ebb ,  and  some  other  convenient  value  of  ib,  in  order  to 


obtain  two  points  through  which  the  load  line  can  be  drawn.1 


The  Q  point  is  located  at  the  intersection  of  the  load  line 


TIME 

Fig.  3.2. — Path  of  operation  on  the  chart;  Zl  —  Rl  ~  Rl> 

with  the  ib-eb  curve  for  the  quiescent  value  of  grid  potential.  In 
Fig.  3.2  it  is  assumed  that  in  the  absence  of  a  signal  the  grid  poten¬ 
tial  is  —4  volts. 

The  quiescent  values  of  plate  current,  plate  voltage,  and  grid 
voltage  are  represented  in  Fig.  3.2  by  the  symbols  ho,  Eb0,  and  Ec0. 


1  See  Chap.  X,  p.  267. 
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As  shown  in  Fig.  3.1,  the  signal  es  is  introduced  into  the  grid  circuit 
in  series  with  the  grid-bias  battery.  As  the  grid  potential  is  changed 
by  the  signal,  the  operating  point  moves  back  and  forth  along  the 
path  of  operation  A B.  If  the 
signal  voltage  is  a  sinusoidal 
function  of  time,  the  variations 
of  grid  potential,  plate  current, 
and  plate  voltage  are  as  shown 
in  Figs.  3.2  and  3.3.  It  should 
be  observed  that  an  increase  in 
the  grid  potential  (toward  zero) 
is  accompanied  by  an  increase 
in  plate  current,  but  by  a  de¬ 
crease  in  plate  voltage  (as  a 
result  of  increased  voltage  drop 
in  the  load). 

In  many  cases  the  a-c  resist¬ 
ance  of  the  load  is  different 
from  its  d-c  resistance.  Con¬ 
sider  the  circuit  of  Fig.  3.4,  and 
assume  the  frequency  of  the 
signal  high  enough  to  make 
the  reactance  of  C  negligible 
in  comparison  with  Rc.  Then 
the  a--c  resistance  of  the  load 
is  that  of  Rb  and  Rc  in  parallel.  The  d-c  load  line  is  drawn 
for  the  d-c  resistance  Rb  in  the  manner  that  has  been  described, 
and  the  Q  point  is  located,  after  which  the  a-c  load  line  can  be 

constructed  as  A B  in  Fig.  3.5.  Assum¬ 
ing  linear  operation,  the  a-c  load  line  is 
drawn  through  the  Q  point  at  a  slope 
such  that 

A Cb  =  — Rl  A ib  (3.2) 

where  RL  is  the  a-c  resistance  of  the 
load,  A ib  is  an  arbitrary  increment  of 
plate  current  measured  from  the  Q 
point,  and  Aeb  is  the  corresponding 
increment  of  plate  potential.  Equation  (3.2)  should  be  used 
in  constructing  the  a-c  load  line.  It  is  necessary  merely  to 
choose  some  increment  of  current  A  %  and  multiply  it  by  Rl  to 


C 


Fig.  3.4. — Vacuum-tube  cir¬ 
cuit  in  which  the  a-c  load  resist¬ 
ance  is  less  than  the  d-c  load 
resistance  (Rl  <  Rl)* 


'‘"W1 


GRID  VOLTAGE 


Fig.  3.3. — Grid  voltage,  plate  current, 
and  plate  voltage  for  the  path  of  operation 
of  Fig.  3.2. 
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obtain  the  corresponding  increment  of  plate  potential.  This 
procedure  locates  a  point  (such  as  E  in  Fig.  3.5)  that  is  on  the  a-c 
load  line,  as  is  the  Q  point,  also.  The  slope  of  the  a-c  load  line  is 


Fig.  3.5. — Path  of  operation,  Rl  <  Rl. 


Fig.  3.6. — Elliptical  path  of  operation  with  a  reactive  load. 

inversely  proportional  to  —  RL,  and  that  of  the  d-c  load  line  is 
inversely  proportional  to  —Rl. 

If  the  load  contains  no  reactance,  the  path  of  operation  is 
the  segment  of  the  a-c  load  line  bounded  by  the  ib-eh  curves  for 
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maximum  and  minimum  grid  potential,  as  CD  in  Fig.  3.5.  If  the 
load  is  reactive  as  well  as  resistive  ( ZL  =  Rl  +  jXL)y  the  path 
of  operation  is  an  ellipse,  Fig.  3.6.  The 
a-c  load  line  intersects  the  ellipse  at  P 
and  R ,  the  points  of  maximum  and 
minimum  plate  current.  The  operating 
point  traverses  the  ellipse  in  a  clockwise  5 
direction  for  an  inductive  load,  in  a 
counterclockwise  direction  for  a  capaci-  Fig.  3.7— Tuned  circuit  as  the 
tive  load.  plate  load- 

Example . — A  circuit  equivalent  to  that  of  Fig.  3.7  is  often  used  as  the  load 
for  a  vacuum  tube.  Although  its  d-c  resistance  is  usually  very  low,  it  may  have 
a  very  high  a-c  resistance  at  the  frequency  of  parallel  resonance.  The  advan¬ 
tage  of  using  such  a  circuit  is  illustrated  in  Fig.  3.8.  The  d-c  load  line  is  almost 
vertical,  while  the  a-c  load  line  AB  and  the  path  of  operation  CD  at  resonance 
are  nearly  horizontal.  A  very  small  signal  can  cause  a  large  variation  in  plate 
voltage  and,  hence,  a  large  a-c  output  voltage.  If  the  signal  is  not  at  the 
frequency  of  resonance,  the  load  will  be  reactive,  producing  an  elliptical  path 

'b 


Ebb  et> 

Fig.  3.8. — Path  of  operation  for  the  load  of  Fig.  3.7. 


of  operation.  This  circuit  is  ordinarily  used  when  only  signals  of  frequencies 
near  that  of  resonance  are  to  be  applied. 

4.  Power  Relations  in  the  Plate  Circuit. — The  power  input  to 
the  plate  circuit  is  equal  to  the  potver  dissipated  in  the  external 
circuit  plus  the  power  dissipated  in  the  tube.  In  many  important 
applications  of  the  vacuum  tube,  a  negative  voltage  and  a  relatively 
small  a-c  component  of  voltage  (the  signal)  are  applied  simul¬ 
taneously  to  the  grid.  If  the  average  value  of  the  plate  current  is 
not  changed  by  the  presence  of  the  a-c  component,  as  is  the  case 
when  the  signal  is  sinusoidal  and  the  operation  linear,  the  average 
power  supplied  by  the  battery  will  not  be  changed  Due  to  the 
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a-c  component  of  current,  however,  there  will  be  an  increase  in 
the  average  power  supplied  to  a  load  resistor  in  the  plate  circuit, 
over  the  power  due  to  the  direct  current  alone.  Since  the  power 
input  is  constant  (when  the  d-c  plate  current  is  constant)  and  the 
power  dissipated  in  the  load  increases,  the  power  dissipated  in  the 
tube  decreases.  That  is,  the  signal  causes  part  of  the  power 
supplied  by  the  battery  to  be  transferred  from  the  tube  to  the  load. 

If  PL  represents  the  total  average  power  delivered  to  the  load, 
Pv  the  total  average  power  dissipated  at  the  plate  of  the  tube,  and 
Pbb  the  average  power  supplied  by  the  battery, 

Pbb=PL+Pp  (4.1) 

When  P^  is  not  changed  by  the  signal  and  PL  is  increased  by  the 
signal,  Pp  must  decrease  by  a  like  amount. 

5.  Cathode  Bias. — In  Fig.  5.1  is  shown  an  arrangement  that 
provides  proper  bias  voltage  Avithout  the 
use  of  a  C  battery.  Instead  of  employ¬ 
ing  a  battery  to  keep  the  quiescent  grid 
potential-negative  Avith  respect  to 
ground,  a  cathode  resistor  Rk  is  intro¬ 
duced,  whose  voltage  drop  keeps  the 
cathode  at  a  potential  that  is  positive 
with  respect  to  ground.  The  grid  is  then 
placed  at  ground  potential,  in  the  absence 
of  a  signal,  so  that  it  is  negative  with 
respect  to  cathode.  The  capacitor  Ck  is  used  to  prevent  variation 
of  the  voltage  across  Rk. 

The  graphical  determination  of  the  Q  point  for  the  circuit  of 
Fig.  5.1  is  illustrated  in  Fig.  5.2.  The  d-c  load  line  is  constructed 
in  the  usual  manner  except  that  the  d-c  resistance  of  the  cathode 
resistor  is  added  to  the  d-c  resistance  of  the  load  to  take  account 
of  the  d-c  voltage  drop  across  the  cathode  resistor.  The  equation 
of  the  d-c  load  line  now  is 

eb  =  Ebb  —  ib(RL  4~  Rk)  (5.1) 

The  slope  of  the  d-c  load  line  is  such  that  Aeb  =  —  Aib(RL  +  Rk ). 
The  d-c  load  line  gives  the  value  of  the  d-c  plate  voltage  correspond¬ 
ing  to  any  steady  plate  current. 

The  next  step  is  to  construct  a  line  giving  the  value  of  the  d-c 
grid  voltage  for  any  steady  plate  current.  This  line  is  called  the 


Fig.  5.1. — Circuit  employ¬ 
ing  cathode  bias,  replacing 
C-battery  bias. 
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cathode-bias  line.  The  potential  of  the  grid  with  respect  to  the 
cathode  is 

ec  =  —ijtk  (5.2) 

under  static  conditions.  Hence,  to  determine  points  on  the  cathode- 
bias  line,  first  choose  convenient  values  of  ec.  (The  values  of  ec 
corresponding  to  the  curves  on  the  ib-eb  chart  are  most  suitable.) 
Then  determine  the  corresponding  values  of  %  from  (5.2).  These 
points  are  plotted  on  the  ib-eb  chart  and  are  such  points  as  0,  a, 
b ,  c,  d ,  Fig.  5.2.  The  line  passing  through  these  points  is  the 
cathode-bias  line.  It  is  not  straight  but  is  sometimes  nearly  so. 


Fig.  5.2. — Q-point  determination  for  a  circuit  employing  cathode  bias,  Fig.  5.1. 

The  intersection  of  the  cathode-bias  line  and  the  d-c  load  line  is 
the  Q  point,  Fig.  5.2. 

The  a-c  load  line,  when  required,  is  drawn  through  the  Q  point 
in  the  usual  manner  at  a  slope  such  that  Aeb  =  —RLAib.  The 
a-c  load  line  is  not  influenced  by  the  cathode-biasing  resistor  if 
it  is  adequately  by-passed  (by  Ck)  and  the  average  value  of  the 
plate  current  does  not  change  when  a  signal  is  applied. 

6.  Nonlinear  Operation. — For  the  cases  mentioned  thus  far,  it 
has  been  assumed  that  the  operating  portion  of  the  chart 
consists  of  uniformly  spaced  parallel  lines.  Under  these  condi¬ 
tions  the  quiescent  values  of  the  various  potentials  and  currents 
are  the  same  as  the  average  values  that  exist  in  the  presence  of  the 
signal.  When  the  lines  on  the  ib-eb  chart  are  not  uniformly  spaced, 
the  relation  between  plate  voltage  and  grid  voltage  is  not  linear. 
In  the  presence  of  a  signal,  therefore,  the  average  values  of  plate 
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potential  and  current  are  not  in  general  the  same  as  the  quiescent 
values.  It  becomes  necessary  to  define  an  A  point  (average  point) 
characterized  by  the  average  values  of  4  and  ,  represented  by  the 
symbols  h  and  Eb .  Since  the  average  plate  current  determines 
the  d-c  voltage  drop  in  the  load  resistance,  the  A  point  must  lie 
on  the  d-c  load  line.  Also,  the  a-c  load  line  must  be  drawn  through 
the  A  point,  as  indicated  in  Fig.  6.1. 

If  the  grid-bias  voltage  is  independent  of  the  plate  current, 
the  maximum  and  minimum  values  of  grid  potential  will  not  be 
changed  by  nonlinear  operation,  in  which  case  the  a-c  load  line 
will  be  terminated  at  M  and  A,  Fig.  6.1.  If  the  grid  bias  depends 
upon  the  average  value  of  plate  current,  as  it  does  when  a  cathode 


resistor  is  employed,  the  maximum  and  minimum  values  of  grid 
potential  will  be  changed  to  M'  and  N '  and  the  A  point  will  be 
at  A'.  It  should  be  realized  that,  even  under  conditions  of  linear 
operation,  the  A  point  may  differ  from  the  Q  point  when  there  is  a 
d-c  component  in  the  signal  voltage  applied  to  the  grid. 

7.  Vacuum-tube  Symbols. — In  the  study  of  vacuum-tube  cir¬ 
cuits,  it  is  necessary  to  distinguish  between  direct  and  alternating 
components  of  current  and  voltage,  as  well  as  between  the  currents 
and  voltages  associated  with  the  different  tube  electrodes  and 
other  parts  of  the  circuits.  For  this  reason,  it  is  best  to  employ 
a  somewhat  extensive  set  of  symbols,  as  listed  in  Appendix  D 
and  described  below. 

The  instantaneous  values  of  plate  and  grid  current  and  voltage 
for  a  triode  are  represented  by  the  symbols  4  (plate  current), 
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eb  (plate  voltage),  ie  (grid  current),  ec  (grid  voltage).  The  subscript 
indicates  the  position  in  the  circuit  ( b  for  plate,  c  for  grid,  Fig.  3.1). 
The  instantaneous  voltage  drop  across  the  plate  load  is  denoted  by 
ez.  The  d-c  (average)  components  of  current  and  voltage  are 
represented  by  capital  letters,  accompanied  by  the  proper  subscripts, 
and  are  overscribed  with  a  bar,  viz.,  Ib ,  Eb,  Ic ,  Ec,  Ez.  The  bar 
denotes  average,  or  steady,  values.  The  instantaneous  alternating 
or  variational  components,  measured  from  the  average  values,  are 
denoted  by  small  letters  with  the  subscripts  p  for  plate,  g  for  grid, 
L  for  load,  such  as  ip,  ev ,  ig,  eg ,  eL.  The  rms  values  of  these  com¬ 
ponents  are  Ip ,  Ep,  Ig,  Eg,  El,  which  ordinarily  are  considered  as 
complex  quantities.  The  quiescent  values  of  4,  eC}  etc.,  are  indi¬ 
cated  by  the  addition  of  the  subscript  0  to  the  symbols  used  for 


Fig.  7.1. — Illustrating  symbols  used  in  vacuum-tube  notation. 

average  values:  Tfc0,  Eb o,  Ico,  Eco,  Ez o,'  and  the  variational  components 
measured  from  the  quiescent  values  are  ip o,  epQ,  ij0,  eg0,  eL0 . 

The  symbols  defined  are  illustrated  for  currents  in  Fig.  7.1, 
showing  the  plate  current  caused  by  an  unsymmetrical  signal, 
resulting  in  a  difference  between  average  and  quiescent  values. 
Nonlinear  operation  can  also  cause  such  a  condition,  even  when  the 
signal  is  sinusoidal.  When  the  average  and  quiescent  values  are 
identical,  the  symbols  for  average  values  ordinarily  are  used. 

8.  Tube  Coefficients. — If  the  plate  voltage  of  a  tube  is  held 
constant,  a  small  increment  Aec  in  the  grid  potential  causes  a  small 
increment  A  4  in  the  plate  current.  The  ratio  Aib/Aec  may  be 
thought  of  as  a  measure  of  the  degree  to  which  the  grid  voltage 
controls  the  plate  current.  The  coefficient  expressing  this  control 
is  called  the  grid-to-plate  transconductance ,  or  mutual  conductance, 
of  the  tube.  Precisely,  the  transconductance  is 

lim  ^ 

Aee— >0  Ae^.  jeb  fixed  d€c 


Qm  — 


(8.1) 
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If  the  grid  voltage  is  held  constant,  a  small  increment  Aei 
in  the  plate  voltage  causes  a  small  increment  A ib  in  the  plate 
current.  The  ratio  Aib/Aeb  may  be  thought  of  as  a  measure  of 
the  degree  to  which  the  plate  voltage  controls  the  plate  current. 
The  coefficient  expressing  this  control  is  called  the  plate  conductance 
of  the  tube.  Precisely,  the  plate  conductance  is 


v  Aib  dib 

lim  —  =  — 

Ae&— >0  &eb  Jce  fixed  Oeb 


(8.2) 


The  reciprocal  of  gp  is  the  plate  resistance ,  defined  as 


r  Aeb 
lim  -  .- 

Alb — ►() 


% 

ib  _ 


ec  fixed 


Beb 

dib 


(8.3) 


Fig.  8.1. — Illustrating  tube  coefficients. 


The  effect  of  an  increment  Aeb  of  plate  voltage  on  the  plate 
current  can  be  neutralized  by  an  increment  of  opposite  polarity 
in  grid  voltage.  The  ratio  \Aeb/Aec\  of  such  increments  is  a  measure 
of  the  relative  effectiveness  of  the  grid  as  compared  with  the  plate 
in  controlling  the  plate  current.  The  coefficient  expressing  this 
relative  effectiveness  is  called  the  voltage-amplification  factor} 
defined  as 


il  = 


lim 


tb  fixed 


deb 

dec 


(8.4) 


The  negative  sign  appears  in  (8.4)  because  the  coefficient  is  con¬ 
ventionally  defined  as  a  positive  number. 
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The  coefficients  gm ,  rp,  n  are  illustrated  graphically  in  Fig.  8.1. 
Since  gm  is  the  limit  of  the  ratio  Aib/Aec  as  A  ib  approaches  zero, 
it  is  proportional  to  the  slope  of  the  ib-ec  curve  at  the  operating  point. 
A  family  of  ib-ec  curves  is  shown  in  Fig.  2.3.  In  Fig.  8.1,  rv  is 
the  limit  of  the  ratio  Aeb/Aib  and  is  thus  inversely  proportional  to 
the  slope  of  the  ib-eb  curve.  Also,  —  ju  is  the  limit  of  Aeb/Aec  and  is 
proportional  to  the  slope  of  the  eb-ec  curve,  Fig.  2.4.  Though  n, 
gm,  rv  can  be  evaluated  from  ib-eb  or  ib-ec  or  eb-ec  curves,  they  can 
be  measured  much  more  accurately  by  bridge-type  circuits  designed 
for  the  purpose.1 

Typical  values  of  triode  coefficients  and  their  dependence  on 
plate  current  are  shown  in  Fig.  8.2.  It  can  be  shown2  that 

M  =  gmrP  (8.5) 

A  graphical  proof  of  (8.5)  can  be  accomplished  by  means  of 
Fig.  8.1.  If,  starting  at  P,  the  plate  voltage  is  increased,  causing 
a  shift  of  the  operating  point  from  P  to  T ,  and  then  the  grid  voltage 
is  decreased  (made  more  negative),  causing  a  shift  from  T  to  S, 
the  two  changes  in  plate  current  are 

Aib  =  —  and  Aib  =  gm  Aec  (8.6) 

tp 


But  these  changes  are  equal  in  magnitude  and  opposite  in  direction, 
since  the  plate  current  at  S  is  the  same  as  the  plate  current  at  P. 
Therefore,  Aib  =  —Aib  and 


(8.7) 


1  E.  L.  Chaffee,  “Theory  of  Thermionic  Vacuum  Tubes,”  p.  239,  McGraw- 
Hill  Book  Company,  Inc.,  1933. 

2  Since  ib  =  f(eb,ec), 


dib  =  p  dec  +  p  deb 
dec  deb 


If  dtb  —  0(2i,  fixed) » 


from  which 


0  =  pdec  +  pdeb 
dee  deb 


But 


deb  dib  deb 

dec  dec  dib 


deb~\ 

dec  Jib  fixed 


and 


dib  .  deb  _  gm 

dec  *  dib  gp  gmVp 


Hence, 


At  =  gmrp 
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QmTp 


Hence, 


M  —  QmTi 


Equation  (8.9)  is  an  exact  relation,  since  all  the  approximate 
relations  used  in  proving  it  are  exact  in  the  limit. 
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Fig.  8.2. — Showing  p,  gm,  and  rv  for  a  type  6C5  triode.  ( Data  supplied  by  RCA.) 

9.  Equivalent  Plate  Circuit. — Because  gm  and  rp  are  approxi¬ 
mately  constant  over  a  restricted  portion  of  the  operating  range  of  a 
vacuum  tube,  di &,  dec,  de &,  in  (8.2),  can  be  replaced  by  finite  (but 
small)  increments  of  plate  current  and  grid  and  plate  potentials. 
Thus 

M=§Ae‘+£Aet  (9-l} 

or 

ip  =  gme„  +  (9-: 2) 


since  the  instantaneous  values  of  variational  plate  current,  etc., 
may  be  finite,  small  increments.  For  rms  (complex)  quantities. 
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h  =  d«E0  +  f?  (9.3) 

rp 

showing  that  the  a-c  plate  current  can  be  expressed  as  the  sum  of 
two  parts,  proportional  to  the  a-c  grid  voltage  and  the  a-c  plate 
voltage  respectively. 

Consider  the  circuit  of  Fig.  9.1. 

If  there  is  an  a-c  component  of  plate 
current,  the  resulting  a-c  component 
of  voltage  in  the  load,  EL ,  will  be  + 
accompanied  by  an  equal  a-c  plate  Eg 
voltage  of  opposite  sign.  For  since 
the  sum  of  the  load  and  plate  voltages 
is  a  constant,  Ebb,  any  variation  in  one  Fig.  9.1.— Plate  circuit, 

must  be  accompanied  by  an  equal  and 

opposite  variation  in  the  other.  Then  Ep  =  —  ELj  and  (9.3) 
becomes 

Ip  (9.4) 

TP 

or 

gmrPEg  =  I PT  p  +  El  (9.5) 

But  El  =  IPZL,  and  gmrp  =  n;  hence, 

pEg  =  IpTp  -J-  lpZL  (9.6) 


Equation  (9.7)  shows  that  the  a-c  component  of  current  in  the 


!p 


Fig.  9.2. — Equivalent 
plate  circuit  'constant-volt- 
age  form). 


circuit  of  Fig.  9.1  is  equivalent  to  the 
current  in  the  circuit  of  Fig.  9.2,  in  which 
the  load  is  connected  to  a  generator 
whose  no-load  voltage  is  pEg  and  whose 
internal  impedance  is  rp.  Figure  9.2 
usually  is  referred  to  as  the  series  or 
constant-voltage  form  of  the  equivalent 
plate  circuit.  It  is  equivalent  to  the 
plate  circuit  insofar  as  alternating  com¬ 
ponents  of  currents  are  concerned. 


It  is  important  to  realize  that  nEg  is  a  fictitious,  or  equivalent, 
voltage.  The  only  a-c  voltages  actually  produced  in  the  plate 
circuit  are  Ep  and  EL ,  whose  sum  is  zero.  The  voltage  pEg  is 
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the  voltage  of  a  generator  of  internal  impedance  rp,  which  will 
produce  the  same  a-c  load  current  as  the  vacuum  tube  with  the 
signal  applied  to  its  grid.  Actually,  the  a-c  current  is  caused  by 
the  control  action  of  the  grid,  not  by  an  alternating  emf  in  the  plate 
circuit. 


Example. — An  alternating  emf  of  4  volts  rms  is  applied  to  the  grid  of  a 
6C5,  which  s  connected  to  a  pure-resistance  load  of  100,000  ohms.  Assuming 
that  the  tube  is  operated  at  its  rated  grid  and  plate  polarizing  potentials,  the 
problem  is  to  determine  the  a-c  plate  current  and  the  voltage  amplification. 

The  following  data  for  the  6C5  tube  are  obtained  from  the  RCA  Receiving 
Tube  Manual,  Technical  Series  RC-14,  page  100: 


From  (9.7), 


IP 


rv  =  10,000  ohms  Ebo  =  250  volts 

gm  ~  2,000  /mihos  Ecc  =  —  8  volts 

M  =  20  ho  =  8  ma 


A  (20)  (4) 

rv  +  10,000  +  100,000 


0.727  ma  rms 


The  voltage  amp  ification  is  defined  as  the  complex  ratio  of  the  a-c  output 
voltage  to  the  a-c  input  voltage,  which  in  this  case  is  the  ratio  of  Ev  to  Eg. 
Since 


from  (9.7) 


Ev  =  —El  —  —IvZl 


EP 


—  pEgZL 
Tp  +  Zl 


(9.8) 

(9.9) 


Then  the  voltage  amplification  is 

*  _  Ep  _  —hZl 

Eg  Tp  +  Zj, 


(9.10) 


The  minus  sign  indicates  that,  when  Zl  is  a  resistance,  there  is  a  180-degree 
phase  difference  between  the  a-c  plate  and  grid  voltages.  Continuing  the 
example, 


-20  •  100,000 

A  10,000  +  100,000 


-18.2  =  18.2/180° 


The  magnitude  of  the  voltage  amplification  is 

I  a  |  _  \Ep\  _ 

II  m  -  |^|  \rp  +  Zl\ 


(9.11) 


10.  Phase  Relations  at  Low  Frequency. — In  Figs.  10.1  to  10.3 
are  shown  diagrams  indicating  the  magnitude  and  phase  relation¬ 
ships  among  the  various  alternating  components  of  voltage  and 
current  for  different  types  of  load  impedance  in  the  circuit  of  Fig. 
9.1. 
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For  resistive  load.  Fig.  10.1,  the  output  voltage  Ep  leads  the 
input  voltage  Eg  by  180°. 

For  inductive  load,  Fig.  10.2,  the  current  Ip  lags  the  voltage 
Eg,  while  El  leads  Eg.  As  a  result,  the  output  voltage  Ep  leads  Eg 
by  more  than  180°. 


Fig.  10.1. — Phase  relations  for  resistive  load. 


For  capacitive  load,  Fig.  10.3,  the  current  Ip  leads  the  input 
a-c  voltage  Egj  while  EL  lags  Eg.  The  output  voltage  Ep  leads  Eg 
by  less  than  180°. 

The  diagrams  shown  are  accurate  only  for  low  frequencies  at 
which  the  reactances  of  the  interelectrode  capacitances  of  the 
tube  are  high  in  comparison  with  the  other  impedances  of  the  cir¬ 
cuit.  At  high  frequencies,  the  effect  of  the  interelectrode  capaci- 


Fig.  10.2. — Phase  relations  for  Fig.  10.3.' — Phase  relations  for 

inductive  load.  capacitive  load. 


tances  of  the  tube  is  to  cause  the  angle  by  which  Ep  leads  Eg  to 
be  slightly  smaller.  As  a  result,  the  phase  shift  for  resistive  load 
is  slightly  less  than  180°,  and  a  certain  amount  of  inductive  reactance 
in  the  load  is  necessary  to  bring  Ep  into  the  180-degree  position. 
This  and  other  effects  of  the  interelectrode  capacitances  are  dis¬ 
cussed  later. 

11.  Constant -current  Form  of  the  Equivalent  Plate  Circuit. — 

It  is  shown,  (9.7),  that 

T  = 

v  rp  +  ZL 


290 


MULTIELEMENT  TUBES 


[Chap.  XI 


or  fxEg  =  Iprp  +  IPZL,  (9.6).  Substituting  gmrP  for  p  and  dividing 
by  rv  throughout, 

gmEg  =  Ip  +  — Ip  (11.1) 


Consider  the  diagram  of  Fig.  11.1.  If  Ip  is  the  current  through 
ZL,  the  voltage  across  ZL,  and  therefore  across  rP,  is  IPZL,  so  that 
the  current  through  the  resistance  rp  is  IpZL/rp.  Then  the  total 
current  is  Ip  +  IPZL/rp.  This  current  is  the  same  as  that  given  by 
(11.1).  Thus  the  vacuum  tube  can  be  represented  by  a  source  of 
constant  a-c  current  gmEgi  connected  in 
parallel  with  rp.  The  current  through  ZL 
is,  from  (11.1), 


Zj  El 

— r-1  !+ 


=  rp  (U2) 

^  Al  TP  T"  £jl 


gmEq  This  equation  and  Fig.  11.1  describe  the 

Fig  111  —Equivalent  constant-current  form  of  the  equivalent 
plate  circuit  (constant-  plate  circuit.  When  rp  >  >  Zl,  a  condition 
current  form).  that  often  exists  in  circuits  containing 

pentodes,  the  const  ant- voltage  and  constant-current  forms  of  the 
equivalent  plate  circuit  yield  the  approximation 

Ip  =  gmEg  (11.3) 

This  approximate  relation  can  be  used  with  reasonable  accuracy  if, 
and  only  if,  rv  >  >  Zl . 

Example  1. — Consider  a  6W7-G  tube. 


rp  —  1.5  megohms 
Qfn  ~  1,225  pmhos 
n  --  1,838 
Ei o  =  250  volts 


Eec  -  —3  volts 
Edd  =  100  volts 

Let  Zl  =  R  l=  10,000  ohms,  and  Eg  =  0.2  volt 


Using  the  exact  equation, 


j uEa  1,838  •  0.2  _  3.676  •  102 

rp  +  ZL  ~  1.5  •  10«  +  104  1.51  •  10«  ’ 

-IpZl  _  -0.243  ■  10-3  •  104  =  _,2  v 


or  0.243  ma 


Using  the  approximation  rP  >>  Zl, 


Ip  =  gmEg  =  1,225  *  10- 6  •  0.2,  or  0.245  ma 


4  _ 

A  ~  Ea 


■0.245  •  10-3  •  104 


=  -12.25 
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Example  2. — As  an  example  of  a  case  in  which  the  results  obtained  from  the 
approximation  (11.3)  are  not  sufficiently  accurate,  consider  a  6SF5  tube  with 
a  load  impedance  Zl  =  5,000  +  j'0.  The  tube  constants  are 

tp  =  66,000  ohms  gm  =  1,500  /unhos  n  =  99 
Using  the  exact  form  (9.7),  with  Eg  =  0.2  volt, 


Ip 

A 


nEg  99  •  0.2 

rp  A- ZL  66,000  +  5,000’ 


or  2.279  ma 


Ep  ~IPZL  -0.279  •  10~3  ■  5,000 

Eg  Eg  0.2 


-6.97 


Assuming  rP  >>  Zl  (which  is  not  justified), 

IP  =  gmEg  -  1,500  ■  10-6 .  o.2,  or  0.3  ma 
A  =  — IpZh  =  -0.3  •  10~3  •  5,000  =  _7  5Q 
Eg  0.2 

IP  and  A  are  thus  in  error  by  7.5  per  cent  when  the  approximate  formulas  are 
used,  since  rp  ~  \Z.2Zl  and  is  no"  in  agreement  with  the  condition  rp  >  >  Zl. 

12.  Interelectrode  Capacitances  and  Input  Impedance.1 — The 

effects  of  the  capacitances  that  exist  between  the  electrodes  of  the 
tube  were  neglected  in  the  treatment  of  the  equivalent  plate  circuit 
in  Secs.  9  and  10.  In  a  triode  there  are  three  interelectrode  capaci¬ 
tances:  the  capacitance  between  grid  and  cathode,  Cgk)  the  capaci¬ 
tance  between  grid  and  plate,  Cgp ;  the  capacitance  between  plate 
and  cathode,  Cv *.  These  capacitances  depend  upon  the  physical 
dimensions  of  the  tube;  the  larger  the  electrodes  and  the  closer  their 
spacing,  the  larger  the  capacitances.  For  small  voltage-amplifier 
tubes  these  capacitances  are  usually  less  than  10  micromicrofarads 
(ppf) .  At  low  frequencies,  they  have  very  high  reactances  and 
can  be  neglected,  but  for  frequencies  higher  than  about  10  kilocycles 
per  second  (kcps)  the  effects  of  the  interelectrode  reactances  cannot 
always  be  neglected. 

Of  particular  interest  is  the  effect  of  the  interelectrode  capaci¬ 
tances  on  the  input  impedance  of  a  triode.  The  input  impedance 
is  defined  as 

z .  =  f*  (12.1) 

10 

1  F.  L.  Smith,  “Radiotron  Designer's  Handbook,"  3d  ed.,  pp.  46-48,  RCA 
Manufacturing  Co.,  1941;  W.  L.  Everitt,  “Communication  Engineering,” 
2d  ed.,  pp.  506-511,  McGraw-Hill  Book  Company,  Inc.,  1937;  R.  S.  Glasgow, 
“Principles  of  Radio  Engineering,”  pp.  228-235;  McGraw-Hill  Book  Company, 
Inc.,  1936;  F.  E.  Terman,  “Radio  Engineering,”  2d  ed.,  pp.  231-234,  McGraw- 
Hill  Book  Company,  Inc.;  H.  J.  Reich,  “Theory  and  Applications  of  Electron 
Tubes,”  1st  ed.,  pp.  85-88,  2d  ed.,  pp.  93-97,  McGraw-Hill  Book  Company, 
Inc.,  1939,  1944;  Chaffee,  op.  cit .,  pp.  261-281. 
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where  Eg  is  the  a-c  component  of  the  voltage  applied  to  the  input 
terminals  (grid  and  cathode)  and  Ig  is  the  alternating  current 
entering  the  grid  terminal.  When  the  total  grid  potential  is 
sufficiently  negative,  practically  no  electrons  enter  the  grid  and 

the  average,  or  d-c,  component  of  the 
grid  current  is  practically  zero.  When 
an  a-c  voltage  is  applied  to  the  grid,  the 
interelectrode  capacitances  carry  an 
alternating  current  whose  magnitude 
and  phase  depend  upon  the  tube 
capacitances,  the  tube  variational 
characteristics,  and  the  plate-load 
impedance.  Thus  the  input  impedance 
varies  when  the  plate-load  impedance  is  varied.  This  phenomenon 
is  known  as  the  Miller  effect. 

In  the  circuit  of  Fig.  12.1  (in  which  the  polarizing  sources 
are  not  shown),  Ig  =  Igk  +  IgP}  where  Igk  is  the  alternating  current 
through  the  grid-to-cathode  capacitance  and  Igp  is  the  alternating 
current  through  the  grid-to-plate  capacitance.  The  a-c  voltage 
across  Cgk  is  Eg ;  hence, 

^ =  jEgo>Cgk  (12.2) 

The  a-c  voltage  from  grid  to  plate  is  the  vector,  or  complex,  sum 
of  the  voltage  from  grid  to  cathode  and  the  voltage  from  cathode 
to  plate. 

E„  =  Ee-Ep  =  E„( !-§;)  =  Eg(l  -  A) 

The  negative  sign  appears  before  Ep  because  Ep  is  the  voltage  from 
plate  to  cathode,  which  is  the  negative  of  the  voltage  from  cathode 
to  plate.  Then 

Igv  =  =  jEgO>Cep(l  -  A)  (12.3) 

and 

Ig  =  Igk  +  Igp  =  jwEg[Cgk  +  Cgp(  1  —  A)] 

Hence, 

z° =  t9  =  mc*  +  do  -  4)1  (12,4) 

The  input  admittance  (the  reciprocal  of  the  input  impedance)  is 
Yg  =  MCai  +  C„(l  -  A)]  (12.5) 


Fig.  12.1. — Internal  capaci¬ 
tances  of  a  triode. 
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13.  Input  Impedance  with  Resistance  Load. — A  case  of  common 
occurrence  is  one  in  which  the  impedance  ZL  is  a  pure  resistance 
El .  If  the  interelectrode  reactances  are  large  compared  with  RLy 
the  voltage  amplification  (9.10)  is  a  negative  real  number,  or 
A  =  —  | A  |  =  | A 1/180°.  It  should  be  understood  that,  unless  the 
interelectrode  reactances  are  very  much  larger  than  ZL)  the  phase 
shift  (for  resistance  load)  is  somewhat  less  than  180°.  From  (12.4), 

z§  =  uc,7+  (i  +  p|)i  (13-1} 

The  input  impedance  is  purely  capacitive,  and  the  value  of  the  input 
capacitance  Ct  is 

Ci  =  Cgk  +  Cgp(  1  +  |A|)  (13.2) 

This  capacitance  can  be  many  times  greater  than  the  value  of 
Cok  or  CBP  and  increases  as  \A  \  increases. 

14.  Input  Impedance,  General  Case. — In  general,  the  voltage 
amplification  A  is  a  complex  number  having  a  magnitude  | A  |  and  a 
phase  angle  that  we  may  denote  by  6.  Then 

A  =  \A\  cos  6  +  j\A\  sin  d  (14.1) 

Substituting  this  value  in  (12.5), 

Yg  =  MCgk  +  Cgp(  1  -  \A |  cos  9  —  j\A\  sin  0)] 

=  \A\wCgp  sin  6  +  j(j)[Cgk  +  Cgp(  1  —  |A|  cos  0)]  (14.2) 

Note  that  (14.2)  contains  a  real  term  and  a  j  term,  signifying  that 
the  grid  admittance  consists  of  a  conductance  and  susceptance  in 
parallel. 

For  a  resistive  load,  6  is  180°  under  the  conditions  of  Sec.  13. 
If  the  load  is  reactive,  the  angle  6  can  change  no  more  than  90° 
from  the  resistive  case,  so  that 

270  >  9  >  90° 

Then  cos  6  =  —  |cos  9 1,  and  (14.2)  may  be  written 

Y0  =  \A\uC0P  sin  8  +  MCgk  +  Cgp(  1  +  \A\  |cos  0|)]  (14.3) 

Equation  (14.3)  indicates  that  the  input  susceptance  is  always 
capacitive,  since  the  coefficient  of  jco  is  always  positive. 

If  the  load  reactance  XL  is  inductive  within  certain  limits,  9 
is  greater  than  180°,  sin  9  =  -|sin  9 1,  and  the  input  conductance 
is  negative.  The  derivation  for  the  limits  of  XL  is  rather  lengthy 
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and  can  be  found  in  various  forms  in  the  references  listed  at  the 
beginning  of  Sec.  12.  The  results  can  be  summarized  as  follows: 

If 

>  r„RLC0P  +  (R\  +  X\ )(C0P  +  +  „Cpk)  (14.4) 

the  input  conductance  is  negative. 

Another  way  of  stating  the  above  condition  is  that  the  input 
conductance  is  negative  when  XL  is  positive  and 

XL'  <XL<  XL"  (14.5) 

where  Xl  and  XL"  are  the  roots  of  the  equation  obtained  by 
equating  the  left-hand  side  to  the  right-hand  side  of  (14.4) .  Writing 

Za  =  ~  =  Re+jX„ 

1  Q 

from  (14.2) 

„  _  \A\oiCav  sin  6  -  ja[Cgk  +  C,p(  1  -  |A|  cos  0)] 

"  (\A\aC„  sin  ey  +  (ACak  +  Cop(  1  -  \A\  cos  0)]2 


When  6  >  180°,  Rg  is  negative. 

When  the  input  resistance  or  input  conductance  is  negative, 
there  is  a  component  of  the  input  current  180°  out  of  phase  with 


Fig.  14.1. — Complete  equivalent  circuit  of  a  triode. 


the  voltage  Eg.  This  means  that  power  is  being  fed  from  the  plate 
circuit  to  the  grid  driving  circuit.  If  the  grid  driving  circuit 
is  a  tuned  LC  circuit,  the  power  fed  back  causes  the  voltage  across 
the  LC  circuit  to  increase.  This  is  called  regeneration  and  may 
be  used  to  increase  the  amplification  at  radio  frequencies.  If  the 
power  fed  back  is  large  enough,  the  circuit  oscillates.  This  prin¬ 
ciple  sometimes  is  used  to  produce  oscillation.  In  an  amplifier, 
oscillation  is  to  be  avoided,  because  in  its  presence  the  amplifier 
output  is  not  completely  under  the  control  of  the  input  signal. 

The  complete  equivalent  circuit  of  the  triode,  including  inter¬ 
electrode  capacitances,  is  shown  in  Fig.  14.1.  The  current  and 
voltage  relationships  for  this  circuit  are  shown  in  Fig.  14.2.  The 
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voltage  nEg  is  in  phase  with  the  voltage  Eg.  If  the  current  I  in 
Fig.  14.1  lags  fxEg ,  as  it  will  in  most  cases  when  ZL  is  inductive,  its 
phase  is  as  indicated  in  Fig.  14.2.  Then  if  Irp  is  subtracted  from 
fiEg ,  the  result  is  EL,  since,  from  KirchhofTs  laws,  nEg  =  EL  +  Irv. 
Ep  is  the  negative  of  EL}  and  Egp  —  Eg  +  EL.  The  current  Igv 
will  lead  Egp  by  90°.  This  current  has  a  component  180°  out  of 
phase  with  Eg;  hence,  power  is  being  fed  to  the  source  of  Eg.  The 
input  resistance  and  conductance  are  negative. 

If  the  current  7,  Figs.  14.1  and  14.2,  should  lead  iiEg,  Q  would 
be  less  than  180°  and  Igv  would  have  a  component  in  phase  with 
Eg.  Consequently,  Eg  would  be  supplying  power,  and  the  driving 
source  would  be  loaded  by  the  tube.  The  input  resistance  and 
conductance  would  be  positive. 


Fig.  14.2. — Vector  diagram  showing  negative  conductance. 


Igk  and  the  quadrature  component  of  Igk  always  lead  Egj  so 
that  the  input  reactance  and  susceptance  are  always  capacitive. 
If  ZL  is  inductive  and  has  a  high  Q,  the  input  conductance  and 
resistance  are  negative  for  a  wide  range  of  values  of  ZL.  The  sign 
of  Rg  for  each  of  various  types  of  loads  is  indicated  in  Table  14.1. 

Table  14.1. — Sign  of  Rg  for  Various  Plate  Loads 
Load  Rg 

Pure  resistance  Positive 
Capacitive  Positive 

Inductive  Negative  for  XL'  >  XL  >  XL otherwise  positive 

15.  Tetrodes  and  Pentodes. — The  addition  of  a  second  grid 
(called  a  screen  grid )  between  the  control  grid  and  plate  of  a  triode 
forms  a  tetrode ,  or  a  four-element  tube,  Fig.  15.1.  This  grid  is 
maintained  at  a  steady  positive  voltage  with  respect  to  the  cathode. 
It  attracts  electrons  from  the  region  surrounding  the  cathode,  the 
electrons  passing  through  the  meshes  of  the  screen  grid  to  reach  the 
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plate.  Two  functions  are  served  by  the  screen  grid.  First,  it 
reduces  (by  a  factor  of  several  hundred)  the  effective  capacitance 
between  control  grid  and  plate,  thus  reducing  the  input  admittance 
of  the  vacuum  tube,  by  acting  as  an  electrostatic  screen  or  shield. 
This  is  of  particular  importance  in  high-frequency  amplifier  cir¬ 
cuits,  where  the  effects  of  high  input  admittance  and  coupling 
between  input  and  output  circuits  are  very  troublesome.  The 
second  function  of  the  screen  grid  is  to  reduce  the  degree  to  which 
the  plate  voltage  influences  the  plate  current  (i.e.,  to  increase  rv 
without  changing  gm  appreciably),  by  reducing  the  effect  of  plate 
voltage  on  the  space-charge-free  field  at  the  cathode.  This  effect 


Fig.  15.1. — Screen-grid-tetrode,  or  four-element,  tube:  (a)  construction  employing  a 
glass  envelope;  ( b )  construction  employing  a  metal  envelope;  (c)  tube  symbol. 

causes  the  plate  current  to  be  nearly  constant  over  a  large  range  of 
plate  voltage.  It  also  increases  the  a-c  plate  current  for  a  given 
signal. 

Consider  the  relation 

Ip  =  gj!.  + f?  (15.1) 

rP 

Since  the  a-c  plate  voltage  is  ordinarily  approximately  180°  out  of 
phase  with  the  grid  voltage,  the  last  term  of  the  equation  represents 
a  reduction  in  the  a-c  plate  current.  If  rp  is  made  very  large,  gm 
remaining  constant,  the  effect  of  the  last  term  becomes  quite  small, 
so  that  the  plate  current  is  approximately  gmE0 .  This  reduction  of 
the  effect  of  the  plate  voltage  is  important  in  power  amplifiers. 

Because  the  screen  grid  does  not  greatly  change  the  value  of 
gm  from  that  of  a  triode  having  the  same  physical  size,  the  value 
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of  /*  is  increased  by  the  same  factor  as  rp.  Thus  the  tetrode  is 
characterized  by  high  values  of  both  /*  and  rp  and  by  low  grid- 
to-plate  capacitance. 


PLATE  VOLTS 


Fig.  15.2. — Typical  it-e*.  diagram  for  a  screen-grid  tetrode. 


The  ib-eb  diagram  for  a  24-A  screen-grid  tetrode  is  shown  in 
Fig.  15.2.  The  peculiar  dips  in  the  ib-eb  curves  in  the  region  where 
the  plate  voltage  is  lower  than  that  of  the  screen  grid  are  the  result 
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of  the  capture  by  the  screen  grid1  of  secondary  electrons  emitted 
at  the  plate.  The  effects  of  the  screen-grid  potential  ed  upon  the 
values  of  fif  gm,  rv  are  shown  in  Fig.  15.3,  in  which  the  24-A  tube  is 
represented  as  typical. 

To  obtain  linear  operation  of  the  screen-grid  tetrode,  the  path 
of  operation  must  not  extend  into  the  region  of  the  dips  in  plate 
current.  The  result  is  that  the  plate  voltage  cannot  be  allowed  to 


Fig.  15.4. — Variation  of  potential  as  a  function  of  the  distance  from  the  cathode 
in  a  diode,  tetrode,  and  pentode,  along  a  path  between  grid  wires.  (The  curves  are 
accurate  only  in  a  qualitative  sense.)  Heavy  dots  indicate  the  distances  and  poten¬ 
tials  of  the  grids. 

decrease  to  very  small  values.  For  this  reason,  large  amplitudes 
of  a-c  plate  potential  require  a  large  d-c  polarizing  potential,  thus 
increasing  the  power  input  to  the  plate  circuit  and  the  dissipation 
at  the  plate. 

The  undesirable  effects  of  the  capture  of  secondary  electrons 
by  the  screen  grid  can  be  reduced  by  any  one  of  several  methods. 
The  plate  can  be  constructed  of  a  material  that  does  not  readily 
emit  secondary  electrons;  special  fins  or  enclosures  on  the  inner 
surface  of  the  plate  can  be  designed  to  reduce  the  number  of  escaping 

1  Figure  15.2  shows  the  characteristics  of  a  tube  whose  plate  is  treated  to 
reduce  secondary  emission.  In  an  old-type  24-A  tube  the  dips  in  the  ib-eb  curves 
are  much  more  pronounced.  In  low-power  applications  the  simple  screen- 
grid  tetrode  is  now  obsolete. 
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secondary  electrons.  One  of  the  most  effective  and  widely  used 
means  of  preventing  the  capture  of  secondary  electrons  by  the 
screen  grid  is  a  “ suppressor”  grid  placed  between  the  screen 
grid  and  the  plate.  The  addition  of  the  suppressor  grid  makes  the 
tube  a  pentode,  or  five-element  tube.  Kept  at  cathode  potential,  the 
suppressor  grid  establishes  a  low  potential  in  the  region  between 
screen  grid  and  plate,  so  that,  in  the  space  between  suppressor 
grid  and  plate,  electrons  are  acted  upon  by  a  large  accelerating 
force  toward  the  plate.  Hence,  secondary  electrons  leaving  the 
plate  soon  lose  their  energy  and  are  pulled  back  into  the  plate. 


200  300  400 

PLATE  VOLTS 

Fig.  15.5. — Typical  diagram  for  a  power  pentode. 


Figure  15.4  compares  the  variations  of  potential  (as  a  function 
of  distance  from  the  cathode)  in  a  diode,  a  triode,  a  tetrode,  and  a 
pentode.  The  effects  of  the  screen  and  suppressor  grids  are 
evident  from  the  diagram,  since  the  force  on  an  electron  is  propor¬ 
tional  to  the  slope  of  the  potential  curve. 

The  presence  of  the  suppressor  grid  causes  a  decrease  in  the 
value  of  Cgp  of  a  pentode  in  addition  to  that  caused  by  the  screen 
grid.  Also,  the  values  of  fi  and  rv  are  increased.  There  is  no 
marked  change  in  gm .  Typical  values  for  /i,  gm ,  rv  for  a  small 
pentode  such  as  the  6W7-G  tube  are  fi  =  1,838,  gm  =  1,225  *  10~6 
mhos,  rp  =  1.5  *  106  ohms. 

The  ib-eb  diagram  for  a  pentode,  Fig.  15.5,  does  not  show  the 
plate-current  “dips”  characteristic  of  the  tetrode.  For  this 
reason  the  plate  potential  can  swing  to  fairly  low  values  without 
excessive  nonlinearity.  However,  the  load  line,  Fig.  15.5,  shows 
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that,  for  linear  operation,  the  path  of  operation  cannot  extend  into 
the  region  of  extremely  low  plate  potential,  because  of  the  rounded 
“ knees’"  of  the  ib-eb  curves.  This  rounding  off  of  the  curves  is 
one  of  the  principal  sources  of  distortion  in  the  pentode,  introducing 
a  large  third  harmonic  component  of  voltage  into  the  plate  circuit. 

In  the  beam-power  tetrode,  both  the  suppressor-grid  action 
and  the  elimination  of  the  rounded  knees  of  the  pentode  curves 
are  attained  through  the  use  of  “beam-forming”  construction  in 
the  tube,  illustrated  in  Fig.  15.6.  The  ib-eb  diagram  is  shown 


Fig.  15.6. — Internal  structure  of  a  beam-power  tube  {from  RCA  Receiving  Tube 

Manual). 

in  Fig.  15.7.  The  beam-forming  plates  at  cathode  potential 
restrict  the  electron  paths  to  beams  at  opposite  sides  of  the  cathode. 
The  control-  and  screen-grid  wires  are  aligned,  with  the  screen-grid 
wires  in  the  “shadow”  of  the  control-grid  wires,  so  that  the  elec¬ 
trons  move  toward  the  plate  in  concentrated  sheets.  The  spacings 
of  cathode,  grid,  screen  grid,  and  plate  are  adjusted  to  critical 
values  that  produce  the  desired  beam-forming  effects.  The  net 
result  is  a  concentration  of  the  electron  beams  that  produces  a  great 
space-charge  effect  in  the  region  that  would  be  the  vicinity  of  the 
suppressor  grid  in  a  pentode.  This  concentration  of  space  charge 
causes,  and  is  in  turn  increased  by,  a  great  reduction  in  speed  of 
the  electrons  as  they  approach  the  region  mentioned,  so  that  the 
effect  of  a  suppressor  grid  is  achieved.  The  improved  charac¬ 
teristics  of  the  ib-eb  curves  (sharp  corners,  improved  linearity, 
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Fig.  15.7)  result  from  the  fact  that  the  space-charge  action  which 
replaces  that  of  the  suppressor  grid  varies  somewhat  with  the  beam 
current.  The  beam-power  tetrode  can  be  operated  with  high 
efficiency  because  the  screen  dissipation  is  lower  and  a  large  ratio 
of  a-c  plate  potential  to  d-c  plate  potential  is  attainable  without 
undue  distortion.  The  third  harmonic  distortion,  one  of  the  limit¬ 
ing  factors  in  the  operation  of  pentodes,  is  relatively  small  for  a 
beam-power  tube.  The  second  harmonic  distortion,  however,  is 
appreciable. 


Fig.  15.7. — An  %-ei,  diagram  for  a  beam-power  tube,  type  6L6  (/rom  RCA  Receiv¬ 
ing  Tube  Manual). 

16*  Special  and  Multipurpose  Tubes.— In  Fig.  16.16  an  ib-ec 
curve  for  a  sharp-cutoff-type  tube  is  contrasted  with  that  of  the 
remote-cutoff,  or  variable-#™,  tube.  The  remote -cutoff  character¬ 
istic  is  obtained  commonly  by  spacing  the  control-grid  wires 
more  widely  near  the  center  than  at  the  ends,  as  in  Fig.  16.1a. 

As  the  grid  potential  is  decreased  from  zero,  becoming  more 
and  more  negative,  the  electron  stream  first  “cuts  off”  in  the 
region  near  the  ends  of  the  spiral,  where  the  spiral  is  tightly  wound. 
Higher  negative  grid  potentials  confine  the  current  to  the  center, 
or  loosely  wound,  portion  of  the  grid,  where  a  complete  and  very 
gradual  cutoff  is  achieved  finally  by  a  large  negative  grid  potential. 
Near  cutoff  the  tube  has  a  low  gm.  For  grid  potentials  near  zero, 
the  remote-cutoff  tube  has  a  gm  which  is  intermediate  between 
that  for  a  tube  with  a  tightly  wound  grid  spiral  and  that  for  one 
of  wider  spacing. 

In  radio  receivers  the  remote-cutoff  tube  is  used  as  a  high- 
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frequency  amplifier.  Since  for  a  given  load  impedance  the  voltage 
amplification  increases  with  gm,  the  amplification  obtained  with 
the  remote-cutoff  tube  can  be  controlled  by  adjusting  the  grid-bias 
voltage.  The  amplification  is  reduced  in  the  presence  of  a  strong 
r-f  signal,  so  that  the  output  of  the  receiver  is  more  or  less  uniform 


(a) 


(b) 


Fig.  16.1. — (a)  Internal  construction  of  a  remote-cutoff  tube;  (&)  comparison  of 
its  ib-Qc,  characteristic  with  that  of  a  sharp-cutoff  tube  (/row  RCA  Receiving  Tube 
Manual). 


for  all  values  of  input  signal  above  a  certain  minimum.  This 
“automatic  volume  control”  is  more  fully  described  in  Chap. 
XXIII.  The  use  of  the  remote-cutoff  type  of  tube  results  in  the 
reduction  of  cross  modulation  (cross  talk)  and  certain  other  types 
of  distortion  that  frequently  arise  in  vacuum-tube  circuits  of  high 
voltage  amplification. 


Fig.  16.2. — Symbols  indicating  the  arrangement  of  electrodes  in  the  order  of 
their  distance  from  the  cathode  for  (a)  a  pentagrid-converter  tube  and  (6)  a  hexode- 
mixer  tube. 


Remote-cutoff  tubes  are  called  also  “variable-mu”  tubes  or 
“  superc  ont r ol  ’  ’  tubes . 

For  the  normal,  or  sharp-cutoff,  type  of  tetrode  or  pentode, 
the  cutoff  value  of  the  control-grid  potential  is  a  function  of  the 
screen-grid  potential  e&  rather  than  of  the  plate  potential  ev  since 
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the  screen  grid  shields  the  cathode  from  the  effects  of  the  plate 
voltage. 

In  Fig.  16.2  are  shown  the  symbols  for  pentagrid-converter  and 
-mixer  tubes.  These  are  special-purpose  tubes  used  principally  as 
frequency  converters  in  superheterodyne  radio  receivers.  Their 
use  is  explained  in  Chap.  XXIII. 


CHAPTER  XII 

CATHODE-RAY  TUBES 


1.  Introduction. — A  concentrated  stream  of  electrons  in  an 
evacuated  or  partly  evacuated  space  was  described  as  a  “cathode- 
ray  beam”  some  time  before  the  nature  of  the  “beam”  was  clearly 
understood.  Use  of  such  a  stream  as  a  delicate  indicator  for 
electrical  measurements  is  practically  as  old  as  the  experimental 
study  of  the  properties  of  such  a  beam.  Electrons  impinging  on 
the  glass  walls  of  a  vacuum  tube  with  sufficient  force  indicate 
their  arrival  by  the  production  of  a  faint  glow.  This  is  fluorescence , 
the  excitation  of  visible  light  by  a  controlled  disturbance  of  the 
molecules  at  the  inner  surface  of  the  glass  wall.  These  molecules 
are  given  extra  energy,  which  they  are  able  to  retain  for  a  brief 
period.  They  release  this  energy  surplus  in  the  form  of  visible 
light,  its  frequency  or  color  depending  upon  the  nature  of  the  atoms 
and  molecules  struck  by  the  electron  stream. 

In  early  experiments  fluorescence  soon  was  enhanced  by  painting 
the  interior  wall  of  the  glass  vessel  with  various  chemical  deposits. 
A  particularly  effective  substance  was  the  mineral  willemite, 
which  gives  a  greenish  glow  considerably  stronger  than  that  obtained 
from  untreated  glass.  The  fluorescence  of  willemite  is  due  chiefly 
to  zinc-orthosilicate,  a  synthetic  substance  now  often  employed. 
However,  a  very  wide  range  of  other  colors  and  chemical  substances 
is  available.  In  fact,  the  millions  of  dollars  of  research  spent  in 
developing  television  receiving  tubes  led,  as  an  almost  incidental 
by-product,  to  the  widespread  development  of  fluorescent  lighting. 
Essentially  the  cathode-ray  tube  is  a  source  of  fluorescent  light  in 
which  the  glow  is  produced  by  an  intense  concentrated  stream  of 
electrons,  which  travels  widely  over  the  fluorescent  surface. 

The  candle  power  of  the  glowing  spot  is  nearly  proportional 
to  the  actual  electric  power  dissipated  at  the  screen.  The  equation 
for  the  candle  power  of  the  source  is 

CP  =  Ai( V  -  Vo)  (1.1) 

where  A  is  a  constant,  dependent  upon  the  choice  of  screen  material 
and  electric  units,  i  is  the  beam  current,  V  is  the  potential  of  the 
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last  anode,  and  V0  is  a  small  threshold  potential  necessary  in  order 
to  just  excite  fluorescence. 

After  the  electron  stream  has  passed  by,  the  candle  power  of 
the  bombarded  area  does  not  instantly  drop  to  zero.  Normally  it 
drops  about  90  per  cent  in  ~io  sec  and  then  trails  off  gradually. 
This  persistence  of  fluorescence  is  often  advantageous  in  reducing 
flicker.  Special  tubes  may  be  purchased  with  shorter  persistence 
screens  or  with  very  sluggish  screens  that  glow  for  a  considerable 
period  after  bombardment. 

Early  methods  for  concentrating  the  electron  stream  were  as 
simple  and  direct  as  the  pinhole  camera.  A  cloud  of  electrons 
was  drawn  toward  a  high-voltage  anode.  Most  of  the  electrons 
struck  the  anode  and  were  captured,  while  a  few  passed  through  a 
tiny  hole  into  a  field-free  region  beyond.  Their  inertia  kept  them 
going.  Definition  of  the  beam  was  improved  by  using  a  small 
cathode  source  and  sometimes  by  using  a  second  pinhole  further 
to  define  the  trajectory.  Experimentally  it  was  found  that  a 
small  amount  of  residual  gas  narrowed  the  beam,  positive  ions  in 
the  path  of  the  beam  pulling  the  electrons  toward  its  core.  This 
was  a  crude  sort  of  focusing  action  due  to  a  radial  component  of 
electric  field.  It  was  never  very  satisfactory  as  the  gas  pressure 
was  too  critical  and  could  not  be  held  constant.  Moreover,  the 
current  in  the  electron  stream  was  too  weak,  and  the  screen  had  to 
be  viewed  in  semidarkness. 

Modern  cathode-ray  tubes  are  greatly  improved  in  this  respect; 
for  the  permissible  aperture  in  the  anode  is  much  larger,  and  a 
considerable  part  of  the  total  emission  of  the  cathode  contributes 
directly  to  the  electron  stream.  This  is  possible  because  improved 
focusing  devices  are  now  available.  The  beam  is  now  a  pencil 
rather  than  a  fine  hairline.  With  appreciable  thickness  at  most 
places  along  the  axis,  it  narrows  down  to  a  fine  pencil  point  just 
as  it  strikes  the  fluorescent  screen. 

2.  Focusing,  Electric-lens  Method. — There  are,  in  general,  two 
methods  for  securing  this  focusing  action.  Each  of  them  has 
acceptable  variations,  too  numerous  to  describe  in  detail.  One 
method,  called  the  electric-lens  method,  makes  use  of  a  cylindrically 
symmetric  radial  component  of  the  electric  field.  Instead  of 
depending  upon  the  uncertain  action  of  residual  positive  ions, 
the  tube  is  evacuated  as  thoroughly  as  possible,  and  the  radial 
field  is  produced  entirely  by  a  series  of  cylindrical  and  conical 
electrodes,  which  surround  the  beam.  Any  series  of  cylinders, 
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strung  along  a  common  axis  and  operated  at  different  electric 
potentials,  may  be  referred  to  as  a  compound  electric  lens,  for 
it  guides  electron  trajectories  in  much  the  same  way  that  a  set 
of  ordinary  glass  lenses  guides  rays  of  light.  In  particular,  a  small 
aperture  in  a  low-potential  electrode,  followed  by  a  larger  aperture 
in  a  higher  potential  electrode,  produces  an  over-all  converging 
effect.  The  converging  effect  may  be  adjusted  by  a  minor  change 
of  the  ratio  of  the  voltages  on  these  two  electrodes,  usually  produced 
by  varying  the  lower  voltage. 

A  typical  electron  gun,  used  for  projecting  an  electrically  focused 
stream  of  electrons,  usually  has  two,  three,  or  four  individual 


converging  lenses  of  this  character.  The  design  problem  is  essen¬ 
tially  similar  to  that  of  the  modern  electron  microscope. 

Figure  2.1  shows  a  particularly  simple  lens  system  of  this 
character.  Where  batteries  are  indicated,  equivalent  “power- 
pack”  voltages  normally  are  employed.  Lens  A  is  formed  by 
the  adjacent  apertures  of  electrode  3  and  electrode  4.  Lens  B  is 
formed  by  the  similarly  adjacent  apertures  of  electrode  4  and 
electrode  5.  Electrode  5  is  often  a  carbon  deposit  held  by  a  binder 
on  a  portion  of  the  interior  of  the  glass  wall  of  the  tube.  Lens  A 
is  so  strongly  converging  that  the  initially  diverging  electron  stream 
is  turned  back  toward  the  center  and  quickly  crosses  the  axis, 
theoretically  at  a  point.  Actually,  the  “crossover”  has  a  finite 
cross-sectional  area  but  may  be  considerably  smaller  than  the 
cathode  from  which  the  electrons  started.  The  size  of  the  cross¬ 
over  is  of  considerable  importance,  for  the  spot  upon  the  fluorescent 
screen  may  be  regarded  as  an  image  of  the  crossover,  formed  by 
the  second  lens  B.  Though  B  is  also  a  converging  lens,  the  con¬ 
verging  action  is  not  so  strong.  This  time  the  electrons  approach 
the  axis  gradually,  meeting  it  at  the  screen,  where  a  second  cross¬ 
over  would  occur  if  the  screen  were  removed.  In  completely 
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empty  space,  after  passing  beyond  the  last  anode,  the  electrons 
would  gradually  slow  down  and  curve  back  toward  the  anode  walls, 
where  they  would  finally  be  captured.  When  the  screen  interrupts 
this  journey,  equilibrium  is  quickly  established  between  the  con¬ 
centrated  beam  carrying  the  electrons  toward  the  insulated  obstacle 
and  a  diffuse  cloud  of  electrons  carrying  an  equal  current  from 
screen  to  anode.  The  action  is  similar  to  that  of  a  powerful  stream 
of  water  projected  from  a  fire  hose  and  striking  a  brick  wall.  The 
concentrated  stream  drives  through  a  diffuse  spray  of  returning 
water  without  being  disturbed  by  the  spray. 

The  alternative  general  method  for  producing  a  focused  beam 
depends  upon  the  production  of  an  axial  magnetic  field.  Considera¬ 
tion  of  this  alternative  method  will  be  presented  in  Sec.  7. 

3.  Intensity  Control. — A  simple  lens  system  for  concentrating 
an  electron  beam  having  been  described,  the  next  consideration  is 
intensity  control.  As  indicated  by  Fig.  2.1,  electrode  3  is  placed 
in  immediate  proximity  to  the  cathode  and  is  operated  at  a  potential 
moderately  below  that  of  the  cathode.  Active  material  such  as 
barium  oxide,  which  releases  electrons  at  moderate  temperatures, 
is  deposited  only  upon  the  end  wall  of  the  cathode.  From  the 
outer  portions  of  this  circular  area,  electron  emission  is  likely  to 
be  ineffective.  Electrons,  once  released,  are  forced  back  into  the 
cathode  by  the  strong  opposing  field  due  to  the  negative  electrode 
just  ahead.  From  the  central  portion  of  this  circular  area,  electrons 
may  be  urged  forward  by  the  accelerating  field  of  the  anode,  effective 
through  the  aperture  in  electrode  3.  One  may  think  of  a  negative 
shadow,  cast  by  this  adjacent  negative  electrode  upon  the  cathode 
surface,  blighting  the  emission  from  areas  sufficiently  remote  from 
the  center.  However,  this  negative  shadow  is  determined  not  alone 
by  the  size  of  aperture  and  spacing  of  electrodes,  but  it  depends 
in  part  upon  just  how  negative  electrode  3  is  at  the  moment.  The 
useful  central  area  from  which  electrons  come  to  join  the  axial 
stream  may  be  increased  or  decreased  by  adjusting  the  steady-bias 
potential.  By  making  this  negative  bias  sufficiently  large  the  elec¬ 
tron  stream  may  be  cut  off  at  its  source.  By  applying  an  external 
alternating  voltage,  at  a  frequency  of  1,000  cps  for  example,  to 
the  binding  posts  of  resistor  R ,  the  effective  area  of  the  cathode  is 
caused  to  fluctuate  in  size,  modulating  the  electron  stream  and  the 
spot  of  light  that  it  produces.  By  analogy  with  the  similar  action 
exerted  by  the  grid  of  the  familiar  triode  amplifier  tube,  this  control 
electrode  is  often  referred  to  as  a  “grid.”  The  name  is  justified  by 


308 


CATHODE-RAY  TUBES 


[Chap.  XII 


the  function,  though  not  by  the  shape  and  construction  of  elec¬ 
trode  3. 

Whenever  the  spot  is  stationary,  the  beam  current  should  be 
held  at  the  minimum  usable  value.  Excess  current  directed  at  a 
single  spot  may  “burn”  the  screen,  producing  a  permanent  dis¬ 
coloration  and  loss  of  fluorescence. 

4.  Deflection  of  the  Beam  by  an  Electric  Field.— Suitable  means 
for  focusing  and  for  controlling  intensity  having  been  found,  it  is  now 
desirable  to  provide  a  method  for  deflecting  the  electron  beam,  verti¬ 
cally,  horizontally,  or  by  any  combination  of  such  deflections.  The 
beam  is  a  practically  weightless  pointer,  which  can  move  at  speeds  far 
beyond  the  reach  of  any  mechanical  pointer  or  moving  mirror. 

Therein  lies  the  greatest  advan¬ 
tage  of  the  instrument.  Funda¬ 
mentally,  there  are  only  two 
means  by  which  a  moving  electron 
stream  may  be  deflected  without 
recourse  to  an  actual  mechanical 
collision.  These  are  a  transverse 
electric  field  and  a  transverse 
magnetic  field.  The  electric  meth¬ 
od  will  be  considered  first,  the 
magnetic  method  in  Sec.  6. 

Deflection  by  plates  external  to  the  envelope  has  had  little 
application.  The  required  voltage  is  too  high,  the  operation  is 
confused  by  charges  induced  upon  the  glass  walls,  and  the  focusing 
electrodes  are  at  least  partly  in  the  way.  If  plates  within  the 
envelope  are  used,  the  sensitivity  is  improved  by  bringing  the  lead¬ 
ing  edges  as  near  together  as  possible,  without  actual  mechanical 
interference  with  the  thick  bundle  of  electron  trajectories.  The 
trailing  edges  must  be  spaced  farther  apart  in  order  to  allow  room 
for  gradual  deflection  of  the  rays  as  the  electrons  are  pulled  toward 
the  positive  plate  and  pushed  away  from  the  negative  plate. 
This  accounts  for  the  V-shaped  deflectors  seen  in  most  cathode- 
ray  tubes.  By  applying  a  steady  voltage  to  plates  Xi  and 
Fig.  4.1,  the  beam  may  be  shifted  to  left  or  right  of  center.  By 
applying  a  periodic  voltage,  the  spot  of  light  is  caused  to  sweep 
back  and  forth  along  the  horizontal  or  x  axis  of  the  screen. 

To  produce  vertical  deflection,  a  second  pair  of  plates  may  be 
placed  at  right  angles  to  the  X  plates.  With  plates  close  together 
there  is  no  space  for  the  X  pair  and  the  Y  pair  at  the  same  location 


Fig.  4.1. — Deflecting  plates. 
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on  the  axis.  Hence  they  are  displaced  longitudinally,  the  electrons 
first  experiencing  a  y  deflection  and  then  an  x  deflection,  or  vice 
versa.  Aside  from  a  minor  difference  in  voltage  sensitivity,  the 
order  makes  no  difference.  As  indicated  in  Fig.  4.1,  both  pairs 
of  deflecting  plates  may  be  placed  within  the  second  anode,  where 
the  accelerating  field  is  small  and  the  electrons  are  moving  with 
approximately  constant  forward  velocity.  At  this  position  the 
transverse  plates  interfere  very  little  with  the  lens  action.  In 
tubes  having  three  or  more  anodes,  the  deflection  is  often  introduced 
before  the  final  acceleration.  Before  attaining  their  maximum 
forward  velocity  the  electrons  may  be  deviated  more  readily  because 
they  spend  a  longer  time  in  the  transverse  electric  field.  This 
results  in  greater  deflection  sensitivity. 

Linear  amplifiers  with  constant  gain  over  a  specified  frequency 
range  usually  are  built  into  the  oscillograph  as  conveniently  avail¬ 
able  auxiliary  devices.  The  deflection  plates  should  also  be  directly 
accessible,  however,  for  applications  requiring  a  higher  frequency 
range  than  is  covered  by  the  internal  amplifiers. 

An  electron  moving  forward  at  constant  speed  in  the  presence 
of  a  uniform  transverse  electric  field  is  deflected  in  a  parabolic 
orbit,  the  direction  of  the  acceleration  of  the  negative  charge  being 
opposite  to  the  field.  Hence  one  may  readily  derive1  the  following 
expression  for  the  electric-deflection  factor  of  an  idealized  cathode- 
ray  tube; 

«■  -  %  v  <«> 

where  GE  =  deflection  factor,  in  volts  per  unit  distance  of  deflection 
upon  the  screen 

d  =  spacing  between  parallel  plates,  expressed  in  same 
units 

l  =  length  of  plates,  expressed  in  same  units 

L  =  distance  from  center  of  plates  to  screen,  expressed  in 
same  units 

V  =  potential  of  the  anode  within  which  the  deflecting 
plates  are  placed,  measured  with  respect  to  the  cathode 

In  practice,  the  deflection  sensitivity  of  a  practical  3-in.  tube 
is  of  the  order  of  1,000  volts/m,  usually  expressed  as  25  volts/in. 
By  means  of  an  appropriate  amplifier  contained  within  the  oscillo¬ 
scope  box,  the  y- axis  deflection  factor  is  often  reduced  to  approxi- 

1  J.  Millman  and  S.  Seely,  “Electronics,”  p.  65,  McGraw-Hill  Book  Com* 
pany,  Inc.,  1941. 
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mately  0.1  volt/in.,  effective  over  the  rated  frequency  range  of 
the  y  amplifier.  Similarly,  the  x-axis  deflection  factor  (with  a  less 
expensive  amplifier)  is  customarily  reduced  to  approximately  0.7 
volt/in. 

Though  (4.1)  is  useful  in  indicating  the  principal  quantities 
that  determine  the  deflection  sensitivity  (reciprocal  of  deflection 
factor)  of  a  cathode-ray  tube,  it  cannot  be  used  in  computing  the 
actual  deflection.  In  particular,  it  does  not  take  account  of  the 
“fringing”  of  the  field  at  the  edges  of  the  small  capacitors  formed 
by  the  deflection  plates,  nor  does  it  allow  for  the  V-shaped  deflection 
plates  now  almost  universally  employed.  Hence  the  actual  deflec¬ 
tion  factor  is  measured  experimentally. 

The  following  remarks  are  general,  in  that  they  apply  to  particles 
of  arbitrary  mass  and  electric  charge,  shot  through  a  transverse 
electric  field  that  may  vary  in  intensity  at  different  positions  along 
the  z  axis.  For  small  deflections,  such  as  are  required  in  practice, 

y  deflection  =  A\  —  ^  (4.2) 

A  i  =  proportionality  constant  dependent  upon  the  units  and 
dimensions 

Vv  =  potential  difference  between  ^/-deflection  plates 
e  =  electric  charge  carried  by  the  moving  electron  or  ion 
m  =  corresponding  mass  of  electron  or  ion 
v  —  forward  velocity,  acquired  before  deflection  (substantially 
uniform  for  all  particles  of  a  given  type  such  as  electrons, 
it  will  be  very  different  for  particles  of  some  other  type 
such  as  nitrogen  ions) 

Similar  remarks  apply  to  the  x  deflection.  At  first  glance 
these  general  statements  seem  to  imply  that  electrons  and  heavy 
ions  will  be  deflected  dissimilarly  by  an  arbitrary  transverse 
electric  field.  However,  under  the  conditions  encountered  in  all 
cathode-ray  tubes,  there  is  a  further  relationship  among  the  quanti¬ 
ties  e,  m,  v.  All  the  negative  particles,  whether  heavy  or  light, 
have  acquired  their  screenward  velocity  by  falling  through  the 
same  potential  difference.  Hence  on  equating  potential  energy 
lost  by  an  arbitrary  particle  to  the  kinetic  energy  gained  by  the 
same  particle, 

imv2  -  eV  (4.3) 

whence 

e  \ 

—  ^  =  const,  (independent  of  the  type  of  particle)  (4.4) 
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That  is,  when  applied  to  a  cathode-ray  tube  of  the  electric- 
deflection  type,  the  more  general  expression  of  (4.2)  reduces  to 

y  deflection  «  Vv  (4.5) 

This  means  that  the  speed  of  the  heavy  ions  is  less  than  the 
speed  of  the  electrons  by  an  amount  just  sufficient  to  permit  full 
deflection  of  the  ions  in  spite  of  their  much  greater  mass.  Hence 
heavy  negative  ions  will  be  deviated  by  deflection  plates  just  as 


Fig.  5.1. — Pattern  produced  by  x  and  y  deflection  and  2-axis  modulation. 


much  as  electrons  (and  will  also  be  brought  to  a  focus  by  any 
electric  lens  designed  to  focus  electrons). 

5.  Applications  of  Cathode-ray  Tubes. — Common  applications 
may  be  classified  briefly  as  follows: 

1.  Plotting  ey  vs.  ex . 

2.  Plotting  iy  vs.  ex,  or  vice  versa. 

3.  Plotting  ey  vs.  tx  or  iy  vs.  tx. 

4.  Plotting  ey  vs.  fx  or  iy  vs.  fx. 

5.  Plotting  intensity  vs.  x  and  y  at  successive  intervals  of  time 
(television). 

6.  Measuring  short  intervals  of  time  (radar;  ionospheric  echoes; 
depth  finding;  submarine  attack;  numerous  other  applications). 
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Application  1  represents  the  most  natural  and  direct  function 
of  the  cathode-ray  oscillograph.  Since  deflection  originates  in 
the  electric  field  of  two  mutually  perpendicular  sets  of  deflection 
plates,  a  scale  of  voltage  in  both  x  and  y  directions  is  inherent  in 
the  cathode-ray  tube.  As  a  simple  example  one  may  demonstrate 
Lissajous  figures,  formed  by  connecting  separate  oscillators  or 
other  sinusoidal  a-c  generators  to  the  x  and  y  plates,  Fig.  5.2.  When 


Fig.  5.2. — Lissajous  figures. 


the  resultant  closed  figure  becomes  stationary,  the  frequencies 
of  the  generators  are  equal  or  are  related  by  a  simple  ratio  deter¬ 
minable  from  the  shape  of  the  steady  pattern.  This  is  useful  in 
frequency  calibration.  When  sinusoidal  voltages  ey  and  ex  are 
identical  in  frequency,  their  phase  angle  may  be  determined  from 
the  shape  of  the  resultant  ellipse.  Figure  5.1  illustrates  the  com¬ 
plexity  of  the  cyclic  pattern  that  may  be  formed  by  employing  the 
proper  waveforms  for  the  x  and  y  deflections. 

Application  2  requires  a  ‘ ‘translating”  device,  capable  of  con¬ 
verting  the  inherent  scale  of  voltage  into  a  scale  of  current  or  of 
providing  a  current  scale  in  addition  to  the  voltage  scale.  A 
resistance  connected  across  the  binding  posts  for  the  x  or  y  deflec¬ 
tion  serves  this  purpose,  the  translation  being  accomplished  in 
accordance  with  Ohm’s  law.  Examples  of  this  application  are 
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the  instantaneous  determination  of  vacuum-tube  static  charac¬ 
teristics,  instantaneous  examination  of  hysteresis  loops,  etc. 

Application  3  is  a  particularly  common  one,  needed  whenever 
one  wishes  to  examine  or  verify  a  waveform  of  current  or  voltage. 
For  this  “translation”  one  may  employ  a  single  linear  sweep  of 
voltage  across  the  x  axis,  recording  the  y  travel  photographically, 
or  may  employ  a  recurrent  saw-tooth  wave  applied  to  the  x  axis. 
In  order  that  the  observed  y  deflection  shall  retrace  the  same  route 
on  every  successive  sweep,  facilitating  visual  observation,  it  is 
convenient  to  have  means  for  varying  the  frequency  of  the  saw¬ 
tooth  wave.  Preferably,  the  saw-tooth  generator  should  be 
synchronized  with  the  y-axis  voltage  wave  under  examination  or 
should  be  synchronized  at  an  exact  submultiple  frequency.  The 
design  of  simple  saw-tooth  oscillators  and  their  synchronization  are 
discussed  under  Timing  Circuits,  Chap.  XXIV.  Such  an  oscillator 
is  so  common  and  useful  as  an  auxiliary  piece  of  apparatus  that  it 
is  usually  housed  in  the  same  cabinet  with  the  oscilloscope,  available 
for  use  when  required.  It  is  provided  with  a  range  adjustment,  a 
fine  adjustment  of  frequency,  and  a  synchronization  control. 

Application  4  refers  to  the  determination  of  resonance  curves, 
modulation  patterns,  etc.  A  saw-tooth  wave  controls  a  frequency- 
modulated  oscillator  and  at  the  same  time  sweeps  the  electron 
beam  horizontally  across  the  screen.  The  output  of  the  device 
under  test  is  displayed  recurrently  along  the  y  axis  as  a  function 
of  the  varying  frequency.  In  “panoramic  receivers”  the  amplitude 
of  all  signals  received  within  a  designated  frequency  band  (say 
200  kcps  wide)  is  displayed  as  a  function  of  frequency. 

Application  5  is  typified  by  television,  though  there  are  also 
important  radar  applications.  Systematic  changes  of  intensity 
paint  in  a  picture,  in  lights  and  shadows,  as  the  spot  moves  over  a 
predetermined  zigzag  route,  eventually  covering  all  elements  of 
area  in  a  rectangular  picture.  Other  types  of  systematic  area 
coverage  may  be  employed.  The  resultant  area  pattern  is  called 
a  “raster.”  In  television  the  entire  display  is  renewed  and  repeated 
at  a  rapid  rate,  usually  30  times  per  second.  The  intensity  control 
is  referred  to  as  a  z-axis  control  to  distinguish  it  from  the  x-  and 
y- position  controls.  Z-axis  amplifiers  for  intensity  modulation 
are  sometimes  incorporated  within  the  oscillograph  cabinet. 

Application  6  depends  upon  some  form  of  calibration  of  the 
linear  sweep  voltages  needed  in  applications  3  and  5.  The  time 
scale  may  be  an  external  scale,  pasted  upon  the  tube  face  or  engraved 
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on  a  transparent  cover.  More  accurate  results  are  obtainable  with 
an  electronic  time  scale,  produced  by  jogging  the  beam  or  deflecting 
it  sinusoidally,  or  by  placing  beads  or  gaps  at  regular  intervals  on 
the  record.  Any  one  of  these  time  scales  may  be  produced  by  means 
of  voltages  obtained  from  a  timing  oscillator  whose  frequency  is 
accurately  known  or  by  means  of  a  calibrated  phase  shifter.  Often 
a  circular  sweep  is  provided.  Special  tubes  may  be  provided  with 
an  axial  electrode  for  convenient  radial  deflection. 

6.  Deflection  of  the  Beam  by  a  Magnetic  Field. — A  “magnetic” 
cathode-ray  tube  is  one  in  which  magnetic  fields  focus  and  deflect 
the  beam.  An  electric  field  is  always  used  for  accelerating  the 
electrons  to  produce  the  required  forward  velocity.  Magnetic 
deflection  possesses  several  advantages  that  apply  particularly 
to  tubes  of  large  size.  Tubes  of  3-  and  5-in.  diameter  found  in 
simple  laboratory  oscilloscopes  are  usually  of  the  “electric”  type. 
Television  tubes  and  other  special-purpose  tubes  of  9-,  12-,  or  20-in. 
size  are  often  of  the  magnetic  type. 

The  first  advantage  gained  by  magnetic  focus  and  deflection 
has  to  do  with  the  shape  of  the  tube.  The  electron  gun  used  in 
a  magnetic  tube  is  relatively  simple  and  rugged  and  occupies  little 
space  along  the  axis.  Especially  in  the  larger  sizes  this  results 
in  a  reduction  of  length  in  the  stem,  or  “bottleneck,”  of  the  tube. 
The  entire  glass  structure  is  relatively  shorter  and  stubbier  and 
is  less  susceptible  to  damage  from  mechanical  shock  and  vibration. 
Considering  that  space  behind  a  panel  is  obtained  often  with  great 
difficulty,  the  advantage  is  not  so  trivial  as  at  first  it  may  appear. 

The  second  advantage  of  magnetic  deflection  is  summarized  by 
the  expression,  “Amperes  are  cheaper  than  volts.”  Though  not 
true  in  all  engineering  applications,  this  does  apply  here.  Increased 
screen  diameter  requires  higher  candle  power  of  the  moving  fluo¬ 
rescent  spot,  for  the  spot  has  less  time  to  spend  upon  any  particular 
square  millimeter.  To  obtain  this  increased  candle  power  both 
the  beam  current  and  the  anode  potentials  are  made  larger.  Higher 
electron  velocity  necessitates  a  more  powerful  deflecting  force, 
no  matter  whether  this  be  produced  by  electric  or  by  magnetic 
means.  If  produced  electrically,  the  voltage  variation  must  have  a 
greater  amplitude  and  may  require  more  expensive  tubes  in  the 
deflection  amplifiers  and  a  power  pack  designed  for  higher  voltage. 
For  magnetic  deflection,  an  external  coil  of  wire  is  used  with  its 
axis  at  right  angles  to  the  shaft  of  the  tube.  Increased  deflecting 
force  requires  an  increase  in  the  ampere  turns  of  the  coil,  often 
obtainable  by  using  inexpensive  amplifier  tubes  at  a  larger  fraction 
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of  their  current  rating.  Magnetic  deflection  in  large  tubes  often 
leads  to  economy  of  weight,  bulk,  and  cost. 

However,  magnetic  deflection  also  has  a  disadvantage  that  is 
of  major  importance  in  some  applications,  but  not  in  others. 
Unfortunately,  the  deflecting  coil  considered  as  a  load  to  be  driven 
by  the  deflection  amplifier  has  inductance  as  well  as  resistance. 
In  the  “electric7 5  tube  the  deviating  electric  field  accurately  follows 
all  variation  of  the  applied  voltage.  In  the  “magnetic77  tube  the 
deviating  field  depends  upon  the  current,  rather  than  upon  the 
voltage  delivered  by  the  amplifier.  When  sinusoidal  voltages  are 
applied,  the  inductance  produces  a  phase  error.  When  any 
nonsinusoidal  voltage  is  applied,  the  error  is  more  serious,  as  the 


DEFLECTION  COILf 
CURRENT 


TIME-*- 


Fig.  6.I.- — Deflection-coil  current  and  terminal  voltage  as  functions  of  time. 


waveform  of  the  current  may  be  totally  different  from  the  wave¬ 
form  of  the  voltage.  It  is  impractical  to  load  the  circuit  so  heavily 
with  resistance  that  the  distorting  effect  of  the  inductance  will 
be  negligible  at  the  higher  frequencies.  Hence  deflecting  coils  are 
unlikely  to  be  used  in  a  general-purpose  oscillograph,  such  as  a 
lecture-room  instrument,  even  though  a  20-in.  screen  is  to  be  pro¬ 
vided.  On  the  other  hand,  if  the  deflection  can  be  restricted  to  a 
very  simple  recurrent  pattern,  then  provision  can  be  made  for  the 
distortion  effect  of  the  inductance  by  applying  a  voltage  having  a 
special  waveform.  For  example  curve  A,  Fig.  6.1,  presents  the 
saw-tooth  waveform  that  the  magnetic  field,  and  therefore  the 
deflecting  current,  must  have  in  order  to  produce  a  recurrent 
linear  sweep.  However,  in  accordance  with  the  relation 


e  =  L  ^  +  Ri 
at 

the  deflection  amplifier  must  be  driven  by  a  voltage  of  peculiar 
waveform  B  (a  “trapezoidal77  voltage  wave),  in  order  that  the 
current  through  an  LR  load  shall  follow  the  desired  saw-tooth 
curve  4 ,  At  first  glance  this  may  appear  to  offer  an  insurmountable 
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obstacle,  even  in  the  production  of  a  simple  linear  sweep.  Actually, 
the  requisite  trapezoidal  wave  may  be  generated  and  adjusted 
with  sufficient  accuracy  and  in  a  simple  manner.1  Though  this 
is  a  special  case,  it  is  a  particularly  important  special  case,  which 
includes  television  and  a  number  of  other  area  displays  of  the 
same  general  nature. 

The  deflecting  coils  may  be  mounted  upon  four  iron  poles, 
supported  by  a  circular  yoke.  The  poles  project  inward  from 
the  yoke,  and  their  windings  are  connected  in  pairs  to  form  crossed 
deflecting  fields.  The  pole  shoes  are  almost  in  contact  with  the 
outer  surface  of  the  glass  stem  of  the  tube.  The  iron  structure  is 
assembled  from  very  thin  laminations  or  from  powdered  iron  held 
in  shape  by  a  cement  “binder.”  The  coils  may  also  be  used  without 
iron.  In  this  case  the  upper  and  lower  halves  of  the  vertical  coil 
are  wound  in  flat  parallel  spirals  called  “pancake  coils.”  After 
winding,  these  flat  coils  are  warped  so  as  to  follow  the  cylindrical 
contour  of  the  glass  stem  and  are  then  taped  into  a  solid  bundle 
of  wire  closely  surrounding  the  stem.  The  halves  of  the  horizontal 
coil  may  be  included  in  the  same  bundle,  overlapping  the  vertical 
coil. 

The  following  discussion  of  the  sensitivity  of  magnetic  deflection 
intentionally  parallels  the  corresponding  discussion  of  electric 
deflection,  thus  emphasizing  the  similarities  and  the  differences. 
An  electron  moving  forward  at  constant  speed  in  the  presence  of  a 
uniform  transverse  magnetic  flux  is  deflected  in  a  circular  orbit, 
the  acceleration  being  perpendicular  to  the  direction  of  the  motion 
and  the  direction  of  the  flux.  Hence  one  may  readily  derive2 
the  following  expression  for  the  magnetic-deflection  factor  of  an 
idealized  cathode-ray  tube: 


where  GM  —  deflection  factor,  in  webers/square  meter /meter 
l  =  length  of  magnetic  poles,  in  meters 
L  —  distance  from  center  of  poles  to  screen,  in  meters 
V  =  potential  difference  through  which  the  charged  par¬ 
ticles  have  fallen  before  entering  the  deviating  field 
m  =  mass  of  particles,  in  kilograms 


e  =  charge  carried  by  particle,  in  coulombs 


1  Discussed  in  Chap.  XXIV. 

2  Millman  and  Seely,  op.  cit.,  p.  71. 
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Though  (6.1)  is  useful  in  indicating  the  main  factors  that 
determine  the  deflection  sensitivity  of  a  cathode-ray  tube  (reciprocal 
of  deflection  factor),  it  cannot  be  used  in  computing  the  actual 
deflection.  In  particular  it  does  not  take  account  of  the  very 
extensive  “fringing”  of  the  magnetic  flux  at  the  edges  of  the  widely 
spaced  pole  shoes.  Hence  the  actual  deflection  factors  are  measured 
experimentally. 

The  following  remarks  are  general  in  that  they  apply  to  particles 
of  arbitrary  mass  and  electric  charge,  shot  through  a  transverse 
magnetic  field  that  may  vary  in  intensity  at  different  positions 
along  the  z  axis. 

y  deflection  =  A2  •  Bx  •  ^  i  (6.2) 

where  A2  -  proportionality  constant 

Bx  —  magnetic  flux  density  in  the  x  direction 
e  =  electric  charge  carried  by  the  moving  electron  or  ion 
m  =  corresponding  mass  of  electron  or  ion 
v  —  forward  velocity,  acquired  before  deflection,  sub¬ 
stantially  uniform  for  all  particles  of  a  given  type 
Similar  remarks  apply  to  the  x  deflection. 

Qualitative  inspection  again  indicates  that  the  heavy  particles 
will  move  slowly  and  that  this  low  velocity  will  assist  the  deflection, 
therefore  tending  to  offset  the  reduction  of  deflection  occasioned 
by  such  a  relatively  large  mass.  However,  in  contrast  to  (4.2) 
the  deflection  now  depends  upon  the  inverse  first  power  of  the 
velocity  rather  than  upon  the  inverse  second  power.  Hence,  on 
taking  account  of  (4.3),  one  notes  that  the  cancellation  of  terms 
is  incomplete.  When  applied  to  an  arbitrary  cathode-ray  tube 
of  the  magnetic-deflection  type,  the  more  general  expression  of 
(6.2)  reduces  to 

y  deflection  <x  Bx 

Assume  that  an  electric-lens  system  has  brought  a  mixed 
beam  composed  of  electrons  and  heavy  ions  to  a  single  focus  at  the 
center  of  a  fluorescent  screen  and  that  transverse  magnetic  flux 
is  then  established,  resulting  in  a  5-cm  deflection  of  the  electron 
beam.  Theoretically,  the  heavy-ion  component  of  the  beam  is 
deflected  in  the  same  direction  though  by  a  different  amount. 
However,  upon  remembering  that  the  negative  ions  will  have  a  mass 
thousands  of  times  larger  than  the  electronic  mass,  with  little 
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or  no  increase  of  charge,  it  becomes  evident  that  the  5-cm  deflection 
of  the  electrons  is  accompanied  by  less  than  a  millimeter  deflection 
of  the  ion  beam.  For  practical  purposes,  therefore,  the  negative 
ions  are  relatively  unaffected  by  transverse  magnetic  flux  correctly 
established  for  the  deflection  of  the  electrons.  The  same  considera¬ 
tions  show  that  a  magnetic  lens  designed  for  focusing  electrons  will 
have  relatively  little  converging  effect  upon  negative  ions. 

7.  Focusing,  Magnetic-lens  Method. — Magnetic  focusing  may 
be  accomplished  by  establishing  in  an  appropriate  manner  an  axial 
component  of  magnetic  flux.  Ideally,  one  might  consider  a  simple 
cathode-ray  tube  completely  enclosed  within  a  large  single-layer 
solenoid,  capable  of  producing  a  uniform  axial  magnetic  flux 
throughout  the  entire  space  traversed  by  the  electrons.  On  enter¬ 
ing  a  long  hollow  anode  the  electrons  would  be  accelerated  quickly 
and  then  would  retain  a  constant  forward  speed.  In  this  simple 
case  each  electron  would  rotate  about  the  axial  flux  lines  while 
simultaneously  moving  forward  toward  the  screen.  The  resultant 
motion  would  be  a  simple  helical  spiral.  Though  some  spirals 
would  have  a  large  radius  and  others  a  small  radius,  the  period 
of  rotation  would  be  identical.1  Having  been  emitted  from  a  point 
very  near  the  axis  of  the  tube,  the  electron  would  eventually  return 
with  a  spiral  motion  to  the  immediate  vicinity  of  the  axis.  By 
adjusting  either  the  forward  velocity  or  the  rotational  velocity, 
this  return  to  the  axis  could  be  made  to  take  place  just  as  the  screen 
would  be  struck,  thus  illuminating  a  small  focal  spot  on  the  screen. 

However,  establishment  of  an  adequately  large  flux  density 
throughout  such  a  large  volume  of  space  would  be  uneconomical 
and  unnecessary.  If  an  electron,  diverging  from  the  axis  in  a 
conical  expanding  beam,  could  suddenly  enter  a  strong  and  uniform 
axial  field,  it  would  start  to  execute  a  tight  spiral  motion  about 
the  lines  of  magnetic  flux.  Having  completed  slightly  more  than 
180°  of  the  spiral  travel,  it  should  suddenly  emerge  from  the 
limited  space  permeated  by  the  axial  flux.  Meanwhile,  the  out¬ 
ward-diverging  component  of  its  motion  necessarily  would  be 
exchanged  for  an  inward  component,  thus  causing  the  expanding 
cone  of  electron  rays  to  be  reshaped  into  a  contracting  cone,  con¬ 
verging  toward  the  desired  focus.  The  focal  distance  could  be 
adjusted  by  controlling  the  strength  or  the  extent  of  the  magnetic 
field.  With  practical  engineering  construction  it  would  bedifficult  to 
establish  very  sharp  boundaries  for  the  origin  and  termination  of 

1  Sec.  10,  Appendix  B . 
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the  axial  flux.  The  simple  circular  spiral  motion  is  lost  when  a 
practical  transition  of  flux  density  is  permitted.  Though  this 
necessarily  complicates  the  mathematical  theory  of  the  actual 
magnetic  lens,  it  does  not  alter  the  over-all  effect  upon  the  electron 
stream — conversion  of  the  expanding  cone  of  rays  into  a  contracting 
cone  of  rays — the  essential  change  of  course  taking  place  in  a  limited 
portion  of  the  2-axis  travel. 

In  practice,  therefore,  magnetic  focus  is  obtained  by  winding 
a  multilayer  coil  around  the  stem  of  the  tube.  The  axis  of  the 
focusing  coil  is  approximately  at  right  angles  to  each  of  the  deflecting 
coils  and  coincides  approximately  with  the  axis  of  the  tube.  This 
arrangement  forms  a  converging  “ magnetic  lens,”  which  focuses 
the  electrons  at  the  screen.  Such  a  magnetic  lens  may  have 
“spherical  aberration” — electrons  traveling  at  different  distances 
from  the  axis  being  guided  to  different  foci.  The  lens  designer 
reduces  this  effect  by  careful  determination  of  the  cross-sectional 
shape  of  the  winding  space,  which  ordinarily  is  not  a  simple  rec¬ 
tangle.  Provision  is  sometimes  made  for  tilting  the  focusing  coil 
slightly,  so  as  to  center  the  spot  or  deliberately  to  displace  the  spot 
from  the  center. 

The  advantages  and  disadvantages  discussed  in  Sec.  6  apply 
chiefly  to  magnetic  deflection.  If  one  does  not  find  it  advisable 
to  use  magnetic  deflection,  then  there  is  usually  little  advantage 
in  using  magnetic  focus.  On  the  other  hand,  if  magnetic  deflection 
does  offer  real  advantages  for  the  application  in  mind,  then  magnetic 
focus  ordinarily  will  be  specified  in  addition.  Otherwise,  the  tube 
life  may  be  shortened  unduly  by  negative-ion  bombardment  of  the 
center  of  the  screen.  This  peculiarity  may  be  explained  as  follows. 
Transverse  electric  fields  treat  electrons  and  heavy  ions  alike, 
Sec.  4,  bringing  them  to  the  same  focus  and  deflecting  the  two 
streams  in  exact  coincidence.  In  the  course  of  a  day’s  work  the 
stream  of  heavy  ions,  unavoidably  present  because  of  a  trace  of 
residual  gas,  has  struck  so  many  different  portions  of  the  screen 
that  no  one  area  is  selectively  damaged.  The  general  deterioration 
of  the  screen  is  so  slow  that  the  tube  may  fail  from  other  causes 
before  the  damage  becomes  noticeable.  However,  as  shown  in  Sec. 
6,  magnetic  flux  has  a  strong  effect  upon  electrons  and  a  relatively 
weak  effect  upon  heavy  negative  ions.  As  the  available  magnetic 
focus  will  fail  to  concentrate  the  heavy  ions,  they  can  cause  no 
localized  damage,  regardless  of  the  type  of  deflection  employed. 
However,  for  the  reasons  already  stated  above,  the  combination  of 
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electric  focus  with  magnetic  deflection  is  usually  undesirable.  Any 
electric  lens,  properly  designed  for  focusing  the  electron  stream, 
also  causes  the  ion  beam  to  be  focused  upon  the  center  of  the 
screen.  This  ion  beam  then  remains  in  the  central  area,  since  the 
magnetic  field  that  sweeps  the  electron  beam  is  unable  to  produce 
any  substantial  deviation  of  the  heavy  ions.  This  cumulative 
destruction,  concentrated  daily  upon  the  same  small  area,  soon 
causes  an  objectionable  discoloration.  This  is  permissible  only  in 
special  applications  employing  a  circular  sweep,  where  the  central 
area  will  never  be  needed. 

The  magnetic  lens  and  the  electric  lens  are  equally  effective 
in  producing  a  sharply  focused  beam  in  the  small-size  1,000-volt 
tubes  commonly  employed  as  general  laboratory  instruments. 
For  television  applications  and  other  services  requiring  larger 
tubes  with  higher  accelerating  potentials,  the  magnetic  lens  ordi¬ 
narily  has  a  slight  advantage  in  retaining  sharpness  of  focus. 

8.  Cathode-ray  Oscillograph. — Figure  8.1  is  a  combination 
block  and  circuit  diagram  that  shows  basic  features  found  in 
various  common  models  of  oscillograph.  It  does  not  correspond 
to  any  one  model  but  represents  a  combination  of  parts  of  the 
Dumont  models  164-E,  175-A,  208.  Figure  8.2  is  a  complete 
circuit  diagram  of  the  Dumont  Model  224- A. 

The  tube  illustrated  in  Fig.  8.1  is  a  common  type  having  a 
face  5  in.  in  diameter.  All  the  connections  to  the  electrodes  are 
made  through  base  pins;  in  the  figure,  leads  from  the  first  focusing 
anode  and  from  the  deflection  plates  are  shown  passing  through 
the  side  of  the  tube  in  order  to  keep  the  figure  simple. 

The  positive  output  terminal  of  one  high-voltage  power  supply 
in  the  oscillograph  is  grounded.  The  negative  terminal  is  attached 
to  a  potential  divider  to  provide  a  variety  of  negative  potentials, 
as  indicated.  The  cathode  (in  the  164-E)  is  kept  at  -1,000  volts 
and  the  accelerating  anode  at  0  volts  (chassis  potential),  so  that 
the  electrons  move  through  a  potential  difference  of  1,000  volts  in 
the  process  of  acceleration.  The  intensity-control  electrode  may  be 
made  negative  with  respect  to  the  cathode  by  any  amount  up  to 
—  100  volts.  When  it  is  made  sufficiently  negative,  the  beam  is 
cut  off  completely.  When  the  potential  of  the  first  focusing  elec¬ 
trode  is  adjusted  to  a  suitable  value  between  —920  and  —580  volts, 
the  focusing  fields  have  the  correct  strength  to  cause  the  electrons 
to  converge  toward  a  point  on  the  screen. 

Another  high-voltage  power  supply,  primarily  intended  to 
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supply  plate  voltage  for  the  amplifiers  and  saw-tooth  voltage 
generator,  has  its  negative  output  terminal  grounded.  Its  positive 
output  terminal  is  connected  to  a  potential  divider  so  that  (in 
the  164-E)  a  fixed  potential  of  +130  volts  exists  at  the  point 
indicated  in  Fig.  8.1.  Two  4-megohm  potentiometers  connected 
between  the  —130-  and  +  130-volt  points  serve  as  positioning 
controls.  For  example,  when  the  arm  on  the  H-positioning 
(horizontal)  control  is  to  the  right  of  the  point  of  zero  potential,  an 
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Fig.  8.1. — Block  and  circuit  diagram  of  composite  oscillograph. 


electric  field  is  created  between  the  H  plates  that  pulls  the  beam 
to  the  right  (as  seen  by  the  observer).  This  positioning  system 
is  comparatively  simple.  (That  in  the  208  is  more  complicated 
and  is  not  included  here.) 

The  V-input  (vertical)  terminals  are  located  in  the  lower  left 
corner  of  the  CRO  panel.  A  signal  voltage  applied  to  the  V-input 
terminals  is  coupled  to  the  V  plates  either  directly  or  through  a 
one-  or  two-stage  amplifier.  Likewise,  a  signal  voltage  applied 
to  the  H-input  terminals,  located  in  the  lower  right  corner  of  the 
panel,  may  be  coupled  to  the  H  plates  either  directly  or  through  a 
one-  or  two-stage  amplifier.  A  terminal  board  is  located  on  the 
rear  of  the  oscillograph  at  the  base  of  the  tube.  If  desired,  one  or 
more  of  the  links  may  be  removed  and  a  signal  voltage  applied  to 
the  H  or  V  plates  directly,  thus  eliminating  the  capacitance  asso- 
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ciated  with  the  wires  inside  the  oscillograph  that  connect  the  front- 
panel  input  terminals  to  the  terminal  board  on  the  rear. 

When  the  saw-tooth  voltage  generator,  Fig.  8.1,  is  connected 
to  the  H  plates  through  the  H  amplifier  by  means  of  the  H-amplifier 
selector  switch,  the  saw-tooth  voltage  produces  linear  sweep 
action,  i.e.,  the  spot  repeatedly  sweeps  with  uniform  motion 
across  the  face  of  the  tube  and  quickly  jumps  back  to  its  starting 
point.  The  output  of  the  saw-tooth  voltage  generator  is  also 
coupled,  by  means  of  a  CR  network,  to  the  intensity-control 
electrode  in  such  manner  that  a  strong  negative  pulse  is  applied 
to  the  latter  during  the  time  that  the  spot  is  jumping  back  to  its 
starting  point.  Thus,  the  spot  is  “blanked  out”  during  its  return 
trip.  This  operation  is  known  as  “return  trace  blanking.” 

The  Dumont  224  and  241  oscillographs  (but  not  the  164-E  or 
the  208)  are  equipped  with  a  Z  input  on  the  panel.  A  signal 
applied  to  the  Z-input  terminals  is  applied  to  the  intensity-control 
electrode.  The  signal  voltage  thus  introduced  is  superimposed 
upon  and  added  to  the  steady  direct  voltage  supplied  by  the 
intensity-control  potentiometer,  and  the  spot  is  blanked  out  every 
time  the  intensity-control  electrode  is  suddenly  swung  in  the  nega¬ 
tive  direction  by  the  Z  signal.  This  operation  is  known  as  z-axis 
modulation. 

The  saw-tooth  voltage  generator  may  be  synchronized  with  any 
one  of  several  voltages.  When  the  “synch”  selector  switch  is  in 
the  “internal”  position,  the  sweep  frequency  may  be  made  equal  to 
the  signal  frequency  or  a  submultiple  thereof,  provided  that  the 
sweep-frequency  controls  are  first  set  closely  to  the  desired  fre¬ 
quency.  When  the  selector  is  in  the  “60  cycle”  or  “line  voltage” 
position,  the  sweep  circuit  may  be  adjusted  to  60  cps  or  a  sub¬ 
multiple  thereof,  using  the  60-cycle  test-signal  voltage  supplied 
by  a  low-voltage  secondary  winding  on  the  power  transformer. 
When  the  selector  is  in  the  “ext-synch”  position,  the  sweep  circuit 
may  be  synchronized  with  a  voltage  applied  to  the  “ext-synch” 
terminal  and  the  “ground”  terminal  on  the  panel. 

Figure  8.2  presents  the  complete  schematic  diagram  of  the 
circuit  of  a  representative  commercial  model  of  cathode-ray  oscil¬ 
lograph.  Since  discussions  of  amplifiers,  attenuators,  power 
supplies,  and  saw-tooth  generators  are  presented  elsewhere  in 
this  book,  no  detailed  analysis  of  circuit  components  need  be 
included  here. 


CHAPTER  XIII 

AMPLIFIERS— CLASS  A  AND  CLASS  B 

1.  The  Vacuum  Tube  as  an  Amplifier. — The  application  of  the 
amplifying  properties  of  the  vacuum  tube  has  been  largely  responsi¬ 
ble  for  the  great  advancements  made  in  recent  years  in  com¬ 
munications  and  in  less  well-known  fields. 

In  a  broad  sense,  the  purpose  of  a  vacuum-tube  amplifier  is  to 
increase  the  voltage,  or  current,  or  power  level  of  a  signal  to  the 
value  required  to  operate  a  given  device.  The  device  may  require 
considerable  power  or  it  may  depend  for  its  operation  upon  high 
voltages  with  negligible  power. 

Voltage  amplifiers  are  used  to  raise  the  voltage  level  of  a  given 
input  signal.  Low-power  tubes  with  relatively  high  amplification 
factors  are  used.  The  degree  to  which  a  voltage  amplifier  raises 
the  voltage  of  the  input  signal  is  indicated  by  its  voltage  amplifica¬ 
tion,  which  is  the  ratio  of  the  output  voltage  to  the  input  voltage. 
The  complex  voltage  amplification  is  represented  by  A  and  its 
magnitude  by  \A\. 

When  the  input  signal  E8  is  applied  to  an  amplifier  of  input 
resistance  Ri  and  output  resistance  R0,  the  voltage  amplification  is 

A  =  f  <u> 

where  Ea  is  the  output  voltage.  In  general,  E0,  E8,  and  A  are  com¬ 
plex  quantities.  It  is  common  practice  to  choose  Es  as  the  reference 
voltage. 

It  is  often  advantageous  to  express  the  voltage  amplification 
in  terms  of  decibels.  The  gain  G  in  decibels  is  defined  as  ten  times 
the  common  logarithm  of  the  ratio  of  the  power  output  to  the  power 
input,  or 

G  -  10  logl°  \W7R<  ~  ogl°  \m)  Ro  (l2) 

=  20  logio  j-gq  +  10  logio  g-' 

If  Ri  =  R„,  the  gain  of  the  amplifier  is 

G  =  20  logio  |A| 
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Both  the  over-all  voltage  amplification  of  a  multistage  amplifier 
and  the  voltage  amplification  of  a  single  stage  are  of  importance 
in  most  applications.  In  a  multistage  amplifier,  the  over-all 
voltage  amplification  is 


A  =  A\ A<i  Az  *  *  *  (1.4) 

where  Ah  A 2,  As,  .  .  .  are  the  voltage  amplifications  of  the  indi¬ 
vidual  stages. 

Current  amplifiers  are  in  general  of  less  importance  than  voltage 
amplifiers  but  have  important  applications  when  used  for  example, 
with  photoelectric  cells  in  control  mechanisms.  The  current 
amplification  of  an  amplifier  has  been  defined  in  several  ways.  It 
is  defined  most  logically,  perhaps,  as  the  ratio  of  the  current  deliv¬ 
ered  to  the  load  when  placed  in  the  plate  circuit  of  the  amplifying 
tube  to  the  current  that  would  flow  in  the  same  load  if  it  were 
connected  directly  to  the  source  of  emf. 

Power  amplifiers  are  used  as  output  stages  of  audio-frequency 
amplifiers,  output  stages  of  transmitters,  and  driving  stages  in  a 
transmitter  and  in  any  application  where  it  is  required  that  con¬ 
siderable  power  be  delivered  to  the  load.  The  load  may  be  the 
input  to  a  tube  in  which  grid  current  flows  for  part  of  the  cycle. 
The  power  amplification  is  the  ratio  of  the  alternating  component 
of  the  output  power  to  the  alternating  component  of  the  input 
power  to  the  amplifier.  The  power  amplification  often  is  expressed 
in  decibels. 

2.  Classification  of  Amplifiers. — Amplifiers  may  be  classified 
according  to  the  frequency  at  which  they  operate,  according  to 
the  band  width  to  which  they  respond,  according  to  the  portion 
of  the  cycle  of  the  input  signal  during  which  plate  current  flows, 
according  to  the  nature  of  the  network  by  means  of  which  one  stage 
is  connected  to  the  next. 

Frequency  Classification. — Amplifiers  designed  to  amplify  direct 
currents  or  voltages  are  called  direct-current  amplifiers.  A  direct 
current  may  be  considered  as  having  zero  frequency.  In  general, 
direct-current  amplifiers  are  effective  also  at  relatively  low  fre¬ 
quencies  of  alternating  voltages  or  currents.  Audio-frequency 
amplifiers  respond  with  varying  degrees  of  uniformity  to  fre¬ 
quencies  to  which  the  human  ear  is  sensitive.  It  is  considered 
satisfactory  in  most  high-fidelity  systems  if  the  response  is  restricted 
to  frequencies  from  approximately  30  to  about  15,000  cps.  Indi- 
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vidual  requirements  cause  wide  variations  in  these  limits,  however. 
Video-frequency  amplifiers  are  designed  to  amplify  the  video 
signal  in  television  equipment.  While  the  requirements  for  the 
frequency  response  of  the  video  amplifier  vary  with  the  specific 
problem,  it  is  not  unusual  to  employ  designs  that  give  uniform 
frequency  response  in  a  continuous  band  from  the  lowest  audio 
frequency  (about  20  cps)  to  as  high  as  6  megacycles/second  (mcps) ; 
the  wider  the  band,  the  more  detailed  the  picture.  It  is  shown 
later  that  the  upper  frequency  limit  of  such  amplifiers  is  greater 
than  30  mcps.  Amplifiers  having  the  same  general  frequency 
response  but  used  in  other  than  television  systems  may  be  classified 
as  broad-band  amplifiers.  Intermediate-frequency  amplifiers  are 
designed  for  the  special  purpose  of  amplifying  the  intermediate 
frequency  of  a  superheterodyne  receiver.  The  intermediate 
frequency  varies  from  approximately  175  kilocycles/second  (kcps) 
to  many  megacycles  per  second,  depending  upon  the  frequency 
band  for  which  the  receiver  is  designed.  Contemporary  practice 
in  the  design  of  broadcast  receivers  is  to  use  an  intermediate 
frequency  of  456  kcps  for  amplitude-modulated  transmission  and 
4.3  mcps  for  frequency-modulated  broadcasts  in  the  prewar  42-  to 
50-mc  region.  Higher  intermediate  frequencies  are  used  in  other 
applications.  Radio-frequency  amplifiers  are  used  in  amplifying 
radio-frequency  signals.  The  radio  frequencies  extend  from 
approximately  100,000  cps  (long  waves)  to  several  thousand 
megacycles  per  second.  The  advent  of  television,  frequency 
modulation,  and  other  applications  has  stimulated  research  in  the 
utilization  of  “ultra-high  frequencies,”  or  “microwaves.” 

Band-width  Classification . — Audio-frequency  and  video  ampli¬ 
fiers  are  designed  ordinarily  to  respond  to  a  frequency  band  that 
is  large  when  compared  with  the  mean  frequency  and  are  also 
classified  as  wide-band  amplifiers.  When  the  band  of  frequencies 
amplified  is  small  compared  with  the  mean  frequency,  the  amplifier 
is  a  narrow-band  (or  tuned)  amplifier.  An  example  is  the  inter¬ 
mediate-frequency  amplifier  in  an  ordinary  broadcast  receiver, 
which  has  a  band  width  of  approximately  10,000  cps,  whereas  the 
mean  frequency  may  be  456,000  cps.  It  is  possible  to  have  a 
narrow-band  amplifier  in  the  audio-frequency  range.  An  example 
would  be  an  amplifier  to  amplify  1,000  cps,  with  high  attenuation 
for  frequencies  both  below  and  above  this  value.  The  terms  wide 
band  and  narrow  band  are  merely  descriptive;  there  is  no  sharp 
separation  of  the  two  classifications. 
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Single-stage  Classification.1 — A  single  stage  of  an  amplifier  may 
be  classified  in  accordance  with  the  fraction  of  the  cycle  of  the  input 
signal  during  which  plate  current  flows  in  the  tube.  These  classes 
are:  Class  A  amplifier,  in  which  the  grid-bias  and  signal  voltages 
are  such  that  plate  current  in  a  specific  tube  flows  throughout  the 
cycle;  Class  AB  amplifier,  in  which  the  grid-bias  and  signal  volt¬ 
ages  are  such  that  plate  current  in  a  specific  tube  flows  for  appre¬ 
ciably  more  than  one-half  cycle  but  less  than  the  complete  cycle; 
Class  B  amplifier,  in  which  the  grid-bias  and  signal  voltages  are 
such  that  plate  current  in  a  given  tube  flows  for  approximately 
one-half  the  cycle,  whence  it  follows  that  the  grid-bias  voltage 
is  approximately  equal  to  the  plate-current  cutoff  value  and  the 
quiescent  value  of  plate  current  is  approximately  zero;  Class  C 
amplifier,  in  which  the  grid  bias  and  signal  voltages  are  such  that 
plate  current  in  a  given  tube  flows  for  appreciably  less  than  one-half 
cycle,  whence  the  grid  bias  is  appreciably  greater  than  the  plate- 
current  cutoff  value  and  the  plate  current  is  zero  when  no  signal 
is  applied  to  the  grid. 

Subscripts  1  and  2  are  used  to  indicate  the  absence  or  presence 
of  grid  current.  Thus,  in  a  Class  ABi  amplifier  the  grid  never 
draws  current;  hence  the  grid  never  is  driven  positive  during  any 
part  of  the  cycle.  In  a  Class  AB2  amplifier  the  grid  may  draw  cur¬ 
rent  during  some  part  of  the  cycle,  and  the  grid  is  driven  positive 
during  that  part  of  the  cycle  for  which  grid  current  flows.  Class  A 
amplifiers  are  commonly  operated  as  Class  Ai.  In  the  absence 
of  the  subscript,  Class  Ai  operation  may  be  assumed.  Class  C 
amplifiers  are  commonly  operated  as  Class  C2.  In  the  absence 
of  the  subscript,  Class  C2  operation  may  be  assumed.  The  sub¬ 
script  should  be  used  always  when  specifying  Class  AB  and  Class  B 
operation. 

3.  Distortion  in  Amplifiers. — Ideally,  the  output  voltage  of  an 
amplifier  should  have  the  same  waveform  as  the  input  signal. 
Cnanges  in  the  waveform  are  due  to  distortion.  There  are  three 
types  of  distortion  that  may  occur,  either  singly  or  together  in  any 
combination.  They  are  nonlinear  (amplitude)  distortion,  frequenc}^ 
distortion,  and  phase  distortion.  Frequency  distortion  and  phase 
distortion  have  been  defined  in  Chap.  IX. 

Nonlinear  distortion  exists  when  frequencies  not  present  in 
the  input  signal  occur  in  the  output.  The  principal  cause  of  non¬ 
linear  distortion  is  nonlinearity  in  the  relation  of  either  the  grid 

1  “Standards  on  Electronics,”  Institute  of  Radio  Engineers,  1938. 


Sec.  3] 


DISTORTION  IN  AMPLIFIERS 


329 


or  plate  current  of  a  tube  to  the  applied  voltage.  Nonlinear 
distortion  is  sometimes  called  harmonic  distortion .  When  non¬ 
linearity  exists,  the  relation  between  the  current  and  voltage  may 
be  expressed  in  general  by  the  series 

i  =  I  +  ae  +  be*  +  ce3  +  •  •  •  (3.1) 

Assuming  that  the  voltage  e  is  given  by 

e  =  @  sin  c ct  (3.2) 

the  current  is 

i  =  I  +  aE  sin  ut  +  bE 2  sin2  cct  +  cE 3  sin3  < at  +  •  •  •  ' 

=  I  +  aS  sin  a :t  +  (1  —  cos  2co£)  +  (3  sin  coZ 

—  sin  3«2)  +•** 

7  ,  bE2  ,  /  *  ,  3cE3\  .  t  bE*  0  , 

=  I  +  -g-  +  (  aE  -1 - —I  sin  <o£ - cos 

—  sin  3coi?  +  *  *  •  (3.3) 

Thus  the  current  contains  a  rectified  component  of  magnitude 
bE2/ 2,  the  original  frequency  with  amplitude  ( aE  +  3 cP/A),  the 
second  harmonic  with  amplitude  bP/2 ,  the  third  harmonic  with 
amplitude  cP/ 4,  etc.  When  the  input  signal  contains  more  than 
one  frequency,  the  number  of  new  frequencies  introduced  becomes 
much  greater,  there  being  sum  and  difference  frequencies  in  addition 
to  the  harmonics  found  here.  Also,  if  higher  power  terms  are 
required  to  represent  the  cur  rent- volt  age  relation,  additional 
frequencies  are  present  in  the  output. 

Nonlinear  distortion  in  an  amplifier  occurs  also  when  grid 
current  flows  if  either  the  internal  impedance  of  the  source  or  the 
external  grid-circuit  impedance  is  of  appreciable  value.  When  the 
impedance  in  the  grid  circuit  is  large,  the  voltage  supplied  to  the  grid 
of  the  tube  is  less  than  the  emf  of  the  source  by  the  voltage  drop 
in  the  external  impedance.  Since  grid  current  flows  only  when  the 
grid  is  positive,  this  decrease  occurs  during  the  positive  half  cycle 
of  the  applied  voltage.  The  positive  lobe  of  the  alternating  compo¬ 
nent  of  the  plate  current  is  distorted.  This  type  of  distortion  is 
accentuated  by  the  variation  in  the  grid-bias  voltage  due  to  the 
rectifying  action  of  the  grid  circuit. 

Frequency  distortion  exists  when  all  frequencies  are  not  amplified 
by  the  same  amount.  It  is  due  to  the  nature  of  the  circuits  asso- 
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ciated  with  the  tube.  If  either  the  grid  or  the  plate  circuit  incor¬ 
porates  reactive  elements,  frequency  distortion  occurs  in  some 
frequency  range.  The  tube  may  cause  frequency  distortion  if  the 
period  of  the  applied  signal  is  of  the  same  order  of  magnitude  as 
the  time  of  flight  of  the  electron  from  the  cathode  to  the  plate 
of  the  tube. 

A  typical  frequency-response  curve  for  a  transformer-coupled 
amplifier  is  compared  with  the  ideal  for  a  wide-band  amplifier  in 
Fig.  3.1.  This  amplifier  has  frequency  distortion  at  the  low  and 
high  frequencies  but  responds  uniformly  to  frequencies  between 


Fig.  3.1. — Typical  frequency-response  curve  showing  frequency  distortion. 


fi  and  /2.  It  is  evident,  therefore,  that  in  the  frequency  range  /i 
to  /2  this  amplifier  is  free  from  frequency  distortion. 

The  frequency  response  of  an  amplifier  may  be  showm  by 
plotting  the  relative  gain  in  decibels  as  ordinate  against  frequency 
as  abscissa.  The  reference  gain  usually  is  chosen  in  the  mid¬ 
frequency  range  of  the  amplifier. 

For  the  purposes  of  this  treatment,  the  frequency-response 
curves  are  plotted  with  the  magnitude  of  the  voltage  amplification 
as  ordinate  and  the  frequency  as  abscissa  on  a  logarithmic  scale. 

The  frequencies  at  which  the  power  delivered  to  the  load 
is  one-half  that  delivered  at  some  reference  frequency,  usually 
in  the  mid-frequency  range,  are  important  parameters  in  the  study 
of  amplifier  characteristics.  Since  the  power  delivered  to  the  load 
at  a  given  frequency  is  proportional  to  the  square  of  the  voltage 
across  it,  the  voltage  amplification  at  the  half-power  frequencies  is 
0.707  times  the  voltage  amplification  at  the  reference  frequency,  or 
the  gain  of  the  amplifier  is  3  db  below  the  gain  at  the  reference 
frequency.  The  lower  and  upper  half-power  frequencies  /'  and 
/"  are  indicated  in  Fig.  3.1  for  the  amplifier  having  the  frequency- 
response  characteristics  shown. 

In  multistage  amplifiers,  the  half-power  frequencies  differ 


Sec.  3]  DISTORTION  IN  AMPLIFIERS  331 

from  the  half-power  frequencies  of  the  individual  stages.  For 
example,  the  upper  half-power  frequency  of  an  amplifier  that  has 
two  identical  resistance-coupled  stages  is  0.64  of  the  upper  half- 
power  frequency  of  each  stage,  and  the  power  delivered  to  the  load 
at  the  upper  half-power  frequency  of  each  stage  is  one-fourth 
the  power  delivered  at  the  reference  frequency.  Similarly,  in  an 
amplifier  consisting  of  identical  stages,  the  voltage  amplification 
of  each  stage  at  the  half-power  frequencies  of  the  amplifier  is  given 
by 

|  A\r  =  2~*\AJ(  (3.4) 


where  \Am\  is  the  voltage  amplification  of  each  stage  at  the  reference 
frequency.  Thus,  for  a  two-stage  amplifier  the  half-power  fre- 


ing  the  relative  amplification  per  stage  at  the  half-power  frequencies  of  an  amplifier 
having  1,  2,  3,  and  4  amplifier  stages  (denoted  by  subscripts  1,  2,  3,  4). 

quencies  occur  when  the  voltage  amplification  of  each  stage  is  0.84 
of  the  mid-frequency  voltage  amplification.  The  variation  in  the 
half-power  frequencies  as  a  function  of  the  number  of  stages  is 
shown  in  Fig.  3.2  for  a  typical  wide-band  amplifier. 

Phase  distortion  occurs  when  the  phase  relations  of  the  component 
frequencies  of  the  output  differ  from  those  of  the  input  signal. 
While  phase  distortion  may  occur  without  frequency  distortion,  the 
two  usually  exist  simultaneously.  Except  at  very  high  frequencies, 
phase  distortion  is  introduced  by  the  grid  and  plate  circuits  rather 
than  by  the  tube. 

Phase  distortion  is  not  important  in  audio  systems  because  the 
human  ear  does  not  distinguish  small  changes  in  the  relative  phases 
of  components  of  a  sound.  It  is  very  important,  however,  when 
the  amplifier  is  to  be  used  with  a  cathode-ray  tube  for  the  purpose 
of  studying  waveforms.  Phase  distortion  causes  a  change  of  wave- 
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form  as  shown  in  Fig.  3.3,  where  two  waves,  each  consisting  of  a 
fundamental  and  a  third  harmonic,  are  compared  when  the  third 
harmonic  in  the  output  has  a  relative  phase  shift  of  180°.  In  a 
multistage  amplifier  the  phase  shift  is  given  by 

0  =  mr  +  6  (3.5) 

where  n  is  the  number  of  stages  and  6  is  called  the  relative  phase 
angle.  Furthermore, 

0  =  0i  +  02  +  03  +  •  *  *  (3.6) 

where  0i  —  v  +  0i,  02  =  v  +  02,  03  =  *  +  03,  *  *  *  are  the  phase 


Fig.  3.3. — Effect  of  phase  distortion. 

shifts  for  the  individual  stages.  The  relative  phase  angle  at  a  given 
frequency,  therefore,  is  given  by 

0  —  0i  +  02  +  #3  +  *  *  *  (3.7) 

Phase  distortion  is  absent  when  6  either  is  zero  or  is  proportional 
to  the  frequency  of  the  component,  i.  e. ,  when  the  relative  time 
delay  Q/u  is  constant. 

4.  Cascading  of  Amplifier  Stages.— Seldom  does  a  single-stage 
amplifier  provide  the  voltage  amplification  required.  It  is  neces¬ 
sary  that  many  stages  be  connected  in  cascade  when  large  amplifica¬ 
tion  is  desired.  The  type  of  network  used  to  couple  one  stage  to 
another  is  determined  by  the  requirements  of  the  amplifier.  The 
various  types  of  coupling  commonly  used  are  direct  coupling, 
resistance  coupling,  impedance  coupling,  untuned-transformer 
coupling,  tuned-transformer  coupling. 

5.  Direct-coupled  Amplifiers. — In  direct-coupled  amplifiers  a 
d-c  connection  exists  between  the  plate  of  the  first  tube  and  the 
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grid  of  the  following  tube.  Only  two  of  the  many  available  con¬ 
nections  are  presented  here.  The  circuit  diagram  of  Fig.  5.1 
shows  one  of  the  simplest  types  of  direct  coupling  but  by  no  means 

ibT  'b2 


the  most  desirable.  In  order  to  provide  the  proper  grid-bias 
voltage  for  the  second  tube,  the  emf  of  the  battery  Eccz  must  be 

EccZ  ~  Ebbl  —  IblRbl  EcZ  (5.1) 

This  amplifier  has  the  same  amplification  for  d-c  voltages  and 
a-c  voltages  of  frequencies  up  to  those  for  which  the  reactance  of 
the  tube  and  wiring  capacitances  is  of  the  same  order  of  magnitude 
as  Rbi.  Small  variations  in  the  polarizing  voltages  may  be  of  equal 


i'bt  Jb* 


Fig.  5.2. — Loftin- White  direct-coupled  amplifier. 


or  greater  magnitude  than  the  d-c  variations  under  observation. 
It  is  essential,  therefore,  that  the  polarizing  voltages  be  closely 
maintained. 

Because  of  the  high  cost  of  maintenance  of  the  battery-operated 
amplifier,  Fig.  5.1,  and  because  of  its  weight  and  bulk,  it  is  desirable 
to  utilize  a  circuit  that  can  be  powered  from  a  single  battery  or  from 
a  rectifier.  One  such  circuit  is  shown  in  Fig.  5.2.  If  the  input 
circuit  is  not  continuous,  a  resistor  must  be  connected  across  the 
input  terminals  to  provide  a  d-c  path  between  grid  and  cathode. 
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The  polarizing  potentials  for  the  tubes  are  provided  by  the  voltage 
drops  across  the  resistors  Rh  R2,  Rz,  R4,  R*.  The  by-pass  capacitors, 
Ch  ^2,  C 3,  C 4  provide  low-impedance  paths  for  alternating  currents, 
thus  helping  to  maintain  the  polarizing  potentials  constant. 

6.  Resistance -coupled  Amplifiers. — The  resistance-coupled  am¬ 
plifier  is  probably  the  most  common  type  of  voltage  amplifier  used  for 
audio  and  wide-band  applications.  In  a  resistance-coupled  amplifier 
the  plate  of  one  tube  is  connected  to  the  grid  of  the  succeeding  tube 
by  means  of  a  blocking  (or  coupling)  capacitor.  Resistors  are  placed 
in  the  plate  and  the  grid  circuits. 


Fig.  6.1. — Resistance-coupled  amplifier  stage  using  a  triode  with  batteries  for  polariz¬ 
ing  potentials. 

One  stage  of  a  resistance-coupled  amplifier  with  its  input  circuit 
is  shown  in  Fig.  6.1.  The  coupling  capacitor  C i  prevents  or  blocks 
the  flow  of  direct  current  and  hence  allows  the  plate  and  grid-bias 
voltages  to  be  independent.  The  alternating  component  of  the 
potential  developed  across  the  plate-load  resistor  Rbl  causes  an 
alternating  current  to  flow  in  the  circuit  consisting  of  RC2  and  Cx 
in  series.  The  a-c  potential  drop  across  the  grid  resistor  Rc2  is 
applied  to  the  grid  of  T2. 

The  grid  polarizing  potentials  Scci  and  Ecc 2  are  obtained, 
in  many  practical  applications,  from  a  single  battery,  and  the  plate 
power-supply  potential  Ebb  is  utilized  by  several  stages.  Certain 
precautions  are  necessary  in  such  cases.  These  are  discussed  in 
Sec.  33. 

The  triodes  in  Fig.  6.1  often  are  replaced  by  pentodes  with 
which  it  is  possible  to  obtain  higher  voltage  amplification  per  stage. 
It  is  also  desirable  in  many  applications  to  supply  all  polarizing 
potentials  from  one  power  source,  usually  a  rectifier  and  smoothing 
circuit.  A  typical  circuit  diagram  of  one  stage  of  a  resistance- 
coupled  amplifier  utilizing  pentodes  with  cathode  biasing,  Sec.  7, 
is  shown  in  Fig.  6.2.  This  circuit  differs  from  that  of  Fig.  6.1  only 
in  the  tubes  and  the  means  of  obtaining  the  polarizing  potentials. 

In  both  Figs.  6.1  and  6.2,  Ci  represents  the  input  capacitance 
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to  the  tube,  CQ  the  output  capacitance  of  the  tube,  and  Cw  the  dis¬ 
tributed  capacitance  of  the  interstage  wiring.  These  capacitances 
are  quite  small  and  may  be  neglected  except  at  relatively  high 
frequencies. 


'bl 


Fig.  6.2. — Resistance-coupled  stage  using  a  pentode  and  cathode  biasing. 


7.  Polarizing  Potentials  in  a  Resistance -coupled  Stage. — All 

tube  polarizing  potentials  are  referred  to  the  cathode.  The  grid 
polarizing  potential  for  the  pentode  T i,  Fig.  6.2,  is  obtained  from 
the  voltage  drop  across  the  cathode  resistor  Rk i.  This  method 
of  obtaining  the  grid-bias  voltage  is  known  as  cathode  biasing  or 
self -biasing.  The  voltage  drop  Ek  i  is  given  by 

Ek  i  —  Rki{Ibi  +  Idi)  (7.1) 

where  Ib i  and  7di  are  the  d-c  components  of  the  plate  and  screen-grid 
currents.  When  the  control-grid  potential  is  negative,  Ib i  +  Idi 
is  the  total  cathode  current.  If  the  control  grid  draws  current, 
this  current  must  be  taken  into  consideration  in  calculating  Ek i. 

When  no  current  flows  in  Rc\f  the  potential  of  the  control  grid 
with  respect  to  the  negative  terminal  of  the  power  supply  Ebb 
is  zero  and  the  potential  of  the  cathode  is  -j-F*i  with  respect  to 
the  same  reference  potential.  Therefore,  the  potential  of  the  control 
grid  with  respect  to  the  cathode  is  —Ek i. 

When  an  alternating  potential  is  applied  to  the  control  grid, 
the  plate  and  screen-grid  currents  have  alternating  components. 
Provision  must  be  made,  therefore,  for  maintaining  Ek  constant 
if  a  constant  grid  bias  is  desired.  The  by-pass  capacitor  Ck  i 
is  provided  for  this  purpose.  At  the  lowest  frequency  to  be  ampli¬ 
fied,  the  reactance  of  Ck i  must  be  negligible  when  compared  with 
Rn  if  no  variation  in  the  cathode  potential  is  desired.1  In  the 

1  Actually,  Zki(l  +  /i)  must  be  negligible  when  compared  with  ( rv  +  Zl) 
for  no  cathode  degeneration;  cf ,  Sec.  31. 
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absence  of  Ck  1  or  when  the  reactance  of  Cki  is  not  negligible,  the 
potential  of  the  cathode  changes  in  the  same  direction  as  the  signal 
potential,  thus  reducing  the  variation  in  the  potential  applied  to 
the  control  grid.  This  phenomenon,  which  is  known  as  cathode 
degeneration ,  is  discussed  in  Sec.  31. 

The  screen-grid  polarizing  potential  Edi  is  obtained  from  the 
power  supply  Ebb  through  the  resistor  Rdx.  Ed  1  may  be  calculated 
from 

Edi  =  Ebb  —  Ek  i  —  RdJdi  (7.2) 

It  is  usually  desirable  to  maintain  Ed i  constant.  This  is  accom¬ 
plished  by  making  the  by-pass  capacitance  Cd\  large  so  that  its 
reactance  at  the  lowest  frequency  to  be  amplified  is  negligible 
compared  with  the  sum  of  Rd\  and  the  internal  impedance  of  the 
power  supply.  When  the  reactance  of  Cd\  is  not  small,  screen-grid 
degeneration  occurs.  For  many  applications  it  is  sufficient  if  the 
reactance  of  the  by-pass  capacitor  at  the  lowest  frequency  for  which 
neither  cathode  degeneration  nor  screen-grid  degeneration  is  desired 
is  not  greater  than  one-tenth  the  resistance  by-passed. 

The  plate  polarizing  potential  may  be  calculated  from 

Ebi  “  Ebb  —  Eki  —  IbiRbi  (7.3) 

8.  Equivalent  Plate  Circuits’of  Resistance-coupled  Amplifiers.— 

The  equivalent  alternating-current  plate  circuit  for  the  amplifiers 
shown  in  Figs.  6.1  and  6.2  are  identical  and  may  be  drawn  with 


Fig.  8.1. — Equivalent  plate  circuit  using  a  constant-voltage  generator. 

either  a  constant-voltage  generator  or  a  constant-current  generator. 
The  constant-voltage-generator  form  of  the  equivalent  plate  circuit 
is  shown  in  Fig.  8.1  and  the  constant-current-generator  form  in 
Fig.  8.2.  It  should  be  emphasized  that  either  form  of  the  equivalent 
circuit  can  be  applied  to  any  amplifier  circuit. 

A  complex  expression  for  the  voltage  amplification  A  of  the 
resistance-coupled  stage,  at  any  frequency,  obtained  from  either 
of  the  equivalent  circuits  is 
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A  = 


1+  —  +  —  +  —  + 

^  Rb  ^  Rc  ^  Ci  ^  RcC i 


(8.1) 


+ 


where 


RbC  i 

■  ["  1  i  r  j,  o)T pC  lC c  (n  j  \  ”1 

“ J  [;TO  +  ^UCi  ~  ~~CU  ~  urp{CL  +  Cc) J 


CL  =  Co  +  CJ 


and 


Cc  =  Ci  +  CJ 


(8.2) 


CJ  being  that  part  of  the  distributed  capacitance  of  the  interstage 
wiring  which  is  in  shunt  with  Rbx  and  CJ '  the  similar  capacitance 
in  shunt  with  Rc2. 


Fia.  8.2. — Equivalent  plate  circuit  using  a  constant-current  generator. 

Equation  (8.1)  is  so  complicated  that  the  problem  is  usually 
divided  into  three  frequency  ranges,  depending  upon  the  magnitude 
of  the  reactances  of  C i  and  Ca,  where 

Cs  =  Co  +  Cw  +  Ci  (8.3) 

The  low-frequency  range  is  that  range  of  frequencies  for  which  the 
reactance  of  the  coupling  capacitor  C\  is  not  negligible  when  com¬ 
pared  with  Rc 2  and  the  a-c  voltage  developed  across  Rc2  is  appre¬ 
ciably  less  than  that  developed  across  the  plate-load  impedance. 

In  the  mid-frequency  range  (if  it  exists)  the  reactance  of  C i 
is  negligibly  small  compared  with  Rc2y  and  the  reactance  of  C3 
is  very  large  compared  with  the  parallel  combination  of  Rbl  and 
Rc^ 

The  high-frequency  range  is  defined  as  that  range  of  frequencies 
for  which  the  reactance  of  Ca  is  small  enough  to  cause  appreciable 
shunting  effect.  As  in  the  mid-frequency  range,  the  reactance  of 
Ci  is  negligible  at  high  frequencies. 

The  expression  for  the  voltage  amplification  in  each  of  these 
frequency  ranges  can  be  obtained  from  (8.1),  but  the  development 
of  the  expressions  from  the  simplified  equivalent  circuits  is 
instructive. 

9.  Voltage  Amplification  at  Mid -frequencies. — The  equivalent 
plate  circuit  at  mid-frequencies  is  shown  in  Fig.  9.1,  in  which  the 
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numerical  subscripts  have  been  omitted  from  the  plate-load  and 
grid  resistors.  The  grid  resistor  Rc  is  to  be  associated  with  the 
grid  circuit  of  the  following  stage. 


9m^gl 


>rP  E|_  Eg2 


(b) 

Fig.  9.1. — Equivalent  plate  circuits  of  a  resistance-coupled  stage  for  the  mid¬ 
frequency  range. 

As  shown  in  Fig.  9.1a,  the  plate-load  impedance  at  mid-fre¬ 
quencies  is  resistive.  The  voltage  amplification  is 


Eq2  _  ~~  I^Rl 

Egi  rp  +  Rl 


(9.1) 


where  the  subscript  m  denotes  the  mid-frequency  range  and 


t>  _  RbRc 

L  ~  Rh  +  Rc 

Equation  (9.1)  may  be  rewritten  as 


(9.2) 


Am  = 


—  M 


1  +!>+?> 
^  Rb  ^  Rc 


(9.3) 


by  dividing  both  numerator  and  denominator  by  RL  and  sub¬ 
stituting  for  Rl  from  (9.2),  or  as 


Am  — 


'  QmRl 


i  i  Rb  |  Rb 

^  Rc 


(9.4) 


by  multiplying  both  numerator  and  denominator  of  (9.3)  by  Rb/rp. 
Similarly,  if  RL'  is  defined  by 


1 

Ri! 


=  i  +  i  +  i 

rp  Rb  Rc 


'  (9.5) 


the  mid-frequency  voltage  amplification,  from  either  (9.4)  or  directly 
from  Fig.  9.1b,  is 

Am  =  —  gmR !  (9.6) 


or  Am  is  given  by  the  product  of  the  transconductance  and  the 
equivalent  of  rp,  Rb ,  Rc,  in  parallel. 
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Tt  follows  that 


A  wn  - 


1  +  — 
+  R„ 


+  R, 


/180 


O  _ 


QmRb 


Rb  Rb 
^  rp  ^  Rc 


/18QC 


=  gmRL' /ISO0  (9.7) 


These  relations  indicate  that  the  magnitude  of  the  voltage 
amplification  in  the  mid-frequency  range  is  independent  of  frequency 
and  that  the  relative  phase  angle  is  zero. 

10.  Voltage  Amplification  at  Low  Frequencies. — Since  the 
presence  of  C0y  Cw ,  Ci  may  be  neglected  at  low  frequencies,  the 
equivalent  plate  circuits  with  constant-voltage  and  constant- current 
generators  are  as  shown  in  Figs.  10.1a  and  b. 


Fig 


10.1. — Equivalent  plate  circuits  of  a  resistance-coupled  stage  for  the  low-fre¬ 
quency  range. 


The  coupling  capacitor  C  and  the  grid  resistor  Rc  form  a  potential 
divider  across  El,  and  hence  the  alternating  potential  E92  applied 
to  the  grid  of  the  succeeding  tube  is 


TP  Tp 

^02  —  &L 

where 

z,  =  Rc  -  4 


and  the  voltage  amplification  is 

A  — 

l~  Egl  El 

the  subscript  l  denoting  the  low-frequency  range, 
equivalent  circuit  of  Fig.  10.1a, 

El  _  uRbZ 2 

Egl  Tp(Rb  +  +  RbZ2 

Substituting  in  (10.3)  from  (10.1)  and  (10.4), 


_ —jiRbRc _ 

Tp(Rb  +  Z2)  +  RbZ2 


(10.1) 

(10.2) 


(10.3) 


From  the 


(10.4) 


(10.5) 
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By  substituting  for  Z2  in  (10.5),  simplifying  the  denominator, 
and  dividing  both  numerator  and  denominator  by  RbRc,  the  com¬ 
plex  expression  for  the  voltage  amplification  becomes 


Ai  = 


“ M 


l+r»+>V  _4_L_(1+rA 
^  Rt  Re  •’uCR'Y^rJ 

Equation  (10.6)  can  be  converted  to 
Ai  =  - 


Qm.Ri 


1  + 


Rb  .  Rb  .  1  / .  -  Rb\ 
rp  Rc  3o>CRc\  +  r„J 


(10.6) 


(10.7) 


by  multiplying  both  numerator  and  denominator  by  Rb/rp . 

An  alternate  expression,  often  useful,  may  be  obtained  for  the 
low-frequency  voltage  amplification  either  by  dividing  both  the 
numerator  and  denominator  of  (10.7)  by  Rh  or  by  derivation  directly 
from  Fig.  10.16.  This  equation  is 


where 


4  _  0  mR  L 

**-1  D  / 

■,  .  Rl 

1  -3 


c oCRcR' 


R'  = 


rvRi 


rP  +  Ri 


(10.8) 


(10.9) 


is  the  equivalent  of  rp  and  Rb ,  in  parallel,  and  Rl  defined  by  (9.5), 
is  the  equivalent  of  rp,  Rb,  Rc,  in  parallel.  However,  the  total 
resistance  of  the  circuit  of  Fig.  10.16  as  measured  from  the  terminals 
of  C  is 

Ri  =  Rc  +  R'  =  (10.10) 

Kl 

and  (10.8)  becomes 

A,  =  --g-fo'  ■■  (10.11) 

1  “  3  ZCRi 

The  magnitude  of  the  voltage  amplification  at  Ioav  frequencies, 
therefore,  is  either 


(10.12) 
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from  (10.6),  or 

\A,\  = 


QmRb 


v(i+£+t )‘+^(1+t)‘ 


(10.13) 


from  (10.7);  and  from  (10.11) 

\m  = 


QttiRl 


a/1  +  a>2C2fl? 
The  relative  phase  angle  6i  is  expressed  by 


(10.14) 


or 


or 


tan  8i  =  -)“ 


i+Ji 

^  Rh 


('  +  R„  +  It) 


RcOjC 


tan  di  = 


i  +  ^ 

rn 


(1  +  R>  +  %)r*c 

\  Tp  Ref 


tan  Qi  — 


1 

wCRi 


(10.15) 


(10.16) 


(10  17) 


The  expressions  (10.12),  (10.13),  (10.14)  show  that  the  variation 
in  \A\  as  a  function  of  frequency  in  the  low-frequency  range  is 
caused  by  the  presence  of  the  coupling  capacitor  C  and  that  high 
voltage  amplification  is  obtained  by  making  Rh  and  Rc  large  as 
compared  with  rp  and  also  by  making  the  time  constant  CRc  large 
as  compared  with  the  period  of  the  voltage  to  be  amplified. 

The  variational  characteristics  ju,  gm ,  and  rp  of  the  tube  must 
be  determined  for  the  polarizing  potentials  at  which  the  tube  is 
operated. 

The  frequency  in  the  low-frequency  band  at  which  the  power 
delivered  to  the  resistor  Rc  is  one-half  that  delivered  at  frequencies 
in  the  mid-frequency  band,  the  input  voltage  Eg i  being  of  constant 
amplitude,  is  called  the  lower  half-power  frequency.  This  frequency 
may  also  be  thought  of  as  that  frequency  at  which  either  the  voltage 
amplification  reduces  to  0.707  of  the  mid-frequency  value  or  the 
gain  is  3  db  below  the  mid-frequency  gain.  The  lower  half-power 
frequency  is  designated  by  /'. 
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|^4zj  reduces  to  0.707  of  its  mid-frequency  value  when 


or 


co  = 


l  +  Iz 

^  Rb 


cs-(‘  +  k+e) 


1  + 


Ri 


cr-{'  +  t,  +  I) 


=  Ri 


(10.18) 


(10.19) 

(10.20) 


Substituting  from  (10.18),  (10.19),  (10.20),  in  (10.6),  (10.7), 
(10.11),  and  in  (10.15),  (10.16),  (10.17), 


from  which 


and 


At  = 

\m  = 


\AA 

Vi  +  if'/SY 


tan  Si  = 


/ 

/ 


(10.21) 

(10.22) 

(10.23) 


where  /  is  the  frequency  of  the  applied  signal. 

The  relative  phase  angle  as  given  by  (10.15),  (10.16),  (10.17), 
and  (10.23)  is  +45°  at  the  lower  half-power  frequency. 


Fig.  10.2. — Low-frequency  response  and  relative  phase  angle  of  a  resistance-coupled 

stage. 


The  low-frequency  response  and  relative  phase  angle  of  a 
resistance-coupled  stage  employing  a  triode  for  which  m  =  20, 
gm  =  2,000  Mmhos,  rp  =  10,000  ohms,  and  with  Rb  =  100,000  ohms 
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and  Rc  =  0.5  megohm  is  shown  in  Fig.  10.2  for  two  values  of  C 
of  0.1  fxi  and  0.01  fxf. 


Fig.  10.3. — Polar  relation  of  E0 2  to  Eg\  at  low  frequencies  in  a  resistance-coupled 

stage. 

The  mid-frequency  voltage  amplification  of  this  stage  is  17.86, 
and  the  lower  half-power  frequencies  for  each  of  the  values  of  C 
are  shown.  It  will  be  noted  from  (10.18),  (10.19),  (10.20)  that  the 
value  of  Rb  has  very  little  effect  on  the  value  of  f  but  that  the 
product  of  RcC  is  of  major  importance.  These  results  are  shown 
in  the  polar  diagram  of  Fig.  10.3,  where  the  relative  phase  angle 
&i  and  the  phase  fa  of  Eg2  with  respect  to  Eg  1  are  shown. 

11.  Voltage  Amplification  at  High  Frequencies. — The  high- 
frequency  range  of  a  resistance-coupled  amplifier  is  that  range 
in  which  Ca  has  appreciable  shunting  effect  and  the  reactance 
of  C  is  negligible  as  compared  with  Rc.  The  equivalent  plate 
circuits  at  high  frequencies  are  shown  in  Fig.  11.1. 


(a)  (b) 

Fig.  11.1. — Equivalent  plate  circuits  of  a  resistance-coupled  stage  for  the  high- 

frequency  range. 


In  the  high-frequency  range  the  voltage  developed  across  Rc 
is  the  total  voltage  developed  across  the  plate-load  impedance  ZL, 
and 


(H.l) 


(11.2) 
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where 

p  RbRc 

L  ~  Rh  +  Rc 

(11.3) 

and 

C8  =  C0  +  Cw  +  Ci 

(11.4) 

It  follows  that 

S' 

11 

(11.5) 

1  +  jr  +  if  +  juC8rp 

Kb  Kc 

or 

A  _  QmRb 

h  A  t  Rb  ,  Rb  ,  A  n  T> 

1  i - r  p-  +  JuLsRb 

Tp  lie 

(11.6) 

and 

A  QmRL 

*  ~  1  +  jaCJU 

(11.7) 

where  Rl 

is  the  equivalent  of  rPJ  Rb,  Rc,  in  parallel,  (9.5). 

The  upper  half-power  frequency  /"  is  given  by 

i  +  12.A.12 

CO  =  .V 

Csrp 

(11.8) 

1  1 

„  ^  rP  ^  Rc 

01  ~  CSR„ 

(11.9) 

or 

1  -  7?  ' 

(11.10) 

As  Rb  decreases,  co"  increases  and  \Am\  decreases. 

By  combining  the  corresponding  equations  of  the  groups 
(11.5),  (11.6),  (11.7)  and  (11.8),  (11.9),  (11.10), 

Ah  - 4s—  (11.11) 

1  +jjTr 

The  magnitude  of  Ah  is 

"  v  -  (U-12) 

1+rt  +  ¥j  +  «'CW 

\Ah\  —  QrnRb 

>/(' + * + 1)’ + 


(11.13) 
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The  upper  half-power  frequencies  for  each  value  of  C3  are  found 
from  (11.8),  (11.9),  or  (11.10)  to  be  356,500  cps  when  C8  is  50  pyA 
and  35,650  cps  when  Cs  is  500  npi.  These  half-power  frequencies 
are  shown  in  Fig.  11.2. 

The  polar  diagram  for  high-frequency  performance  of  a  resist¬ 
ance-coupled  stage  is  given  in  Fig.  11.3. 

12.  Special  Case,  Rb  <<  rp  and  Rb  <  <  Rc. — In  using  pentodes 
rv  is  of  the  order  of  1  megohm  and  Rc  is  usually  above  250,000  ohms. 
The  plate-load  resistor  Rh  is  often  as  low  as  a  few  thousand  ohms 


when  wide-band  operation  is  desired. 

When  Rb  <<  rp  and 

Rb  <  <  Rc, 

Rl  —  Rl  —  Rb 

(12.1) 

and,  therefore,  from  either  (9.4)  or  (9.6), 

.1  m  QmRb 

(12.2) 

from  (10.18)  to  (10.20), 

,  .  1 
"  “  CRc 

(12.3) 

from  (11.8)  to  (11.10), 

to"  =  * 

C8Rb 

(12.4) 

and  (10.22)  and  (11.11)  reduce  to 

A  _l_  QmRb 

A-Z  Tf 

(12.5) 

and 

\  .  QmRb 

Aft  —  . 

i  +jf 

(12.6) 

13.  Universal  Amplification  Curve  for  a  Resistance -coupled 
Stage. — From  (10.22)  the  relative  voltage  amplification  at  low 
frequencies  is 


j M  i 

i^i  vi  +  a'//) 2 


(13.1) 


and  at  high  frequencies,  from  (11.14),  the  relative  voltage  amplifica¬ 
tion  is 


\m  i 
lA-l  Vi  +  (///")2 


(13.2) 


The  relative  phase  angles  for  low  and  high  frequencies  are  given 
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by  (10.23)  and  (11.17).  Because  of  the  similarity  of  (13.1)  and 
(13.2)  and  of  (10.23)  and  (11.17),  it  is  convenient  to  indicate  the 
relative  amplification  and  relative  phase  angle  at  low  as  well  as  at 
high  frequencies  by  the  curves  shown  in  Fig,  13.1. 


Fig.  13.1. — Universal  amplification  and  phase  curves  for  resistance-coupled  amplifier 

stages. 

Example. — The  results  shown  in  Figs.  10.2  and  11.2  may  be  obtained  by 
use  of  the  universal  amplification  curve.  In  this  example  C  —  0.01  ni  and 
C8  =  500  wxf. 

For  the  low-frequency  case, 


1  + 


/'  - 


Rb 


1.1 


2'w(1+f  +  S 


O.Obr  ■  1.12 


31.2  cps 


In  order  to  determine  the  relative  amplification  and  relative  phase  angle  at 
60  cps,  the  ratio  f'/f  is  determined  as 


f  -  ?L2  a.  o  52 
/  _  60  ~°-52 


It  is  found  from  the  curves  that,  when  f'/f  =  0.52,  6  =  28°  and  the  relative 
amplification  is  0.89.  Since  it  is  shown  in  Sec.  10  that  the  mid-frequency 
voltage  amplification  of  this  stage  is  17.86,  the  voltage  amplification  at  60  cps  is 

\A\  =  0.89  •  17.86  =  15.9 

At  high  frequencies 


r 


(1+£+g) 

2irrpC8 


1.12 

7T  *  10“5 


The  frequency  ratio  when  /  =  20,000  cps  is 

jr,  =  0.561 


35,650  cps 


One  obtains  from  the  high-frequency  curve  of  Fig.  13.1  a  relative  amplification 
of  0.87  and  a  relative  phase  angle  of  approximately  —30°.  The  voltage 
amplification  at  20  kcps  is  0.87  •  17.86  =  15.5,  and  the  relative  phase  angle  is 
—30°. 
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The  time  constant  CRe  is  very  important  for  transient  response. 
This  is  discussed  in  detail  in  Chap.  VI. 

15.  Effects  of  Variations  in  Rh  and  Ebb. — The  effects  of  varia¬ 
tions  in  the  coupling  capacitance  on  the  low-frequency  response  and 
of  variations  in  the  shunting  capacitance  on  the  high-frequency 
response  have  been  discussed  in  Secs.  10  and  11.  The  variations 
in  the  over-all  frequency  response  caused  by  changing  independently 
the  plate-load  resistance  and  the  potential  of  the  plate  power  supply 
are  important. 


Fig.  15.1. — Effect  on  the  voltage  amplification  of  varying  Rb.  Ebb  is  constant. 


When  the  plate-load  resistance  is  high,  the  quiescent  plate 
current  of  the  tube  is  low  and  its  transconductance  is  small. 
A  decrease  in  Rb  results  in  larger  plate  current  and  increased 
transconductance.  Since  the  increase  in  transconductance  is 
always  proportionally  smaller  than  the  decrease  in  Rb}  the  resulting 
voltage  amplification  in  the  low-frequency  and  mid-frequency  ranges 
is  smaller  the  lower  the  value  of  Rb .  The  voltage  amplification  in 
the  upper  part  of  the  high-frequency  range  may  be  increased, 
however,  by  reducing  the  value  of  Rb.  With  low  values  of  Rb, 
the  mid-frequency  range  is  extended  to  higher  frequencies.  With 
high  values  of  Rb,  the  voltage  amplification  is  increased  in  the  low- 
frequency  and  mid-frequency  ranges  and  the  upper  half-power 
frequency  is  lowered,  Fig.  15.1. 
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The  curves  in  Fig.  15.2  show  the  effect  of  varying  the  potential 
Ebb  of  the  plate  power  supply,  Rb  being  kept  constant.  The  voltage 
amplification  is  increased  appreciably  by  using  higher  values  of 
Ebb,  as  a  result  of  the  increase  in  plate  current  and  the  associated 
increase  in  transconductance.  There  is  no  appreciable  change  in 
the  lower  and  upper  half-power  frequencies  when  Ebb  is  changed, 
the  circuit  constants  remaining  unchanged. 

16.  Impedance-coupled  Amplifiers. — Impedance-coupled  ampli¬ 
fiers  are  amplifiers  in  which  either  Rh  or  RC)  or  both,  of  the  resistance- 
coupled  amplifier,  are  replaced  by  an  inductor.  The  inductor  is 
usually  an  iron-core  coil,  called  an  audio-frequency  choke ,  which  has 


Fig.  16.1. — One  impedance-coupled 

amplifier  stage. 


Fig.  16.2. — Equivalent  plate  circuit  of 
one  impedance-coupled  amplifier  stage. 


large  inductance  and  relatively  small  resistance.  This  type  of 
coupling  is  seldom  used  except  in  limited  applications  where  large 
voltage  amplification  over  a  limited  frequency  range  is  desired. 
The  circuit  diagram  of  one  stage  of  an  impedance-coupled  amplifier 
and  its  equivalent  plate  circuit  are  shown  in  Figs.  16.1  and  16.2. 

The  frequency  response  of  an  impedance-coupled  amplifier 
is  poorer  at  both  low  and  high  frequencies  than  for  a  resistance- 
coupled  amplifier.  The  decrease  in  voltage  amplification  at  low 
frequencies  is  caused  by  the  decrease  in  the  impedance  of  the 
inductor  in  this  frequency  range.  The  decrease  in  voltage  amplifica¬ 
tion  at  high  frequencies  results  from  the  appreciable  increase  in  Ca 
due  to  the  distributed  capacitance  of  the  inductor  ( Cb ,  Fig.  16.2). 
Each  of  these  defects  reduces  the  mid-frequency  range. 

The  equations  for  the  voltage  amplification  of  an  impedance- 
coupled  amplifier  can  be  obtained  from  an  analysis  of  the  circuit 
of  Fig.  16.2,  the  same  procedure  being  followed  as  with  the  resist¬ 
ance-coupled  amplifier. 

17.  Wide-band  (Video)  Amplifiers. — The  amplification  of 
voltages  for  audio  purposes  is  simpler  than  for  some  other  applica¬ 
tions  since  the  audio-frequency  range  does  not  exceed  20  kcps  and 
the  ear  does  not  distinguish  small  relative  phase  shifts  of  the 
component  frequencies  of  a  composite  sound.  On  the  other  hand. 


Sec.  17] 


W I  DE-BAND  {VIDEO)  AMPLIFIERS 


351 


the  amplification  of  voltages  that  are  to  be  applied  to  the  deflecting 
plates  of  a  cathode-ray  tube  must  be  performed  in  such  manner 
that  the  wave  shape  of  the  signal  voltage  is  unaltered.  It  is  shown 
in  Chaps.  IX  and  XVIII  that  for  the  exact  reproduction  of  any 
waveform  the  circuit  must  introduce  neither  frequency  nor  phase 
distortion.  Since  this  ideal  is  impossible  to  attain  in  amplifiers, 
approximations  are  used  that  result  in  wave-shape  reproductions 
satisfactory  for  most  applications.  It  is  assumed  that  operation 
of  the  tubes  of  the  amplifier  on  the  linear  portion  of  their  charac¬ 
teristics  satisfies  the  condition  of  no  nonlinear  distortion. 

The  video  signal  utilized  in  television,  or  a  saw-tooth  voltage, 
or  a  rectangular  voltage,  or  any  voltage  in  which  there  are  dis¬ 
continuities  requires  wide-band  response  as  well  as  no  phase 
distortion.  The  requirements  of  frequency  response  placed  on  any 
amplifier  are  determined  by  the  type  of  signal  to  be  reproduced  and 
the  accuracy  with  which  it  must  be  reproduced.  In  the  video 
amplifier  of  television  apparatus,  for  example,  the  frequency  range 
should  extend  from  as  low  as  20  cps  to  approximately  5  mcps. 
The  broader  the  response  band  of  the  equipment,  the  sharper  the 
television  picture.  It  is  quite  possible,  however,  to  obtain  satis¬ 
factory  results  for  other  types  of  cathode-ray-tube  applications 
with  upper  half-power  frequencies  of  much  less  than  5  mcps. 
For  example,  one  type  of  general-purpose  cathode-ray  oscilloscope 
is  designed  so  that  its  frequency  response  is  constant  to  within 
±  1  db  up  to  100,000  cps. 

The  relative  phase  shift  should  be  proportional  to  the  frequency 
of  the  signal  component  for  all  frequencies  within  the  pass  band. 
Another  way  of  stating  this  requirement  is  that  the  amplifier 
should  have  constant  time  delay  over  the  pass  band.  It  has  been 
determined  empirically  that  an  amplifier  must  have  no  frequency 
distortion  within  the  frequency  range  extending  from  the  fre¬ 
quency  equal  to  one-tenth  the  lowest  rate  of  recurrence  to  the 
frequency  equal  to  ten  times  the  highest  rate  of  recurrence  of  any 
rectangular  wave  to  be  reproduced. 

It  is  shown  in  Sec.  11  that  the  upper  half-power  frequency 
of  a  resistance-coupled  amplifier  can  be  made  much  larger  than 
required  for  most  applications  by  reducing  the  value  of  the  plate¬ 
load  resistance  Rb  and  by  reducing  the  shunting  capacitance.  The 
shunting  capacitance  may  be  made  small  by  choosing  tubes  having 
small  input  and  output  capacitances,  by  using  circuit  elements 
with  small  physical  dimensions,  which  are  placed  so  as  to  have  low 
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capacitance  to  the  chassis,  and  by  wiring  the  amplifier  with  great 
care.  However,  the  voltage  amplification  is  low  when  small  values 
of  Rb  are  used.  Also,  at  high  frequencies  the  tangent  of  the  relative 
phase  angle,  not  the  relative  phase  angle  itself,  is  proportional 
to  the  frequency  in  a  resistance-coupled  amplifier,  Sec.  11.  There¬ 
fore,  a  resistance-coupled  amplifier  does  not  always  meet  the 
requirements  for  a  broad-band  amplifier. 


Fig.  17.1. — Typical  high-frequency  (a,  b,  c)  and  low-frequency  (d,  e )  compensating 

circuits. 

The  frequency  response  and  phase  shift  in  a  resistance-coupled 
amplifier  can  be  improved  by  the  use  of  compensating  circuits. 
The  circuits  a,  b,  c ,  Fig.  17.1,  are  three  of  the  large  number  of 
possible  high-frequency  compensating  circuits.  The  discussion 
in  this  presentation  is  limited  to  shunt-peaking  compensation,  which 
is  probably  the  most  commonly  used,  though  more  desirable 
results  for  certain  applications  can  be  obtained  by  other  types. 
Low-frequency  compensation  is  discussed  briefly. 

18.  Shunt-peaking  Compensation  at  High  Frequencies. — The 
circuit  diagram  of  one  stage  of  a  shunt-peaking  compensated 
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resistance-coupled  amplifier  is  shown  in  Fig.  18.1a.  The  output 
capacitance  CQ  of  the  first  tube,  the  interstage  wiring  capacitance 
Cw,  the  input  capacitance  C{  of  the  second  tube  are  indicated  by 
the  broken  lines.  Lb  is  the  compensating  inductance.  The 
equivalent  plate  circuit  at  high  frequencies  is  shown  in  Fig.  18.16. 


Tig.  18.1. — A  single-stage  shunt-peaking  amplifier  and  its  high-frequency  equivalent 

plate  circuit. 

It  is  assumed  that  Rc  >  >  Rb  and  that  rp  >  >  Rb.  ZL  is  the  equiva¬ 
lent  impedance  of  the  two  parallel  branches,  C8}  and  Rb  in  series 
with  Lb.  Since  ZL  <  <  rp,  the  complex  expression  for  the  voltage 
amplification  at  high  frequencies  is 


A  —  {7  mZ  L 

The  expression  for  ZL  is 


Z  L 


(Rb  4~  jo>Lb)(—j/u)Cs) 


Rb  +  j 


(18.1) 

(18.2) 


which,  by  multiplying  both  numerator  and  denominator  by  jwC8, 
becomes 


ZL  = 

Rationalizing  (18.3), 


_ Rb  +  jwLb _ 

(1  —  C 02CaLb)  +  j(i)CBRb 


(18.3) 


r/  _  Rb  j(^(ysRb  —  0>Lb  -|-  C0®(7«Z;|) 

L  (1  -  ^C8Lby  +  o'ClRl 


(18.4) 


Let  N  be  the  ratio  of  the  reactance  of  the  compensating  induct¬ 
ance  Lb  at  the  upper  half-power  frequency  of  the  uncompensated 
stage  to  the  plate-load  resistance  Rb) 


N  = 


O >"Lb 

Rb 


(18.5) 


The  expression  for  ZL  in  terms  of  Rb)  N,  f,  and  /"  may  be  obtained 
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by  substituting  in  (18.4)  the  expression  for  Lb  from  (18.5)  and  C8 
from  (12.4), 


Zl  =  Ri 


ji  -j[a-N)l  +  N>(Ly 
1  [i  -  wirw  +  wr 


(18.6) 


The  expression  for  the  voltage  amplification  of  the  compensated 
stage  is,  therefore, 


A  —  QmRl 


-4 


(1  -  N)  I  +  A2 


[i  -  N(f/m  +  (f/rr- 

The  magnitude  of  the  voltage  amplification  is 


(18.7) 


A  |  =  gmRb 


y/l  +[(1  “  N)f  +  N*(jn) 


(1  -  N{f/}"YY  +  (j/f"Y 
and  the  relative  phase  angle  is  given  by 

r 


tan 


6  =  -  (1  -N)f  +  N*(jr, 


(18.8) 


(18.9) 


The  value  of  N  for  which  | A\  at  the  uncompensated  upper 
ualf-power  frequency  is  equal  to  its  mid-frequency  value  gmRb 


Fig.  18.2. — High-frequency  response  curves  for  shunt-peaking  compensated  resist 
ance-coupled  amplifier  stages. 


may  be  obtained  by  setting  ///"  =  1  and  \A\  -  gmRb  in  (18.8) 
and  is  N  =  0.5.  However,  this  value  does  not  ensure  uniform 
voltage  amplification  at  frequencies  below  The  results  plotted 


Sec.  18] 


SHUNT-PEAKING  COMPENSATION 


355 


in  Fig.  18.2  illustrate  the  variation  in  |A|  with  frequency.  The 
compensation  obtained  when  N  —  0.5  is  generally  referred  to  as 
the  compensation  for  “best  frequency  response/'  since  the  voltage 
amplification  does  not  deviate  appreciably  from  the  mid-frequency 
value  for  applied  high  frequencies  up  to  and  including  the  upper 
half-power  frequency  for  the  uncompensated  stage. 


f/f" 


Fig.  18.3. — Relative  phase  angles  at  high  frequencies  in  shunt-peaking  compensate 
resistance-coupled  amplifier  stages. 

Figure  18.3  shows  with  N  =  0.5  that  Oh  is  not  proportional 
to  frequency  within  the  pass  band.  This  may  be  illustrated  by 
comparing  the  relative  phase  angle  for///"  equal  to  0.1  and  1.0. 
The  value  of  6h  when  f/f"  is  0.1  is  —  2°53'.  The  desired  value  of 
6h  when  f/f"  =  1  is  given  by  multiplying  —  2°53'  by  10.  This 
product  is  — 28°50'  rather  than  — 36°53'  as  indicated  in  Fig.  18.3 
for  the  relative  phase  angle  at///"  =  1.  The  value  of  N  for  con¬ 
stant  time  delay  can  be  determined  from  (18.9)  and  the  relation 

10  tan-1  [(1  -  N)-  0.1  +  0.001JV2]  =  tan-1  (1  -  N  +  N 2) 

the  left-hand  member  being  ten  times  the  relative  phase  angle  when 
f/f"  =  0.1  and  the  right-hand  member  the  relative  phase  angle 
when  f/f"  =  1.  The  solution  of  this  equation  gives  N  =  0.32, 
which  should  be  used  when  no  phase  distortion  is  desired. 

The  relative  phase  angles  are  plotted  as  function  of  f/f"  in 
Fig.  18.3  for  N  —  0,  0.32,  0.44,  0.5.  The  voltage  amplification 
at  the  uncompensated  upper  half-power  frequency  is  87  per  cent 
of  its  mid-frequency  value  when  N  =  0.32.  Since  this  decrease 
in  \A\  is  too  large  for  most  applications,  a  compromise  value 
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N  =  0.44  should  be  used  when  it  is  desired  that  both  frequency 
response  and  time  delay  be  improved  simultaneously  by  means  of 
shunt-peaking  compensation.  The  relative  voltage  amplification 
and  the  relative  phase  angle  are  plotted,  Figs.  18.2  and  18.3,  as 
functions  of  ///"  for  N  =  0.44.  With  this  value  of  N,  the  voltage 
amplification  at  the  uncompensated  upper  half-power  frequency  is 
95.3  per  cent  of  its  mid-frequency  value. 

19.  Figure  of  Merit. — The  mid-frequency  voltage  amplification 
of  a  shunt-peaking  compensated  amplifier  is 

\Am\  =  gmRb  (19.1) 

or 

\Am\  =  ^r,  (19.2) 

when  expressed  in  terms  of  the  uncompensated  upper  half-power 
frequency.  It  is  desirable,  however,  for  both  co"  and  \Am\  to  be 
large.  If  \Am\  is  multiplied  by  co",  a  performance  factor 


Qm  _  Qrn 

C.  ~  C.  +  Cw  +  Ci 


(19.3) 


is  obtained  for  the  stage. 


This  performance  factor  is  called  the 


Table  19.1. — Figures  of  Merit  of  Typical  Tubes 


Tube 

gm,  /xmhos 

Co,  w f 

Ci,  /W 

Ft  *  106 

6AB7 

5,000 

5 

8 

385 

6AC7 

9,000 

5 

11 

562 

6AG7 

7,700 

7.5 

12.5 

385 

6C5 

2,000 

25 

11 

56* 

6K7 

1,650 

12 

7 

87 

6L6 

5,200 

12 

10 

236 

6S7-G 

1,750 

8.0 

4.4 

141 

6SF5 

1,500 

6.4 

3.6 

50* 

6SJ7 

1,650 

7 

6 

127 

6SK7 

2,000 

7 

6 

154 

6U7-G 

1,600 

9 

5 

114 

6V6 

4,100 

11 

10 

195 

6W7-G 

1,225 

8.5 

5 

91 

6Y6-G 

1  7,100 

8 

15 

309 

6SG7 

4,700 

7 

8.5 

303 

6SS7 

1,930 

7 

5.5 

154 

7G7 

4,500 

7 

9 

281 

7H7 

3,800 

7 

8 

253 

*  The  input  capacitance  of  triodes  depends  upon  the  plate-circuit  impedance.  These  values 
assume  a  voltage  amplification  of  10  with  pure  resistive  loads, 
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figure  of  merit  of  the  stage.  Ct0  is  determined  by  the  interstage 
wiring  capacitance,  while  gm,  CQ ,  and  Ci  are  determined  by  the 
tubes  used  in  the  stage.  It  is  convenient,  therefore,  to  compare 
tubes  in  terms  of  a  figure  of  merit  that  is  defined  by 

" •  -  (1M) 

where  Ca  and  Ci  represent  the  output  and  input  capacitances  of 
the  tube  in  question.  Even  though  a  given  type  of  tube  may  not 
be  used  in  every  stage  of  the  amplifier,  its  figure  of  merit  is  of 
importance.  The  figures  of  merit  of  several  tubes  are  given  in 
Table  19.1.  In  each  case  the  magnitude  of  Ft  has  been  multiplied 
by  106. 

20.  Example  of  High-frequency  Design  Procedure  of  a  Single 
Stage. — In  this  example  it  is  assumed  that  all  signals  are  of  such 
magnitude  that  nonlinear  distortion  does  not  exist.  It  is  neces¬ 
sary  that  the  specifications  for  frequency  response,  phase  relations, 
and  voltage  amplification  be  available  before  the  design  can  be 
accomplished.  If  the  desired  frequency  response  and  voltage 
amplification  cannot  be  obtained  with  a  single  stage,  more  stages 
must  be  utilized. 

It  is  assumed  further  that  the  required  upper  half-power  fre¬ 
quency  f"  for  each  stage  is  3  mcps  and  that  a  voltage  amplification 
greater  than  12  per  stage  is  sufficient. 

The  6AC7  tube  is  chosen  because  of  its  large  figure  of  merit. 
This  pentode  has  variational  characteristics  of  rv  =  0.75  megohm 
and  gm  =  9,000  fim hos  when  operated  with  normal  polarizing 
potentials.  With  this  tube  a  value  of  Rc  —  0.5  megohm  is  satis¬ 
factory,  and  C  =  0.01  ;uf  is  chosen  because  of  low-frequency 
considerations. 

The  amplifier  is  constructed  in  a  manner  such  that  wiring 
capacitances  are  minimized.  The  coupling  capacitor  C  and  also 
Rb  and  Re  should  be  located  away  from  the  chassis,  but  not  so  far 
away  that  appreciable  feedback  is  present.  The  signal  leads  should 
be  short,  and  the  by-pass  capacitors  should  be  mounted  as  close 
to  the  tube  socket  as  possible.  It  is  necessary  to  place  small 
paper  or  mica  capacitors  in  parallel  with  the  electrolytic  by-pass 
capacitors  in  order  effectively  to  by-pass  the  high  frequencies. 
These  small  capacitors  should  be  placed  near  the  tube  socket,  but 
the  large  electrolytic  capacitor  may  be  placed  in  a  more  convenient 
location  on  the  chassis. 
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Since  it  is  not  feasible  to  calculate  the  capacitance  of  the  inter¬ 
stage  wiring,  it  must  be  determined  experimentally.  This  is 
accomplished  readily  by  determining  the  upper  half-power  fre¬ 
quency  of  the  uncompensated  stage  either  by  using  a  vacuum- 
tube  voltmeter  whose  input  capacitance  is  known  or  by  using  the 
tube  of  the  following  stage  as  a  detector.  Any  value  of  Rb  may  be 
used  for  this  purpose.  It  is  desirable,  however,  that  a  value  be  used 
which  is  of  the  same  order  of  magnitude  as  that  required  in  the 
amplifier.  The  test  value  of  Rb  used  in  this  example  is  Rt&i t  =  5,000 
ohms.  It  is  determined,  for  example,  that  the  upper  half-power 
frequency  fteet"  with  the  5,000-ohm  plate-load  resistor  is  I  mcps. 

Since  R^t  <<  rp  and  Rtest  <  <  Rc,  Ca  is  calculated  from  (12.4) 


C.  = 


1 

2tt  *  106  *  5,000 


=  32  *  10-12  farad  =  32  M/*f 


The  value  of  Rb  for  /"  =  3  •  106  cps,  the  required  upper  half- 
power  frequency  of  the  uncompensated  stage,  is  given  by 


Rb  = 


2tt-3  -  106-32*  10“12 
Combining  (12.4)  with  the  expression 

1 


—77.  =  1,667  ohms 


gives 


Ca  = 
Rb  — 


27 rf Imt"  Rteal 

/test  ”R  teat 


(20.1) 

(20.2) 


The  value  of  Rb  may  be  determined,  therefore,  from  (20.2) 
if  it  is  not  required  that  C3  be  calculated. 

The  mid-frequency  voltage  amplification  is  determined  by 
(12.2)  to  be 

\A\m  =  gmRb  =  9,000  *  IQ-6  •  1,667  =  15 


Before  the  value  of  the  compensating  inductance  can  be  deter¬ 
mined,  it  is  necessary  to  decide  which  value  of  N ,  Sec.  18,  is  required. 
If  uniform  frequency  response  up  to  the  upper  half-power  frequency 
is  desired,  N  must  be  0.5,  and  from  (18.5) 


_  NRb  _  0.5  •  1,667 
<o"  2tt  •  3  •  106 


44.2  Mh 


For  constant  time  delay,  however,  N  should  be  0.32,  and 


_  0.32  •  1,667 
U  2tt  •  3  •  10° 


28.3  Mh 
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Most  applications,  on  the  other  hand,  would  require  that  both 
frequency  response  and  time  delay  be  considered.  The  value  of 
N  =  0.44  would  be  required  for  this  compromise  case,  and 


_  0.44  *  1,667 

U  2r  •  3  •  106 


38.9  fih 


In  practice,  the  value  of  Lb  is  adjusted  experimentally  to  give 
the  desired  frequency  response  and  phase  relations. 

21.  Low-frequency  Compensation.3 — The  voltage  amplification 
and  relative  phase  angle  at  low  frequencies  may  be  controlled  by 
the  use  of  the  compensating  networks  shown  in  Figs.  17. Id  and  e, 
for  example.  In  each  case,  the  network  Rb  and  Cb  is  a  part  of  the 
usual  decoupling  network  utilized  in  a  multistage  amplifier  in  which 
the  plate-polarizing  potential  for  each  tube  is  obtained  from  a 
common  power  supply.  Since  the  mathematical  analysis  of  the 
circuit  becomes  quite  involved,  only  the  final  results  for  each  case 
are  presented. 

When  fixed  biasing  is  used  and  the  low-frequency  distortion  is 
not  caused  by  cathode  degeneration,  the  circuit  of  Fig.  17. Id  main¬ 
tains  the  voltage  amplification  at  low  frequencies  approximately 
equal  to  the  mid-frequency  voltage  amplification  and  gives  a 
minimum  relative  phase  angle  when 


or  if 
when 


Rb  >  >  Rb 

RcC  =  RbCb  (21.2) 


it  being  assumed  that  the  a-c  plate  resistance  of  the  tube  is  large 
when  compared  with  the  plate-load  impedance,  which  is  the  case 
for  broad-band  amplifiers  employing  pentodes.  For  these  condi¬ 
tions,  the  voltage  amplification  at  low  frequencies  becomes 


where  f  is  the  lower  half-power  frequency  before  compensation, 
and  /  is  the  frequency  of  the  applied  signal.  When  f  —  f  and 

1  R.  L.  Freeman  and  D.  D.  Schantz,  Video  Amplifier  Design,  Electronics, 
10,  8,  22,  August,  1937;  D.  L.  Jaffe,  Wide  Band  Amplifiers  and  Frequency 
Multiplication,  Electronics ,  16,  4,  56,  April,  1942. 
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Rb  /Rb  >  >  1,  (21.3)  reduces  to 

|d./j  =  QmRb 

the  mid-frequency  value. 

The  relative  phase  angle  of  the  compensated  stage  at  low  fre¬ 
quencies  is  given  by 

tan  0=^0  (21.4) 

and  the  tangent  of  the  relative  phase  angle  is  reduced  in  proportion 
to  the  ratio  of  Rb  to  Rb- 

When  cathode  biasing  is  employed  and  the  low-frequency 
distortion  is  caused  by  cathode  degeneration  only,  Fig.  17.  le, 
satisfactory  low-frequency  voltage  amplification  and  relative 
phase  angle  are  obtained  if 


Rb  =  (gmRb)Rk  1 

ck  =  (j gmRb)Cb  J 


(21.5) 


Under  these  conditions  the  time  constants  of  the  cathode-biasing 
circuit  and  the  decoupling  or  compensating  circuit  are  equal. 


Fig.  22.1, — Two-stage  audio-frequency  transformer-coupled  amplifier. 

22.  Untuned  Transformer-coupled  Amplifiers. — The  schematic 
circuit  diagram  for  a  two-stage  transformer-coupled  audio-fre¬ 
quency  amplifier  is  shown  in  Fig.  22.1.  Transformer  T\  is  an 
input  transformer;  T2  is  an  interstage  transformer;  T3  is  an  output 
transformer.  The  input  transformer  is  used  primarily  as  a  match¬ 
ing  device  between  a  low-impedance  source  and  the  high  input 
impedance  of  the  tube.  It  serves  also  to  isolate  the  grid  circuit 
of  the  input  stage  from  all  steady  potentials  that  may  exist  in  the 
source  and  permits  the  use  of  an  ungrounded  source  with  a  grounded 
amplifier.  When  the  input  potential  is  obtained  from  a  balanced 
line,  the  primary  of  the  input  transformer  may  be  center-tapped. 
The  interstage  transformer  serves  as  the  coupling  network  between 
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the  stages  and  isolates  the  steady  components  of  voltage  and  current 
in  the  plate  circuit  of  the  preceding  tube  from  the  grid  circuit  of  the 
following  tube.  The  output  transformer  couples  the  power- 
amplifier  stage  to  the  load.  The  impedance  ratio  of  the  transformer 
is  chosen  so  that  the  plate-load  impedance  presented  to  the  tube 
is  that  required  for  proper  operation.  Output  transformers  often 
have  tapped  secondaries  to  match  loads  of  different  impedances. 

The  advantages  of  using  an  interstage  transformer  rather 
than  resistance  coupling  are  the  increase  in  voltage  amplification 
due  to  the  step-up  ratio  of  the  transformer,  the  low  resistance  of 
the  primary  winding,  and  the  adaptability  of  the  transformer  with 
center-tapped  secondary  to  push-pull  amplifier  circuits. 

It  has  been  shown  that  the  maximum  voltage  amplification 
obtainable  with  either  a  resistance-coupled  or  an  impedance- 
coupled  amplifier  is  the  m  of  the  tube  used.  It  is  possible,  over 
a  limited  frequency  range,  to  obtain  a  voltage  amplification  of 
nN 2/ N i,  where  N 2  and  N 1  are  the  number  of  turns  on  the  secondary 
and  primary,  when  a  well-designed  transformer  is  used.  At  the 
same  time,  the  limitations  on  transformer  construction  require 
the  use  of  a  relatively  low-/x  triode  for  satisfactory  frequency 
response.  In  high-quality  audio-frequency  amplifiers  it  is  possible, 
therefore,  to  obtain  a  larger  voltage  amplification  with  a  resistance- 
coupled  pentode  stage  than  with  a  transformer-coupled  triode  stage. 

On  account  of  the  relatively  low  d-c  resistance  of  the  primary 
winding  of  the  interstage  transformer,  the  required  plate  power- 
supply  voltage  Ebb  need  not  be  much  greater  than  the  plate-polar¬ 
izing  potential  Ebo  specified  for  the  tube.  This  is  of  considerable 
importance  when  tubes  having  large  quiescent  plate  currents  are 
employed. 

The  use  of  push-pull  input  transformers  is  discussed  in  Sec.  24. 

The  important  disadvantages  of  the  use  of  interstage  trans¬ 
formers  are  the  poor  frequency  response,  the  relatively  narrow 
frequency  range  over  which  the  voltage  amplification  is  constant, 
magnetic  coupling  to  other  stages  of  the  amplifier  and  to  sources 
of  hum  and  noise,  and  also  cost,  weight,  and  size. 

The  frequency  response  of  a  transformer-coupled  audio-fre¬ 
quency  amplifier  may  be  controlled  by  methods  discussed  in  this 
section,  but  in  no  case  is  it  possible  to  obtain  band  widths  com¬ 
parable  with  those  obtainable  with  resistance  coupling.  The 
actual  and  equivalent  circuit  diagrams  of  a  transformer-coupled 
stage  are  shown  in  Fig.  22.2. 
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The  circuit  of  Fig.  22.26  is  the  lumped-element  equivalent  of 
the  actual  circuit  of  Fig.  22.2a.1  In  the  equivalent  circuit,  the 
transformer  is  represented  by  an  ideal  transformer  of  turns  ratio 
a  —  Nz/Ni>  combined  with  lumped  circuit  elements  to  account 
for  the  primary  and  secondary  winding  resistances,  the  primary 
and  secondary  leakage  inductances,  the  core  losses,  the  primary, 


(a)  CIRCUIT  SHOWING  TUBE  AND  DISTRIBUTED  CAPACITANCES 


(C)  SIMPLIFIED  EQUIVALENT  CIRCUIT  WITH  C0+C'b  AND  Re  NEGLECTED 
AND  THE  SECONDARY  PARAMETERS  REFERRED  TO  THE  PRIMARY 
Fig.  22.2. — Untuned  transformer-coupled  amplifier  stage  and  equivalent  circuits. 

secondary,  and  interwinding  capacitances,  and  the  incremental 
inductance  of  the  primary  winding.  The  inductance  Lp  is  the  differ¬ 
ence  between  the  incremental  primary  inductance  and  the  primary 
leakage  inductance  L\.  In  the  usual  iron-core  audio-frequency 
transformer,  however,  the  coefficient  of  coupling  is  very  near 
unity,  0.998  for  example,  and  Lv  is  approximately  equal  to  the 
incremental  primary  inductance. 

It  has  been  shown  experimentally  that  the  circuit  of  Fig.  22.26 
may  be  modified  to  that  shown  in  Fig.  22.2c  without  introducing 

1  G.  Koehler,  The  Design  of  Transformers  for  Audio-frequency  Amplifiers 
with  Preassigned  Characteristics,  Proc.  LR.E .,  16,  22,  1742,  December,  1928. 
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appreciable  error.  This  is  accomplished  by  neglecting  the  core 
losses  (represented  by  Re)  and  the  total  primary  shunting  capaci¬ 
tance  C0  +  Cb\  by  combining  a  capacitance  that  is  approximately 
equivalent  to  Cm  with  the  secondary  shunting  capacitance  CJ  +  Ci 
and  by  referring  the  parameters  in  the  secondary  circuit  to  the 
primary  side  of  the  ideal  transformer.  The  location  of  the  incre¬ 
mental  primary  inductance  in  the  circuit  has  been  changed  so  that 
it  is  in  shunt  with  the  generator.  This  is  justified  in  practice 
because  Lp  is  large  when  compared  with  Li,  and  at  low  frequencies 
the  voltage  drop  across  Li  is  negligibly  small  when  compared  with 
the  voltage  drop  across  LP)  Fig.  22.26.  At  higher  frequencies  Lp 
may  be  neglected. 

The  total  leakage  inductance  L  is  small  when  compared  with 
the  incremental  primary  inductance  Lp  in  all  except  the  poorest 
transformers.  There  exist  in  the  circuit,  therefore,  two  distinct 
resonant  frequencies.  One  occurs  at  low  frequencies  correspond¬ 
ing  to  the  parallel-resonant  frequency  of  Lp  and  (7,  in  which  case 
the  reactance  of  the  leakage  inductance  L  may  be  neglected  when 
compared  with  the  reactance  of  C .  The  other  corresponds  to 
the  series-resonant  frequency  of  L  and  (7;  it  occurs  at  a  high  fre¬ 
quency  for  which  the  reactance  of  LP  is  essentially  an  open  circuit. 

It  is  convenient,  therefore,  to  divide  the  frequency-response 
problem  of  an  interstage  transformer  into  the  low-frequency,  mid¬ 
frequency,  and  high-frequency  ranges  similar  to  those  used  for  the 
resistance-coupled  amplifier. 

The  low-frequency  range  is  defined  as  that  range  of  frequencies 
for  which  the  reactance  of  the  equivalent  capacitance  C  is  large 
and  the  reactance  of  the  leakage  inductance  is  negligibly  small. 
In  the  low-frequency  range,  the  equivalent  circuit  of  Fig.  22.2c 
reduces  to  the  circuit  of  Fig.  22.3a. 

In  the  mid-frequency  range  the  practical  equivalent  circuit  is 
that  of  Fig.  22.36.  In  this  range  of  frequencies,  the  incremental 
primary  inductance  Lp  is  neglected  since  its  reactance  is  so  high 
that  it  is  essentially  an  open  circuit.  Nevertheless,  the  frequency 
is  not  sufficiently  high  for  the  leakage  inductance  L  and  the  equiva¬ 
lent  capacitance  C  to  become  important. 

At  higher  frequencies  Lp  is  even  more  negligible;  but  the  react¬ 
ance  of  L  has  appreciable  magnitude,  and  the  reactance  of  the 
equivalent  capacitance  becomes  small  enough  to  give  appreciable 
shunting  effect.  Then  the  equivalent  circuit  shown  in  Fig.  22.3c 
is  essentially  correct. 
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In  most  practical  cases  the  mid-frequency  equivalent  circuit 
is  valid  for  the  frequency  range  determined  by 


10tfp 


<  <  - = 


where  Rv  =  rp  +  Rb . 


10  Vlc 


(22.1) 


Rp-rp+Rb 

WWVW 


(a)  LOW- FREQUENCY  EQUIVALENT  CIRCUIT 


Rp=rp+Rb 

-www 


(b)  MID-FREQUENCY  EQUIVALENT  CIRCUIT 


L=|.+ti  Rc 

Rp=rp+Rb  a,2 

— vwwv- - - WWW — 

G“tt2(Cc+Cj)  +  <x(a+l)Cm 


<c)  HIGH-FREQUENCY  EQUIVALENT  CIRCUIT 

Fig.  22.3. — Simplified  practical  equivalent  circuits  of  a  transformer-coupled  ampli¬ 
fier  stage  for  the  low-,  mid-,  and  high-frequency  ranges. 

At  low  frequencies  for  which  the  equivalent  circuit  of  Fig. 
22.3a  is  valid,  a  repeated  application  of  the  voltage-divider  formula 
yields 


(22.2) 
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from  which 


At  = 


Eg2 

Egl 


In  many  applications  Rg  is  the  input  resistance  to  a  triode  that 
is  operated  with  sufficient  negative  grid  bias  to  prevent  grid  current 
at  all  times.  In  all  such  cases,  Rg  >  >  Rc  and  Rg/a 2  >  >  RP, 
and  the  complex  voltage  amplification  becomes 


At  = 


+  ctfi 


1  -3 


.  RP 


ccLi 


(22.4) 


Equation  (22.4)  applies  at  low  frequencies  for  all  Class  Ai 
transformer-coupled  amplifiers  except  those  in  which  a  loading 
resistance  is  connected  across  the  secondary  terminals  of  the 
transformer.  Equation  (22.3)  is  applicable  to  circuits  where  a 
loading  resistor  is  used.  The  magnitude  of  the  voltage  amplifica¬ 
tion,  from  (22.4),  is 


\Ai\  =  Oifi 


_ 1 _ 

Vi  +  (flp/coLp)2 


(22.5) 


and  the  relative  phase  angle  Oi  is  given  by 


tan  6i  =  + 

o)Lv 


(22.6) 


A  similar  pair  of  equations  for  the  more  general  case  may  be  obtained 
from  (22.3). 

In  the  mid-frequency  range 


Eq2 

±  a 


R 


fxE 


0 1 


,  Rc  ,  Rg 

*1  o  "l  o 


Rr 


and 


A  m 


which  reduces  to 


E g2  _  ,  _ 1 _ _ 

Egi  -afl  rc  a?Rp 

^  Rg  +  Rg 

Am  —  +an 


(22.7) 


(22.8) 


when  Rg  >  >  Rc  and  Rg/a 2  >  >  Rp.  The  relative  phase  angle  in 
the  mid-frequency  range  is  approximately  zero. 
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In  the  high-frequency  equivalent  circuit,  Fig.  22.3c,  if 


Z\  ~  Rp  H — |  +  juL 


and 


Z2  = 


Rg/a? 


i+y^c§ 


(Z2  denoting  the  impedance  of  the  parallel  combination  of  C  and 
Rg/a 2),  then 

Eg2  Z2 


i  ot  Z  i  -j-  Z2 

Equation  (22.9)  reduces  to 

Ah  =  ±afi- 


vEgl 


(22.9) 


1  + 


T? + si  -  + 4"c  (s- + 5') + t] 

(22.10) 

when  substitutions  for  Zi  and  Z2  are  made  and  the  expression 
simplified. 

When  Rg/ a2  >  >  Rp,  Rg  >  >  Rc,  and  Rg/a 2  >  >  coL,  equation 
(22.10)  reduces  to 

1 


Ah  =  ±a)i 


It  follows  that 

= 

and1 


1  -  ^LC  +  j»C  (rp  + 


an 


ij(  i  -  u'Lcy  +  co2c2 


(22.11) 


(22.12) 


tan  Oh  = 


?(*,+§•) 

1  -  *>2LC 


(22.13) 


1  Equations  (22.12)  and  (22.13)  are  often  expressed  in  terms  of  the  Qr  of  the 
circuit.  Qr  is  defined  by 

r\  0>rL 


Rp+n 


where  a>T  =  l/y/LC  is  the  series-resonant  frequency  of  the  leakage  inductance 
and  the  equivalent  capacitance.  The  magnitudes  of  the  voltage  amplification 
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Equation  (22.5)  indicates  that  the  low-frequency  response  of  a 
transformer-coupled  amplifier  is  improved  by  increasing  the 
primary  incremental  inductance  of  the  transformer,  a  constant- 


Fig.  22.5. — Effect  on  frequency  response  of  varying  the  leakage  inductance. 

turns  ratio  and  a  given  Rp  being  assumed.  The  variation  in  the 
voltage  amplification  as  a  function  of  Lp  of  a  transformer-coupled 
stage  is  shown  in  Fig.  22.4.  For  good  low-frequency  response, 
therefore,  it  is  essential  that  the  number  of  primary  turns  be  high. 

The  high-frequency  response,  (22.12),  is  dependent  upon  the 
leakage  inductance  L  and  the  equivalent  secondary  capacitance 

and  relative  phase  angle  at  high  frequencies  are  given  by 


and 


\Ah\  = 


CtfX 


Ql 


tan  Qh  =  — 

tOr  O) 

CO  COr 


1/Qr 
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C  in  addition  to  Rv  and  Rc.  The  effects  of  varying  L  and  C  are 
shown  in  Figs.  22.5  and  22.6. 

It  is  seen  from  Fig.  22.5  that  some  leakage  inductance  is  desirable 
in  order  to  compensate  for  the  effect  of  the  equivalent  secondary 
capacitance.  On  the  other  hand,  by  decreasing  both  the  leakage 
inductance  and  the  equivalent  shunting  capacitance,  the  response 


Fig.  22.6. — Effect  on  frequency  response  of  varying  the  equivalent  secondary 

capacitance. 

of  the  transformer  can  be  extended  to  higher  frequencies.  Since 
the  equivalent  secondary  capacitance  is 

C  =  «\Cc'  +  Ci)  +  a(a  +  1  )Cm  (22.14) 

where  Ccr  is  the  distributed  capacitance  of  the  secondary,  Ct- 
the  input  capacitance  to  the  second  stage,  and  Cm  the  interwinding 
capacitance,  the  high-frequency  response  is  a  function  of  the 
interwinding  capacitance  as  well  as  the  actual  secondary  shunting 
capacitance  Cc  +  Ci. 

The  curves  plotted  in  Fig.  22.7  illustrate  the  effect  of  varying 
the  resistance  Rv  in  the  primary  circuit  of  the  transformer.  These 
curves  were  calculated  by  means  of  (22.5),  (22.8),  (22.12),  for  the 
transformer  constants  indicated  in  the  example  at  the  end  of  this 
section.  Even  though  the  primary-circuit  resistance  is  the  sum 
of  the  variational  plate  resistance  of  the  tube  and  the  resistance 
of  the  primary  winding,  the  a-c  plate  resistance  of  the  tube  is 
usually  large  when  compared  with  Rb.  The  low-frequency  response 
is  improved  and  the  high-frequency  response  is  made  less  desirable 
by  a  small  Rp.  When  the  primary-circuit  resistance  is  large,  both 
low  and  high  frequencies  are  attenuated  excessively.  The  over-all 
frequency  response  is  improved  by  means  of  a  medium  (or  optimum) 
v^alue  of  Rv ,  which  prevents  the  sharp  high-frequency  peak  without 
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causing  serious  frequency  distortion  in  the  low-frequency  range. 
It  is  essential,  therefore,  that  an  interstage  transformer  be  used 
with  a  tube  having  the  variational  plate  resistance  for  which  the 
transformer  is  designed. 

Because  of  the  value  of  Rp  (approximately  10,000  ohms  for 
low-ju  triodes)  and  the  resulting  large  number  of  primary  turns 
required  for  good  low-frequency  response,  the  practical  limit  of 
the  turns  ratio  a  is  approximately  three .  Larger  values  of  a  require 


Fig.  22.7. — Effect  on  frequency  response  of  varying  the  primary  circuit  resistance. 

proportionately  larger  values  of  secondary  turns,  winding  space, 
and  core  size,  which  produce  increased  leakage  inductance  and 
distributed  capacitance.  It  follows,  therefore,  that  an  interstage 
transformer  with  a  large  turns  ratio  has  an  impaired  high-frequency 
response. 

The  use  of  tetrodes  and  pentodes  with  interstage  transformers 
necessitates  excessive  primary  turns  for  satisfactory  low-frequency 
voltage  amplification.  However,  tetrodes  and  pentodes  may  be 
used  by  placing  a  resistor  in  shunt  across  the  primary  winding 
of  the  transformer.  It  may  be  shown  by  applying  Th6venin’s 
theorem  that  this  resistor  effectively  reduces  the  primary-circuit 
resistance  and  also  the  effective  emf  of  the  equivalent  generator. 
Thus,  while  the  low-frequency  response  is  improved,  the  mid- 
and  high-frequency  voltage  amplification  is  reduced  by  the  shunting 
resistor. 

The  effect  of  the  resistor  Rg  may  be  determined  from  (22.3), 
(22.7),  (22.10),  Curves  showing  the  frequency  response  of  a 
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transformer-coupled  stage  as  a  function  of  Rg  are  plotted  in  Fig. 
22.8.  The  load  resistance  Rg  reduces  the  voltage  amplification  at 
all  frequencies.  The  greatest  reduction  occurs,  however,  in  the 


vicinity  of  the  high-frequency  peak.  It  is  desirable,  therefore,  to 
place  a  resistor  in  shunt  with  the  secondary  winding  when  uniform 
frequency  response  is  more  important  than  voltage  amplification. 

Example. — The  constants  used  in  calculating  the  data  for  Figs.  22.4  to 
22.8  may  be  considered  as  typical  for  interstage  transformers.  These  constants 
are 

Turns  ratio  a  —  3 
Coefficient  of  coupling  k  =  0.998 
Incremental  primary  inductance  Lv  —  80  henrys 
Primary  leakage  inductance  Li  =  0.16  henry 
Secondary  leakage  inductance  L2  =  1.44  henry 
Distributed  capacitance  of  primary  CV  =  15  /i/if 
Distributed  capacitance  of  secondary  CV  —  30  /i/if 
Interwinding  capacitance  Cm  =  87.5  /i/if 
A-c  resistance  of  primary  Rt>  =  1,500  ohms 
A-c  resistance  of  secondary  Rc  =  7,500  ohms 

It  is  assumed  that  the  triode  is  polarized  so  that  rT  =  10,000  ohms,  that 
n  =  20,  that  the  output  and  input  capacitance  of  the  tubes  are  Co  —  20  /i/if 
and  C{  =  60  /i/tf.  Therefore,  the  equivalent  circuit  elements  of  Fig.  22.3  are 

Rp  =  rv  +  Rb  11,500  ohms 

l  =  Ll  +  = 016  +  Mr  ■  °-33  i»ewy 

C  -  a2(C«'  +  Ci)  +  a(a  -  1  )Cm  -  0(30  +  60)  +  3(2)87.5  =  1,335  wrf 

A  typical  calculation  at  /  =  32  cps  (to  =  200  radians/sec)  for  the  low- 
frequency  voltage  amplification  60$  relative  ptl6§9  angle  Of  the  stage,  using 
(22.5)  and  $2.6),  yields 
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\M 


_ aj* _  _ _ 60 _  _  60 

Vl  +  (RP/uLpy  ~  77  /  11,500V  ~  ^23 

'  ^  \200  80/ 

tan  Oi  =  +  =  0.719  or  di  =  35°43' 

o>Lp 


=  48.7 


In  the  high-frequency  range  the  voltage  amplification  and  relative  phase 
angle  may  be  calculated  by  means  of  (22.10)  and  (22.11).  At  f  —  6,380  cps 
(o>  =  40,000  radians /sec), 


w  = 


60 


V*1 


60 


ZC)*  +  a ,2C2 
60 


7+iy 


V(1  -  0.684) 2  +  0.434 


a/0.534  0.731 


=  82.1 
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tan  dh  =  — 
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1  -  <02LC 
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0.659 

0.316 


2.08 


23.  Single-tube  Class  A  Audio -frequency  Power  Amplifiers. — 

The  purpose  of  the  output  stage  of  an  a-f  amplifier  is  to  supply  the 
power  required  to  operate  a  loudspeaker,  cutting  head,  or  similar 
device.  When  employed  in  a  transmitter,  the  output  stage  of  the 
audio-frequency  amplifier  supplies  the  modulating  power.  It  is 
desired,  in  general,  to  design  the  output  stage  of  an  amplifier  for 
the  largest  power  output  and  plate-circuit  efficiency  that  are 
consistent  with  the  maximum  plate  dissipation  of  the  tube  and  the 
distortion  tolerances  allowed.  The  varying  component  of  the  total 
voltage  applied  to  the  grid  of  a  power  stage  is  often  of  such  ampli¬ 
tude  that  the  operation  of  the  tube  is  not  limited  to  the  linear 
portion  of  its  characteristics.  Harmonic,  or  nonlinear,  distortion  is 
introduced  by  the  large  curvature  of  the  characteristic  curves  of 
the  tube  at  low  plate  currents  and  by  the  distortion  of  the  input 
signal  wave  when  its  amplitude  exceeds  the  grid-polarizing  poten¬ 
tial,  thus  causing  grid  current  to  flow.  Grid-circuit  distortion  is 
readily  prevented  by  not  permitting  grid  current  to  flow.  Nonlinear 
distortion  is  minimized  by  the  use  of  the  proper  plate-load  resistance 
and  by  not  permitting  the  instantaneous  plate  current  to  fall  in 
the  region  of  large  curvature.  Nonlinear  distortion  may  be  made 
small,  therefore,  by  operating  the  tube  Class  A,  which  is  charac¬ 
terized,  however,  by  relatively  low  power  output  and  plate-circuit 
efficiency. 

The  dynamic  characteristics  of  a  typical  power  triode  for  three 
values  of  a-c  plate-load  resistance  Rb  have  been  superimposed 
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upon  the  static  characteristics  of  the  tube,  Fig.  23.1.  The  quiescent 
point  Q,  determined  by  EbQ  and  Eco,  has  been  chosen  for  typical 
Class  A  operation  as  recommended  by  the  tube  manufacturer. 
In  Fig.  23.1a,  Ec0  is  midway  between  ec  =  0  and  ec  min  when  Rb  is 
2,500  ohms.  A  method  of  locating  the  optimum  Q  point  is  discussed 
later  in  this  section.  The  dynamic  characteristics,  which  combine 
the  tube  characteristics  with  the  effect  of  the  plate-load  resistance, 
are  more  nearly  linear  than  the  static  characteristics  of  the  tube. 


Furthermore,  the  larger  Rb,  the  more  nearly  linear  the  dynamic 
characteristic. 

For  values  of  Rb  equal  to  and  greater  than  the  optimum  value 
Rbo,  2,500  ohms  in  this  illustration,  the  maximum  amplitude  of  grid 
voltage  is  limited  by  the  condition  that  the  grid  current  be  zero 
at  all  times.  This  restriction  requires  that  Eg  never  exceed  Ec0. 
It  is  possible  that  grid  current  will  flow  when  the  total  instan¬ 
taneous  grid  voltage  is  slightly  negative,  thus  limiting  still  further 
the  maximum  amplitude  of  the  grid  voltage.  It  is  reasonable  in 
most  cases,  however,  to  assume  that  no  appreciable  grid  current 
flows  until  the  grid  potential  is  positive  with  respect  to  the  cathode. 
On  the  other  hand,  when  Rb  is  less  than  5b0,  the  maximum  value 
of  Eg  is  limited  by  the  condition  that  the  path  of  operation  shall 
not  enter  the  region  of  large  curvature;  for  example,  the  plate 
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current  must  not  become  less  than  ibm\ n,  Fig.  23.1.  The  minimum 
permissible  value  of  plate  current  is  determined  by  the  maximum 
amount  of  distortion  specified. 

Since  the  d-c  resistance  of  the  plate-load  impedance  (usually 
an  output  transformer)  is  relatively  small  in  output  stages,  the 
quiescent  plate  voltage  is  very  nearly  equal  to  the  power-supply 
potential. 

Optimum  power  output  is  defined  as  the  maximum  power  output 
that  can  be  obtained  from  a  given  tube  with  a  given  quiescent  value 
of  plate  potential  Ebo  and  with  a  specified  maximum  harmonic 
(nonlinear)  distortion.  The  plate-load  resistance  for  which  opti¬ 
mum  power  output  is  available  is  called  optimum  load  resistance. 
The  grid  bias  corresponding  to  the  conditions  of  optimum  load 
resistance  is  defined  as  optimum  bias. 

Even  though  the  conditions  for  optimum  operation  of  a  tube  can 
be  determined  accurately  only  by  either  graphical  or  laboratory 
means,  the  theoretical  values  of  optimum  load  resistance,  optimum 
power  output,  and  optimum  bias  may  be  determined  by  assuming 
that  the  static  characteristics  are  linear,  parallel,  and  equally  spaced 
for  equal  increments  of  the  grid  voltage  over  the  operating  range. 
It  can  be  shown  that,  for  the  idealized  case  of  linear  operation  of 
triodes  with  specified  Eb0,  optimum  power  output  is  obtained  when 

Rl  =  2 rv  (23.1) 

With  this  optimum  value  of  plate-load  resistance,  the  optimum 
power  output1  is 

(P  l)  opt  =  %ugm\Eg\2  (23.2) 

Since  the  amplitude  of  the  varying  component  of  the  grid 
voltage  Eg  is  approximately  equal  to  the  quiescent  grid  voltage 
Ec o,  (23.2)  becomes 

(Pl). pt  =  ingmE*c  o  (23.3) 

It  can  be  shown  by  similar  considerations  that,  if  ib  min  is  held 
constant  as  UL  is  varied,  the  optimum  grid  bias  is  given  approxi¬ 
mately  by 

(&)«*-  ~  Ew  (23.4) 

where  Ew  is  the  plate  potential  for  which  the  plate  current  is  ib  min 

1  The  maximum  power  output  with  10  per  cent  total  harmonic  distortion 
is  sometimes  called  the  “maximum  undistorted  power  output.” 
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with  zero  grid  voltage,  Fig.  23.16.  If  %  min  is  held  constant  as  RL 
is  varied  or  if  the  ratio  of  h  m**  to  %  min  is  held  constant,1  the  optimum 
grid  bias  is  given  by 


(Ec) 


opt 


2  max 
tb  min 


(23.5) 


u 


It  is  shown  in  Chap.  V,  Sec.  5,  that  maximum  power  is 
delivered  to  a  resistive  load  by  a  constant-voltage  generator  when 


Fig.  23.2. — Theoretical  relative  power  outout  from  a  triode  in  Class  Ai  linear 
operation  as  a  function  of  #z,/rp. 

the  load  resistance  is  equal  to  the  generator  resistance.  Even 
though  it  might  appear  that  (23.1)  contradicts  this  well-established 
principle,  this  is  not  the  case.  A  larger  amplitude  of  the  varying 
component  of  grid  voltage  can  be  used  when  RL  equals  2 rv  than 
when  Rl  equals  rp  for  a  given  Ebo  and  specified  maximum  distortion 
with  Class  A  i  operation.  The  maximum  power  output  is  larger, 
therefore,  when  RL  is  equal  to  2 rp.  The  variation  in  the  relative 
power  output  as  a  function  of  the  ratio  of  Rl  to  rp  is  illustrated  in 
Fig.  23.2.  The  maximum  is  so  broad  that  the  power  output  is  at 
least  88  per  cent  of  the  optimum  value  for  values  of  Rl  between 
rp  and  4 rp. 

It  is  rarely  possible  to  obtain  the  theoretical  optimum  conditions 
of  operation,  for  the  idealized  tube  characteristics  are  seldom 

1  Equations  (23.1)  to  (23.5)  are  derived  in  many  standard  texts,  e.g.,  H.  J. 
Reich,  “Theory  and  Application  of  Electron  Tubes,”  pp.  249-259,  McGraw- 
Hill  Book  Company,  Inc.,  1939;  R.  S.  Glasgow,  “Principles  of  Radio  Engineer¬ 
ing,”  pp.  179-183,  McGraw-Hill  Book  Company,  Inc.,  1936;  F.  E.  Terman, 
“Radio  Engineering,”  pp.  277-282,  McGraw-Hill  Book  Company,  Inc.,  1937; 
J.  Millman  and  S.  Seely,  “Electronics,”  pp.  633-637,  McGraw-Hill  Book 
Company,  Inc.,  1941. 


Sec.  23]  CLASS  A  AUDIO-FREQUENCY  POWER  AMPLIFIERS  375 


realized.  It  is  desirable,  therefore,  to  resort  to  graphical  means 
in  most  practical  applications. 

The  a-c  power  delivered  to  a  nonreactive  load  may  be  calculated 
from  the  relationship 


Pl 


(fib  max  Cft  min)  (fib  max  I'b  min) 

8 


(23.6) 


since  the  a-c  current  and  voltage  are  in  phase  and  cos  0  is  unity. 
Thus,  from  Fig.  23.1a,  when  Rl  is  2,500  ohms,  ibm&x  is  118  ma, 
ib  min  is  12  ma,  eh  max  is  368  volts,  eb  min  is  105  volts,  and  the  a-c 


Fig.  23.3. — Power  output  and  per  cent  second  harmonic  content  for  the  triode 
illustrated  in  Fig.  23.1. 


power  delivered  to  the  load  is  3.5  watts.  The  a-c  power  output 
for  the  conditions  of  operation  illustrated  in  Fig.  23.1  is  plotted 
as  a  function  of  Rl  in  Fig.  23.3.  Optimum  power  output  is  obtained 
when  Rl  is  2,500  ohms.  This  is  approximately  three  times  the 
variational  plate  resistance  rp  of  the  triode.  Thus,  for  a  given 
tube  operated  with  specified  EbQ  and  maximum  harmonic  distortion, 
it  is  essential  that  the  optimum  bias  and  optimum  load  resistance  be 
determined  graphically  by  trial  and  error.  If  Eb0  is  not  specified, 
this  must  be  determined  first.  Since  the  power  output  is  propor¬ 
tional  to  Eb o,  the  largest  permissible  value  of  Eb0  is  chosen.  The 
maximum  value  of  Eb o  is  limited  by  the  maximum  allowable  plate 
dissipation  of  the  tube  and  by  the  available  power  supply.  For 
small  power  tubes  the  latter  limitation  is  often  of  importance 
because  of  the  cost  of  high-voltage  rectifiers.  The  choice  of  the 
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Q  point  must  be  such  that  hoEbo  does  not  exceed  the  maximum 
allowable  plate  dissipation  of  the  tube.  As  a  first  approximation, 
Ec0  may  be  determined  from 

Ec  o=-0.7^-°  (23.7) 

If  IboEbo  exceeds  the  maximum  allowable  plate  dissipation,  ho  is 
reduced  by  increasing  Ec 0.  The  optimum  load  resistance  for  the 
specified  distortion  then  is  determined  graphically  by  trial  and 
error. 


in  me 


Fig.  23.4. — -Nonlinear  distortion  in  a  triode. 

The  nonlinear  distortion  that  occurs  in  single-tube  Class  A  i 
triode  amplifiers  consists  almost  entirely  of  second  harmonic.  The 
plate  current  of  a  triode  with  a  sinusoidal  voltage  applied  to  its 
grid  is  illustrated  in  Fig.  23.4  together  with  its  fundamental  and 
second  harmonic.  The  amplitudes  of  the  fundamental  and  second 
harmonic  are  (7p)i  and  (Ip)2.  From  the  figure 

ib  max  =  IbQ  H-  (Ip)  1  H~  2(Ip) 2 

'll  mm  =  I bO  (Ip)  1  d-  2  (/ p)  2 


and 


(23.8) 

(23.9) 
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Therefore, 

/  j  -v  'lb  max  'I'b  min 

Uw  i  =  2 

(23.10) 

and 

/Y  \  fb  max  “I-  fb  min  2-Z&0 

Up) 2  -  4 

(23.11) 

It  follows  from  (23.10)  and  (23.11)  that  the 


Per  cent  2d  harmonic  =  100 

\Ip)i 

=  100 


+  lb  min  —  27 


bO 


2 (%b  max  ib  min) 


(23.12) 


The  per  cent  second  harmonic  is  plotted  as  a  function  of  RL 
in  Fig.  23.3  for  the  example  of  Fig.  23.1.  Increasing  Rl  from  2,500 
ohms  to  3,000  ohms  decreases  the  output  power  by  approximately 
6  per  cent  (from  3.5  to  3.3  watts)  while  reducing  the  second  harmonic 
by  approximately  20  per  cent  (from  4.7  to  3.8  per  cent). 

Equation  (23.12)  can  be  written  in  the  form 


Per  cent  2d  harmonic  =  100 


(23.13) 


which  shows  that  the  per  cent  second  harmonic  increases  with  the 
ratio  of  Tb  mnx  ho  to  Ibo  ^b  min-  It  follows,  therefore,  that 
the  second  harmonic  content  in  a  triode  increases  as  the  Q  point  is 
adjusted  for  smaller  values  of  ho  when  RL  is  constant  and  diminishes 
as  Rl  is  increased  with  the  Q  point  fixed.  With  increased  values  of 
Rl,  the  grid  bias  may  be  increased,  thus  permitting  larger  amplitudes 
of  grid  voltage  and  greater  power  output  without  exceeding  the 
specified  maximum  distortion.  Furthermore,  the  quiescent  plate 
current  is  reduced,  and  the  plate-circuit  efficiency  of  the  tube 
is  increased. 

The  use  of  pentodes  rather  than  triodes  as  Class  A\  power 
amplifiers  results  in  increased  power  sensitivity,  power  output, 
and  plate-circuit  efficiency.  The  power  sensitivity  of  a  tube  is 
defined  as  the  ratio  of  the  power  output  to  the  square  of  the  rms 
value  of  grid-signal  voltage.  Since  n  for  pentodes  is  much  larger 
than  for  triodes  having  a  gm  of  the  same  order  of  magnitude, 
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pentodes  require  smaller  grid-signal  voltage  for  a  given  power 
output.  This  results  in  increased  power  sensitivity. 

The  ib-eb  characteristics  of  a  typical  power  pentode  are  shown 
in  Fig,  23.5b.  The  minimum  value  of  corresponding  to  ib  max 
for  a  given  Rb,  is  smaller  than  could  be  obtained  in  a  triode  without 
driving  the  grid  positive.  Since  the  resulting  amplitude  of  the 
varying  component  of  the  plate  voltage  is  large  when  compared 


with  that  obtainable  with  a  triode  of  similar  plate  dissipation 
and  with  comparable  power-supply  voltage,  the  power  output  of 
the  pentode  for  a  specified  maximum  harmonic  distortion  is  greater 
than  that  of  a  similar  triode. 

The  plate  current  in  a  pentode  is  very  nearly  independent  of 
the  plate  voltage,  except  at  very  low  values  of  e&,  because  of  the 
high  positive  potential  and  the  shielding  action  of  the  screen 
grid.  Large  values  of  plate  current  are  obtained  in  a  pentode, 
therefore,  when  the  plate  voltage  is  relatively  low.  For  this 
reason  the  plate-circuit  efficiency  of  power  pentodes  is  greater 
than  for  triodes. 

The  dynamic  characteristics  of  a  typical  power  pentode  for 
three  values  of  RL,  and  with  the  Q  point  of  Fig.  23.5b,  have  been 
superimposed  upon  its  static  characteristics  in  Fig.  23.5 a.  The 
dynamic  charftcteristi?  has  much  greater  curvature  than  for  the 
corresponding  characteristic  of  a  triode.  Furthermore,  the  curva¬ 
ture  becomes  more  objectionable  when  RL  is  increased.  The  power 
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output  may  be  determined  approximately  by  (23.6),  but  a  more 
accurate  analysis  is  required  before  the  power  output  at  the  funda¬ 
mental  frequency  is  known.  The  curvature  of  the  dynamic  charac¬ 
teristic  of  pentodes  produces  both  second  and  third  harmonic 
components  in  the  plate  current.  The  amplitudes  of  the  funda¬ 
mental  and  harmonics  can  be  determined  by  harmonic  analysis 
either  from  the  4-e&  characteristics  for  a  given  path  of  operation 
or  from  the  corresponding  dynamic  characteristic.  The  method1 
presented  here  is  a  five-point  analysis  based  upon  the  instantaneous 
values  of  the  plate  current  corresponding  to  values  of  eg  equal  to 
0,  ±Sg/2,  and  ±Rg.  It  is  assumed  that  eg  is  sinusoidal.  For 
use  in  equations  to  follow,  the  total  instantaneous  plate  currents 
ib  and  ib"  are  defined  as  those  occurring  when  eg  is  +$g/2  and 
—  Eg/2,  respectively;  4  max  and  ibm in  are  the  maximum  and  mini¬ 
mum  values  of  plate  current ;  and  I&0  is  the  quiescent  value  of  plate 
current.  When  the  fourth  and  higher  harmonics  can  be  neglected, 


h  —  ho  +  (-Ip)  2 

'lb  max  tb  min  4 


(hh  = 


lb 


(Ip)2  = 


lb 


+  ib 


21 


b0 


\  lb  max  lb  min  2 (ib  tb  ) 

Up)  3  =  - g - 


(23.14) 

(23.15) 

(23.16) 

(23.17) 


When  it  is  not  feasible  to  neglect  the  fourth  and  higher  har¬ 
monics,  an  analysis  employing  a  larger  number  of  reference  points 
must  be  employed. 

The  power  output  at  the  fundamental  frequency  is 


p  _  (-1  p)  1  _  (lb  max  lb  min  “H  ib  ib  ) 


18 


Rl  (23.18) 


The  power  output  and  harmonic  content  for  the  pentode  whose 
characteristics  are  given  in  Fig.  23.5  are  shown  as  a  function  of 
Rl  in  Fig.  23.6.  When  ib  max  +  4  min  is  equal  to  2 Ib0,  the  amplitude 
of  the  second  harmonic  is  zero,  from  (23.16).  This  occurs  in  this 
illustration  when  RL  is  7,300  ohms.  It  is  possible,  therefore,  to 
select  Rl  so  that  there  is  no  second  harmonic.  This  value  of 
Rl  is  much  less  than  rv  and  far  removed  from  the  value  of  RL  for 


1  E.  L.  Chaffee,  A  Simplified  Harmonic  Analysis,  Rev .  Sci.  Instruments .  7, 
384,  1936, 
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maximum  power  output.  For  pentodes,  the  optimum  value  of  RL 
is  not  2 rV)  being  more  nearly  rp/ 10. 

The  optimum  load  resistance  for  pentode  output  stages  is 
determined  more  often  by  distortion  limitations  than  by  power- 
output  considerations.  A  first  approximation  for  the  optimum 
load  resistance  for  a  given  pentode  operated  Class  Ai  at  a  given 


Fig.  23.6. — Power  output  of  the  pentode  of  Fig.  23.5. 


Q  point  may  be  determined  from  4-e&  characteristics  such  as  are 
illustrated  in  Fig.  23.5.  The  quiescent  grid  potential  determines 
the  maximum  amplitude  of  grid-signal  voltage  and,  in  turn,  permits 
the  determination  of  4  min,  which  is  approximately  independent 
of  Rl .  Since  ho  and  4  min  are  known,  4  ma*  for  no  second  harmonic 
is  calculated  from  (23.16).  The  minimum  value  of  plate  potential, 
corresponding  to  4  max,  is  read  from  the  curve  ec  =  0.  The  plate¬ 
load  resistance  for  no  second  harmonic  is  calculated  by 

Rl  =  g  (23.19) 

lb  max  ho 

and  the  power  output  is  determined  by  (23.6)  if  the  power  contrib¬ 
uted  by  the  harmonics  is  negligible.1  The  amplitude  of  the  third 
1  When  the  power  contributed  by  the  harmonics  is  not  negligible, 

Pi  =  [</p)i  +  (h)l  +  (fp)2  +  •  •  •  ]  x 


Sec.  23]  CLASS  A  AUDIO-FREQUENCY  POWER  AMPLIFIERS  381 


harmonic  is  calculated  by  (23.17).  By  determining  the  power 
output  and  harmonic  content  for  several  values  of  RL  slightly  less 
than  and  slightly  greater  than  the  value  for  no  second  harmonic, 
curves  similar  to  Fig.  23.6  may  be  plotted.  Rl  is  selected  for 
the  largest  power  output  that  is  consistent  with  the  distortion 
limitations. 

In  case  Ebb  is  specified,  it  being  assumed  that  Eb0  —  Ebb,  the 
optimum  bias  may  be  selected  by  determining  RL  for  no  second 
harmonic  for  several  values  of  Ec.  The  value  of  Ec  for  which 
maximum  power  output  is  obtained  is  selected  as  the  optimum  bias. 

If  neither  Ebb  nor  Ec  is  given,  the  largest  plate-polarizing  poten¬ 
tial  consistent  with  the  maximum  allowable  plate  dissipation 
and  optimum  power  output  is  selected  to  a  first  approximation  by 
assuming  that  IbQ  equals  ib  max/2,  where  ib  max  is  the  plate  current 
at  the  knee  k  of  the  ec  =  0  characteristic,  Fig.  23.5.  Eb  then  is 
chosen  so  that  Eb  (4  max/2)  does  not  exceed  the  maximum  allowable 
plate  dissipation  of  the  tube.  Ec  and  Rl  then  are  determined  by 
the  methods  previously  outlined. 

When  second  harmonic  is  present  in  the  output,  the  average 
value  of  plate  current  replaces  the  quiescent  value  in  the  application 
of  the  preceding  method. 

Since  these  graphical  determinations  are  laborious  and  time-con¬ 
suming  and  the  characteristics  of  a  given  tube  may  vary  appreciably 
from  the  average  characteristics  provided  by  the  manufacturer, 
it  is  preferable  in  many  applications  to  determine  experimentally 
the  optimum  conditions  of  operation. 

The  ib-eb  characteristics  of  beam-power  tubes  are  more  nearly 
straight  and  parallel  for  low  values  of  eb  than  are  those  of  con¬ 
ventional  pentodes.  For  this  reason,  greater  power  output  for 
a  given  plate-polarizing  potential  is  available  without  excessive 
distortion  than  from  pentodes.  For  minimum  distortion,  beam- 
power  tubes  are  usually  operated  in  push-pull. 

In  power  pentodes  and  beam-power  tubes  the  screen-grid  current 
increases  appreciably  when  the  plate  potential  is  small.  It  is 
important,  therefore,  that  precautions  be  taken  to  limit  the  screen- 
grid  current  so  that  the  maximum  allowable  screen-grid  dissipation 
is  not  exceeded.  The  average  screen-grid  current  Id  may  be  deter¬ 
mined  graphically  from  the  id-eb  characteristics  of  the  tube  by  the 
same  methods  employed  in  determining  the  average  plate  current. 
The  average  powTer  delivered  to  the  screen  is  given  by  IdEd . 

The  larger  the  value  of  Rl ,  the  smaller  the  plate  potential 
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corresponding  to  %  m«x  and  the  larger  the  average  value  of  the 
screen  current.  Screen  dissipation  may  limit  the  maximum  plate¬ 
load  resistance.  In  order  to  avoid  excessive  screen  dissipation, 
the  load  resistance  should  not  be  removed  from  the  secondary 
of  the  output  transformer  nor  should  the  plate  voltage  be  removed 
before  the  screen  voltage. 

Since  the  resistance  of  the  load  to  which  power  is  delivered 
by  a  power  amplifier  is  seldom  equal  to  the  optimum  load  resistance 
of  the  tube,  output  transformers  are  used  to  “match”  the  load  to 
the  tube.  The  transformer  characteristics  should  be  such  that  the 
input  impedance  of  the  loaded  transformer  is  the  optimum  load 
resistance  for  the  tube.  This  condition  is  satisfied  for  an  ideal 
transformer  when  the  turns  ratio  a  is  such  that 

(RiUt  =  (23.20) 

where  Rl  is  the  secondary  load  resistance  and  (Rl) opt  is  the  optimum 
load  resistance  for  the  tube.  Output  transformers  may  be  con¬ 
sidered  as  ideal  transformers  in  the  mid-frequency  range,  i.e., 
in  the  neighborhood  of  1,000  cps.  At  frequencies  below  and  above 
the  mid-frequency  range,  the  transformer  characteristics  introduce 
frequency  distortion,  which  can  be  diminished  by  use  of  negative 
feedback,  Sec.  29,  or  by  compensating  networks.  With  pentodes 
and  beam-power  tubes  it  is  sometimes  desirable  to  place  either  a 
resistance  or  a  resistance  in  series  with  a  capacitor  in  parallel 
with  the  primary  of  the  output  transformer  to  minimize  the  effects 
of  the  variation  of  the  secondary  load  impedance  (viz.,  the  voice 
coil  of  a  loudspeaker)  with  frequency. 

24.  Push-pull  Amplifiers. — The  push-pull  circuit  shown  in 
Fig.  24.1  has  several  advantages  over  single-sided  circuits  for 
power-output  stages.  Probably  the  most  important  of  these  is  the 
reduction  of  nonlinear  distortion,  which  makes  it  possible  to 
obtain  increased  power  output  (compared  with  single-sided  opera¬ 
tion)  for  a  specified  maximum  distortion.  Other  advantages 
include,  for  Class  A  operation,  reduced  sensitivity  to  ripple  voltage 
in  the  plate  power  supply,  reduced  magnetization  of  the  output- 
transformer  core,  and  less  stringent  requirements  on  the  cathode 
by-pass  capacitor. 

In  the  circuit  of  Fig.  24.1,  the  tubes  are  assumed  to  have  identical 
electrical  characteristics,  and  both  the  secondary  of  the  input 
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transformer  and  the  primary  of  the  output  transformer  are  assumed 
to  be  electrically  center-tapped. 

When  the  input  signal  voltage  e8  is  zero,  the  grid  bias  on  each 
tube  is  Eco  =  —  Eee  and  the  plate-polarizing  potential  on  each 
tube  is  Ebo  =  Ebb ,  the  d-c  potential  across  the  halves  of  the  primary 
of  the  output  transformer  being  neglected.  Thus,  the  two  tubes 
have  identical  quiescent  plate  currents  Ibo,  and  the  total  current 
through  the  power  supply  is  2 Ib0.  The  magnetomotive  force  (mmf) 
in  the  upper  half  of  the  primary  of  the  output  transformer  is  equal 


Fia.  24.1. — Basic  push-pull  circuit  with  transformer  input  and  output  circuits 


and  opposite  to  that  in  the  lower  half,  and  the  net  magnetization 
of  the  core  is  zero.  This  cancellation  of  the  magnetomotive  forces 
in  the  primary  of  the  output  transformer  permits  push-pull  output 
transformers  to  be  designed  with  smaller  iron  cores  than  would  be 
required  for  single-sided  operation  with  quiescent  plate  currents 
of  the  same  order  of  magnitude.  For  the  same  reason,  push-pull 
operation  is  often  employed  in  voltage  amplifiers  in  which  coupling 
is  made  by  miniature  transformers. 

Variations  in  Ebb,  such  as  a  ripple  voltage  in  the  power  supply 
and  variations  in  the  power-supply  voltage  caused  by  poor  regula¬ 
tion,  are  applied  simultaneously  to  the  two  tubes,  producing  equal 
increments  in  plate  currents.  Since  these  increments  of  current 
flow  in  opposite  directions  in  the  halves  of  the  primary  of  the 
output  transformer,  the  total  change  in  magnetic  flux  due  to  them 
is  zero  and  no  voltage  is  induced  in  the  secondary  circuit.  With 
push-pull  operation,  therefore,  it  is  not  necessary  to  smooth  the 
rectifier  output  as  thoroughly  as  for  single-sided  stages. 

Assume  the  tubes  of  Fig.  24.1  to  be  biased  for  Class  A  operation 
and  the  amplitudes  of  the  varying  components  of  the  grid  voltages 
to  be  so  small  that  the  operation  of  each  tube  is  limited  to  the  linear 
region  of  the  tube  characteristics.  The  signal  voltage  having  the 
instantaneous  value  e„  with  the  polarity  indicated,  induces  egg  in 
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the  secondary,  causing  the  grid  potentials  of  J\  and  T 2  to  vary  with 
equal  magnitudes  and  opposite  signs.  The  resulting  variations  in 
plate  currents  are  of  equal  magnitude,  ib  1  increasing  as  ib 2  decreases, 
and  vice  versa.  The  varying  components  of  the  plate  currents 
have  the  conventional  directions  indicated  by  the  arrows  labeled 
ipi  and  ip 2.  Then 

ibi  =  Ib  0  +  ipi  (24.1) 

ib2  =  ho  +  ip2  (24.2) 

Since  the  varying  components  have  equal  magnitudes  and  opposite 
signs, 

iP2  =  -ipi  (24.3) 

The  current  through  the  plate  power  supply  is  the  sum  of  the  two 
plate  currents, 

ibb  =  ibi  4“  ib 2  (24.4) 

which  from  (24.1)  to  (24.3)  is  equal  to  2 J60  and  contains  no  varying 
component.  Regulation  of  the  power-supply  potential,  therefore, 
is  of  secondary  importance  when  the  tubes  of  a  push-pull  combina¬ 
tion  are  restricted  to  linear  Class  A  operation.  Furthermore,  the 
absence  of  a  varying  component  of  current  through  the  power  supply 
permits  the  use  of  a  cathode-bias  resistor  without  a  by-pass 
capacitor. 

Since  the  sum  of  the  instantaneous  magnetomotive  forces  around 
the  core  in  a  given  direction  is  zero  in  an  ideal  transformer, 

jYi  jVi 

T ibl  ~  T  ibt  ~  ilNi  =  0  (24.5) 


where  JVi  is  the  total  number  of  primary  turns  and  iV2  is  the  total 
number  of  secondary  turns.  Then 


From  (24.1)  to  (24.3), 


_  Ni  ibi  —  U2 

~  N2  2 


.  N 1  >  ipp 

tL  ~  Nl lpl  ~  V 


(24.6) 


where  ivv  —  ivi  —  —ip 2  is  the  equivalent  variational  current  that, 
if  acting  in  the  entire  primary,  would  produce  the  same  effects  as 
the  actual  combination  of  ip  1  and  ip 2,  and  a  is  the  ratio  of  the  total 
secondary  turns  to  total  primary  turns  ( a  =  N2/N1). 

The  plate-to-plate  load  resistance,  from  a  to  b,  Fig.  24.1,  into 


385 


Sec.  24]  PUSH-PULL  AMPLIFIERS 

which  the  two  tubes  operate  is  given  by 

=  §  (24-7) 

assuming  the  transformer  to  be  ideal.  With  linear  push-pull 
operation  into  an  ideal  output  transformer  with  a  pure  resistance 


(c) 

Eig.  24.2. — Equivalent  plate  circuits  for  push-pull  linear  operation. 

Rl  across  its  secondary,  the  load  line  for  each  tube  must  pass 
through  its  Q  point  and  have  a  slope  proportional  to  —  2 /Rpp. 

The  equivalent  plate  circuit  of  Fig.  24.1  for  linear  operation 
is  given  in  Fig.  24.2a,  where  Eg  is  the  value  of  grid-signal  voltage 
to  each  tube.  The  variational  plate  resistance  rP  and  the  amplifica¬ 
tion  factor  n  are  measured  at  the  Q  point  of  each  tube.  The 
branch  of  the  circuit  containing  Ebb  is  shown  dotted,  Fig.  24.2a, 
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since  no  varying  component  of  current  flows  in  this  branch,  as  was 
proved  in  (24.4).  By  replacing  the  ideal  output  transformer  and 
load  resistor  with  RPP}  the  simplified  equivalent  plate  circuit, 
Fig.  24.2b,  is  obtained,  and  the  varying  component  of  plate  current 
is 


■ 

p  2rp  +  RPP 


(24.8) 


The  power  delivered  to  Rpp  and  to  the  load  resistor  is  given  by 

PL  =  PpRpp  (24.9) 

or 


Pl 


^3  p 

(2rp  +  Rppy 


(24.10) 


The  treatment  of  a  push-pull  stage  can  be  made  analogous  to 
that  of  a  single-sided  stage  incorporating  a  “ composite  tube”  by 
reducing  the  equivalent  circuit  of  Fig.  24.26  to  that  of  Fig.  24.2c. 

That  the  power  delivered  to  the  load  impedance  of  Fig.  24.2c  is 
the  same  as  in  Fig.  24.26  is  verified  by  dividing  both  the  numerator 
and  the  denominator  of  (24.10)  by  16,  which  yields 


Pl 


(24.11) 


which  is  the  equation  for  the  power  delivered  to  the  resistor  Rpp/ 4, 
Fig.  24.2c,  from  a  generator  having  the  emf  iiEg  and  an  internal 
impedance  rpf 2.  It  should  be  noted  that  in  Fig.  24.2c  the  load 
resistor  and  the  voltage  developed  across  it  are  the  same  as  would 
be  obtained  if  only  one-half  of  the  primary  winding  of  the  output 
transformer  were  used  and  that  the  varying  component  of  plate 
current  and  the  internal  impedance  of  the  generator  are  equivalent 
to  placing  the  generators  of  Fig.  24.26  in  parallel.  Thus,  this 
circuit  of  Fig.  24.2c  is  equivalent  to  the  original  push-pull  stage 
only  in  that  the  two  deliver  the  same  power  to  the  load  resistor. 
The  advantage  of  the  composite-tube  concept  is  more  readily 
appreciated  when  the  individual  tubes  are  not  restricted  to  linear 
operation. 

Maximum  power  output,  and  (since  no  harmonic  distortion  is 
produced  with  linear  operation)  maximum  undistorted  power 
output,  is  obtained  when  Rpp  is  equal  to  2 rp. 

The  advantages  of  push-pull  operation  are  not  fully  realized 
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when  the  operation  of  the  tubes  is  restricted  to  the  linear  region. 
It  is  more  important,  therefore,  to  consider  nonlinear  Class  Ax 
operation  in  which  the  grid-signal  voltage  causes  the  plate  current 
to  be  reduced  below  the  upper  limit  of  the  region  of  large  curvature, 
Fig.  23,1.  Such  conditions  of  operation  are  illustrated  in  Fig.  24.3 
where  the  dynamic  n-ec  characteristics  of  two  identical  tubes  are 
shown  with  the  characteristic  of  T 2  inverted  and  oriented  so  that 
the  quiescent  grid  voltages  Ec0  of  the  tubes  coincide.  The  reason 


Fig.  24.3. — Graphical  representation,  of  Class  Ai  nonlinear  push-pull  operation  of 

two  triodes. 


for  inverting  the  characteristic  curve  of  T2  is  that  the  net  effect 
in  the  primary  of  the  output  transformer  is  proportional  to  the 
difference  between  ibx  and  ib2,  as  in  (24.5),  and  that,  with  the  charac¬ 
teristic  of  T2  inverted,  ib2  appears  on  the  graph  as  a  negative 
quantity  (i.e.,  below  the  horizontal  axis).  The  plate  current  for 
T 2  is  plotted  downward,  and  negative  values  of  ec  are  plotted  to  the 
right  of  the  point  denoting  ec2  =  0.  The  varying  component 
of  grid  voltage  is  the  voltage  applied  to  the  grid  circuit  of  either 
tube  and  is  equal  in  magnitude  to  egqf 2.  The  varying  component 
of  plate  current  for  each  tube  is  not  sinusoidal,  having,  for  the  case 
shown,  a  fundamental  and  a  second  harmonic  component.  Since 


388 


AMPLIFIERS— CLASS  A  AND  CLASS  B  [Chap.  XIII 


the  variational  voltages  applied  to  the  grids  have  equal  magnitudes 
but  opposite  signs, 

eg2  =  —eai  (24.12) 

Egl  =  and  Eg,  =  -  (24.13) 

Then,  neglecting  terms  of  higher  order  than  the  second  in  (3.1),  the 
total  instantaneous  value  of  the  plate  current  for  T\  is,  with 
e„x  =  (Ea,/2)  sin  ut, 

it i  =  ho  +  a  ~  sin  ut  +  b  (~^)  sin2 

=  /M+|  sin  ~  |  (%)2  c°s  2“J  (24.14) 

=  Ibo  "b  {Ip) o  -b  (Zp)i  sin  ~  {Ip) 2  cos  (24.15) 

where  (Jp)0  is  the  rectified  d-c  component  and  (Zj,)!  and  (Zp)2 
are  the  amplitudes  of  the  fundamental  and  second  harmonic 
components.  Similarly,  with  eg2  =  —  {Egg/ 2)  sin  ut, 

ib2  —  Ibo  d-  (Zp)o  —  {Ip)  i  sin  ut  —  {Ip)  2  cos  2 ut  (24.16) 

Substituting  (24.15)  and  (24.16)  into  (24.6), 

iL  —  -  {Ip)  1  sin  ut  (24.17) 

a 

and  the  second  harmonic  distortion  does  not  appear  in  the  load. 
From  (24.4)  the  total  instantaneous  current  through  the  power 
supply  is  _ 

%b  ==  2 Ibb  "b  2(Zp)o  —  2 {Ip)  2  cos  2ut  (24.18) 

The  average  value  of  ibb  increases  by  2  (ZP)0,  Avhich  is  equal  to 
2(ZP)2,  as  in  (24.14),  (24.15).  The  varying  component  of  current 
through  the  power  supply  consists  of  the  second  harmonic  and  all 
other  even  harmonics  introduced  by  the  tube  characteristics.  The 
fundamental  frequency  and  all  odd  harmonics  generated  in  the 
output  stage  are  present  in  the  output  load  current.  The  cancella¬ 
tion  of  the  second  harmonic  distortion  is  made  evident  in  Fig.  24.3, 
where  the  component  sinusoids  are  shown  in  their  actual  phase 
relations.  When  the  grid-signal  voltage  is  nonsinusoidal,  however, 
all  frequencies  included  in  it  are  present  in  the  load  current. 

The  equivalent  varying  component  of  current  in  the  primary 
of  the  output  transformer  is  the  difference  of  the  magnitudes  of 
the  two  plate  currents  at  each  instant.  This  current  may  be 
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obtained  also  by  projecting  egg/2  on  the  composite  u-ec  dynamic 
characteristic  of  the  two  tubes  in  push-pull. 

The  composite  dynamic  characteristic  is  obtained  by  taking  the 
difference  between  the  two  plate  currents  for  corresponding  incre¬ 
ments  of  grid  voltages  as  measured  from  Eco,  a  positive  increment 
for  tube  rl\  corresponding  to  an  equal  negative  increment  for  tube 
T2.  When  the  composite  characteristic  is  a  straight  line  as  in 
Fig.  24.3,  distortion  produces  only  even  harmonic  frequencies  in  the 
individual  plate  currents  and  no  distortion  appears  in  the  output. 
If,  on  the  other  hand,  the  individual  tube  characteristics  are  such 
that  the  composite  characteristic  is  nonlinear,  odd  harmonics  will 
be  present  in  the  output,  the  third  harmonic  being  the  most  impor¬ 
tant.  The  amplitude  of  the  third  harmonic  (not  shown  in  Fig. 
24.3)  can  be  determined  by  the  method  discussed  in  Bee.  23  and  the 
application  of  (23.17). 

While  the  composite  %-ec  diagram  is  useful  for  explaining  the 
principle  of  operation  of  the  push-pull  amplifier,  it  is  not  convenient 
for  design  purposes  because  a  new  characteristic  must  be  drawn 
for  each  value  of  plate-load  resistance.  An  alternate  method1 
for  obtaining  a  family  of  composite  %-eb  characteristics  is  useful  for 
many  applications. 

These  composite  characteristics  are  based  upon  a  composite 
tube,  which  is  equivalent  to  the  two  tubes  in  the  push-pull  circuit. 
This  treatment  can  be  justified  by  the  following  considerations: 

From  Fig.  24.1, 


ebi  =  Ebb - 7^ 

(24.19) 

ei2  =  Ebb  H — 

(24.20) 

The  voltage  developed  across  the  load  resistor  RL  is 

Ci  Oi@pp 

(24.21) 

also, 

05 

II 

(24.22) 

Combining  (24.22)  and  (24.6), 

Rl  , .  •  \ 

Cl  =  2a  (1&1  ~  W 

(24.23) 

From  (24.23)  and  (24.21),  the  varying  component  of  potential 

1  B.  J.  Thompson,  Graphical  Determination  of  Performance  of  Push-pull 
Audio  Amplifiers,  Proc.  I.R.E, ,  21,  591,  1933. 
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developed  across  each  half  of  the  primary  of  the  output  transformer 
is 

Y  =  ^ (ibl  ~  ibi)  (24.24) 

From  (24.7), 

€f  =  %  (in  ~  in)  (24.25) 

and  (24.19)  and  (24.20)  become 

cti  =  Ebb - (4i  —  ib 2)  (24.26) 

662  =  (4i  —  42)  (24.27) 

These  equations  show  that  the  total  instantaneous  values  of 
the  plate  potentials  of  T 1  and  T2  deviate  by  equal  amounts  from 
the  quiescent  value  at  any  instant,  the  decrease  in  ebi  being  equal 
to  the  increase  in  eb2,  and  vice  versa.  These  changes  in  plate 
potential  are  produced  by  increments  of  equal  magnitude  in  ecl 
and  cC2. 

In  Fig.  24.4,  static  ib-eb  characteristics  for  T\  and  T2  are  shown 
for  three  values  of  grid  potential,  Ec0,  Ec0  +  egg/2,  Ec0  —  egg/2} 
with  egg  assumed  momentarily  fixed.  The  characteristics  of  T 2 
are  drawn  by  rotating  the  characteristics  of  T 1  180°  about  the 
point  denoting  Ebb  on  the  eb  axis.  The  Q  points  of  the  tubes  are 
denoted  by  the  points  Q 1  and  Q2,  the  d-c  resistance  of  the  primary 
binding  of  the  output  transformer  being  neglected. 

The  composite  static  characteristic  corresponding  to  zero 
signal  voltage  is  obtained  by  determining  the  locus  of  values  of 
(4i  —  ibi)  as  eb\  and  eb2  are  changed.  For  example,  in  Fig.  24.4,  when 
ebi  =  Ebb  —  and  eb2  has  the  corresponding  value  Ebb  + 
the  value  of  4  comp  =  4i  —  42,  as  represented  by  the  length  cbf 
is  given  by 

cb  =  ca  —  cd  (24.28) 

Thus  the  composite  static  characteristic  when  ego  =  0  is  the  locus 
of  the  points  b  corresponding  to  various  values  of  Aeb.  Since  a 
change  of  ec\  to  Ec0  +  egg/2  is  accompanied  by  a  change  of  eC2  to 
Ec0  —  egg/2 ,  the  composite  characteristic  for  eci  =  Ec0  +  egg/2  (or 
eC2  =  Ec0  —  egg/2)  is  the  locus  of  the  points  b',  obtained  as  in  (24.28) 
with  all  letters  primed.  The  locus  of  b"  is  the  composite  static 
characteristic  for  ec\  =  Ec  0  —  egg/2  (or  eC2  =  Ec  2  +  egg/2)%  A 
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complete  family  of  composite  static  u-eb  characteristics  of  two 
triodes  in  push-pull  operation  is  shown  in  Fig.  24.5. 

The  composite  characteristics  are  much  more  nearly  linear 
than  the  characteristics  of  either  of  the  tubes  but  are  not  straight 
in  all  cases.  They  are,  in  many  cases,  parallel  and  equidistant 
for  equal  increments  of  grid-signal  voltages. 

The  composite  path  of  operation  may  be  determined  from 
(24.26)  and  (24.27),  both  of  which  represent  a  straight  line  passing 
through  the  point  ( eb  =  Ebb ,  (4i  —  %*)  =  0)  and  having  a  negative 
slope  determined  by 

4l  _  (4)  comp 

ebi  —  Ebb  #pp/2 
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where  h  comp  is  the  total  instantaneous  value  of  the  equivalent 
current  in  one-half  the  primary  of  the  output  transformer.  Thus 
from  (24.25)  the  composite  path  of  operation  has  a  slope  propor¬ 
tional  to 

4  4«2 


R 


pp 


Rj 


as  illustrated  in  Figs.  24.4  and  24.5.  The  plate-to-plate  load 
resistance  is,  therefore,  four  times  that  represented  graphically 
by  the  composite  load  line. 


PATH  OF  OPERATION 


STATIC 

CHARACTERISTICS 
OF  TUBE 

COMPOSITE 

CHARACTERISTIC 


ec2’0 


Fig.  24.5. — Composite  ib  —  eb  characteristics  of  two  triodes  in  Class  A\  nonlinear 

push-pull  operation. 
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These  considerations  lead  to  an  equivalent  circuit  for  push- 
pull  nonlinear  operation  similar  to  that  of  Fig.  24.2c  for  linear 
operation.  This  is  possible  because  the  composite  ib-ec  charac¬ 
teristics  of  the  two  tubes  are  approximately  linear,  equidistant, 
and  parallel  even  though  the  individual  tubes  are  operated  beyond 
the  region  of  linearity.  Thus,  let  rp  COmP  be  defined  as  the  resistance 
corresponding  to  the  reciprocal  of  the  slope  of  the  4  comp  charac¬ 
teristics  and  m  comp  as  the  negative 
of  the  ratio  of  Aeb  to  Aec,  ibc omP 
being  constant.  Then  the  circuit 
of  Fig.  24.6  is  applicable. 

For  maximum  power  output 

Rpp  __  ™ 

—  f  p  comp 

i.e.,  the  negative  slope  of  the  com-  Fig.  24.6. — Equivalent  plate  cir- 
,i  c  i.  i  cuit  for  a  push-pull  otage  with  non- 

poSlte  path  of  operation  equals  linear  operation  into  an  ideal  output 

the  slope  of  the  composite  static  transformer, 
characteristics  of  the  two  tubes. 

When  the  composite  static  characteristics  are  nonlinear,  the 
equivalent  circuit  does  not  apply  and  one  must  employ  graphical 
methods.  In  such  cases,  power  output  is  often  sacrificed,  by  using 
values  of  RPP  greater  than  4 rv  ComP,  in  order  that  harmonic  distortion 
may  be  decreased. 

The  path  of  operation  for  each  tube  is  shown  in  Fig.  24.5  by 
heavy  dashed  lines.  A  vertical  line  drawn  through  the  inter¬ 
section  X  of  the  egg/2  =  +30-volt  composite  characteristics  and 
the  composite  path  of  operation  intersects  the  -20-volt  charac¬ 
teristic  of  T i  at  Y  and  the  —80-volt  characteristic  of  T2  at  Z.  The 
loci  of  points  Y  and  Z  are  the  paths  of  operation  of  the  individual 
tubes.  The  curvature  of  these  paths  of  operation  with  a  resistive 
load  is  caused  by  operating  the  tubes  over  the  nonlinear  regions  of 
their  characteristics  and  by  the  interaction  between  the  halves 
of  the  primary  winding.  The  nonlinear  action  causes  the  instan¬ 
taneous  power  output  ipep  to  be  unequal  for  the  two  tubes. 

Class  A  i  operation  exists  so  long  as  4  min  of  either  tube  does  not 
become  zero  before  4  max  of  the  other  tube  is  reached.  Thus,  the 
limiting  condition  of  Class  A\  operation  is  that  the  grid-bias  and 
grid-signal  voltages  be  adjusted  so  that  the  plate  current  of  one 
tube  becomes  zero  at  the  time  the  total  instantaneous  grid  voltage 
of  the  other  tube  reaches  zero, 
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The  power  output  and  plate-circuit  efficiency  of  each  tube  and 
of  the  push-pull  stage  can  be  increased  by  adjusting  the  grid-bias 
voltage  and  the  amplitude  of  the  grid-signal  voltage  so  that  the 


Fig.  24.7. — Composite  iVe&  characteristics  of  two  triodes  in  Class  ABx  push-pull 

operation. 

plate  current  of  each  tube  is  zero  for  an  appreciable  part  of  each 
cycle.  Class  A B  operation  exists  when  plate  current  flows  in  each 
tube  for  appreciably  more  than  one-half  of  the  cycle,  but  not  for 
the  complete  cycle,  The  composite  ib-£b  characteristics  for  Class 
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AB  i  operation  of  the  tubes  used  in  Fig.  24.5  are  shown  in  Fig.  24.7. 
The  plate-polarizing  potential  and  grid-bias  potential  in  this 
illustration  are  300  volts  and  —60  volts.  Even  though  the  non¬ 
linear  distortion  produced  by  each  tube  is  large,  the  equivalent 
primary  current  is  very  nearly  sinusoidal.  This  is  possible  because 
the  composite  characteristics  are  essentially  straight,  parallel,  and 
equally  spaced  for  equal  increments  of  grid  voltage.  The  slope  of 
tne  composite  characteristics  for  Class  AB  operation  is  less  than 
for  Class  A ,  equal  values  of  Eb  being  assumed,  and  the  optimum  load 
resistance  for  Class  AB  operation  is  greater  than  for  Class  A. 

The  average  value  of  plate  current  for  a  tube  operated  Class  AB 
differs  from  the  quiescent  value  by  the  rectified  component.  The 
resultant  increase  in  the  d-c  component  of  the  plate  current  causes 
the  power  delivered  by  the  power  supply  and,  when  cathode  biasing 
is  used,  the  negative  grid-bias  voltage  to  increase  with  the  grid- 
signal  voltage,  necessitating  good  regulation  of  the  plate  power 
supply  and  a  cathode  by-pass  capacitor  if  cathode  degeneration  is 
not  desired. 

Class  AB2  operation  gives  increased  power  output  without  an 
increase  in  power-supply  voltage.  Unless  the  impedance  of  the 
grid  circuit  is  small,  grid-circuit  distortion  occurs. 

The  power  output  and  plate-circuit  efficiency  can  be  increased 
further  by  Class  B  operation.  A  balanced  push-pull  circuit 
cancels  the  even-harmonic  distortion  produced  by  each  tube  so  that 
Class  B  operation  is  satisfactory  for  many  a-f  applications.  By 
proper  choice  of  plate-load  resistance  and  grid-bias  voltage  the 
composite  characteristics  can  be  made  approximately  straight, 
parallel,  and  equidistant  for  equal  increments  of  grid  voltage. 

In  practice,  the  grid-bias  voltage  is  chosen  so  that  the  linear 
portions  of  the  dynamic  ib-ec  characteristics  of  each  of  the  two 
tubes  in  push-pull  fall  on  a  common  line,  Fig.  24.8.  The  composite 
curve  is  usually  slightly  nonlinear  in  the  region  where  both  tubes 
are  conducting.  As  Egg  is  increased,  this  region  of  nonlinearity 
becomes  smaller  in  comparison  with  the  range  of  operation,  so 
that  the  distortion  is  unimportant  for  large  values  of  Egg.  For 
the  purpose  of  this  discussion,  therefore,  it  is  assumed  that  the 
composite  ib~ec  characteristic  is  linear  as  shown  in  the  illustration. 

The  total  instantaneous  values  of  plate  current  for  each  tube 
of  a  Class  B2  push-pull  stage  are  also  plotted  in  Fig.  24.8.  The 
current  in  the  secondary  of  the  output  transformer  is  proportional 
to  the  algebraic  sum  of  the  variational  components  of  individual 
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tube  currents  and  is  essentially  sinusoidal,  for  a  sinusoidal  input 
voltage,  if  the  composite  %-ec  characteristic  is  linear. 

The  peaks  of  the  plate-current  curves  are  flattened  if  the 
equivalent  grid-circuit  impedance  is  appreciable.  Hence  the  driving 


Fig.  24.8.- — Composite  4-ee  dynamic  characteristics  of  two  tubes  in  Class  B 2  push- 

pull  operation. 

voltage  to  a  Class  B2  stage  is  usually  supplied  from  the  driver 
stage  by  a  step-down  transformer.  It  is  essential,  also,  that  the 
driver  stage  be  capable  of  supplying  the  power  requirements  of 
the  grid  circuits. 

The  large  variations  in  the  sum  ibi  +  %2  of  the  individual  plate 
currents  and  the  variation  of  the  average  values  of  the  plate  currents 
with  signal  voltage  require  good  voltage  regulation  in  the  power 
supply.  For  the  same  reason,  cathode  biasing  is  not  suited  to 
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Class  B  operation.  Some  source  of  fixed  bias  voltage  is  required 
except  in  the  case  of  specially  designed  tubes  having  a  large  ju  and 
small  plate  current  for  which  the  grid-bias  voltage  is  zero. 

Since  the  grid  driving  power  for  Class  AB2  operation  is  usually 
smaller  than  for  Class  B2  operation  and  because  of  the  simplified 
problem  of  grid  biasing,  Class  AB2  output  stages  using  beam-power 
tubes,  which  operate  at  slightly  lower  efficiency  and  much  less 
nonlinear  distortion,  are  generally  preferred  for  audio  systems 
except  in  high-powered  installations. 

26.  Phase  Inverters. — In  Sec.  24,  the  input  signal  to  the 
push-pull  stage  was  supplied  by  an  input  transformer  with  a 
center-tapped  secondary.  Such  transformers  have  a  limited  fre- 


Fig.  25.1. — Two-tube  phase  inverter. 


quency  range,  are  heavy,  occupy  considerable  space,  and  are 
relatively  expensive.  It  is  desirable  in  some  applications,  therefore, 
to  drive  a  push-pull  stage  with  resistance  coupling  when  one  side 
of  the  input  signal  is  grounded.  A  number  of  circuits  are  available 
for  this  purpose;  one  is  shown  in  Fig.  25.1. 

This  two-tube  (ThT2)  phase-inverter  circuit  is  essentially  a 
two-stage  resistance-coupled  amplifier  in  which  the  grid-signal 
voltage  to  T2  is  obtained  from  the  output  of  T\.  When  a  positive 
increment  of  voltage  is  applied  to  the  grid  of  Th  the  potential  of 
the  grid  of  Tz  is  made  more  negative  with  respect  to  its  cathode. 
The  signal  voltage  to  the  grid  of  T2  is  in  phase  with  eg%  and  is  given 
by 

R 

& 9 2  ^  (25.1) 

Consequently,  a  negative  increment  of  voltage  is  applied  to  the  grid 
of  T2}  causing  the  grid  of  to  be  made  positive  with  respect  to 
its  quiescent  voltage.  If  the  value  of  R  is  adjusted  so  that  Rcl/R 
is  equal  to  the  magnitude  of  the  voltage  amplification  of  T2  and 
its  circuit,  grid-signal  voltages  equal  in  magnitude  and  180°  out 
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of  phase  are  applied  to  the  grids  of  TV  and  T 4.  The  180°-phase 
relation  exists  only  in  the  mid-frequency  range  of  the  inverter 
stage  (containing  TV).  If  the  phase-inverter  circuit  is  to  be  used 
for  frequencies  outside  the  mid-frequency  range  of  the  stage 
associated  with  TV,  it  is  desirable  to  increase  the  mid-frequency 
range  of  the  inverter  stage  to  extend  over  the  entire  range  of 
frequencies  to  be  amplified.  This  can  be  accomplished  by  decreas¬ 
ing  Rb2.  The  resulting  decrease  in  voltage  amplification  in  the 
inverter  stage  is  readily  overcome  by  increasing  R  to  give  an 
increased  grid-signal  voltage  to  TV 


Fig.  25.2. — Single-tube  phase-inverter  circuit. 


The  grid-signal  voltage  to  TV  can  be  taken  from  a  tap  on  Rbl 
if  a  blocking  capacitor  and  grid  resistor  are  inserted  in  the  grid 
circuit  of  TV  A  twin  triode  or  a  twin  pentode  is  often  used  for 
Ti  and  TV  A  common  cathode-biasing  circuit  for  the  tubes  TV  and 
TV  often  replaces  the  separate  ones  shown  in  the  diagram. 

The  single-tube  phase  inverter  employing  cathode  degeneration, 
Fig.  25.2,  in  which  the  inputs  to  the  grids  of  the  push-pull  stage 
are  taken  from  the  plate  and  cathode,  has  the  disadvantage  of 
having  a  voltage  amplification  less  than  unity  and  of  having  unequal 
capacitances  across  the  cathode  and  plate-load  resistance. 

26.  Tuned  Radio -frequency  Amplifiers.— A  modulated  radio- 
frequency  wave  has  a  frequency  spectrum  which  extends  over  a 
band  of  frequencies  that  is  usually  small  when  compared  with  the 
magnitude  of  the  carrier  frequency.  It  is  necessary,  therefore, 
to  design  r-f  amplifiers  which  have  large  voltage  amplification  for 
frequencies  in  the  neighborhood  of  the  carrier  frequency  and  which 
can  be  adjusted  easily,  within  given  limits,  for  various  carrier 
frequencies.  It  is  equally  essential  that  r-f  amplifiers  have  low 
voltage  amplification  for  all  frequencies  outside  the  given  band 
in  order  that  a  given  station  may  be  selected  to  the  exclusion  of  all 
other  stations  which  might  be  transmitting  at  that  time.  This 
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selectivity  is  accomplished  by  use  of  tuned  parallel  circuits  in 
which  the  tuning  capacitance  is  composed  of  the  interstage  wiring 
capacitance,  the  input  and  output  capacitances  of  the  tubes  used, 
and  whatever  added  capacitance  may  be  required.  By  incorporat¬ 
ing  Cs  in  the  tuned  circuit,  the  voltage  amplification  at  the  resonant 
frequency  of  the  plate-load  impedance  may  be  large  even  at  high 
frequencies.  The  size  of  Ca  may  limit  the  maximum  frequency  to 
which  the  amplifier  is  tunable  by  means  of  the  tuning  capacitor. 


J  J 

pi  Cb 

L  l4 

^  dl° 

Kbo 

rrr 

j  Eg2 

1 

=rz 

1  1 

(b) 

Fig.  26.1. — (a)  Capacitance-coupled  tuned-radio-frequency 
equivalent  plate  circuit. 


amplifier  stage ;  ( b ) 


The  effect  of  the  grid-to-plate  capacitance  Cgv  is  so  large  when 
triodes  are  used  that  neutralization  usually  is  required.  On 
the  other  hand,  pentodes  are  almost  universally  used  in  radio¬ 
frequency  voltage  amplifiers  thereby  decreasing  the  effects  of  CQV 
as  well  as  the  other  tube  capacitances  and  making  larger  voltage 
amplification  possible.  Three  basic  types  of  selective  amplifiers, 
the  capacitance-coupled,  the  tuned-secondary  transformer-coupled, 
and  the  tuned-primary  tuned-secondary  transformer-coupled,  are 
discussed  in  this  order. 

In  the  capacitance-coupled  tuned-r-f  amplifier,  Fig.  26.1a,  the 
plate-load  impedance  consists  of  a  parallel  combination  of  an  induc¬ 
tor  having  inductance  Lb  and  a-c  resistance  Rb  and  a  variable 
capacitor  having  capacitance  Cb.  The  coupling  capacitance  C 
has  negligible  reactance  at  radio  frequencies,  and  the  constant- 
current  form  of  the  equivalent  plate  circuit  reduces  to  that  in  Fig. 
26.16.  The  output  capacitance  of  the  first  tube,  the  input  capaci- 
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tance  to  the  second  tube,  and  the  interstage-wiring  capacitance  are 
incorporated  in  Cb .  These  capacitances  plus  the  distributed 
capacitance  of  the  inductor  may  be  sufficient  to  require  no  added 
capacitance  at  high  frequencies.  If  so,  the  tuning  can  be  accom¬ 
plished  by  Lb}  usually  made  variable  by  use  of  an  adjustable 
powdered-iron  core. 

When  the  carrier  frequency  is  equal  to  the  resonant  frequency  of 
the  parallel  circuit,  the  equivalent  resistance  Rt  of  the  circuit  is 

Rt  =  =  C OrUQr  (26.1) 

LbKb 

where  Qr  is  the  quality  factor  of  the  plate-tank  circuit  at  the 
series-resonant  frequency  of  LbCbRb .  It  is  assumed  here  that  Qr  is 
large  and  that  the  parallel-resonant  frequency  does  not  differ 
appreciably  from  the  series-resonant  frequency.1 

9m^gi 


Fig.  26.2. — Equivalent  plate  circuit  of  Fig.  26.1a  when  the  plate  circuit  is  tuned  to 

parallel  resonance. 

When  Qr  is  large  and  the  plate-tank  circuit  is  tuned  to  parallel 
resonance,  therefore,  the  circuit  of  Fig.  26.16  reduces  to  that  in 
Fig.  26.2.  Since  the  amplification  Ar  =  —gm/YL  and 

y  _  1  _i_  1  _i_  1 

i  l  — - r  n  t -n 

rv  Rt  Rc 

at  parallel  resonance,  the  maximum  voltage  amplification  is  given  by 


Ar  = 


- 9 . 


i  +  l  +  l 

rv  Rt  '  Rc 


which  combined  with  (26.1)  gives 


j  _  QmterLbQT 

!  J.  ^ 

1  +  rn  +  Ra 


(26.2) 


(26.3) 


1  The  expression  for  the  impedance  of  the  tank  circuit  when  Qr  is  small  is 
discussed  in  Chap.  II,  Sec.  15.  This  condition  is  not  often  encountered  in  r-f 
amplifiers. 
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If  rv  and  Rc  are  both  large  compared  with  Rh 


A-r  —  (JmWrLbQr 

which  suggests  the  possibility  of  rewriting  (26.3)  as 

Ar  ”  QmWrLbQr 

in  which  the  “loaded”  Q  of  the  plate  circuit 


Qr  = 


Qr 


i  \  ■  Rt 

+  r/  Re 


(26.4) 

(26.5) 

(26.6) 


is  the  quality  factor  of  the  complete  plate  circuit,  the  effects  of 
rv  and  Rc  being  taken  into  consideration. 


Fig.  26.3. — Frequency  and  phase  response  near  resonance  lor  a  capacitance-coupled 

r-f  amplifier  stage. 

The  band  width  of  one  stage  is 

r-r-fa  (26.7) 

The  effect  of  rp  and  Rc  is  to  reduce  the  effective  Q  of  the  plate 
circuit,  thus  increasing  the  band  width  of  the  stage  as  Rc  (or  rp) 
is  decreased  and  decreasing  the  voltage  amplification. 

The  circuit  of  Fig.  26.1a  may  be  changed  so  that  the  tank  circuit 


402 


AMPLIFIERS— CLASS  A  AND  CLASS  B  [Chap.  XIII 


replaces  Rc  and  a  plate-load  resistor  replaces  the  parallel  circuit 
without  altering  the  treatment  just  given. 

The  curves  of  Fig.  26.3  show  the  variations  in  the  voltage 
amplification,  band  width,  and  phase  angle,  as  a  function  of  loading. 

27.  Tuned -secondary  Transformer-coupled  Amplifiers. — The 
typical  circuit  diagram  of  a  tuned-secondary  transformer-coupled 
amplifier  stage  is  given  in  Fig.  27.1a.  This  type  of  amplifier 
stage  is  known  also  as  a  tuned-radio-frequency  (TRF)  stage.  The 


(b) 

Fig.  27.1. — (a)  Tuned-secondary  transformer-coupled  amplifier  stage;  (b)  equivalent 

circuit. 

equivalent  plate-circuit  diagram  employing  a  constant- voltage 
generator  is  shown  in  Fig.  27.16.  The  output  capacitance  of  the 
tube  and  the  distributed  capacitance  of  the  primary  are  combined 
in  Cbj  which  is  in  shunt  with  the  primary.  The  distributed  capaci¬ 
tances  between  primary  and  secondary  of  the  transformer  are 
lumped  in  the  capacitance  Cm.  At  broadcast  frequencies,  Cb 
and  Cm  may  be  neglected  ordinarily.  Cb  and  Cm  being  neglected, 
the  total  impedance  into  which  the  generator  is  working  is 

Zab  =  Zn  +  ^  (27.1) 

where  Zn  is  the  total  series  impedance  of  the  primary  circuit,  Z2 2 
is  the  total  impedance  of  the  secondary  circuit,  M  the  mutual  induc¬ 
tance  between  primary  and  secondary,  and  w  the  angular  frequency 
of  the  signal  voltage.  Therefore, 

Z 11  =  rp  H-  Rh  H-  jtoLb 
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Z 22  —  Rc  T"  J  yG 

Substituting  from  (27.2)  in  (27.1), 

ZAB  —  tp  +  Rb  +  juLb  + 


Rc  +  j [  &Lt 


The  alternating  component  of  the  plate  current  is 

T  pEg  i 


t  _  rt 

p  z. 


and  the  induced  emf  in  the  secondary  is 

E<i  —  — jo)MIT 

The  secondary  current  is 


(27.2) 


(27.5) 


and  the  signal  voltage  to  the  grid  of  the  second  tube  is 


Combining  equations  (27.3)  to  (27.7), 


(27.7) 


—  uMn/oiCt 


Rc  +  j  ( 


k)  r* 


+  Rb  +  juLb  + 


(27.8) 


Since  this  is  a  selective  amplifier,  the  voltage  amplification  at  or 
near  the  resonant  frequency  of  the  secondary  is  of  primary  interest. 
At  the  resonant  frequency  of  the  secondary, 


and  (27.8)  reduces  to 

Ar  =  -  - 


C°r  “  LcCt 


>rCcRc  ^ 


(27.9) 


(27.10) 


rP  +  Rb  +  jo>rLb  + 


The  impedance  of  the  primary  of  the  transformer  usually  is 
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small  compared  with  the  variational  plate  resistance  of  the  tube. 
Equation  (27.10)  reduces,  therefore,  to 


Ar  =  - 


C OrMfJL 


C0f(7 cRc  f  T p  “1“ 


AfVA 
Rc  ) 


(27.11) 


when  rp  >  >  ( Rb  +  jurLb). 

Dividing  both  numerator  and  denominator  of  (27.11)  by 
rp  and  substituting  Qc  =  v3rLc/Rc  =  l/oorCcRc, 


Ar  —  Qi 


o)rMQc 


1  + 


c^M_2 

T  PRC 


(27.12) 


In  some  applications,  when  the  tube  is  a  pentode,  rP  is  of  the  order 
of  1  megohm  and  u>lM2/rpRc  <  <  1.  In  such  cases, 

Ar  =  QmWrAfQc  (27.13) 

The  conditions  for  maximum  voltage  amplification  at  resonance 
in  a  TRF  stage  may  be  obtained  by  equating  to  zero  the  derivative 
of  At  in  (27.12)  with  respect  to  M .  This  gives 


tor¥i  =  Vrjic  (27.14) 

where  Mi  is  the  value  of  M  for  which  the  resistance  reflected  from 
the  secondary  circuit  into  the  primary  circuit  is  equal  to  the  varia¬ 
tional  plate  resistance  of  the  tube.  It  is  the  condition  for  maximum 
power  transfer  if  linear  operation  of  the  tube  is  assumed.  The 
maximum  voltage  amplification  is,  therefore, 

\Ar  maxi  =  g^.^Vgf  (27.15) 

When  pentodes  are  employed,  it  is  impossible  to  obtain  values  of  M 
large  enough  to  satisfy  the  conditions  for  maximum  voltage  amplifi¬ 
cation  in  the  broadcast  band  of  frequencies. 

The  variation  of  the  voltage  amplification  as  a  function  of  M  is 
illustrated  in  Fig.  27.2a  for  three  resonant  frequencies  (fri7  fr2j  /r3) 
near  the  lower,  the  middle,  and  the  upper  limit  of  the  broadcast 
band.  It  will  be  noted  that  the  value  of  M  for  maximum  voltage 
amplification  decreases  as  the  frequency  to  which  the  stage  is  tuned 
increases  and  that  voltage  amplification  increases  with  frequency. 
The  curves  of  Fig.  27.2 b  illustrate  the  dependence  of  the  voltage 
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amplification  at  frequencies  near  resonance  upon  the  mutual 
inductance. 


Fig.  27.2. — (a)  Effect  of  mutual  inductance  on  |  in  a  tuned-secondary  transformer- 

coupled  amplifier  stage;  fa  >  fa  >  fa. 


Fig.  27.2. — ( b )  Effect  of  mutual  inductance  on  the  frequency  response  of  a  tuned- 
secondary  transformer-coupled  amplifier  stage. 

28.  Tuned -primary  Tuned -secondary  Transformer-coupled 
Amplifiers. — The  tuned-primary  tuned-secondary  transformer- 
coupled  amplifier  stage  differs  from  the  TRF  stage  in  that  the  pri¬ 
mary  as  well  as  the  secondary  of  the  transformer  is  tuned  to  the 
carrier  frequency  of  the  signal.  This  type  of  amplifier  is  used 
almost  exclusively  in  superheterodyne  receivers  for  amplifying 
the  intermediate-frequency  signal.  Since  in  any  given  receiver 
the  intermediate  frequency  is  fixed,  provision  for  continuous  tuning 
is  not  provided.  Adjustable  capacitors  or  inductors  are  available, 
however,  for  aligning  the  various  stages. 

From  the  typical  circuit  diagram  and  the  equivalent  plate 
circuit  employing  a  constant- voltage  generator,  Fig.  28.1,  it  is 
evident  that  the  primary  capacitance  C&  is  the  sum  of  the  output 
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capacitance  CQ  of  the  first  tube,  the  distributed  capacitance  of  the 
primary,  and  any  added  capacitance;  and  the  secondary  capacitance 
Cc  consists  of  the  distributed  capacitance  of  the  secondary  coil  and 
wiring,  the  input  capacitance  of  the  second  tube,  and  the  added 
capacitance  for  tuning.  The  distributed  capacitance  between  the 
primary  and  secondary  is  represented  by  the  lumped  capacitor 
Cm.  The  capacitance  Cm  is  usually  small  and  is  neglected  in  this 
treatment. 


(b) 

Fig.  28.1.— (a)  Tuned-primary  tuned-secondary  transformer-coupled  amplifier 
stage;  (b)  equivalent  circuit. 

By  applying  Thevenin’s  theorem1  to  that  part  of  the  circuit, 
Fig.  28.16,  to  the  left  of  xx,  the  primary  circuit  may  be  transformed 
to  that  of  Fig.  28.2a.  In  many  cases  w2C£r2  >  >  1,  and  the  modi¬ 
fied  equivalent  circuit  of  Fig.  28.2a  may,  for  practical  applications, 
be  simplified  to  the  approximate  form  of  Fig.  28.26.  In  this  form 
the  circuit  is  that  of  an  ordinary  two-mesh  magnetically  coupled 
circuit,  Chap.  VII.  The  alternating  current  h  is  the  current 
in  the  primary  of  the  transformer  rather  than  the  alternating 
plate  current  of  the  tube.  Applying  the  coupled-circuit  analysis 
in  the  same  manner  as  in  Sec.  27, 

Zn  =  +  R>  +  i  (“L>  -  i)  (28-1} 

Z22  =  Rc  +  j  (uLc  —  (28.2) 


1  See  Chap.  V,  Sec.  5. 
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Z 


AB 


=  ZU  + 


orM2 

Z  22 


It  follows,  therefore,  that 


h 

h 


—JV-Egl 
0>C  bT  PZ  ab 
jwM  1 1 
Z  22 


and 


Eg2 


•  h 

3  «Cc 


rP 


(28.3) 

(28.4) 

(28.5) 

(28.6) 


1 


transformer-coupled  amplifier  stage. 


Combining  (28.1)  to  (28.6), 


Ar  = 


Eq2 

E„i 


+jgmc»rM 


cACcChRc  , 


br  V 


+  Rb  + 


C02Af2 

Rc. 


) 


(28.7) 


when  both  primary  and  secondary  circuits  are  tuned  to  resonance 
so  that 


0) 


2 

r 


1  =  1 
L(XCq  LbCb 


(28.8) 


Equation  (28.7)  may  be  made  more  useful  by  expressing  it  in 
terms  of  the  coefficient  of  coupling  fc,  the  quality  factor  Qb'  of  the 
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primary,  and  the  quality  factor  Qc  of  the  secondary,  these  being 
defined  by 

\M\ 


k  = 


a/ LbJjf 


W  - 


0>rLb 


and 


+  Rb  {^P  +  Rb) 


n  UrLc  1 

"  Rc  “  U>rCcRc 


The  magnitude  of  the  voltage  amplification  is 

QmkcOr 


\Ar\  = 


Qb'Qc 


+  k2 


(28.9) 

(28.10) 

(28.11) 

(28.12) 


The  coefficient  of  coupling  for  maximum  voltage  amplification  at 
resonance  may  be  determined  by  equating  to  zero  the  derivative  of 
(28.12)  with  respect  to  k,  whence 

-  070,  (28'13) 

where  kc  is  the  coefficient  of  critical  coupling.  When  critical 
coupling  is  obtained,  the  conditions  for  maximum  power  transfer 
exist  and  the  resistance  reflected  into  the  primary  circuit  from 
the  secondary  circuit  is  equal  to  the  resistance  of  the  primary 
circuit. 

The  frequency  response  of  an  i-f  stage  in  the  neighborhood  of  the 
resonant  frequency  is  a  function  of  the  coefficient  of  coupling 
between  the  primary  and  secondary.  When  Qb  equals  QC)  the 
maximum  coupling  for  a  single-peak  response  curve  is  critical 
coupling.  The  band  width  of  the  response  curve  for  the  condition 
of  critical  coupling  is  a/2  times  the  band  width  of  a  single  resonant 
circuit.  The  band  width  may  be  increased  by  increasing  the 
coupling  above  the  critical  value;  but  the  voltage  amplification 
at  and  near  the  resonant  frequency  decreases,  and  the  phase  rela¬ 
tions  are  not  so  good.  Figure  28.3  shows  measured  voltage-response 
curves  of  an  intermediate-frequency  amplifier  stage  having  approxi¬ 
mately  equal  Q's  in  the  primary  and  secondary  circuits.  These 
curves  should  be  compared  with  those  of  Fig.  16.1,  Chap.  VII. 
The  shape  of  the  voltage-response  curves  differs  slightly  from  that 
of  the  current-response  curves  (Fig.  16.1,  Chap.  VII)  since  the 
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reactance  of  the  secondary  capacitance  decreases  as  the  frequency 
increases,  causing  the  voltage  peaks  to  be  somewhat  lower  at  the 
higher  frequencies  than  at  the  lower  frequencies.  Also,  it  must  be 
borne  in  mind  that  experimentally  determined  response  curves 
usually  differ  from  the  calculated,  or  “theoretical,”  curves  because 
the  calculations  ordinarily  are  based  upon  simplifying  assumptions. 
In  a  radio  receiver  the  tuned  circuits  may  be  more  or  less  mis- 


Fig.  28.3. — Measured  frequency-response  curves  of  an  intermediate-frequency 

amplifier  stage. 

aligned  ( i.e.,  not  all  tuned  exactly  to  the  desired  frequency),  and 
there  are  usually  some  coupling  and  regeneration  due  to  interelec¬ 
trode  capacitances  of  tubes  and  distributed  capacitances  between 
circuit  elements  and  circuit  wiring. 

In  most  applications  Qc  is  larger  than  Qb.  Maximum  voltage 
amplification  is  obtained  when  the  coupling  is  critical  irrespective 
of  the  values  of  Qb  and  Qc ,  but  it  is  possible  to  increase  the  coupling 
above  critical  without  obtaining  a  double-peaked  response  curve 
when  Qb  is  not  equal  to  Qc .  The  maximum  coefficient  of  coupling 
for  a  single-peaked  response  curve  when  Qbf  ^  Qc  is  known  as  the 
optimum  coupling  and  is  given  by 

*•  -  a/*(^  +  A)  <281‘> 

When  Qb  =  Qc,  the  coefficient  of  critical  coupling  is  identical  with 
optimum  coupling.  The  voltage  amplification  at  the  resonant 
frequency  is  less  with  optimum  coupling  than  with  critical  coupling. 
The  main  advantage  of  optimum  coupling  is  the  increased  band 
width. 
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The  dependence  of  the  frequency  response  on  the  coefficient 
of  coupling  when  Qb  <  Qc  is  illustrated  by  the  current-response 
curves  of  Fig.  16.2,  Chap.  VII,  where  Qi  corresponds  to  Qb'  and  Q2 
corresponds  to  Qc.  When  Qb  <  Qc  and  the  coefficient  of  coupling 
is  greater  than  critical,  maximum  or  peak  voltage  amplification  is 
always  less  than  that  obtained  at  the  resonant  frequency  with 
critical  coupling.  On  the  other  hand,  when  Qb  =  Qc  and  the  cou¬ 
pling  is  greater  than  critical,  the  maximum  or  peak  voltage  amplifi¬ 
cation  occurs  at  two  frequencies  and  is  approximately  equal  to  that 
obtained  at  the  resonant  frequency  with  critical  coupling. 

Tuned-primary  tuned-secondary  transformer-coupled  amplifiers 
in  which  the  coupling  is  critical  or  optimum  have  a  frequency- 
response  curve  that  is  much  flatter  near  the  resonant  frequency 
than  is  possible  with  single  tuned  circuits.  The  increased  steepness 
of  the  sides  of  the  response  curve  provides  greater  selectivity  than 
is  possible  with  single  circuits. 

29.  Feedback  in  Amplifiers. — When  a  part  of  the  input  voltage 
of  an  amplifier  stage  is  obtained  from  the  output  of  that  stage 
or  following  stages,  feedback  action  is  present.  Feedback  occurs 
either  through  a  path  that  is  inherent  in  the  system  or  through 
a  feedback  circuit  specially  designed  for  the  purpose.  When 
feedback  aids  or  opposes  the  amplification,  it  is  called  'positive 
or  negative ,  respectively. 

Positive  feedback  in  an  amplifier  may  result  in  sustained 
oscillations.  An  amplifier  in  which  there  is  positive  feedback, 
but  not  sufficient  feedback  to  cause  sustained  oscillations,  is  said 
to  be  regenerative. 

Negative  feedback  may  be  employed  in  a  low-frequency  ampli¬ 
fier  in  order  to  achieve  one  or  more  of  several  desirable  results 
described  below.  Such  an  amplifier  is  said  to  be  degenerative. 
Negative  feedback  is  used  to  eliminate  the  effects  of  the  positive 
feedback  inherent  in  a  high-frequency  amplifier  due  to  the  grid-to- 
plate  capacitance.  This  use  of  negative  feedback  is  known  as 
neutralization,  Chap.  XIV. 

The  action  of  a  feedback  path  depends  upon  the  frequency  of  the 
variational  voltage.  An  amplifier  that  has  feedback  may  remain 
either  regenerative  or  degenerative  throughout  the  range  of  signal 
frequencies  that  are  applied,  though  the  magnitude  and  phase  angle 
of  the  feedback  voltage  may  change  with  frequency.  An  amplifier 
may  be  regenerative  in  one  frequency  range  and  degenerative  in 
another. 
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Generally,  positive  feedback  tends  to  sharpen  the  frequency- 
response  curve  and  to  decrease  the  range  of  uniform  response. 
Therefore,  regeneration,  or  positive  feedback,  may  be  employed 
to  increase  the  gain  and  selectivity  of  an  amplifier.1  Negative 
feedback  tends  to  flatten  the  frequency-response  curve  and  extend 
the  range  of  uniform  response.  It  also  reduces  harmonic  (non¬ 
linear)  and  phase  distortion.  Negative  feedback  increases  an 
amplifier’s  stability,  making  the  voltage  amplification  less  dependent 
upon  operating  voltages  and  tube  coefficients.  Under  certain  condi¬ 
tions  it  also  decreases  the  noise  in  the  output  of  an  amplifier.  Also, 
feedback  networks  of  special  design  may  be  employed  to  provide 


Fig.  29.1. — Principle  of  feedback  in  amplifiers. 


selective  attenuation  or  emphasis  to  compensate  for  undesired 
frequency  characteristics  in  circuits  external  to  the  amplifier.2 

Feedback  may  be  harmful.  A  small  amount  of  positive  feed¬ 
back  in  a  band-pass  amplifier  may  cause  distortion.  A  large 
amount  of  positive  feedback  in  any  system  may  result  in  oscillation. 
Prevention  of  undesired  feedback  is  a  primary  purpose  of  such 
arrangements  as  the  resistor-capacitor  “decoupling  filter”  used 
in  plate  and  grid-supply  circuits.3 

Figure  29.1  illustrates  the  principle  of  feedback  in  an  amplifying 
system.  For  simplicity,  series  injection  is  shown  at  the  input, 
but  other  forms  of  network  coupling  may  be  employed.  The  feed¬ 
back  circuit  has  a  transmission  coefficient  which  is  the  ratio 
of  the  feedback  voltage  to  the  load  voltage.  The  voltage  amplifica¬ 
tion  of  the  amplifier  alone  is  defined  as 

A  =  Tf  (29J) 

while  the  amplification  of  the  system  with  feedback,  called  the 

1  Chap.  XXIII,  Sec.  2. 

2  H.  S.  Black,  Stabilized  Feedback  Amplifiers,  Trans .  A.I.E.E.,  63,  114, 
January,  1934;  U.S.  patent  2,106,671,  Dec.  21,  1937. 

3  See  Sec.  33. 
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actual  voltage  amplification,  is 

Aa  =  J  (29.2) 

Each  of  the  quantities  A,  Aa,  ft,  in  general,  is  complex  and  is  a 
function  of  frequency.  The  input  voltage  Ei  is  equal  to  Es  +  @EL . 
Substitution  in  (29.2)  of  this  value  of  Ei  together  with  the  value 
of  El  from  (29.1)  gives 

'*•  -  hW  <29-3> 


This  is  the  fundamental  feedback  formula.  The  product  (3A  is 
defined  as  the  feedback  factor.  By  definition : 
with  positive  feedback, 


\Aa\  >  \A\  and 

ii  -  mi  <  i 

(29.4) 

with  negative  feedback, 

|Aa|  <  \A\  and 

|l  -  Ml  >  l 

(29.5) 

Equation  (29.3)  is  applicable  when  the  system  is  acting  as  a  linear 
amplifier  under  steady-state  conditions. 

When  feedback  is  employed,  there  is  always  danger  that  oscilla¬ 
tion  will  occur  at  some  frequency.  The  conditions  necessary  for 
oscillation  have  been  investigated.1  Let  the  feedback  factor 
&A  and  its  conjugate  be  plotted  on  the  complex  plane  as  a  function 
of  frequency.  If  this  locus  encloses  or  includes  the  point  1  +  jO, 
the  system  oscillates  and  will  not  act  as  a  stable  amplifier. 

As  positive  feedback  is  increased  from  zero,  (29.3)  applies  until 
the  amplitude  of  the  output  voltage  becomes  so  large  that  non¬ 
linearity  results.  If  the  positive  feedback  is  increased  sufficiently, 
the  amplifier  usually  oscillates.  The  amplitude  of  the  oscillatory 
voltage  is  limited  by  tube  and  circuit  conditions;  when  the  rate 
of  energy  dissipation  becomes  equal  to  the  rate  of  energy  input, 
the  oscillations  become  steady.  That  is,  the  steady  oscillatory 
state  is  reached  when  the  negative  resistance  developed  in  the 
amplifier  is  equal  to  the  total  positive  resistance. 

If  the  positive  feedback  is  further  increased,  the  oscillations 
usually  continue,  the  waveform  differing  more  and  more  from 

1  H.  Nyqtjist,  Regeneration  Theory,  Bell  System  Tech.  J.  11,  126,  January, 
1932;  E.  Peterson,  F.  G.  Kreer,  and  L.  A.  Ware,  Regeneration  Theory  and 
Experiment,  Proc.  I.R.E. ,  22,  1191,  October,  1934;  H.  W.  Bode,  Relations 
between  Attenuation  and  Phase  in  Feedback  Amplifier  Design,  Bell  System 
Tech.  19,  421,  July,  1940. 
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that  of  a  sinusoid  and  the  fundamental  frequency  differing  more  and 
more  from  the  value  at  the  inception  of  oscillation.  In  many 
cases,  extreme  positive  feedback  causes  the  amplifier  to  behave 
like  a  relaxation  oscillator,  Chap.  XV. 

With  negative  feedback  and  the  feedback  factor  $A  having  a 
magnitude  large  compared  with  unity,  (29.3)  becomes 

Aa  =  -  i  (29.6) 

This  important  approximation  shows  that,  when  \f3A\  >  >  1,  the 
actual  amplification  with  negative  feedback  is  a  function  of  the 
characteristics  of  the  feedback  network  only  and  is  practically 
independent  of  such  factors  as  the  tube  characteristics  and  the 
polarizing  voltages.  Equation  (29.6)  indicates  that  0  must  be 
small  for  Aa  to  be  large.  Then  the  value  of  A  must  be  large  in 
order  to  have  \{3A\  >  >  1.  When  the  conditions  that  underlie 
(29.6)  are  satisfied,  the  actual  voltage  amplification  may  be  made 
independent  of  frequency  by  employing  a  resistive  feedback  network. 

The  effect  of  a  large  amount  of  negative  feedback  may  be 
explained  qualitatively  as  follows:  Es  and  f3EL  are  of  the  same  order 
of  magnitude.  If,  owing  to  variation  of  the  voltage  amplification 
A  with  frequency  or  for  any  other  cause,  the  load  voltage  El  tends 
to  be  changed  in  value,  the  feedback  voltage  @El  is  changed  propor¬ 
tionally.  Any  variation  in  the  latter  voltage,  however,  causes 
considerable  change  in  the  input  voltage  Ei}  since  Ei  is  the  small 
difference  between  Es  and  / 8EL.  This  change  produces  an  effect 
at  the  output  that  opposes  and  practically  cancels  the  original 
variation  in  load  voltage  EL}  which,  therefore,  remains  essentially 
constant. 

The  frequency  response  of  the  system  may  be  altered  by  making 
the  feedback  network  reactive,  so  that  (3  is  smaller  for  those  fre¬ 
quencies  for  which  increased  amplification  is  desired,  and  larger 
for  those  frequencies  to  be  attenuated. 

30.  Current-  and  Voltage-controlled  Feedback. — The  varia¬ 
tional  voltage  fed  back  from  the  output  of  an  amplifier  may  be 
proportional  either  to  the  voltage  across  the  load  or  to  the  current 
through  the  load,  and  accordingly  the  feedback  may  be  defined 
as  voltage-controlled  or  current-controlled,  Fig.  30.1.  In  Fig. 
30.1a  the  feedback  voltage  developed  between  points  4  and  5 
results  from  voltage  division  of  the  voltage  across  the  load,  while 
in  Fig.  30.16  it  results  from  load  current  passing  through  a  resistance 
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in  the  output  circuit.  In  either  of  these  examples,  the  amplifier 
can  be  either  regenerative  or  degenerative,  depending  upon  the 
connection  of  the  output  transformer.  An  amplifier  may  possess 
any  combination  of  voltage-  and  current-controlled  feedback. 

Another  form  of  current-controlled  negative  feedback,  known  as 
cathode  degeneration ,  Sec.  31,  occurs  when  there  is  an  impedance 


IcO  lb) 

Fig.  30.1. — Examples  of  an  amplifier  with  (a)  voltage-controlled  feedback  and  (6) 
current-controlled  feedback. 

in  the  cathode  circuit.  For  example,  if  the  by-pass  capacitor  is 
omitted  or  is  insufficient  when  cathode  bias  is  employed,  cathode 
degeneration  results. 

In  the  circuit  of  Fig.  30.2,  voltage  feedback  from  the  output  is 
secured  by  the  voltage  divider  formed  by  Ri  and  R2.  R2  also 
causes  cathode  degeneration.  The  voltage  developed  across  R2  by 


Fig.  30.2. — Tw  3-tube  amplifier  with  over-all  voltage-controlled  negative  feedback 
and  cathode  degeneration. 


division  of  the  output  voltage  opposes  the  input-signal  voltage,  so 
that  this  feedback  is  negative. 

Feedback  may  result  in  considerable  alteration  of  the  input 
and  output  impedances  of  an  amplifier.  For  example,  with 
voltage-conti ‘oiled  negative  feedback,  the  output  impedance  is 
smaller  than  it  would  be  without  feedback.  With  current-con¬ 
trolled  negative  feedback  the  output  impedance  is  increased. 

The  alteration  of  output  impedance  may  be  accounted  for  as 
follows:  Figure  30.3a  represents  an  amplifier  with  voltage-controlled 
negative  feedback.  The  output  stage  of  the  amplifier  is  represented 
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by  its  equivalent  plate  circuit  in  which  an  emf  kEi  is  acting  in 
series  with  the  equivalent  internal  impedance  Z7  which  would  be  the 
output  impedance  of  the  amplifier  if  no  feedback  were  present. 
The  factor  k  is  a  complex  number  representing  the  amplification 
from  the  input  to  the  amplifier  up  to  the  input  to  the  final  stage. 
The  voltage  divider  RiR%  provides  the  feedback  voltage;  for 
simplicity,  let  the  resistance  of  this  voltage  divider  be  very  much 
greater  than  the  impedance  ZL  of  the  load.  The  negative  feedback 
voltage  $El  tends  to  decrease  the  magnitudes  of  Ei}  kEi}  IL}  and  EL . 


A 

A 

E;=0 

(l° 

1 

R,< 

rJ 

Li 

B 

B 

lb)  ARRANGEMENT  TO  DETERMINE  THE  OUTPUT  IMPEDANCE  WITHOUT  FEEDBACK 


(C>  ARRANGEMENT  TO  DETERMINE  THE  OUTPUT  IMPEDANCE  WITH  FEEDBACK 
Fig.  30.3. — Output  impedance  of  an  amplifier  with  voltage-controlled  negative 

feedback. 

To  determine  the  output  impedance  without  feedback,  the 
circuit  of  Fig.  30.36  is  used.  The  input  terminals  are  short-cir¬ 
cuited;  the  tap  on  RXR2  is  moved  to  the  bottom  of  R 2;  and  an  a-c 
source  of  voltage  F,  having  the  signs  shown,  is  put  in  place  of  the 
load  ZL .  (The  current  I0  that  results  is  opposite  in  direction  to 
that  which  would  be  produced  by  the  voltage  Es  in  Fig.  30.3a.) 
The  output  impedance  without  feedback  is 

F 
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To  determine  the  output  impedance  with  feedback,  the  feedback  tap 
is  replaced  in  its  original  position,  and  the  conditions  shown  in 
Fig.  30.3c  result.  The  current  due  to  V  is  now 


V  +  kfiV  _  V(\  +  m 
Z  Z 


(30.2) 


and  the  output  impedance  with  feedback  is 


Z 

l  +  W 


(30.3) 


which  indicates  that  with  negative  voltage-controlled  feedback, 
Zab  <  Z,  or  the  output  impedance  with  feedback  is  less  than  the 
output  impedance  without  feedback. 

If  the  sign  of  either  /3  or  h  is  changed,  the  feedback  becomes 
positive,  and  the  output  impedance  is  increased  instead  of  decreased. 
The  effects  of  positive  and  negative  current-controlled  feedback 
upon  output  impedance  may  be  worked  out  in  corresponding 
fashion. 

With  the  output  impedance  of  the  amplifier  decreased,  the 
load  voltage  EL  is  less  dependent  upon  the  value  of  the  load  imped¬ 
ance,  hence  less  dependent  upon  frequency.  The  amplifier  then 
may  be  compared  with  a  constant-voltage  generator.  With  the 
output  impedance  increased  the  current  through  the  load  is  less 
dependent  upon  load  impedance,  so  that  the  amplifier  then  may  be 
compared  with  a  constant-current  generator. 

31.  Cathode  Degeneration. — A  simple  circuit  illustrating 
cathode  degeneration  is  shown  in  Fig.  31.1a.  Since  the  output 
voltage  E0  is  the  total  alternating  potential  developed  across  the 
plate-load  impedance  Z L,  it  does  not  represent  the  voltage  delivered 
to  the  following  stage  in  the  general  case.  When  the  d-c  potential 
developed  across  Zh  differs  from  the  desired  grid-polarizing  potential, 
methods  similar  to  those  shown  in  Fig.  32.3  may  be  used  to  obtain 
the  proper  value  of  grid-bias  voltage. 

Analysis  of  the  circuit  of  Fig.  31.1a  results  in  the  equivalent 
plate-circuit  diagram  of  Fig.  31.16,  from  which 


Since 


the  plate  current  is 


t  Z  jj|*2 

p  rp  +  Zl  +  Zk 
Ek  =  IpZk 

_  _ pEa _ 

Tv  +  Zl  +  Z*(l  +  n) 


(31.1) 

(31.2) 


(31.3) 
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E0  _  _ —  ixZl _ 

Ea  rp  +  ZL  +  Zk(l  +  fj) 


(31.4) 


Thus,  the  actual  voltage  amplification  is  decreased  from 

A  - 

A  ~  rp  +  ZL 

without  cathode  degeneration  to  the  amount  indicated  by  (31.4) 
with  cathode  degeneration. 


Inspection  of  (31.4)  shows  that,  for  no  cathode  degeneration 
to  be  present, 


%k(  1  +  m)  <  <  +  Zl 


32.  The  Cathode  Follower. — Figure  32.1a  shows  a  simple 
“cathode-follower”  circuit.  There  is  no  plate-load  impedance,  so 
that  the  potential  of  the  plate  never  changes.  The  output  voltage 
appearing  across  a  cathode  impedance  Zk  “follows”  closely  the 
changes  in  potential  of  the  grid,  hence  the  name  “cathode  fol¬ 
lower.”  Since  the  voltage  fed  back  is  the  voltage  across  the  load, 
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the  device  is  essentially  a  single-stage  amplifier  having  voltage- 
controlled  feedback  with  the  feedback  coefficient  /3  equal  to  —  1. 
The  cathode  follower  is  characterized  by  low  output  impedance 
and  high  input  impedance.  Its  voltage  amplification  is  less  than 
unity.  Therefore  the  cathode  follower  is  used,  not  for  voltage 
amplification,  but  as  a  form  of  power  amplifier  with  a  low  power 


Fig.  32.1. — (a)  Actual  and  (6)  equivalent  circuit  diagram  for  a  cathode-follower  stage. 


output.  It  is  useful  as  a  coupling  device  between  a  high-impedance 
source  and  a  low-impedance  load.  An  expression  for  the  voltage 
amplification  of  a  cathode  follower  may  be  obtained  by  use  of 
the  equivalent  circuit  of  Fig.  32.16.  Neglecting  tube  electrode 
capacitances  and  introducing  ZL'  as  the  parallel  impedance  of 
Zjg  and  Z x,, 


ZkZL 
Zk  +  Zl 


(32.1) 


the  voltage  relationship  in  the  loop  containing  rp  and  Zl  yields 

ZL' 

Tp  +  Zl 


El  =  p(E8  -  El) 
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A«  = 


El 

E. 


1  +  M 


1  +  M 


+  ZL' 


(32.2) 


The  same  equation  may  be  obtained  from  the  feedback  formula 
(29.3),  if  A  is  taken  as  the  voltage  amplification  with  the  grid 
return  lead,  Fig.  32.1,  moved  from  ground  to  cathode  and  0  is 
taken  as  —1.  Thus 


Aa 


pZL' 
rp  +  Zl 


1  -  (-1) 


I^Zl 

Tp  +  Zl 


which  simplifies  to  (32.2).  Equation  (32.2)  leads  to  the  equivalent 
series  circuit  shown  in  Fig.  32.2  (the  tube  electrode  capacitances 


B 

Fig.  32.2. — Simplified  equivalent  circuit  diagram  for  a  cathode-follower  stage. 


being  neglected).  From  this  circuit,  the  output  impedance  of 
the  cathode  follower  is 


•  P  / y 

1  +  M  =  rpZ, 

rv  x  7  rp  +  (1  +  iL)Zk 


(32.3) 


When  a  high-mu  triode  or  pentode  is  employed,  /i  >  >  1, 
(32.2)  and  (32.3)  may  be  simplified  to  the  forms 


A  -  Zl' 

(32.4) 

A  a  i 

L  +  Zh* 

Qm 

7  .  Zk 

Zab  1  +  gmZk 

(32.5) 

Sometimes  a  voltage-amplifier  type  of  pentode  having  a  large 
gm  is  used  with  a  cathode  resistor  of  several  thousand  ohms  and  a 


420 


AMPLIFIERS— CLASS  A  AND  CLASS  B  [Chap.  XIH 


load  having  a  high  impedance,  so  that  gmZk  >  >  1.  Then,  (32.4) 
and  (32.5)  simplify  to 

Aa  =  1  (32.6) 

ZAB  =  ~  (32.7) 

Qm 

The  effect  of  interelectrode  capacitances  may  be  accounted  for 
as  follows :  Since  the  plate  is  at  ground  potential,  Cp1t  is  in  parallel  with 
ZL  together  with  Ckf,  Fig.  32.16.  This  will  affect  the  value  of  Zi! 
and  Aa  of  (32.2).  The  input  impedance,  Cgp  and  Cgh  being  taken 


Fig.  32.3. — Practical  cathode-follower  circuits. 

into  account,  may  be  determined  readily  by  first  considering  the 
input  admittance.  The  input  admittance  is  determined  by  the 
currents  h  and  I2,  Fig.  32.16.  These  are  given  by 

11  =  jo>CgpEs  (32.8) 

1 2  —  juCgic(E8  —  El)  (32.9) 

Then  =  j<*C0P  +  jo>Cgk(l  -  Aa). 

If  A a  is  real,  Fi„  is  purely  capacitive,  and  Cin  is  given  by 

Cin  =  Cgp  +  cgk(  1  -  Aa)  (32.10) 

If  Aa  is  complex,  Yin  has  a  real  part,  which  may  be  either  a  positive 
or  a  negative  conductance.  Since  Aa  is  often  very  nearly  equal  to 
unity,  the  input  capacitance  is  often  very  small,  only  a  few 
micromicrofarads. 

The  input  capacitance  of  a  cathode  follower  employing  a  screen- 
grid  tube  can  be  derived  in  a  similar  way,  the  exact  form  of  the 
equation  depending  upon  the  particular  way  in  which  the  screen 
grid  is  connected. 

Since  the  d-c  voltage  across  the  cathode  resistor  is  often  of  the 
order  of  several  hundred  volts,  some  arrangement  for  obtaining 
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proper  grid-bias  voltage  is  necessary.  Two  practical  circuits 
are  shown  in  Fig.  32.3.  In  Fig.  32.3a,  the  voltage  drop  across  R 
alone  is  applied  to  the  grid  by  means  of  the  grid  resistor  Rc.  Fre¬ 
quently  the  a-c  voltage  developed  across  R  is  negligible,  and  the 
by-pass  capacitor  C  is  omitted.  In  Fig.  32.3b,  the  proper  bias 
voltage  is  obtained  by  means  of  a  compensating  voltage  Ekk  intro¬ 
duced  into  the  cathode  lead  from  an  external  source. 

33.  Motorboating. — In  the  circuit  of  Fig.  33.1  the  impedance 
Zbb  consists  of  the  internal  impedance  of  the  plate  power  supply 


Fie,  33.1. — Feedback  through  the  impedance  of  a  common  plate  power  supply. 


and  any  added  impedance  that  is  in  series  with  the  plate  power 
supply.  Since  Zbb  is  common  to  the  plate  circuits  of  both  tubes, 
it  provides  a  feedback  path. 

Assume  that  a  positive  increment  of  potential  is  applied  to 
the  grid  of  T i.  The  total  instantaneous  value  of  plate  current 
4i  increases,  thus  increasing  the  potential  developed  across  Zbb 
and  reducing  the  total  instantaneous  value  of  the  effective  plate 
power-supply  potential  ew>.  The  resulting  increase  (in  addition 
to  the  normal  action  of  Rb i)  in  the  negative  value  of  eg2  results 
in  a  decrease  in  ib This,  in  turn,  tends  to  decrease  the  poten¬ 
tial  developed  across  Zbb  and  to  increase  ew>.  Since  owing  to  ampli¬ 
fication  the  change  in  ib2  is  usually  greater  than  that  in  ib h  the 
effective  value  of  ebb  is  increased,  resulting  in  a  decrease  in  the 
change  of  eo2.  This  results  in  negative  feedback.  A  similar  effect 
occurs  for  any  even  number  of  stages  in  cascade. 

When  there  are  three  stages,  however,  the  increase  in  43  results 
in  a  decrease  in  e bb  since  |A43|  >  |A42  -  A4i|.  The  change  in  ebb 
increases  the  change  in  eo2)  resulting  in  positive  feedback,  which  may 
cause  oscillation  (c/.  Chap.  XV).  A  similar  effect  occurs  for  any 
odd  number  of  stages. 

If  oscillation  occurs,  the  grid  potential  of  one  of  the  tubes 
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usually  goes  positive,  causing  grid  current.  The  resulting  “grid- 
eak”  biasing  may  block  the  amplifier  and  stop  the  oscillation. 
Since  the  time  constant  of  the  combination  of  the  coupling  capacitor 
and  grid  resistor  is  large,  this  results  in  a  low-frequency  oscillation 
that  sounds  very  much  like  an  outboard  motor.  Thus,  this 
phenomenon  is  known  as  motorboating. 

Motorboating  may  be  overcome  by  (1)  decreasing  the  low- 
frequency  voltage  amplification  of  the  amplifier,  (2)  by  using  a  well- 
regulated  power  supply,  (3)  by  using  decoupling  networks  as 
illustrated  in  Fig.  33.2  by  Rb i',  CM;  Rb2,  Cb2 ;  and  Rbz,  Cb 3. 


Fig.  33.2. — Decoupling  networks  to  prevent  motorboating. 


Feedback  due  to  the  common  plate  impedance  Z&&  is  usually 
undesirable  but  may  be  employed  to  modify  the  frequency  response 
of  an  amplifier  by  proper  choice  of  Zbb  and  the  number  of  stages 
affected. 
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CHAPTER  XIV 


POWER  TUBES 

1.  Definition  of  Power  Tubes. — Although  there  is  no  sharp  line 
of  distinction  between  power  tubes  and  other  types,  power  tubes 
may  be  considered  to  be  those  tubes  whose  function  it  is  to  deliver 
a-c  power  to  a  load  circuit.  Power  tubes  described  in  this  chapter 
are  multielement  tubes  of  the  negatively  biased  control-grid  type 
that  are  operated  under  such  conditions  as  to  make  plate-circuit 
efficiency  and  dissipation  at  the  electrodes  important  factors  in 
design  and  operation.  Though  many  power  tubes  are  physically 
of  large  size,  small  tubes  may  be  operated  as  power  tubes.  The 
power  input  to  the  plate  circuit  ranges  from  a  few  watts  to  several 
hundred  kilowatts.  The  d-c  plate  voltage  ranges  from  100  volts  or 
even  less  to  20  or  25  kilovolts.  Several  types  of  power  tubes  are 
shown  in  Figs.  1.1  to  1.3. 

Large  power  tubes  are  commonly  operated  in  the  Class  B  or 
Class  C  modes  to  secure  high  output  and  high  plate-circuit 
efficiency. 

2.  Structural  Features  of  Power  Tubes. — Before  considering  the 
operation  of  power  tubes  some  general  practical  points  concerning 
the  structure  of  the  tubes  will  be  described.  Many  power  tubes  are 
triodes,  though  tetrodes  and  pentodes  are  often  made  in  large  sizes 
and  used  as  power  tubes. 

Cathodes . — Although  the  coated  cathode  has  the  highest  emis¬ 
sion  efficiency  and  is  used  almost  universally  in  small  tubes  for 
receivers,  it  is  generally  impracticable  for  power  tubes  operated 
with  high  d-c  plate  voltages.  The  emission  of  coated  cathodes 
may  fail  permanently  or  temporarily,  and  parts  of  the  cathode 
coating  may  flake  off,  when  high  current  is  drawn  for  a  considerable 
length  of  time.  Coated  cathodes  are  sometimes  used  when  the 
plate  voltage  is  1,000  volts  or  less  or  in  some  special-purpose  tubes 
when  the  plate  current  flows  for  very  short  intervals  of  time. 

Thoriated-tungsten  filaments,  possessing  higher  emission  effi¬ 
ciency  than  pure  metal  filaments,  are  generally  used  in  power  tubes 
when  the  d-c  plate  voltage  is  not  in  excess  of  5,000  volts.  The 
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delicate  monatomic  surface  layer  of  thorium  deteriorates  under 
bombardment  by  positive  ions  from  the  residual  gas. 

Pure  tungsten  filamentary  cathodes  are  used  in  large  power 
tubes,  especially  those  operated  at  very  high  plate  voltages. 

Although  drawing  any  amount  of  emission  current  from  tungsten 
filaments  does  not  affect  the  emission  efficiency  or  life  of  the  fila¬ 
ment,  it  is  generally  conceded  that  the  activity  of  coated  and 
thoriated  cathodes  gradually  decreases  if  the  average  plate  current 
exceeds  some  definite  value  determined  by  experiment.  The 
decrease  in  life  is  caused  largely  by  the  presence  of  residual  gas  and 
the  positive-ion  bombardment  resulting  from  it.  Hence  the  loss 
in  life  and  the  necessity  of  limiting  the  average  plate  current  depend 
upon  the  degree  of  vacuum  that  is  maintained  in  the  tube. 

The  life  of  a  power  tube  is  generally  determined  by  the  life  of 
the  cathode.  Small  power  tubes  have  a  life  expectancy  of  about 
2,000  hr,  while  large  power  tubes  are  operated  at  such  temperatures 
as  to  give  a  much  longer  life,  ranging  up  to  10,000  hr  or  more. 
Very  large  tubes  are  sometimes  operated  with  the  vacuum  main¬ 
tained  by  pumps  so  that  burned-out  filaments  can  be  replaced. 

Plates. — Most  of  the  power  loss  within  a  tube  is  in  heating  the 
plate.  The  power  rating  of  a  tube  is  determined,  therefore,  by 
the  amount  of  power  the  plate  can  get  rid  of,  just  as  the  power 
rating  of  a  transformer  or  motor  is  determined  by  its  temperature 
rise.  Not  only  must  the  plate  get  rid  of  the  heat  developed  directly 
by  electron  bombardment,  but  a  fraction  of  the  cathode-heating 
power  that  is  radiated  from  the  cathode  and  intercepted  by  the 
surrounding  plate  structure  must  be  dissipated  by  the  plate. 
Furthermore,  a  part  of  the  power  radiated  from  the  grid  is  inter¬ 
cepted  by  the  plate  and  hence  contributes  in  small  measure  to 
the  total  power  that  the  plate  must  dissipate. 

The  heat  at  the  plate  is  dissipated  most  commonly  either  by 
radiation  or  by  forced  circulation  of  a  cooling  agent. 

Since  radiation  depends  upon  the  fourth  power  of  the  absolute 
temperature,  the  plate  of  a  radiation-cooled  tube  is  designed  to 
operate  at  a  high  temperature  and  is  mounted  in  a  glass  envelope 
through  which  the  radiation  must  pass.  If  the  plate  is  of  tungsten 
or  tantalum,  it  operates  at  a  bright  cherry  red  and  may  radiate 
about  8  watts/cm2  of  outside  exposed  surface.  A  molybdenum 
plate  operates  at  a  bright  red  and  can  dissipate  about  5  watts/ cm2, 
while  a  nickel  plate  operates  at  a  dull  red  and  dissipates  about 
3  watts/cm2  of  surface.  Often  carbon  plates  are  used  because  their 
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dull  black  surface  makes  them  good  radiators  of  heat.  Their 
operating  temperature  is  so  low  that  there  is  no  visible  radiation. 
A  radiation-cooled  triode  is  shown  in  Fig.  1.1. 

The  plate  of  the  large  tubes  is  generally  made  of  copper  in 
tubular  shape  with  one  end  closed  and  the  other  end  sealed  to  glass, 
thus  comprising  a  portion  of  the  vacuum  envelope.  A  water  jacket 
around  the  plate  permits  cooling  water  to  be  forced  rapidly  over  the 
outer  surface  of  the  plate.  Large  amounts  of  heat  thus  can  be  taken 
away  from  the  plate.  A  typical  water-cooled  tube  is  shown  in  Fig. 


Fig.  1.1. — Radiation-cooled  tube. 


Fig.  1.2. — Water-cooled  tube. 


1.2.  The  tubular  copper  plate  often  is  embedded  in  a  block  of 
copper  provided  with  fins.  Air  forced  between  the  fins  cools  the 
plate.  These  air-cooled  tubes  avoid  the  complicated  water-cooling 
systems.  An  air-cooled  tube  is  shown  in  Fig.  1.3. 

Grids . — The  grid  of  a  power  tube,  located  between  plate  and 
cathode  which  operate  at  high  temperatures,  receives  considerable 
radiated  heat  from  these  electrodes.  The  added  heat  resulting  from 
electron  bombardment  of  the  grid  often  elevates  the  temperature  of 
the  grid  to  such  an  extent  that  primary  emission  takes  place  from 
the  grid  wires.  Such  primary  emission  always  causes  a  decrease  in 
efficiency  of  the  tube  and  may  cause  such  excessive  heating  of  the 
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plate  as  to  destroy  the  tube.  To  withstand  high  temperatures 
the  grid  wires  are  made  of  tungsten,  tantalum,  or  molybdenum. 
The  grid  wires  get  rid  of  heat  generally  by  radiation  assisted  by  con¬ 
duction  along  the  grid  supports. 

3.  Heating  of  Filament. — Most  power  tubes  have  a  filamentary 
cathode.  The  space  current  from  the  plate  to  the  cathode  (speaking 
in  terms  of  the  conventional  direction  of  current  flow)  adds  to  or 
subtracts  from  the  heating  currents  at  the  ends  of  the  filament  as 
indicated  in  Fig.  3.1.  Consider  a  small  part  of  the  plate  current, 

A 4,  which  divides  at  the  filament 
into  two  components  AtV  and 
A4".  The  sum  of  all  the  com¬ 
ponents  A ib  of  all  the  current 
elements  A ib  to  all  parts  of  the 
filament  flows  against  the  heating 
current  If  at  the  positive  end  of 
the  filament,  whereas  the  sum  of 
all  the  AtV'  components  adds  to 


Fig.  1.3. — Air-cooled  tube.  {RCA.)  Fig.  3.1. — Division  of  space  current 

in  the  filament. 

the  heating  current  at  the  negative  end  of  the  filament.  Hence  the 
negative  end  is  overheated,  while  the  positive  end  is  underheated. 
In  order  to  reduce  this  unequal  heating  of  the  filament,  the  heating 
current  is  generally  from  10  to  30  times  the  average  plate  current. 

Filaments  of  power  tubes  generally  are  heated  by  alternating 
current.  In  this  case  the  heating  of  the  filament,  even  as  affected 
by  the  space  current,  is  quite  uniform.  The  connection  of  the 
plate  circuit  to  the  cathode  circuit  is  generally  made  to  the  center 
point  of  the  secondary  winding  of  the  heating  transformers,  Fig. 
3.2a,  or  to  the  midtap  of  a  shunting  resistance,  Fig.  3.26.  These 
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connections  reduce  the  variations  of  actual  plate-to-cathode  poten¬ 
tial  caused  by  the  voltage  drop  along  the  cathode.  Capacitors, 
as  shown  in  the  figures,  provide  by-passes  for  the  alternating 
components  of  the  plate  current. 

The  proper  temperature  of  the  filament  is  indicated  preferably  by 
a  certain  reading  of  the  filament  voltmeter  rather  than  by  a  reading 
of  an  ammeter  giving  the  filament  current;  for  as  the  cross  section 
of  the  filament  decreases  with  age,  maintaining  a  constant  current 
would  cause  the  temperature  of  the  filament  to  increase. 


Fig.  3.2. — Plate-circuit  connections  to  the  cathode  heating  circuit. 


4.  High-frequency  Tubes. — When  tubes  are  operated  at  very 
high  frequencies,  the  charging  current  into  the  interelectrode 
capacitances  becomes  very  large,  necessitating  large  lead-in  wires. 
The  interelectrode  capacitances,  especially  that  between  grid  and 
plate,  are  reduced  to  a  minimum  by  bringing  the  leads  out  through 
the  glass  by  the  shortest  path  instead  of  running  them  all  through 
a  common  base.  The  inductance  of  the  leads  also  is  reduced  by 
making  all  current-carrying  connections  of  large  cross  section  within 
the  tube. 

Since  losses  in  insulating  material  exposed  to  high-frequency 
fields  increase  with  frequency,  insulating  supports  for  the  grids 
and  plate  are  largely  eliminated,  the  electrodes  often  being  sup¬ 
ported  by  the  seal-in  leads. 

The  principal  reason  for  the  decrease  in  efficiency  of  a  triode 
or  tetrode  as  the  frequency  is  increased  is  the  appreciable  time? 
compared  with  a  period  of  oscillation,  required  for  an  electron  to 
pass  from  cathode  to  plate.  This  transit  time  introduces  a  time  lag 
between  the  change  of  plate  current  with  respect  to  change  of 
plate  voltage;  and,  as  will  be  pointed  out  later,  any  such  phase 
difference  decreases  the  efficiency.  Furthermore,  some  electrons 
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that  are  attracted  by  the  positively  charged  grid  or  plate  may  be 
pushed  back  to  the  cathode  when  the  grid  or  plate  potential  reverses 
before  these  electrons  have  time  to  reach  the  grid  or  plate.  In 
such  a  case,  work  will  have  been  done  on  these  electrons,  and  this 
work  will  be  expended  on  the  cathode  when  they  return  to  it,  over¬ 
heating  the  cathode  and  causing  useless  power  loss.  In  order  to 
minimize  this  effect,  the  distances  between  electrodes  may  be 
decreased  and  the  electrode  voltages  increased.  For  each  type  of 
tube  there  is  a  more  or  less  definite  upper  frequency  limit  above 


Fig.  4.1. — Type  211  tube.  Fig,  4.2. — Radiation-cooled 

tube  type  454. 


which  the  efficiency  of  the  tube  falls  off  rapidly.  For  example,  the 
type  211  tube,  Fig.  4.1,  has  all  lead-in  wires  pass  through  a  common 
base.  It  is  designed  primarily  for  audio  or  broadcast  frequencies 
and  works  at  full  output  up  to  about  15  mcps.  On  the  other  hand, 
the  type  454,  Fig.  4.2,  is  designed  for  high  frequencies  and  operates 
satisfactorily  at  frequencies  as  high  as  150  mcps. 

5.  Classification. — Power  tubes  are  classified  conveniently  in 
two  groups  according  to  whether  they  operate  within  a  narrow  band 
of  frequencies  or  through  a  wide  band  of  frequencies.  This  classifi¬ 
cation  is  given  below  with  the  various  applications  listed  in  each 
group. 
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L  Narrow-band  operation: 

1.  Amplifiers,  Classes  B  and  C 

a.  Modulated 

b.  Unmodulated 

2.  Frequency  multipliers,  Class  C 

3.  Oscillators,  Class  C 

a.  Modulated 

b.  Unmodulated 

II.  Wide-band  operation: 

1.  Audio  amplifier,  Class  B 

2.  Modulators,  Classes  B  and  C 

The  tubes  in  Group  I  operate  usually  into  a  tuned  plate  load 
and  are  excited  at  the  grid  by  a  pure  or  modulated  sinusoidal 
voltage.  These  tubes  may  be  called  sine-wave  power  converters. 
The  tubes  of  Group  II  operate  into  plate  loads  that  offer  an  appre¬ 
ciable  impedance  at  all  frequencies  over  a  wide  range,  and  their 
grids  are  excited  by  voltage  waves  containing  many  frequency 
components.  These  tubes  may  be  called  nonsinusoidal  power 
converters.  The  operation  of  the  Class  B  audio  amplifier  is  described 
in  Chap.  XIII.  Modulator  tubes  include  not  only  tubes  used  to 
speech-modulate  an  amplifier  or  oscillator  but  also  various  types 
of  switching,  pulsing,  and  keying  modulators. 

6.  General  Principle  of  Operation  of  a  Power-converter  Tube. — 
The  mode  of  operation  of  a  power-converter  tube  is  generally  so 
different  from  that  of  a  Class  A  amplifier  that  little  is  gained  in 
trying  to  maintain  an  analogy.  The  Class  A  tube  is  usually  a  linear 
device,  while  the  power-converter  tube  is  entirely  nonlinear.  This 
nonlinear  action  inevitably  results  from  applying  large  voltage 
variations  on  the  electrodes  of  the  tube  in  order  to  obtain  reasonable 
powers  at  satisfactory  efficiencies. 

The  object  of  the  power  converter  is  to  draw  d-c  power  from  the 
plate-circuit  source  Ebb,  Fig.  6.1,  and  to  convert  that  power  into 
a-c  power  in  the  load.  This  is  accomplished  by  causing  properly 
timed  current  pulses  to  flow  through  the  plate  load  much  as  a 
controlled  switch  might  do,  as  indicated  in  Fig.  6.2.  The  switch 
would  be  closed  periodically  for  short  intervals  of  time.  The  power 
tube  may  be  considered  as  a  sort  of  switch  controlled  by  the  grid 
voltage. 

When  the  switch  in  Fig.  6.2  is  closed,  the  full  voltage  Ebb  acts 
across  the  load.  If  the  resistance  of  the  switch  is  zero  and  the 
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switch  could  be  opened  and  closed  with  no  sparking,  the  power 
conversion  would  be  effected  at  100  per  cent  efficiency  (actually, 
sparking  could  not  be  avoided).  The  “vacuum-tube  switch” 
offers  some  resistance,  and  therefore  there  is  a  voltage  across  the 
tube  while  the  current  flows.  The  smaller  the  voltage  eb  across  the 
tube  while  the  current  flows,  the  lower  the  power  loss  in  the  tube 
and  hence  the  higher  the  efficiency  of  power  conversion. 

The  grid-bias  voltage  ECc  polarizes  the  grid  negatively  to  cut 
off  the  plate  current,  i.e.7  to  hold  the  switch  open,  except  when  the 
grid  input  voltage  eQ  periodically  overcomes  the  negative  bias 
and  causes  current  to  flow. 

The  operation  of  the  power  converter  can  be  described  qualita¬ 
tively  by  the  steady-state  voltage  and  current  waveforms.  Sup- 


Fig.  6.1. — Power-converter  tube.  Fig.  6.2. — Equivalent  circuit 

of  a  power-converter  tube. 


pose,  for  example,  that  the  plate  load  is  a  resistor  having  a  pure 
resistance  of  constant  value.  If  the  grid-excitation  voltage  is 
sinusoidal,  Fig.  6.3a  shows  the  waveforms  of  ec ,  e 6,  and  ib.  Since 
ib  depends  upon  the  equivalent  voltage  ec  +  eb/y,  plate  current 
flows  only  when  this  equivalent  voltage  is  positive  and  hence  only 
between  the  instants  when  ec  =  —  eb/y.  This  value  of  ec,  which 
just  makes  ib  equal  to  zero,  is  called  the  cutoff  grid  voltage.  The 
value  of  cutoff  ec  can  be  found  easily  by  plotting  —eb/y  as  shown 
by  the  dashed  line  in  Fig.  6.3a.  The  plate  current  starts  when  the 
grid  voltage,  increasing  in  the  positive  direction,  reaches  cutoff. 
It  should  be  noted  in  Fig.  6.3a  that  the  peak  of  the  plate  current 
ib  occurs  when  eb  is  a  minimum.  This  (as  previously  explained) 
is  the  condition  for  high  efficiency  and  low  plate  loss.  In  Fig.  6.3 b 
the  waveforms  are  shown  for  a  square-wave  grid  voltage.  In 
this  particular  case  the  ratio  of  average  power  fed  to  the  load  to 
that  lost  in  the  tube  is  [Ebb  —  (e&)min]/(e&)mm,  and  the  efficiency  of 
plate-circuit  conversion  is  [Ebb  —  ( eb)min]/Ebb.  Hence  the  smaller 
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(eb) min,  the  higher  the  efficiency.  For  Fig.  6.3a  the  calculation 
of  powers  involves  integrations,  but  it  is  evident  by  analogy  that, 
the  lower  the  higher  the  efficiency. 

If  the  plate  load  is  a  tuned  circuit  (commonly  called  a  “tank 
circuit  ”);  Fig.  6.4,  the  system  amplifies  only  within  the  narrow 


Fig.  6.3. — Current  and  voltage  waveforms  for  a  power-converter  tube  having  a 
resistor  as  a  plate  load. 


frequency  band  for  which  the  plate  load  offers  an  appreciable 
impedance.  If  the  plate  load  is  tuned  for  parallel  resonance  at 
the  frequency  of  egy  the  plate  load  offers  a  pure-resistance  load  of 
value  Rl  =  Lb/CbRb.  The  waveforms  are  shown  in  Fig.  6.5a. 

The  duration  of  the  plate-current  pulse  can  be  found  as  for 
Fig.  6.3,  by  plotting  — eb/n . 

So  long  as  ec  is  negative  and  in 
magnitude  greater  than  eb/iiy 
the  plate  current  is  zero.  This 
is  true  from  the  beginning  of 
the  half  wave  at  —  T/4  to  —  tb, 

Fig.  6.5a.  The  plate  current 
then  rises  to  a  maximum,  which 
occurs  when  the  plate  voltage 
eb  is  a  minimum,  and  then  falls 
to  zero  at  tb  before  the  end  of 
the  half  cycle.  The  grid  current  flows  only  while  the  grid  voltage 
is  positive  and  hence  for  a  time  less  than  24,  Fig.  6.5a. 

If  the  grid-bias  voltage  is  greater,  the  plate  current  flows  in 
shorter  pulses,  Fig.  6.56.  A  larger  fraction  of  the  plate  current 


Fig.  6.4. — Power-converter  tube  with 
a  tuned  plate  load,  for  narrow-band 
operation. 
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(a)  (b) 


Fig.  6.5. — Current  and  voltage  waveforms  for  a  power-converter  tube  having  a 
tuned  plate  load;  (a)  angle  of  plate-current  flow  approximately  130°;  ( b )  a  smaller 
angle  of  plate-current  flow. 


flows  while  the  plate  voltage  is  low,  giving  a  higher  efficiency  of 
power  conversion. 

Suppose  now  that  the  plate  circuit  is  detuned  so  that  the  plate- 

voltage  minimum  does  not  occur  at 
the  same  instant  that  ec  is  a  maxi¬ 
mum.  This  condition  is  represented 
in  Fig.  6.6.  The  plate-current  wave¬ 
form  is  largely  determined  by  the 
grid-voltage  waveform  but  the  plate- 
current  pulse  is  shifted  slightly  to 
the  left,  Fig.  6.6,  because  the  plate 
voltage  is  larger  to  the  left  of  the 
peak  of  the  grid- voltage  wave  than 
to  the  right.  Hence  the  plate  cur¬ 
rent  flows  when  the  plate  voltage  is 
higher  than  (e6)m in,  and  the  plate  loss 
consequently  is  much  increased,  re¬ 
sulting  in  a  decrease  in  efficiency. 
Also,  each  pulse  of  plate  current  is  larger  owing  to  the  larger  values 
of  eb  during  the  pulse.  The  average  plate  current  and  the  d-c  power 
input  increase,  causing  a  decrease  in  efficiency.  Hence  for  maximum 
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efficiency  it  is  essential  that  the  plate  and  grid  voltages  be  opposite 
in  phase. 

The  shift  of  the  alternating  component  of  the  plate  voltage  to 
the  right,  Fig.  6.6,  causes  the  grid-current  pulse  to  shift  to  the 
right  with  relation  to  the  grid-voltage  wave,  because,  the  lower  the 
plate  voltage,  the  higher  the  grid  current. 

The  conclusions  drawn  from  the  preceding  discussion  may  be 
summarized  as  follows :  The  plate-circuit  efficiency  of  a  power  tube  in 
narrow-band  operation  is  (1)  greatest  when  the  alternating  plate  and 
grid  voltages  are  opposite  in  phase  (2)  is  increased  by  decreasing  the 
minimum  plate  voltage ,  and  (3)  is  increased  by  decreasing  the  duration 
of  the  plate-current  pulse. 


Fig.  6.7. — Effect  of  detuning  the  plate  tank  circuit  upon  the  average  plate  and  grid 

currents. 

The  condition  of  proper  phase  is  obtained  by  tuning  the  plate- 
circuit  load  to  unity  power  factor  as  indicated  by  a  minimum  value 
of  average  plate  current  Ib.  While  the  average  plate  current  is  a 
minimum  at  tank-circuit  resonance,  the  average  grid  current  is  a 
maximum,  Fig.  6.7. 

Lower  minimum  plate  voltages  are  secured  by  increasing  RL. 
The  plate-current  pulses  are  shortened  by  increasing  the  negative 
grid  bias. 

There  are  other  factors,  to  be  explained  later,  that  may  be  of 
more  importance  than  plate-circuit  efficiency  and  that  must  be 
considered  in  choosing  the  conditions  of  operation  of  the  system. 

7.  Quantitative  Relationships  in  Narrow-band  Operation. — In 
order  to  understand  fully  the  power-converter  tube  and  to  be  able  to 
design  and  to  adjust  a  system  it  is  necessary  to  study  the  converter 
from  a  quantitative  point  of  view.  The  purpose  in  this  section  is  to 
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list  and  define  the  various  quantities  required  for  the  subsequent 
analysis. 

The  circuit  diagram  of  a  narrow-band  power  amplifier  is  shown 
with  series  feed  of  the  d-c  power  in  Fig.  7.1.  This  connection  has 
the  practical  disadvantage  that  both  plate  and  grid  tank  circuits 


»b 


Fig.  7.1. — Series-feed  connection  of  a  power  amplifier. 


STOPPING 


Fig.  7.2. — Parallel-feed  connections  of  a  power  amplifier. 

are  maintained  at  steady  voltages  above  and  below  ground,  of 
amounts  Ebb  and  Ecc  respectively,  The  alternative  parallel-feed 
connections  of  Fig.  7.2  eliminate  this  disadvantage.  The  two 
circuits  are  electrically  equivalent  provided  that  each  of  the  choke 
coils  has  sufficient  impedance  to  eliminate  most  of  the  alternating 
currents  from  the  d-c  paths.  In  practice,  it  is  advisable  to  connect 
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protecting  by-pass  capacitors  across  the  power  sources  and  the  d-c 
ammeters  in  each  circuit.  It  should  be  noted  that,  although  tuned 
circuits  are  shown  in  the  grid  circuits  of  Figs.  7.1  and  7.2,  these 
circuits  are  not  considered  as  a  part  of  the  stage  being  studied. 
The  sinusoidal  voltage  e*  =  ECi  cos  cot  is  assumed  to  act  between 
points  a  and  6,  and  the  circuits  from  which  et-  is  obtained  are 
properly  a  part  of  the  previous  stage,  or  driving  source. 

The  various  voltages  and  currents  are  indicated  on  the  diagrams. 
The  alternating  components  of  the  grid  and  plate  voltages  are 
assumed  sinusoidal  in  form  and  in  phase  opposition,  in  order  to 
conform  to  the  best  operating  conditions  and  to  be  given  by1 

ec  =  Ec  +  Eg  cos  cot  (7.1) 

eb  —  Eb  —  Sp  cos  cot  (7.2) 

Since  the  circuits  associated  with  the  tube  usually  have  little  d-c 
resistance,  the  average  grid-  and  plate-polarizing  voltages  Ec  and  Eb 
are  practically  equal  in  magnitude  to  the  supply  voltages,  or 

Ec  -  -Ecc  (7.3) 

Eb  =  Ebb  (7.4) 

Furthermore,  the  grid  voltage  Eg  is  practically  the  same  as  the 
input  or  driving  voltage  Ei}  applied  to  the  terminals  ab,  Figs.  7.1 
and  7.2,  and  the  plate  voltage  Ev  is  practically  equal  in  magnitude 
to  the  voltage  across  the  load. 

If  the  frequency  is  low  enough  so  that  the  electron  transit  time 
from  cathode  to  plate  is  inappreciable  compared  with  the  period 

of  oscillation,  ie  and  ib  are  determined  solely  by  eb  and  ec.  Since 

the  tube  is  a  nonlinear  device,  the  grid-  and  plate-current  variations 
are  nonsinusoidal  in  response  to  the  sinusoidal  variations  of  grid 
and  plate  voltages,  as  shown  in  Figs.  6.5a,  5,  and  can  be  expressed 
by  the  Fourier  series 

ic  ~  Ic  “I-  (Ig)  i  cos  cot  “I-  (I  g)  2  cos  2cot  -{-  *  *  *  (7.5) 

ib  —  I &  +  (Ip) i  cos  cot  +  (Ip) 2  cos  2cot  +  •  •  •  (7.6) 

In  a  practical  system  Ecc  and  Ebb  are  indicated  by  d-c  voltmeters. 
The  average,  or  d-c,  grid  and  plate  currents  are  indicated  by  d-c 
ammeters  connected  as  in  Figs.  7.1  and  7.2. 

The  various  power  quantities  that  now  will  be  defined  are,  for 

1  Where  amplitude  values  are  used  in  this  chapter,  magnitudes  only  are 
assumed,  for  example,  Ea  and  Ep  in  (7.1)  and  (7.2). 
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any  given  tube,  dependent  in  magnitude  solely  upon  the  value  of 
the  four  voltages  Ee,  Eb,  EP}  Sg. 

In  the  plate  circuit,  the  power  to  the  plate  circuit  from  the  d-c 
power  source  is 

Pbb  ~  EbJb  —  EJb  (7.7) 

The  power  delivered  to  the  plate  load  depends  only  upon  the  a-c 
component  of  (7.2)  and  the  fundamental  component  of  (7.6)  and  is 

P  _  ^p(7?)  i  El  n 

Fl  2  2  Rl  (7,8) 

The  power  input  less  the  power  delivered  to  the  load  is  the  plate 
dissipation ,  or 

Pv  =  Pbb  -  Pl  (7.9) 

The  plate-circuit  efficiency  is  the  ratio  of  a-c  power  delivered  to  the 
load  to  the  d-c  power  input  to  the  plate  circuit,  or 


(7.10) 


In  the  grid  circuit,  the  generator  or  source  from  which  the  signal 
voltage  is  derived  supplies  an  input  or  driving  power  equal  to 


Pd  = 


2 


(7.11) 


The  d-c  grid  current  flows  into  the  positive  terminal  of  the  d-c 
grid-voltage  supply;  hence  power  is  delivered  to  rather  than  taken 
from  the  grid-bias  supply.  If  the  grid  bias  is  furnished  by  a  battery, 
this  battery  is  charged  by  the  grid  current  of  the  tube.  The  power 
supplied  to  the  grid-bias  source  is 

Pc  c  =  EcJc  (7.12) 

and  must  be  obtained  from  the  input  or  driving  power  Pd  supplied 
by  the  grid  driving  source.  The  difference  between  the  grid-circuit 
input  power  and  the  power  supplied  to  the  bias  source  is  dissipated 
at  the  grid.  The  grid  dissipation  is 

Pg  =  Pd-  Pcc  (7.13) 

The  power  amplification  Av  is  the  ratio  of  the  a-c  power  delivered 
to  the  plate  load  to  the  input  or  grid  driving  power,  or 


(7.14) 
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Equations  (7.9)  and  (7.13)  are  true  only  when  there  is  no  power 
transfer  in  either  direction  between  grid  and  plate  circuits.  Power 
interchange  between  these  circuits  can  take  place  in  two  ways,  (1) 
through  any  coupling  between  circuits  such  as  that  provided  by 
capacitance  between  grid  and  plate  electrodes  and  wiring  and  (2) 
by  the  passage  of  electrons  directly  from  grid  to  plate,  or  vice  versa. 
This  second  effect  takes  place  when  secondary  emission  occurs  at 
one  or  the  other  electrode.  The  effects  of  secondary  emission  in 
power  tubes  will  be  discussed  in  Sec.  9.  The  first  cause  of  power 
interchange  can  be  reduced  or  eliminated  by  neutralization,  Sec.  13. 

8.  Testing  and  Operation  of  Power  Tubes.— The  various  com¬ 
ponents  of  power  that  are  important  in  the  operation  of  a  power 
tube  used  as  a  power  converter  have  been  listed  in  Sec.  7.  Under 
test  or  under  operating  conditions  these  powers  may  be  measured 
in  several  ways. 

The  values  of  Pbb  and  Pcc  always  can  be  determined  from  the 
readings  of  d-c  instruments.  The  power  PL  is  the  total  a-c  power 
delivered  to  the  complete  circuit  external  to  the  tube.  The  useful 
fraction  of  PL  depends  upon  the  efficiency  of  the  plate-load  circuits; 
but,  in  considering  the  efficiency  of  the  tube  itself,  Pl  is  considered 
to  be  the  total  output  power  from  the  tube.  This  output  power  is 
given  approximately  by  the  expression  P0Rb  where  Rb  is  the  total 
effective  series  resistance  of  the  tank  circuit  and  IQ  is  the  alternating 
current  in  Rb,  Fig.  7.2.  Sometimes  PL  is  obtained  by  measuring 
the  heat  developed  in  a  given  time  in  the  load  resistance  or  by 
matching  the  light  given  out  by  incandescent  lamps  used  as  load 
resistance  to  the  light  in  the  same  or  similar  lamps  given  by  a 
measured  d-c  or  a-c  power  of  low  frequency. 

From  measured  values  of  Pu>  and  PL,  Pp  can  be  determined  from 
(7.9).  In  some  cases,  especially  when  the  plate  of  a  tube  is  water- 
cooled,  Pp  can  be  obtained  by  measuring  the  rate  at  which  the  heat 
is  carried  away  by  the  cooling  water.  Then  (7.9)  can  be  used  for 
determining  PL. 

In  the  grid  circuit,  Pd  is  given  accurately  by 


Since  6i  is  assumed  as  Eg  cos  cot,  the  varying  component  of  (7.1), 
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Upon  substituting  for  ic  its  value  given  by  (7.5),  the  integration 
yields  the  result  given  in  (7.11).  Since  (Ig)  i  cannot  be  measured 
easily,  the  expression  (8.2)  for  Pd  is  not  easily  evaluated  from 
instrument  readings.  There  is  an  approximate  method1  for 
calculating  Pd  from  measurements  of  Eg  and  Ic.  Assume  that  ic 
flows  principally  when  cos  cot  has  the  value  unity,  i.e.,  when  ec 
has  its  peak  value  or  when  eg  has  its  maximum  positive  value. 
That  this  is  not  strictly  true  can  be  seen  from  Fig.  6.5,  but  the 
assumption  gives  results  that  are  sufficiently  close  to  the  true 
results  to  be  useful.  If  cos  cot  in  (8.2)  be  replaced  by  unity, 

1  fT 

Pd  =  Eg  ^  I  ic  dt  =  EgIc  (8.3) 

Since  cos  cot  in  (8.2)  never  can  exceed  unity  and  has  values  less 
than  unity  some  of  the  time,  (8.3)  evidently  gives  too  large  a  result 
although  the  error  may  not  exceed  a  few  per  cent. 

9.  Static  Characteristic  Curves  of  Power  Tubes. — Calculation 
from  the  static  characteristic  curves  is  a  practical  method  of  deter¬ 
mining  the  capabilities  of  a  tube  and  also  is  convenient  in  the 
design  of  the  circuits.  It  is  especially  valuable  for  large  tubes 
because  it  avoids  the  difficulty  and  expense  of  setting  up  the  tube 
and  testing  it.  This  section  will  be  devoted  to  an  explanation 
of  the  static  curves  of  a  power  tube.  A  later  section  will  deal  with 
the  method  of  calculation  of  the  operating  characteristics  based 
upon  the  static  curves. 

The  static  characteristic  curves  that  are  most  adaptable  to  the 
determination  of  power-tube  performance  are  the  constant-plate 
current  and  constant-grid  current  curves  plotted  to  plate  and  grid 
voltages,  Fig.  9.1.  This  particular  tube,  type  211,  has  a  maximum 
plate  dissipation  of  100  watts  and  an  amplification  factor  of  12. 
The  curves  for  constant  plate  current  are  nearly  straight  and  parallel 
wherever  eb  is  greater  than  about  2ec.  Below  the  radial  line  for  eb 
equal  to  2ec  the  plate-current  lines  bend  to  the  right  and  become 
nearly  parallel  to  the  ec  axis  when  ec  is  greater  than  about  3eb. 
These  factors  of  2  and  3  vary  according  to  the  value  of  m  for  the 
tube  and  therefore  are  not  to  be  considered  as  important  or  critical 
factors.  The  reason  for  the  sharp  bending  of  the  plate-current  lines 
between  the  two  radial  lines  just  mentioned  is  the  “stealing”  of 
current  from  the  plate  by  the  grid  as  the  ratio  ec/eb  increases.  The 

1  H.  P.  Thomas,  Determination  of  Grid  Driving  Power  in  Radio  Frequency 
Power  Amplifiers,  Proc.  I.R.E.,  21,  1134,  1933. 
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negative  of  the  slope  of  the  plate-current  curves  is  the  value  of  ju 
at  that  point.  The  value  of  /i  decreases  to  zero  for  large  values 

of  ec/eb. 

The  curves  for  constant  grid  current  are  shown  by  the  dashed 
lines.  They  fan  out  in  a  regular  manner  except  for  a  region  that 
for  this  tube  is  above  the  radial  line  eb  =  2ec.  The  irregularity 
here  is  caused  by  secondary  electron  emission  from  the  grid  to  the 
plate.  The  electrons  that  strike  the  grid  may  release  from  the  grid 


a  number  of  secondary  electrons  dependent  upon  the  character  of 
the  surface  of  the  grid.  If  the  grid  is  “  contaminated  ”  by  a  layer 
of  active  material  (such  as  thorium  or  barium)  that  has  evaporated 
from  the  cathode,  one  bombarding  electron  may  release  an  average 
of  more  than  one  secondary  electron.  The  secondary  electrons  are 
attracted  to  the  plate  if  eb  is  greater  than  ec,  resulting  in  a  decrease  in 
grid  current  and  an  increase  in  plate  current.  If  the  number  of 
secondary  electrons  released  exceeds  the  number  of  primary 
electrons  that  strike  the  grid,  the  grid  current  is  reversed.  For 
example,  Fig.  9.1,  ic  is  —20  ma  when  eb  and  ec  are  610  and  150  volts, 
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respectively.  If  the  grid  is  uncontaminated,  the  grid  current 
generally  is  affected  little  by  secondary  emission.  The  grid- 
current  lines  then  are  spaced  regularly  for  large  values  of  eb/ec, 
as  they  are  also  for  small  values  of  the  ratio.  The  effect  of  negative 
grid  currents  upon  the  operation  of  the  tube  will  be  discussed  later. 

The  static  characteristic  curves  often  are  provided  by  the 
manufacturer  of  the  tube.  They  cannot  be  determined  by  observ¬ 
ing  the  reading  of  d-c  instruments  as  is  the  usual  procedure  for 
small  receiving  tubes  because  of  the  excessive  heating  of  the 
electrodes.  This  is  apparent  by  referring  to  Fig.  9.1  and  calculating 
Pp  for  the  point  eb  =  400  volts  and  ec  =  200  volts.  The  plate 
current  is  1.6  amperes  giving  a  value  of  Pp  of  640  watts.  This  is 
6.4  times  the  maximum  allowable  value  of  Pp,  The  value  of  Pg  at 
this  point  is  0.095  •  200  =  19  watts.  This  value  of  Pg  is  not  greatly 
in  excess  of  the  maximum  permissible  value;  but  if  eb  is  100  volts 
and  ec  is  300  volts,  P0  is  0.840  •  300,  or  252  watts,  a  power  that  would 
melt  the  grid. 

There  are  various  special  methods  of  obtaining  the  static 
curves  in  which  the  potentials  are  applied  for  short  intervals  of 
time  while  the  measurements  are  made,  thus  reducing  the  average 
power  losses  at  the  electrodes.1  Another  method  of  obtaining  the 
static  curves  is  to  extrapolate  curves  obtained  for  low  values  of 
voltages  that  can  be  determined  by  the  simple  d-c  method.2 

10.  Path  of  Operation. — The  path  of  operation  of  a  Class  A 
amplifier  is  drawn  most  conveniently  on  the  ib-eb  chart  of  the 
characteristic  curves.  This  chart,  however,  is  not  convenient  for 
power-tube  operation  because  on  the  ib-eb  chart  the  path  of  operation 
for  a  power  tube  is  curved  and  difficult  to  determine.  However,  on 
the  eb-ec  chart,  Fig.  9.1,  the  path  for  a  power  tube  has  a  very  simple 
form  and  is  derived  as  follows. 

The  Q  point  is  located  first,  as  in  Fig.  10.1,  where  the  curves 
of  Fig.  9.1  are  partly  reproduced.  The  value  of  Eb,  which  is 
generally  the  same  as  Ebb ,  is  located  on  the  eb  axis.  The  value  of 
Ec,  which  is  generally  equal  to  —ECc,  then  is  located  on  the  ec 
axis.  These  two  coordinates  determine  the  position  of  the  Q  point, 
Fig.  10.1. 

1  E.  L.  Chaffee,  Power  Tube  Characteristics,  Electronics,  11,  34,  June, 
1938;  H.  N.  Kozanowski  and  I.  E.  Mouromtseff,  Vacuum  Tube  Charac¬ 
teristics  in  the  Positive  Grid  Region  by  an  Oscillographic  Method,  Proc.  I.R.E. , 
21,  1082,  1933. 

2  E.  L.  Chaffee,  Characteristic  Curves  of  a  Triode,  Proc.  I.R.E.,  30,  383, 
1942. 
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The  waveforms  of  ec  and  &b  are  given  by  (7.1)  and  (7.2)  and  are 
plotted  in  Fig.  10.1.  At  t  =  0  the  position  of  the  point  of  operation 
is  obtained  by  measuring  downward  from  Q  the  voltage  Ep  and 
to  the  right  of  Q  the  voltage  Eg.  This  locates  the  end  point  p 
of  the  path  of  operation,  corresponding  to  the  point  of  maximum 
instantaneous  grid  voltage.  The  instantaneous  plate  voltage 
at  this  time  is  a  minimum  and  is  equal  to  Eb  —  Ep,  and  the  instan¬ 
taneous  grid  voltage  is  a  maximum  and  is  equal  to  Ec  +  Eg.  Other 


Fig.  10.1. — Path  of  operation  when  the  alternating  voltages  on  plate  and  grid  are 
sinusoidal  and  in  phase  opposition. 

positions  of  the  operating  point,  as  for  example  when  t  =  T/ 8,  lie 
on  a  straight  line  drawn  through  Q  and  p ,  Fig.  10.1. 

The  straight-line  path  is  obtained  only  when  the  alternating 
plate  and  grid  voltage  are  sinusoidal  and  in  phase  opposition . 
Since,  as  was  explained  in  Sec.  6,  the  minimum  plate  loss  results 
when  these  voltages  are  opposite  in  phase,  the  straight-line  path  is 
considered  to  be  the  normal  type  of  path.  If  the  phase  of  the  two 
voltages  departs  from  the  180-degree  relation,  the  path  opens  into 
an  ellipse,  Fig.  10.2a.  Harmonic  voltages  in  either  the  grid  or 
the  plate  voltage  cause  distortion  of  the  path.  For  example,  a 
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Fig.  10.2. — (a)  Path  of  operation  when  Ep  and  Eq  are  not  opposite  in  phase; 
(6)  path  of  operation  when  Ep  and  Eg  are  opposite  in  phase,  but  ep  contains  a  second- 
harmonic  component. 


Fig.  10.3. — Current  and  voltage  waveforms  for  two  paths  of  operation. 


second  harmonic  in  the  plate  voltage  causes  the  path  to  have  the 
form  of  a  figure  8,  Fig.  10.26.  Although  this  is  an  open  figure, 
the  fundamental  components  are  opposite  in  phase  provided  that 
the  sum  of  the  areas  included  within  the  path  is  zero,  adjacent 
areas  being  given  opposite  signs.  High-frequency  components 
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of  voltage  may  be  present  when  the  tube  is  overdriven  or  the  circuits 
are  improperly  proportioned.  Such  high-frequency  components 
cause  other  irregularities  in  the  path. 

Having  drawn  a  path  of  operation  as  determined  by  the  four 
given  voltages  Eb,  Ec ,  EP,  Eg,  the  waveforms  of  the  plate  and 
grid  currents  can  be  determined  easily.  For  example,  two  paths 
Qp  i,  Qp2,  are  drawn  on  the  static  characteristic  curves  of  a  particular 
tube,  Fig.  10.3.  The  values  of  the  four  voltages  for  the  paths  are 


EP 

Path,  Fig.  10.3 

Eb 

Ee 

E0 

Qpi 

1,000 

-150 

I 

300 

Qv  2 

1,000 

-150 
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The  waveforms  of  the  plate  and  grid  currents,  as  derived  from 
these  paths,  are  drawn  in  the  figure  on  the  time  axis  for  the  grid- 
voltage  waveform.  The  grid-  and  plate-voltage  curves  are  shown 
for  only  the  half  cycle  in  which  grid  and  plate  currents  flow.  Note 
that  the  scale  for  ib  is  the  same  for  both  paths  but  that  the  scale 
for  ic  is  different  for  the  two  paths  and  different  from  the  scale  for  ib. 

11.  Calculation  of  the  Operation  Condition. — Having  obtained 
the  waveforms  of  the  plate  and  grid  currents  it  is  possible  by 
Fourier  analysis  to  find  the  average  values  Ib  and  Ic  of  the  cur¬ 
rents  and  the  amplitudes  of  the  fundamental  components  Ip i  and 
Igi.  With  these  values  and  the  known  voltages  Eb,  £p,  EC)  Eg, 
given  in  the  previous  section  for  the  paths  of  operation  shown  in 
Fig.  10.3,  all  the  quantities  given  in  (7.7)  through  (7.14)  can  be 
calculated. 

A  special  harmonic  analysis1  developed  for  use  in  power-tube 
calculations  enables  the  harmonic  components  of  the  plate  and  grid 
currents  to  be  calculated  directly  from  the  path  of  operation. 
First,  distances  from  Q  along  Qp  are  laid  off,  which  are  the  following 
fractions  of  the  length  Qp  1,  0.966,  0.866,  0.707,  0.500,  and  0.259. 
These  points  are  denoted  by  the  letters  A  through  F  as  shown  in 
Fig.  10.3  for  the  two  paths  Qpi  and  Qp2.  The  values  of  the  instan¬ 
taneous  current  at  these  points  are  read  from  the  characteristic 
curves  and  are  denoted  by  iAj  Ib,  .  .  .  ,  iF-  Then  the  average  and 
fundamental  components  of  the  current  are  given  by  the  formulas 


1  Chap.  IX,  Secs.  16,  17. 
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J  =  J2  ^  ^ b  (ii-i) 

(f)i  =  ^  [n  +  1.93*,  +  1.73*0  +  1.41*2)  +  t,  +  0.52  *,]  (11.2) 

A  simpler  analysis,  making  use  of  only  the  A,  <7,  and  E  points, 
gives  the  average  and  fundamental  components  by  the  formulas 

I  =  g  +  ic  +  (11.3) 

(J)i  =  g  [i  a  +  1.732(7  +  ig]  (11.4) 

Generally,  these  latter  formulas  are  sufficiently  accurate  for  power- 
tube  calculations. 

The  average  and  fundamental  components  of  both  the  plate  and 
grid  currents  are  calculated  below  for  path  Qp1}  the  more  accurate 
formulas  given  in  (11.1)  and  (11.2)  being  used. 

h  =  +  0.920  +  0.740  +  0.500  +  0.180  +  0.003 J 

—  0.236  ampere 

{!,)  1  =  ^  [0.960  +  1.93  •  0.920  +  1.73  •  0.740 

+  1.41  •  0.500  +  0.180  +  0.52  •  0.003]  =  0.402  ampere 
L  =  +  0.074  +  0.025  +  0.0103  +  0.001  +  0 j 

=  0.014  ampere 

(h)i  =  Y2  [011°  + 193  • 0  074  +  173  ■ 0025 

+  1.41  •  0.0103  +  0.001  +  0]  =  0.026  ampere 

The  same  components  as  calculated  by  the  simpler  formulas 
(11.3)  and  (11.4)  are 

h  =  I  +  0.740  +  0.180 j  =  0.233  ampere 

(/„)  1  =  g  [0.960  +  1.73  •  0.740  +  0.180]  =  0.404  ampere 
Ic  =  I  [0-™  +  0.025  +  0.001  j  =  0.014  ampere 
(Ig) i  =  |  [0.110  +  1.73  •  0.025  +  0.0103]  =  0.026  ampere 


Sec.  12]  DIAGRAMS  FOR  FIXED  Q  POINT  445 

Comparing  the  values  of  each  component  of  current  obtained  by 
the  long  and  short  formulas  shows  that  the  agreement  is  close. 

Using  the  results  just  obtained,  the  operating  conditions  for 
paths  Qpi  and  Qp2  as  calculated  from  (7.7)  through  (7.14)  are  as 
listed  in  Table  11.1. 


Table  11.1 


Quantity 

Path  Qpi 

Path  Qpi 

h 

0.236  ampere 

0.552  ampere 

1c 

0.014  ampere 

0.075  ampere 

(Iph 

0.402  ampere 

0.920  ampere 

(L)i 

0.026  ampere 

0.148  ampere 

Pbb 

1,000  •  0.236  =  236  watts 

552  watts 

pL  ! 

800-0.402  ^ 

- 2 -  =  161  watts 

367  watts 

Pv 

236  —  161  =  75  watts 

185  watts 

VP 

Mi  =  68.2  per  cent 

66.5  per  cent 

pd 

300-0.026  .. 

2  —  3.9  watts 

33.3  watts 

Poo 

150  •  0.014  =2.1  watts 

11.3  watts 

pa 

3.9  —  2.1  =  1.8  watts 

22.0  watts 

Ap 

161  =  4i 

3.9 

11 

12.  Selection  of  Path  and  Contour  Diagrams  for  Fixed  Q  Point. 

If  the  Q  point  is  fixed  but  the  end  point  p  of  the  path  is  moved, 
the  various  factors  that  express  the  condition  of  operation  of  the 
tube  vary.  For  example,  moving  p  in  Fig.  10.3  from  pi  to  p2 
causes  the  changes  shown  in  Table  11.1.  For  path  Qpi  the  plate 
dissipation  is  75  watts;  this  is  less  than  the  maximum  safe  dissipa¬ 
tion  of  100  watts  for  the  particular  tube,  indicating  that  more  power 
could  be  converted  by  this  tube.  For  path  Qp2f  however,  the  plate 
dissipation  of  185  watts  far  exceeds  the  allowable  value.  Further¬ 
more,  the  grid  driving  power  Pd  is  greater  by  a  factor  of  nearly  10 
and  the  grid  dissipation  is  greater  by  a  factor  of  over  12  when  the 
path  is  moved  from  Qpi  to  Qp2.  It  is  clear  that,  considering  the 
heating  of  the  tube  elements,  a  path  between  the  two  would  be 
safe. 

Another  factor  may  enter  to  limit  the  power  input  to  the  tube. 
As  is  mentioned  in  Sec.  2,  the  life  of  a  thoriated-tungsten  cathode 
may  decrease  as  h  increases.  For  this  reason  the  manufacturer 
usually  places  an  upper  limit  to  /&.  For  the  211  tube  used  for 
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illustration,  this  maximum  Ib  is  175  ma.  It  appears  therefore  that 
even  path  Qpi  is  too  far  to  the  right. 

In  order  to  find  a  suitable  path  of  operation  it  would  be  neces¬ 
sary  to  know  by  calculation  or  by  measurement  the  various  factors  of 
operation  for  a  large  number  of  paths  terminating  at  various  points. 
The  results  then  could  be  plotted  so  that  a  choice,  determined  by  a 
consideration  of  all  factors,  could  be  made.  The  most  convenient 
and  lucid  way  of  presenting  and  correlating  the  results  is  to  show 
them  in  the  form  of  contour  diagrams. 

The  contour  diagram  for  PL  now  will  be  described.  With  a  fixed 
position  of  the  Q  point,  the  end  point  p  of  the  path  of  operation  can 
be  moved  so  that  for  each  path  the  power  output  PL  is  the  same. 


Fig.  12.1. — Contour  for  constant  value  of  power  output,  Pl • 


The  locus  of  the  end  point,  illustrated  in  Fig.  12.1,  is  the  contour  for 
this  constant  value  of  PL.  Contours  for  other  values  of  PL  can  be 
drawn.  All  will  be  of  the  same  general  shape  as  the  one  shown 
in  Fig.  12.1  but  shifted  horizontally  to  the  right  for  larger  values 
of  Ph  and  to  the  left  for  smaller  values  of  PL.  The  dashed-line 
contour  in  Fig.  12.1  is  for  a  larger  value  of  PL  than  that  for  the  solid¬ 
line  contour.  The  cutoff  line  and  the  horizontal  line  through  Q 
are  the  limits  of  these  contours  and  together  form  the  contour  for 
PL  equal  to  zero,  provided  that  Q  is  to  the  left  of  the  cutoff.  A 
family  of  contours  for  equal  increments  of  Pl  is  a  convenient  way 
of  showing  the  power  output  for  any  path  of  operation.  Such  a 
family  of  contours  is  shown  in  Fig.  12.3  for  the  particular  tube  whose 
static  curves  are  given  in  Figs.  9.1  and  10.3. 
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Instead  of  moving  the  end  point  of  the  path  of  operation  so 
as  to  maintain  PL  constant,  it  may  be  moved  in  such  a  way  as  to 
maintain  the  plate  dissipation  constant.  A  contour  of  constant  Pv 


Fig.  12.3. — Chart  showing  contours  of  constant  Pl,  Pt,  Pd,  and  lb  for  the  type  211 
tube,  Class  C  operation;  Ec  =  —200  volts. 

is  shown  in  Fig.  12.2.  Contours  for  other  values  of  Pp  are  approxi¬ 
mately  parallel  to  the  one  shown,  as  indicated  by  the  dashed 
contour  for  a  larger  value  of  Pp.  The  contour  for  Pp  =  0  coincides 
with  the  cutoff  line.  A  family  of  contours  for  various  values  of 
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Pp  is  shown  in  Fig.  12.3.  In  a  similar  way,  contours  can  be  drawn 
for  driving  power  Pd  and  for  average  plate  current  Ib,  Fig.  12.3. 

A  number  of  other  contours  can  be  drawn,  some  of  which  are 
shown  in  Fig.  12.4.  For  example,  contours  of  constant  plate- 
circuit  efficiency  yP  are  lines  approximately  parallel  to  the  ec  axis. 
Contours  of  Pg  are  of  the  same  general  shape  as  for 


Fia.  12.4. — Chart  showing  contours  of  constant  Pg,  r\v,  and  Rl  for  the  type  211  tube, 
Class  C  operation;  Ec  =  —200  volts. 


Important  contours  are  those  for  load  resistance  Rl,  which 
may  be  calculated  directly  from  contours  of  PL ,  Fig.  12.3,  by  (7.8) 
rewritten  as 

Rl  =  Jf-  =  jpr  (12.1) 

z1l  (Ip)  1 

These  contours  converge  to  the  cutoff  value  of  Ec  at  the  plate 
voltage  Eb.  The  Rl  contour  for  the  load  used  gives  the  locus  of 
the  end  point  of  the  path,  and  hence  the  value  of  Ep  as  Eg  is  varied. 

The  contours  of  Figs.  12.3  and  12.4  furnish  a  clear  picture  of 
the  way  in  which  the  various  powers  and  plate  efficiency  vary 
as  the  end  point  of  the  path  is  made  to  move  in  various  directions. 
For  example,  if  Eg  is  decreased  from  400  to  350  volts  and  the  load 
resistance  is  2,000  ohms,  the  end  point  moves  from  a  to  6,  Fig.  12.4, 
the  output  Pl  decreases  from  200  to  150  watts,  the  value  of  r\v 
decreases  from  78  to  71  per  cent,  Pd  decreases  from  19  to  4  watts, 
and  Pp  increases  from  47  to  60  watts.  On  the  other  hand,  if 
the  driving  voltage  remains  constant  at  the  value  of  400  volts  and 
Rl  is  decreased  from  2,000  to  1,500  ohms,  the  end  point  moves  from 
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Fig.  12.5. — Direction  of  shift  of  the  point  p  to  give  the  most  rapid  increase  of  the 
various  quantities  indicated. 


Fig.  12.6. — Chart  showing  contours  of  constant  Pl ,  Pp,  and  Pa  for  the  type  211  tube. 
Class  B  operation;  Ec  =  —60  volts. 

a  to  c,  Fig.  12.4,  and  the  various  powers  change  as  shown  by  the 
contours. 

The  directions  in  which  the  end  point  of  the  path  of  operation 
must  move  to  cause  the  most  rapid  increase  in  the  various  quantities 
are  shown  in  Fig.  12.5.  The  directions  depend  upon  the  position  of 
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the  end  point;  for  example,  the  direction  of  most  rapid  increase 
in  PL  depends  upon  whether  the  end  point  lies  above,  at,  or  below 
the  point  on  the  PL  contour  having  a  vertical  tangent.  The  position 
of  the  end  point  chosen  in  Fig.  12.5  is  in  the  region  of  most  practical 
operation,  which  is  nearly  always  below  the  level  of  the  point 
on  the  PL  contour  having  a  vertical  tangent. 

With  a  fixed  Q  point,  the  only  way  to  move  the  position  of  the 
end  point  of  the  path  is  to  change  £jg  or  RL,  or  both. 


(^c)  max.. 

Fig.  12.7. — Chart  showing  contours  of  constant  Pg,  rjp,  and  Rl  for  the  type  211  tube, 
Class  B  operation;  Ee  =  —60  volts. 

If  the  position  of  the  Q  point  is  changed,  all  contours  shift 
in  position.  For  example,  if  the  negative  grid  bias  is  decreased, 
the  contours  for  PL  shift  to  the  left  and  slightly  downward,  while 
the  contours  of  Pv  shift  diagonally  downward  to  the  left.  The 
contours  for  Pd  shift  diagonally  to  the  lower  right,  and  those  for  v\v 
shift  downward.  The  amount  of  shift  is  generally  proportional  to 
the  change  in  bias.  Contours  for  a  bias  of  —60  volts  are  shown  in 
Figs.  12.6  and  12.7. 

13.  Neutralization. — If  a  triode  is  used  as  a  power  amplifier  in  a 
circuit  as  shown  in  Fig.  7.1  or  7.2,  some  high-frequency  power 
passes  from  the  grid  circuit  to  the  plate  circuit,  or  vice  versa, 
through  the  capacitance  inside  the  tube  between  plate  and  grid 
electrodes  and  the  capacitance  outside  the  tube  between  the  circuit 
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elements  and  wires  connected  to  grid  and  plate.  Such  power  fed 
back  is  generally  positive  and  causes  the  stage  to  oscillate  and  hence 
to  be  unstable.  To  eliminate  this  power  feedback,  triodes  must  be 
“neutralized.”  Tetrodes  and  pentodes  usually  do  not  require 
neutralization  because  the  screen  grid  reduces  the  grid-to-plate 
capacitance  sufficiently  to  eliminate  practically  all  this  inter¬ 
change  of  power  between  input  and  output  circuits. 

The  principle  of  neutralization  is  very  simple.  There  are  a 
number  of  methods  for  its  accomplishment  in  power-tube  amplifiers. 


PLATE  NEUTRALIZATION 

Fig.  13.1. — Neutralization  of  a  single-ended  amplifier  stage. 


To  neutralize  an  amplifier  stage,  power  must  be  fed  by  external 
circuits  between  the  output  and  input  circuits  in  amount  equal  to 
but  opposite  in  phase  to  that  which  passes  through  CVQ . 

In  Fig.  13.1  are  shown  two  commonly  used  connections  for 
neutralization  of  a  power-amplifier  stage.  In  Fig.  13.1a  the  plate 
is  connected  through  the  adjustable  neutralizing  capacitance 
Cn  to  a  point  in  the  grid  circuit  that  has  a  potential  of  opposite 
phase  to  that  of  the  grid.1  This  method  or  connection  is  often 
called  “grid  neutralization.”  The  scheme2  shown  in  Fig.  13.16, 

1  C.  W.  Rice,  U.S.  patent  1,334,118,  filed  July,  1917. 

2L.  A.  Hazeltine,  U.S.  patent  1,450,080,  filed  August,  1919;  U.S.  patent 
1,489,228,  filed  December,  1920. 


452 


POWER  TUBES 


[Chap.  XIV 


known  as  “  plate  neutralization,”  utilizes  a  point  in  the  plate 
circuit  having  a  potential  of  opposite  phase  to  that  of  the  plate. 
Figure  13.2  shows  the  simple  method  of  neutralizing  a  push-pull 
stage. 

The  connections  for  neutralization  just  described  are  effective 
over  a  fair  range  of  frequencies.  A  scheme  that  provides  nearly 


Fig.  13.2. — Neutralization  of  a  push-pull  amplifier  stage. 


complete  neutralization  for  a  single  frequency  is  shown  in  Fig.  13.3. 
Capacitance  Cn  serves  as  a  blocking  capacitance.  It  also  serves  to 
tune  the  circuit  CnLn  in  parallel  with  Cgp  to  parallel  resonance, 
thus  offering  a  high  impedance  between  grid  and  plate  electrodes. 
The  advantage  of  this  method  is  its  simplicity  and  cheapness. 

There  are  several  methods  of  setting  the  neutralizing  capacitance 


Fig.  13.3. — Simple  method  of  neutralization  at  a  single  frequency. 

Cn  for  best  balance.  The  first  method  described  may  be  applied 
when  the  cathode  is  either  cold  or  hot  although  it  is  most  sensitive 
in  the  former  condition  because  the  a-c  grid  voltage  is  then  greater. 
For  this  test  the  plate-supply  voltage  should  be  turned  off.  The 
capacitance  C„  is  set  so  that  no  appreciable  voltage  is  developed 
across  the  plate  tank  circuit  as  it  is  tuned  to  resonance  with  the 
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normal  driving  voltage  applied  to  the  grid  circuit.  Some  sensitive 
device  is  used  to  detect  the  r-f  voltage  across  the  plate  tank  circuit, 
such  as  a  cathode-ray  oscilloscope  connected  across  the  tank  circuit, 
a  neon  tube  brought  near  to  the  plate  terminal,  a  sensitive  radio¬ 
frequency  ammeter,  or  a  small  flashlight  bulb  included  in  a  few 
turns  of  wire  coupled  to  the  tank-circuit  inductance. 

A  second  method  of  neutralizing,  applicable  when  the  cathode  is 
hot,  is  to  set  the  neutralizing  capacitor  so  that  tuning  the  plate 
tank  circuit  through  resonance  gives  a  minimum  reaction  on  the 
average  grid  current  Ic,  as  indicated  by  a  grid-current  milliammeter. 
For  this  test  the  source  of  plate  current  should  be  disconnected  in 
order  that  there  be  no  electronic  coupling  between  the  circuits. 


Fig.  13.4. — Effect  of  varying  Cb  upon  the  grid  current  for  different  values  of  C« 


A  third  and  very  satisfactory  method  of  neutralizing  an  amplifier 
is  applied  while  the  tube  is  functioning  at  full  power  and  has 
the  advantage  therefore  of  balancing  the  capacitance  Cgp  as  it  is 
affected  by  the  normal  electronic  space  charge.  It  was  explained 
in  Sec.  6  that  detuning  the  plate  tank  capacitance  in  either  direction 
causes  an  increase  in  average  plate  current  and  a  decrease  in  average 
grid  current,  as  shown  in  Fig.  6.7.  If,  however,  the  stage  is  not 
neutralized,  the  maximum  grid  current  and  minimum  plate  current 
do  not  occur  at  the  same  setting  of  tank  capacitance.  This  effect 
is  shown  in  Fig.  13.4.  For  proper  neutralization,  Cv  is  set  so  that 
both  maximum  grid  current  and  minimum  plate  current  occur  at 
the  same  setting  of  the  tank-circuit  capacitance.  To  test  for 
neutralization  after  adjusting  Cn,  Cb  is  altered  slightly  in  both 
directions  from  the  resonance  value,  but  in  making  these  alterations 
in  Cb  the  change  from  the  resonance  value  should  be  small  to  prevent 
overheating  of  the  plate. 
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14.  Practical  Circuits  and  Tuning. — Connections  of  a  neutral¬ 
ized  power  amplifier  embodying  grid  neutralization,  Fig.  13.1a, 
are  shown  in  Fig.  14.1.  In  this  circuit  the  load  is  assumed  to  be 
in  the  tank  circuit.  The  resistance  Rb  then  includes  the  resistance 
of  the  tank  coil  and  any  series  load  resistance.  Since,  as  explained 
in  Sec.  6,  the  plate-load  circuit  must  have  unity  power  factor  to 
give  best  tube  efficiency,  capacitor  Cb  is  tuned  so  that  the  load 
impedance  between  points  A  and  B  is  a  pure  resistance  at  the  fre¬ 
quency  of  the  grid  excitation.  This  equivalent  load  resistance  is 


Rl.  If  the  blocking,  or  stopping,  capacitor  Ca  has  a  negligible 
reactance  and  the  tank  circuit  is  tuned  to  parallel  resonance,  the 
plate-load  resistance  is 

Rl  =  (14.1) 

The  load  resistance  R L  can  be  adjusted  to  provide  the  proper 
load  for  the  tube  either  by  changing  Rb  or  by  varying  the  ratio 
Lb/Cb.  However,  when  Lb/Cb  is  varied,  Lb  and  Cb  also  must  satisfy 
the  resonance  condition 


Rl  +  o>Wb  =  g?  (14.2) 

Substituting  Lb/Cb  from  (14.2)  in  (14.1), 

Rl  =  Rb(  1  +  Ql)  (14.3) 

where  Qb  =  coLb/Rb  at  the  parallel-resonant  frequency.  This 
relation  shows  that  the  larger  Rb  is,  the  smaller  Qb  must  be  to  attain 
a  given  RL.  Practical  values  of  Qb  range  from  10  to  15.  As  Qb  is 
made  less  than  10,  the  second  harmonic  voltage  across  the  tan! 
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circuit  increases  and  is  of  the  order  of  10  per  cent  or  more  of  the 
fundamental  voltage. 

The  tuning  procedure  for  the  circuit  of  Fig.  14.1  is  as  follows: 
With  reduced  plate-supply  voltage,  the  capacitor  Cc  is  adjusted 
to  maximize  the  grid  voltage  Eg  as  indicated  by  maximum  grid 
current  7C;  then  the  plate  tank-circuit  capacitor  Cb  is  tuned  for 
minimum  plate  current  /&.  If  the  tube  is  not  properly  loaded  when 
the  plate-supply  voltage  is  increased  to  the  normal  value,  the 
constants  of  the  tank  circuit  should  be  changed  as  explained 
previously.  The  proper  load  is  that  which  provides  satisfactory 


<d)  (e)  (f) 

Fig.  14.2. — Load  circuits  for  a  power  amplifier. 

PL  without  overheating  the  plate.  The  value  of  the  plate  current 
lb  is  the  indication  of  the  loading  of  the  tube  when  and  only  when 
the  load  has  unity  power  factor. 

Instead  of  changing  the  constants  of  the  tank  circuit  in  order 
to  obtain  the  proper  RL,  the  impedance  of  the  load  between  A  and  B 
can  be  varied  by  changing  the  position  of  the  plate  connection  to 
the  tank  circuit,  Fig.  14.2a.  For  every  position  of  the  tap,  Cb 
must  be  reset  for  a  minimum  Ib.  This  method  of  varying  RL  has 
the  one  objectionable  feature,  that  the  harmonic  components  of 
plate  current  do  not  have  a  capacitive  path  to  cathode  as  they  do  in 
the  circuit  of  Fig.  14.1  and  hence  the  plate  voltage  may  contain 
excessive  harmonic  components. 
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If  the  power  is  to  be  fed  to  a  second  circuit,  for  example  to  an 
antenna,  the  second  circuit  may  be  inductively  coupled  to  the  tank 
or  plate  circuit,  Figs.  14.26,  c,  d ,  or  capacitively  coupled,  Figs. 
14.2e,  /.  The  direct  coupling  of  Fig.  14.2c  is  merely  a  special  form 
of  the  scheme  of  Fig.  14.26.  The  link  coupling  shown  in  Fig.  14.2d 
is  equivalent  to  the  connection  of  Fig.  14.26  but  enables  the  antenna 
and  tank  to  be  separated  by  a  short  distance.  Either  of  the  mutual 
inductances  M'  or  M"  in  the  link  circuit  may  be  provided  by  direct 
coupling  instead  of  by  mutual  coupling.  The  connections  of  Figs. 
14.2c,  /  are  equivalent  except  that  the  latter  provides  better  har¬ 
monic  suppression.  Other  more  complicated  coupling  connections 
are  sometimes  used  to  obtain  increased  harmonic  suppression,  but 
the  fundamental  principles  of  operation  are  the  same  as  for  the 
simpler  circuits. 

In  all  the  coupled  output  circuits  the  condition  for  maximum 
efficiency  of  power  transfer  from  the  tank  circuit  to  the  coupled 
system  is  that  the  circuit  coupled  to  the  tank  he  tuned  to  resonance.1 
Then  the  coupling  interposes  only  a  resistance  into  the  tank  circuit. 

Considering  first  the  magnetically  coupled  circuit,  Fig.  14.26, 
the  required  condition  of  antenna  tuning  is 

Xa  =  La0!  -  ^  =  0  (14.4) 

The  load  resistance  RL  is  then 


or 


(14.5) 


(14.6) 


In  the  circuit  of  Fig.  14.2c  the  condition  of  maximum  efficiency 
of  power  transfer  demands  that  the  entire  antenna  circuit  be  tuned 
to  resonance,  or 

o}(La  +  Lb)  —  =  0  (14.7) 


In  the  link-coupled  circuit  of  Fig.  14.2d,  the  circuit  coupled  to 
the  tank  circuit  should  be  considered  as  an  equivalent  circuit 
comprising  the  link  circuit  into  which  is  reflected  the  antenna 

1  Chap.  VII,  Sec.  21. 
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The  condition  that  the  circuit  be  tuned  to  resonance  is 


o>2M"2Xa 

Rl  +  xi 


=  0 


(14.8) 


This  relation  shows  that  the  reactance  Xa  of  the  antenna  circuit 
cannot  be  zero  but  must  be  sufficiently  positive  so  that  the  reactance 
coupled  into  the  link  circuit  is  sufficiently  negative  to  cancel  the 
positive  reactance  of  the  link  circuit.  The  load  resistance  is  then 


R  l  — 


U 


Cb(  Rb  + 


< 


<o2M'2 


Rllnk.  + 


w2M"2R 


Rl  +  xi 


V 


(14.9) 


For  the  capacitively  coupled  circuit  of  Fig.  14.2/,  the  condition 
of  tuning  for  maximum  circuit  efficiency  is 


Xa  =  <*La 


(14.10) 


and  the  load  resistance  RL  will  be 


,  _  Lb  LbCmO)2 
L  -  CbRb  1  ,  1 

^  RbRaCW 

i__i_ 

Lb _ LbCmO}2 

CbRb  1  4”  {k/kc)2 


(14.11) 


(14.12) 


In  (14.6)  and  (14.12),  kc  represents  critical  coupling  for  the  circuits 
when  the  cathode  of  the  tube  is  cold,  and  k  is  the  coupling  coefficient 
used;  the  coupling  lowers  RL  by  dividing  the  value  of  RL  of  the 
tank  circuit  alone  by  the  factor  1  +  ( k/kc )2.  It  is  shown  in  Chap. 
VII,  Sec.  21,  that  for  good  efficiency  of  the  circuits  this  factor  should 
be  not  much  less  than  26,  corresponding  to  a  value  of  5  for  k/kc. 

The  tuning  procedure  for  the  coupled  output  circuits  is  some¬ 
what  more  involved  than  for  the  singly  tuned  tank  circuit.  With 
reduced  plate  voltage  the  first  step  is  to  set  the  grid  capacitor  Cc  for 
a  maximum  Ic ;  then,  with  the  coupled  circuit  open  or  decoupled, 
the  tank  capacitor  Cb  is  tuned  for  a  minimum  h.  The  coupled 
circuit  then  is  closed  or  coupled  and  is  tuned  for  a  maximum  antenna 
current.  This  latter  tuning  may  have  detuned  the  load  away 
from  unity  power  factor.  Thi§  will  occur  in  circuits  such  as  are 
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shown  in  Figs.  14. 2e,  /,  where  changing  the  coupling  element  Cm 
also  affects  the  tuning  of  the  tank  circuit.  To  correct  the  power 
factor  of  the  load,  Cb  now  should  be  reset  for  a  minimum  Ih.  The 
plate  voltage  now  may  be  increased  to  the  normal  value,  the  tube 
or  plate  milliammeter  being  watched  to  ensure  that  the  tube  is  not 
overloaded.  If  the  loading  is  not  correct,  the  coupling  should  be 
changed  and  the  tuning  procedure  repeated.  It  is  well  to  empha¬ 
size  again  that  the  setting  of  Cb  for  a  minimum  Ib  should  be  the 
final  adjustment,  as  this  condition  ensures  that  the  phase  angle 
between  Ep  and  Eg  is  180°,  hence  that  the  tube  is  operating  at  its 
maximum  efficiency  for  the  particular  value  of  load  resistance. 

The  tuning  procedure  just  described  is  simple  and  practical 
if  a  good  antenna  ammeter  is  available.  Frequently,  however,  the 
reading  on  the  antenna  ammeter  is  too  small  to  be  effective  as  an 
indicator,  or  the  ammeter  is  too  sluggish,  or  it  is  not  conveniently 
located.  In  the  procedure  described,  when  the  antenna  system 
is  tuned  for  maximum  antenna  current  the  average  plate  current 
is  also  large.  The  rise  in  plate  current  occurs  because  the  greatest 
resistance  is  reflected  into  the  tank  circuit  when  the  coupled  circuit 
is  in  resonance.  The  greater  the  reflected  resistance,  the  lower 
the  load  impedance  and  the  lower  the  opposition  to  the  flow  of 
plate  current.  It  would  seem  possible  then  to  use  the  maximum 
plate  current  as  an  indication  of  resonance  of  the  coupled  circuit, 
rather  than  the  maximum  antenna  current.  Sometimes  this  is 
possible,  but  often  maximum  plate  current  does  not  occur  simul¬ 
taneously  with  maximum  antenna  current.  This  is  because  the 
magnitude  of  the  plate  current  depends  not  only  upon  the  magnitude 
of  the  load  impedance  but  also  to  a  considerable  extent  upon  the 
power  factor  of  the  load.  The  complication  that  arises  in  using 
the  plate-current  meter  as  the  sole  indicator  of  coupled  circuit 
tuning  can  best  be  understood  from  the  accompanying  diagrams. 
In  Fig.  14.3,  the  axes  are  the  values  of  the  tuning  elements,  Cb 
in  the  tank  circuit  and  Ca  in  the  coupled  circuit  or  antenna.  The 
specific  value  of  each  capacitance  for  resonance  of  each  circuit  by 
itself  is  indicated.  If  Ca  is  given  any  value  and  Cb  is  set  for  a 
minimum  Iby  the  curve  marked  “ Locus  of  min.  Ib ”  is  obtained. 
This  curve  corresponds  closely  to  the  curve  for  partial  resonance 
with  secondary  fixed,  Chap.  VII,  Sec.  10.  It  is  the  curve  for  unity 
power  factor  for  the  plate  load,  and  its  shape  depends  upon  k 
and  Qa.  The  other  curve  gives  the  value  of  Ca,  for  any  preset 
value  of  C&,  to  give  maximum  Ib. 
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The  tuning  procedure,  assuming  k  to  be  fixed  and  starting  from 
any  settings  of  Ca  and  Cb,  as  for  example  at  A,  is  as  follows:  First 
Cb  is  tuned  for  a  minimum  Ib  at  point  a;  next  Ca  is  set  to  give  a 
maximum  Ib  at  b.  Capacitances  Cb  and  Ca  are  alternately  read¬ 
justed  to  points  c,  d ,  e,f,  etc.,  until  the  proper  tuning  point  is  reached 
at  the  intersection  of  the  two  curves. 

When  the  coupling  is  increased  or  Qa  is  increased,  the  two  loci 
assume  the  relative  positions  shown  in  Fig.  14.4,  where  angle 
0max  is  greater  than  angle  0min.  In  this  condition  the  process  of 
tuning,  starting  from  some  point  such  as  A,  leads  to  a  divergent 


condition,  as  shown  by  the  figure.  Such  a  procedure  does  not 
lead  in  this  case  to  the  correct  settings  of  the  circuits,  but  it  leads 
to  two  alternative  conditions  neither  of  which  is  a  correct  tuning- 
condition. 

When  the  divergent  tuning  condition  prevails,  the  correct  tuning 
condition  can  be  reached  if,  after  each  adjustment  to  a  condition 
represented  by  the  loci,  the  setting  of  each  capacitance  is  backed 
off  slightly  toward  its  former  setting.  This  method  of  tuning  is 
shown  graphically  in  Fig.  14.5,  by  the  sequence  denoted  by  A,  a,  6, 
c,  d ,  e,  etc.  This  procedure  is  called  the  back-off  method.  An 
alternative  procedure,  called  the  incremental  method ,  is  shown  by 
the  sequence  A,  a,  b'}  c ',  d' ,  e',  etc.  In  this  procedure  the  antenna 
capacitance  is  changed  only  slightly  in  the  direction  to  increase  Ib, 
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k=  CONSTANT 


Fig.  14.5. — Procedures  for  tuning  coupled  systems  (a)  back-off  method,  path  A,  a,  b. 
c ,  d,  etc.;  ( b )  incremental  method,  path  A,  a,  b',  c',  d\  etc. 
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and  then  the  tank  capacitance  is  reset  for  a  minimum  lb.  This 
cycle  is  repeated  until  no  increase  in  lb  is  obtained  when  the  antenna 
capacitance  is  changed  slightly.  This  second  procedure  is  pre¬ 
ferred,  for  it  does  not  cause  the  excessive  heating  of  the  plate  that 
may  result  in  the  back-off  method. 

Frequently  the  power  is  fed  to  the  antenna  through  a  non- 
resonant  transmission  line.  Either  coaxial  or  parallel- wire  lines 
may  be  used,  and  various  methods  of  coupling  to  the  line  and  to 
the  antenna  are  possible.  Figure  14.6  shows  two  typical  con¬ 
nections,  the  first  using  a  coaxial  line  and  the  second  a  higher 
impedance  two-wire  line. 


Fig.  14.6. — Typical  nonresonant  connections  to  an  antenna. 


The  tuning  procedure  of  systems  employing  nonresonant  lines 
breaks  down  into  two  independent  parts,  viz.,  tuning  the  antenna 
end  and  tuning  the  tube  end.  The  tuning  of  the  antenna  end  of 
the  system  depends  upon  the  characteristic  resistance  of  the  line 
and  must  be  done  so  as  to  terminate  the  line  by  this  characteristic 
resistance.  This  impedance  match  may  be  accomplished  by  T  or 
IT  networks,  Chap.  V,  by  magnetically  coupled  circuits,  Chap.  VII, 
or  by  line  sections  or  stubs.1  The  tuning  of  the  tube  end  of  the 
system  is  the  same  as  it  would  be  if  the  line  were  replaced  by  a 
resistance  equal  to  the  characteristic  resistance  of  the  line. 

1  R.  W.  P.  King,  H.  R.  Mimno,  and  A.  H.  Wing,  “Transmission  Lines, 
Antennas,  and  Wave  Guides/’  Chaps.  I,  II,  McGraw-Hill  Book  Company, 
Inc.,  1945. 
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The  correct  tuning  of  the  system  of  Fig.  14.6a  results  in  the 
following  conditions: 
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Ra 


L2  -  4r  =  0 

COC  2 


Rb  + 


a mi 


Ri  + 
Lb 


LY 
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l 


Rb  + 


u2M\ 

_i_  j? 


for  maximum  efficiency 
of  power  transfer 

to  terminate  the  line 

in  a  resistance 

for  proper  line  termination 

for  maximum  efficiency 

of  power  transfer 

+  o)2Ll  for  unity 

power  factor 

for  proper  tube  loading 


Antenna 

end 


(14.13) 

(14.14) 

(14.15) 

(14.16) 

(14.17) 

(14.18) 


15.  Calculation  of  Output  Circuits  of  a  Power  Amplifier. — The 

load  circuits  of  a  power  amplifier  are  designed  to  provide  the  speci¬ 
fied  value  of  Rl  as  determined  by  the  contour  charts  or  by  calcula¬ 
tion  and  to  tune  to  a  given  value  of  w.  These  two  conditions  are 
not  sufficient  to  determine  the  values  of  the  equivalent  L6,  Cb,  Rb 
of  the  tank  circuit.  Another  condition  must  be  added.  This 
third  condition  may  be  a  fixed  value  of  one  of  the  elements  such  as 
Rb  chosen  because  of  some  external  considerations.  Generally, 
such  fixed  conditions  may  be  embodied  in  assigning  a  value  to  the 
equivalent  Q  of  the  tank  circuit.  In  order  that  the  ratio  of  har¬ 
monic  voltage  to  fundamental  voltage  be  not  excessive,  the  equiv¬ 
alent  Q  of  the  load  should  be  not  less  than  10,  say.  The  design 
relations  can  be  derived  from  the  following  fundamental  equations 
for  the  circuit  of  Fig.  14.1.  Upon  combining  (14.2)  and  (14.3)  with 
Qb  —  wLb/Rb  at  the  parallel-resonant  frequency,  these  equations 
give  the  following  relations, 


uCb  =  ir 

LlL 

(15.1) 

T  QbRi, 

=  l  +  Ql 

(15.2) 

n  _ 

b  "  1  +  Ql 

(15.3) 
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The  value  of  Rb  in  these  relations  is  the  effective  resistance  of  the 
tank  circuit  and  is  greater  than  the  resistance  of  the  coil  alone  by  the 
reflected  resistance  from  the  coupled  antenna  circuits.  In  place  of 
Rb  the  quantity 


r*  +  T-s*[1  +  (e)1  115  41 

must  be  used  for  the  magnetically  coupled  circuits,  and  correspond¬ 
ing  values  for  capacitively  coupled  systems.  The  value  of  k/kc 
should  be  such  as  to  give  a  reasonably  high  value  of  the  circuit 
efficiency,  as  given  by  (21.7)  of  Chap.  VII, 


=  WKY 

V  1  +  (k/kcy 


(15.5) 


A  satisfactory  value  for  1  +  ( k/kc )2  is  26. 

As  an  illustrative  example,  constants  of  the  circuits  of  Fig.  14.25 
will  be  calculated  for  the  conditions  for  path  Qpi  of  Fig.  10.3  given 
in  the  first  column  of  Table  11.1.  Assuming  Qb  to  be  10  and  w  to  be 
107  radians/sec  and  taking  from  Fig.  10.3  that  Ev  =  800  volts, 
Rl  is,  from  (12.1), 


8002 

Rl  =  ^ — tttt  =  1,990  ohms 


From  (15.1), 

From  (15.2), 


Cb  = 


2-  161 
10 


1,990;  107 


=  503  /x/xf 


T  =  10  •  1,990  _  1Q7  , 

Lb  (1  +  100)  •  107  197 


From  (15.3)  and  (15.4), 


Ri 


b©] 


1,990 


1  +  100 

Assume  that  the  tank  coil  alone1  has  a  Qb  of  400.  Then 
p  Lbu  197 

Rb  =  or =  loo  = 049  ohm 


(15.6) 

(15.7) 

(15.8) 

(15.9) 

(15.10) 


1  Data  on  coils  is  given  in  F.  E.  TerMan,  “Radio  Engineers’  Handbook,” 
p.  74,  McGraw-Hill  Book  Company,  Inc.,  1943. 
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Substituting  the  value  of  Rb  in  (15.9), 

(kY  _  1,990 

\kj  (1  +  100)  •  0.49 
or 

k  =  6.24  kc 


39.0 


According  to  (15.5),  the  efficiency  of  the  circuits  when  properly 
tuned  is  fj,  or  97.5  per  cent.  Assume  that  the  antenna  resistance 
Ra  is  20  ohms.  Then,  since  o>2M2/(RaRb)  =  ( k/kc )2  =  39.0, 

M  =  X  V39  •  20  •  0.49  =  1.95 


The  design  of  the  antenna  circuit  will  not  be  completed  here.  It  is 
necessary  to  have  sufficient  inductance  in  the  antenna-coupling  coil 
to  obtain  the  necessary  mutual  inductance  M. 

16.  Class  C  Amplifier. — The  Class  C  amplifier  is  one  for  which 
the  grid-bias  voltage  is  so  large  that  plate  current  flows  for  less  than 
one-half  of  the  cycle.  The  Q  point  for  a  Class  C  amplifier  is  located 
to  the  left  of  the  cutoff  line  as  in  Fig.  10.3.  The  greater  the  negative 
bias,  the  higher  the  plate-circuit  efficiency  but  the  greater  the  driving 
power.  A  good  compromise  dictates  a  bias  voltage  of  1.5  to  3  times 
the  cutoff  grid  voltage. 

Class  C  amplifiers  are  used  for  high-efficiency  amplification  of 
radio-frequency  power  having  a  constant  amplitude  or  power  that 
is  interrupted  as  in  sending  a  code  message  by  continuous  waves. 
Class  C  amplifiers  are  also  used  to  modulate  radio-frequency  power 
and  to  amplify  frequency-modulated  power. 

The  determination  of  the  conditions  for  satisfactory  performance 
is  explained  in  Sec.  12. 

17.  Class  B  Amplifier. — A  Class  C  amplifier  is  unsuited  to  the 
amplification  of  a  modulated  signal,  as  is  shown  by  Fig.  17.1.  The 
grid  bias  is  taken  to  be  three  times  cutoff  value.  The  resistance  line 
for  Rl  is  the  locus  of  the  end  of  the  path  of  operation  as  the  ampli¬ 
tude  Eg  of  the  alternating  component  of  the  grid  voltage  varies. 
This  line,  therefore,  gives  the  relation  between  Ep  and  Eg.  The 
envelope  of  the  modulated  output  voltage  can  be  derived  by  projec¬ 
tion  from  the  envelope  of  the  grid  voltage  to  the  Rl  line  as  illustrated 
in  the  figure.  Evidently  a  completely  modulated  input  wave  results 
in  an  overmodulated  output  wave. 

In  order  to  obtain  an  undistorted  modulation  of  the  output 
wave  the  resistance  line  must  be  a  straight  line  passing  through  the 
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Q  point.  Since  the  resistance  lines  emanate  from  the  cutoff  point, 
the  Q  point  must  be  moved  to  the  right.  The  most  nearly  linear  RL 
line  is  obtained  by  using  a  grid  bias  somewhat  less  than  cutoff. 
Figures  12.6  and  12.7  show  the  contours  for  the  proper  bias  of  an 
amplifier  for  a  modulated  voltage.  Such  an  amplifier  passes  plate 
current  for  approximately  one-half  cycle  and  is  called  a  Class  B 
radio-frequency  amplifier. 


MODULATED 
INPUT  VOLTAGE 


Fig.  17.1. — Class  C  amplifier  used  for  a  modulated  signal,  showing  resulting  dis¬ 
tortion. 

Examination  of  Fig.  12.7  shows  that  although  the  resistance  lines 
are  quite  straight  over  their  upper  portion  they  all  curve  in  their 
lower  portion  where  the  alternating  grid  and  plate  voltages  are  high. 
This  bending  cannot  be  avoided  and  results  in  distortion  for  high 
degrees  of  modulation. 

The  mode  of  operation  of  a  Class  B  amplifier  is  shown  in  Fig. 
17.2.  The  distortion  at  the  peak  values  of  output  voltage  is  shown 
by  the  departure  from  the  sinusoidal  envelope  that  would  result  if 
the  Rl  line  were  straight  throughout  the  operating  range. 

The  carrier  point,  or  the  condition  for  no  modulation,  is  indicated 
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by  point  C.  At  this  point  the  plate-current  efficiency  is  very  low,  of 
the  order  of  30  to  35  per  cent  as  can  be  seen  by  examination  of  Fig. 
12.7.  The  average  efficiency  at  best  of  a  Class  B  amplifier  is 
consequently  not  over  40  to  45  per  cent. 

A  high-efficiency  Class  B  system  of  amplification  has  been 
invented  by  Doherty.1 


i 


t 

Fig.  17.2. — Class  B  amplifier. 

18.  Grid-modulated  Power  Amplifier.2 — Various  methods  of 
modulation  are  described  in  Chap.  XX.  This  section  presents  a 
further  discussion  of  grid  modulation  of  a  power  amplifier  treated 
more  from  the  point  of  view  of  the  operation  of  the  tube  as  it  has 
been  discussed  in  the  immediately  preceding  sections. 

A  grid-modulated  power  amplifier  should  be  thought  of  as  a 
Class  C  power  amplifier  the  grid  bias  of  which  is  caused  to  vary 

1  W.  H.  Doherty,  A  New  High-efficiency  Power  Amplifier  for  Modulated 
Waves,  Proc.  I.R.E.,  24,  1163,  1936. 

2  See  Chap.  XIX,  Secs.  1-4,  and  Chap.  XX,  Secs.  2-5  before  reading  Secs; 
18  and  19  of  this  chapter. 
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in  accordance  with  the  modulation.  This  variation  is  considered  to 
be  slow  as  compared  with  the  radio-frequency  changes.  A  simple 
diagram  of  connection  for  the  system  is  shown  in  Fig.  18.1.  The 
only  change  necessary  from  the  power-amplifier  diagram  of  Fig.  14.1 
is  the  addition  of  a  modulating  voltage  connected  in  series  with  the 
grid-bias  voltage  Ecc. 

The  mode  of  operation  of  this  system  is  shown  in  Fig.  18.2.  The 
steady  part  of  the  grid  bias  Ec  is  given  by  the  bias  source  Ecc. 
The  low-frequency  variation  in  grid  bias  caused  by  the  modulating 


Fig.  18.1. — Connections  for  grid  modulation  of  a  Class  C  amplifier. 


voltage  is  represented  by  a  sine  wave  of  amplitude  {£g)i.  The  r-f 
or  high-frequency  grid  voltage  is  (@g)h-  The  total  instantaneous 
grid  voltage  is 


ec  =  Ec  +  (£}g)h  sin  vd  +  {&g)i  sin  urf  (18.1) 


When  the  grid  bias  is  —Ecc,  half  the  r-f  path  of  operation  is  Q0po. 
When  the  grid  bias  is  —  [Ecc  +  (Eg)i]  the  half  path  is  Qipi,  and  when 
the  bias  is  —  [Ecc  —  ( Eg)i ]  the  half  path  is  Q2P2.  Each  of  these  paths 
is  for  the  same  load  resistance  RL,  and  hence  each  path  must  have 
the  same  value  of  EP/(IP)  1.  The  positions  of  the  end  points  can 
be  determined  easily  by  means  of  the  harmonic  analysis  and  the 
static  curves  so  that  the  above  ratio  is  constant.  For  intermediate 
values  of  grid  bias  during  the  modulation  cycle  the  end  points  p 
travel  over  a  locus  indicated  in  Fig.  18.2.  Projection  from  this 
locus  gives  the  envelope  of  the  output  voltage  Ep . 

Since  the  locus  of  the  end  points  just  described  is  never  straight 
up  to  the  cutoff  point  or  at  the  high-power  end,  distortion  of  the 
envelope  is  inevitable  at  high  degrees  of  modulation. 
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The  variations  in  the  operation  of  the  system  can  be  predicted 
from  the  diagram  of  Fig.  18.2,  where  (Eg)i,  or  (Eg)h,  or  RL  is  given 
various  values.  The  power  output,  efficiency,  driving  power,  plate 
dissipation,  and  other  quantities  can  be  calculated  by  the  application 
of  the  harmonic  analysis. 

Grid  modulation  possesses  the  great  advantage  that  little 
modulating  power  is  required  although  this  advantage  is  generally 
counterbalanced  by  the  distortion  always  present,  especially  for 
high  degrees  of  modulation. 


Fig.  18.2. — Grid  modulation  of  a  Class  C  amplifier. 

19.  Plate -modulated  Power  Amplifier. — A  power  amplifier  also 
can  be  modulated  by  varying  the  plate-supply  voltage  instead  of 
the  grid-bias  voltage,  as  described  in  Chap.  XX,  Sec.  2.  Typical 
connections  for  this  method  of  modulation  are  shown  in  Figs. 
19.1a,  b.  In  Fig.  19.1a  the  modulating  voltage  is  introduced  into 
the  parallel-feed  circuit  by  a  transformer  M.  The  primary  coil 
of  this  transformer  may  be  fed  from  any  source  such  as  a  push-pull 
Class  B  audio  amplifier.  In  Fig.  19.15  the  modulation  voltage  is  the 
voltage  developed  across  the  choke  coil  in  the  plate  circuit  of  the 
modulator  tube  Tm .  This  latter  connection  is  often  known  as 
the  Heising  constant-current  system  of  modulation.  This  con¬ 
nection  suffers  from  the  disadvantage  that  the  r-f  amplifier  cannot 
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be  completely  modulated  unless  the  steady  plate  voltage  of  the  r-f 
amplifier  is  reduced  by  a  dropping  resistance  R  or  by  some  other 
equivalent  scheme. 

The  mode  of  operation  of  a  plate-modulated  amplifier  is  shown 


Fig.  19.1. — Connections  for  plate  modulation  of  a  Class  C  amplifier. 


in  Fig.  19.2.  A  constant  r-f  grid  voltage  (Sg)h  is  impressed  in  the 
grid  circuit  in  the  usual  way  for  an  r-f  amplifier.  The  plate  voltage 
varies  about  a  steady  value  Eb  by  the  amount  of  the  modulating 
voltage,  shown  in  Fig.  19.2  as  a  sinusoidal  voltage  of  amplitude 
(. Ev)i .  If  (Ep)i  equals  Eb,  100  per  cent  modulation  is  obtained. 
The  path  of  operation  takes  on  various  positions  as  the  Q  points 
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oscillate  up  and  down  between  points  Qi  and  Q2.  The  two  extreme 
half  paths  are  shown  as  Qxpx  and  Q2p2,  while  the  path  for  the 
unmodulated  carrier  is  Qopo.  As  in  grid  modulation,  each  path  is 
such  that  Ep/(Ip)i  has  the  same  value,  which  is  equal  to  the  plate¬ 
load  resistance  Rl.  The  plate  voltage  undergoes  fluctuations  both 
at  radio  frequency  and  at  modulation  frequency,  but  owing  to 
resonance  only  the  modulated  r-f  component  appears  across  the 
tank  circuit  in  the  connections  of  Fig.  19.1. 


f 

Fig.  19.2. — Plate-modulated  Class  C  amplifier. 


If  the  vertical  spacings  between  the  end  points  p,  Fig.  19.2,  are 
proportional  to  the  spacing  between  the  corresponding  Q  points,  the 
modulation  is  undistorted.  Generally  this  is  not  rigorously  true  as 
shown  in  Fig.  19.3,  where  the  output  voltage  ( Ep)h  is  plotted  against 
the  voltage  of  the  Q  point,  indicated  by  e«>,  for  various  values  of  RL. 
The  more  nearly  straight  the  lines,  the  less  the  modulation  distor¬ 
tion.  A  high  value  of  R L  gives  less  distortion  but  at  the  same  time 
less  power  output. 
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Plate  modulation  is  generally  less  distorting  than  grid  modula¬ 
tion  but  requires  much  greater  modulating  power.  For  100  per  cent 
sinusoidal  modulation  the  modulating  power  required  is  50  per  cent 
of  the  d-c  input  power  from  the  plate-voltage  supply  (Chap.  XX, 
Sec.  2). 


Fig.  19.3.- — Modulation  characteristics  of  a  plate-modulated  amplifier. 

20.  Oscillators.1 — Oscillators  are  discussed  in  Chap.  XV.  The 
purpose  of  this  section  is  to  add  to  the  treatment  there  given  certain 
considerations  based  upon  the  study  of  power  amplifiers  as  developed 
in  the  present  chapter.  The  discussion  here  will  be  concerned  only 
with  power  oscillators. 

Since  a  power  oscillator  is  merely  a  self-fed  power  amplifier,  the 
contour  charts  explained  in  Sec.  12  can  be  used  for  an  oscillator 
provided  that  the  driving  power  is  subtracted  from  PL  to  give  the 
output  power  PL0 .  For  example,  the  contour  chart  of  Fig.  20.1  may 
represent  either  an  amplifier  or  an  oscillator.  Let  it  be  assumed 
that  point  p  is  shown,  as  for  an  amplifier,  to  give  satisfactory  power 
Plj  plate  dissipation  Pp ,  and  satisfactory  values  of  other  quantities 
such  as  7}P,  Pd,  etc.  As  an  oscillator,  the  available  power  output 
Plo  is 

Plo  =  Pl- Pd  (20.1) 

The  value  of  Pv  is  that  read  off  the  contour  diagrams.  The  grid 
bias  is  generally  provided  by  the  average  grid  current  Ic  flowing 

1  See  Chap.  XV,  Secs.  1-7,  before  reading  Sec.  20  of  this  chapter. 
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through  a  biasing  resistance  Rc.  The  value  of  Rc  is  given  by  Ec/Ic . 
Since  the  grid  driving  voltage  Eg  is  derived  from  the  plate  output 
power  PL,  which  in  turn  depends  upon  SPJ  Eg  must  bear  a  certain 
ratio  to  Sp  as  determined  by  the  circuits.  The  ratio  Eg/Ep  is  the 
excitation  ratio  and  fixes  the  slope  of  the  path  of  operation  as  indi¬ 
cated  in  Fig.  20.1. 

A  resistance  line  can  be  drawn  representing  the  equivalent 
resistance  Rlo  of  the  load  circuit.  This  resistance  differs  from  Rl 
for  the  amplifier  because  the  whole  of  PL  of  an  amplifier  goes  into 


Fig.  20.1. — Contour  chart  showing  conditions  for  an  oscillator. 


Rl,  whereas  in  an  oscillator  the  power  PL  —  Pd  is  dissipated  in  RL0 . 
The  following  relations  express  these  statements : 


Rl  = 
Rlo  — 


v 

2Pl 

El 

2(Pl  -  Pd) 


(20.2) 

(20.3) 


A  contour  for  Rlo  can  be  drawn  as  in  Fig.  20.1.  Since  the  end  of  the 
path  of  operation  must  lie  on  this  line,  the  point  p  giving  the  ampli¬ 
tude  £p  of  oscillation  is  at  the  intersection  of  the  excitation  line  and 
the  Rlo  line.  The  other  point  of  intersection  u  represents  an 
unstable  condition.  If  the  excitation  line  and  the  Rlo  line  do  not 
intersect,  steady  oscillation  is  not  possible.  Any  change  in  the 
circuits  that  decreases  the  excitation  ratio,  or  increases  the  grid 
bias,  or  decreases  the  load  resistance  Rlo  may  make  such  an  inter¬ 
section  impossible,  resulting  in  a  cessation  of  oscillation.  When 
oscillation  stops,  the  grid  bias  drifts  back  toward  zero  at  a  rate 
dependent  upon  the  time  constant  of  Rc  and  its  shunting  capaci¬ 
tance.  Oscillation  may  start  again  as  the  bias  diminishes,  only  to 
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stop  again  when  the  excitation  line  and  Rlo  cease  to  intersect.  Such 
an  action  results  in  an  intermittent,  or  “ blocking,”  oscillator.  The 
frequency  of  interruption  may  be  low  in  the  audio  range  or  may  be 
very  high  depending  upon  the  time  constant  of  the  parallel  com¬ 
bination  of  Rc  and  Cc .  Intermittent  operation  is  accentuated  by 
increasing  Rcy  or  by  decreasing  the  excitation  ratio,  or  by  decreas¬ 
ing  Rlo. 

The  path  of  operation  of  the  oscillator  shown  in  Fig.  20.1  is  a 
straight  line,  implying  that  Ev  and  Eg  are  opposite  in  phase. 
Although  this  ideal  phase  relation  may  be  secured  by  proper  tuning 
in  an  amplifier,  it  does  not  follow  that  in  an  oscillator  Ev  and  Eg 


are  opposite  in  phase.  ^  For  example,  in  a  tuned-grid  tuned-plate 
oscillator,  the  value  of  Eg/JEP  becomes  zero  and  no  positive  feedback 
is  possible  when  the  two  voltages  are  exactly  opposite  in  phase; 
oscillation  ceases.  Over  a  certain  range  the  ratio  Sg/Ep  increases 
as  the  circuits  are  tuned  to  increase  the  phase  difference  between 
Ep  and  —Eg,  and  the  path  of  operation  opens  out  into  an  ellipse. 
In  the  Colpitts  oscillator,  Fig.  20.2,  the  excitation  ratio  is  definitely 
determined  by  capacitors  Cp  and  Cg  and  is  very  nearly  given  by 


The  two  voltages  Ev  and  Eg  are  very  nearly  opposite  in  phase,  and 
the  path  is  practically  a  straight  line. 
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In  the  Colpitis  circuit  of  Fig.  20.2, 


(20.5) 


if  the  secondary  circuit  is  tuned  to  resonance. 
(20.3),  and  (20.5), 


Therefore,  by  (20.1), 


(20.6) 


2C2P 


(20.7) 


or 


(20.8) 


The  frequency  of  oscillation  is  very  nearly  that  which  makes 
the  series  reactance  of  the  load  circuit  vanish.  For  the  tank  circuit 
alone,  Fig.  20.2,  the  angular  frequency  of  oscillation  is  approximately 


1  _  1 
T  CpCg  LxCx 
1  Cp  +  Cg 


(20.9) 


where  C  i  is  the  capacitance  equivalent  to  Cp  and  Cg  in  series.  The 
frequency  of  oscillation  may  also  be  identified  with  the  natural 
frequency  of  free  oscillation  of  the  circuit  with  negligible  resistance. 

When  the  secondary  circuit  is  coupled  to  the  tank  circuit,  the 
frequency  of  oscillation  is  nearly  that  which  makes  the  series 
reactance  of  the  coupled  circuits,  as  viewed  from  the  primary  circuit, 
equal  to  zero,  or  approximately  that  of  free  oscillation  of  the  coupled 
circuits.  The  wavelengths  of  free  oscillation  of  coupled  circuits1 
for  one  value  of  k  are  reproduced  in  curves  a  of  Fig.  20.3.  If  the 
circuits  were  resistanceless,  these  curves  would  give  the  ratio 
X0fiC/Xi  as  the  secondary  circuit  is  tuned,  i.e.,  as  X2  is  varied.  When 
X2/Xi  is  unity,  the  secondary  circuit  is  in  tune  with  the  primary 
circuit  but  there  would  be  two  possible  wavelengths  of  oscillation. 
When  the  resistance  R2  of  the  secondary  circuit  is  taken  into  account, 
the  condition  of  zero  reactance  of  the  system  as  viewed  from  the 

1  Fig.  4.1,  Chap.  VII. 
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primary  circuit1  gives  the  wavelength  of  oscillation.  Curves  b,  c,  d, 
Fig.  20.3,  drawn  for  three  values  of  Q2  are  the  loci  over  which  the 
reactance  of  the  system  as  viewed  from  the  oscillator  tank  circuit  is 
zero  and  hence  give  the  wavelength  of  oscillation.  Curve  d  is  for  a 
low  value  of  Q2  and  shows  only  a  small  effect  upon  the  wavelength 
of  oscillation.  On  the  other  hand,  curve  b  is  for  a  high  value  of  Q2 
and  shows  a  range  of  X2/X1,  in  which  there  should  be  three  possible 
wavelengths  of  oscillation.  The  dotted  portion  of  this  curve  is 
unstable,  however,  so  there  are  within  this  range  of  X2/Xi  two 

Xosc 
*1 


I 


Fig.  20.3. — Wavelength  of  oscillation  of  coupled  circuits. 

possible  wavelengths  of  oscillation.  Curve  c  is  a  sort  of  critical  case 
that  divides  those  cases  having  one  possible  wavelength  of  oscillation 
from  those  having  two.  This  critical  case  is  identified  by  the 
relation 

k  =  ^-2  (20.10) 

When  k  >  I/Q2,  as  for  the  locus  shown  in  Fig.  20.4,  and  the 
secondary  is  tuned  by  increasing  C2,  that  is,  X2/Xi  increasing,  the 
wavelength  of  oscillation  increases  along  the  branch  jlm.  At  m  a 
sudden  jump  occurs  to  n.  For  a  continued  increase  of  X2/Xi,  the 
branch  np  is  traversed.  If  now  X2/Xi  is  decreased,  the  course  is 
pnolj .  This  hysteresislike  loop  gives  rise  to  two  sudden  jumps  in 
oscillation  wavelength,  often  noticed  when  a  tuned  circuit  is  coupled 
to  an  oscillator.  The  loop  is  sometimes  called  the  “drag  loop.” 
The  greatest  amount  of  dragging  and  hence  the  greatest  load  on  the 

1  Given  by  setting  equal  to  zero  the  second  term  on  the  right-hand  side  of 
(7.2),  Chap.  VII. 
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oscillator  occur  as  points  m  and  o  are  approached.  The  positive 
feedback  of  the  oscillator  may  be  insufficient  to  maintain  the  system 
in  oscillation  up  to  points  m  or  o,  in  which  case  the  sudden  jumps  in 
oscillation  wavelength  occur  before  points  m  and  o  are  reached,  thus 
narrowing  the  range  of  X2/X1  over  which  there  are  two  possible 
wavelengths  of  oscillation. 

When  an  oscillator  is  used  to  feed  power  to  an  antenna  or  load, 
the  drag  loop  should  be  avoided  by  fulfilling  the  relation 

k<P  (20.11) 

by  decreasing  either  k  or  Q2.  Since  the  efficiency  of  power  transfer 
from  the  oscillator  tank  circuit  to  the  secondary  circuit  is  given  by 


Fig.  20.4. — Wavelength  of  oscillation  with  k  >  (I/Q2). 


(15.5),  the  additional  condition  of  (20.11)  may  be  substituted, 
giving  as  the  efficiency  of  the  circuits  for  an  oscillator  set,  for  a  single 
wavelength  of  oscillation, 

Var  ^  (for  oscillator)  (20.12) 

1  4-  — 

In  this  relation  <2i  is  a>Li/Ri  and  Q2  is  uL2/R2  at  the  frequency  of 
oscillation;  hence  (20.12)  can  be  written 


^  L\R2 
Vcir  =  h R2  +  LJtx 


(20.13) 


From  (20.12)  it  is  apparent  that,  for  good  circuit  efficiency,  Q2  must 
be  small  in  comparison  with  Qi-  It  is  difficult  to  feed  power  effi¬ 
ciently  frgi$L  an  oscillator  into  a  high-Q  secondary  circuit. 
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When  (20.11)  is  fulfilled,  the  greatest  transfer  of  power  occurs 
when  X2/Xi  =  1  and  the  secondary  circuit  introduces  only  a  resist¬ 
ance  into  the  oscillator  circuit.  Furthermore,  since  Xosc/X!  =  1,  the 
secondary  circuit  does  not  alter  the  wavelength  of  oscillation. 

21.  Secondary  Emission  from  the  Grid. — It  is  explained  in  Sec. 
9  that  secondary  emission  from  the  grid  of  a  tube  decreases  the  grid 
current  and  may  result  in  a  reversal  of  this  current.  Secondary 
emission  in  a  power  amplifier  decreases  the  driving  power.  Figure 
10.3  shows  that,  the  lower  the  value  of  El,  the  higher  is  the  path  of 
operation  and  the  deeper  it  penetrates  into  the  secondary-emission 
region  and  hence  the  greater  are  the  effects  of  secondary  emission. 


Fiq,  21.1. — Possible  variation  in  instantaneous  grid  current  ie  during  a  radio¬ 
frequency  cycle. 

If  the  grid  current  during  a  cycle  of  the  radio-frequency  grid 
voltage  is  plotted,  a  curve  of  the  type  shown  in  Fig.  21.1  may  result. 
For  grid  voltages  between  ec\  and  ec2  a  negative  variational  resistance 
is  offered  to  the  grid  circuit.  This  negative  resistance  often  sets  up 
parasitic  oscillations  having  a  frequency  high  enough  to  permit  a 
number  of  oscillations  to  occur  during  the  time  the  grid  voltage  falls 
within  the  range  eci  —  eC2-  These  parasitic  oscillations  usually 
involve  the  inductance  and  capacitance  of  the  leads  from  the  grid 
coil  to  the  grid  or  between  tubes  that  are  operated  in  parallel.  The 
parasitic  oscillations  usually  may  be  suppressed  by  including  damp¬ 
ing  resistances  in  the  grid  connections  to  the  tube. 

Secondary  emission  in  any  tube  in  which  the  grid  bias  is  produced 
by  the  voltage  drop  of  Ic  through  a  resistance  may  seriously  affect 
this  bias  voltage.  An  increasing  secondary  emission  causes  a 
decreasing  bias  voltage.  The  tube,  if  operating  in  parallel  with 
others,  takes  a  disproportionate  part  of  the  load,  and  its  plate 
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becomes  overheated.  This  decrease  in  negative  bias  voltage  may 
progress  so  far  as  to  “ block”  the  tube.  This  blocking  occurs  when 
the  grid  current  reverses,  thus  providing  a  self-maintained  positive 
grid  bias.  The  resulting  excessive  plate  current  is  often  so  great 
as  to  destroy  the  tube  before  the  plate  circuit  is  interrupted  by 
circuit  breakers  or  fuses.  Blocking  is  more  apt  to  occur  in  oscil¬ 
lators  and  modulators  than  in  ordinary  Class  C  amplifiers,  and  the 
tendency  to  block  is  accentuated  by  decreasing  the  plate-load 
resistance  RL. 

If  secondary  emission  is  caused  by  the  condensation  of  active 
elements  on  the  grid,  the  grid  can  be  “decontaminated”  by  heating 
it  to  a  temperature  sufficiently  high  to  evaporate  the  active  elements. 
This  can  be  done  best  by  connecting  the  grid  to  the  plate  voltage 
supply  and  cautiously  raising  the  voltage  to  obtain  the  necessary 
grid  dissipation.  A  few  trials  may  be  necessary,  the  tube  being  put 
back  in  service  after  each  trial  in  order  to  determine  whether  or  not 
the  contamination  persists  as  shown  by  the  grid  current  Ic .  The 
grids  of  some  tubes  are  plated  with  graphite  or  other  elements  or  are 
made  of  special  materials  that  give  small  secondary  emission. 

22.  Wide-band  Power  Converters,  Nonsinusoidal  Operation. — 
In  Sec.  5,  power  converters  are  divided  into  two  general  classifica¬ 
tions  according  to  the  frequency  band  over  which  they  operate. 
The  wide-band  converter  operates  into  a  load  that  offers  a  high 
impedance  to  a  wdde  range  of  frequencies  and  is  often  a  nonreactive 
load.  For  example,  a  modulator  tube  such  as  Tu  in  Fig.  19.1  b 
supplies  power  at  modulation  frequency  to  the  plate  circuit  of  the 
power  amplifier.  The  load  characteristic  of  the  plate  circuit  of 
the  amplifier  is  nonreactive,  at  least  for  modulation  frequencies  that 
are  low  in  comparison  with  the  carrier  frequency.  The  resistance 
of  the  amplifier  as  a  load  on  the  modulator  may  not  be  independent 
of  the  current.  Such  a  load  may  have  a  characteristic  of  the  type 
shown  in  curve  a,  Fig.  22.1.  If  the  amplifier  acted  as  a  constant 
resistance,  its  characteristic  curve  would  be  a  straight  line  illustrated 
by  b.  An  oscillator  may  be  modulated  and  hence  be  the  plate  load 
of  a  modulator  tube. 

The  characteristic  of  the  oscillator  as  a  load  in  the  modulator 
plate  circuit  might  have  somewhat  the  shape  of  curve  c,  Fig.  22.1. 
The  characteristics  are  plotted  in  Fig.  22.1  in  terms  of  Eb  and  Ib,  the 
values  of  voltage  and  current  averaged  over  a  radio-frequency 
cycle.  The  variations  at  radio  frequency  are  disregarded  in  con¬ 
sidering  the  action  of  load  in  the  plate  circuit  of  the  modulator  tube, 
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where  the  variations  occur  at  modulation  frequency,  since  the  r-f 
current  is  kept  out  of  the  modulator  tube  circuit  by  means  of  r-f 
choke  coils  or  by-pass  capacitors. 

If  the  modulated  amplifier  or  oscillator  is  placed  in  series  con¬ 
nection  or  its  equivalent  (for  example,  by  using  a  transformer  M, 


Fig.  22  1. — Variations  in  average  plate  current  resulting  from  variations  in  plate 
voltage  of  a  Class  C  amplifier  or  oscillator. 


Fig.  22.2. — Load  characteristics  of  Fig.  22.1  reversed  and  superimposed  as  load  lines 
on  the  ib-eb  diagram  of  a  modulator  tube. 

Fig.  19.1a),  in  the  plate  circuit  of  the  modulator,  the  mode  of 
operation  of  the  modulator  can  be  determined  by  drawing  the  load 
characteristics  of  Fig.  22.1  reflected  in  the  Ib  axis  on  the  ib-eb 
diagram  of  the  modulator  tube,  Fig.  22.2. 

23.  Frequency  Multipliers. — Frequency  multipliers  are  used  in 
frequency-modulation  and  amplitude-modulation  systems  when  the 
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radiated  wave  is  of  a  higher  frequency  than  can  easily  be  stabilized, 
for  example,  by  a  quartz  crystal.  A  frequency  multiplier  is  simply 
a  power-amplifier  stage  in  which  the  plate-load  circuit  is  tuned  to  a 
harmonic  of  the  alternating  grid  voltage. 

Frequency -multiplying  stages  usually  do  not  require  neutraliza¬ 
tion.  The  voltage  across  the  plate  tank  circuit  at  the  fundamental 
or  grid  input  frequency  is  usually  very  small,  and  consequently  the 
power  fed  back  into  the  input  circuit  is  insufficient  to  sustain 
oscillations  at  the  input  frequency. 


t 

Fig.  23.1. — Paths  of  operation  of  a  Class  C  amplifier  and  of  a  Class  C  doubler  super¬ 
imposed  on  the  eb-ec  diagram. 

The  operation  of  a  frequency  multiplier  can  be  studied  by  using 
the  eh-ec  static  curves  of  the  tube,  but  instead  of  the  path  of  opera¬ 
tion  being  a  straight  line  it  is  a  parabola  for  a  frequency  doubler,  an 
S  curve  for  a  frequency  tripler,  and  other  Lissajous  figures  for  higher 
frequency  multipliers. 

The  path  for  a  doubler  is  shown  in  Fig.  23.1.  The  path  of 
operation  does  not  pass  through  the  Q  point  as  for  a  simple  amplifier 
but  is  a  single- valued  path  in  the  form  of  a  parabola  when  the  plate 
tank  circuit  has  unity  power  factor  for  the  second  harmonic.  Under 
this  condition  the  average  plate  current  J&  is  a  minimum.  When  the 
tank  circuit  is  detuned,  the  path  opens  into  a  double-valued  path 
and  the  plate  current  increases.  The  highest  tube  efficiency,  as  in  a 
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simple  amplifier,  occurs  when  the  tank  circuit  has  unity  power 
factor  for  the  output  frequency. 

The  plate  dissipation  for  the  doubler  is  much  greater  than  for  a 
simple  amplifier  having  the  same  quiescent  and  end  point  in  its  path 
of  operation  because  the  plate  voltage  eb  is  much  higher  for  the  same 
plate  current,  as  is  seen  by  comparing  eba  and  e bd,  Tig-  23.1. 

The  efficiency  of  the  doubler  can  be  improved  by  using  a  high 
negative  grid  bias  and  a  correspondingly  high  driving  voltage. 
The  price  of  high  plate  efficiency  is,  however,  a  higher  driving 
power.  A  frequency  doubler  inherently  has  a  lower  plate-circuit 
efficiency  than  a  straight  amplifier  and  therefore  is  confined  usualty 
to  the  low-power  stages.  Because  the  operating  path  of  a  doubler 
is  in  general  higher  on  the  ib-eb  diagram  than  the  path  of  an  ampli¬ 
fier,  the  path  of  a  doubler  passes  more  deeply  into  the  region  of 
secondary  emission  from  the  grid,  causing  an  accentuation  of 
parasitics  and  other  phenomena  resulting  from  secondary  emission. 
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1.  Introduction. — An  oscillator  is  a  device  for  obtaining  a 
periodically  varying  current  from  a  steady  power  source.  This 
current  may  have  many  different  waveforms,  depending  upon  the 
device  used  to  produce  the  oscillations.  A  purely  sinusoidal  wave¬ 
form  may  be  desired,  or  special  waveforms  may  be  employed  for 
special  purposes,  such  as  a  saw-tooth  wave  for  the  sweep  circuit  of 
a  cathode-ray  oscillograph.  This  chapter  is  concerned  with 
oscillators  for  the  production  of  a  fairly  pure  sine  waveform, 

employing  vacuum  tubes  and  associated 
circuits. 

2.  Regenerative  Amplifier. — Consider 
the  behavior  of  a  simple  regenerative 
amplifier,  Fig.  2.1,  employing  a  tuned 
grid  circuit,  with  inductive  coupling 
between  plate  and  grid  circuits.  Let  a 
small  alternating  voltage  E  be  introduced 
in  series  with  the  coil.  The  immediate 
problem  is  to  analyze  this  circuit  to  deter¬ 
mine  its  response  to  this  small  voltage. 
If  the  tube  were  removed,  the  alternating  current  I  would  be  given 
by  an  expression  such  as 


I  = 


E 

R+jX 


(2.1) 


where  R  is  the  resistance  of  the  tuned  circuit  in  the  grid  and  X  is  the 
reactance  of  L  and  C  in  series,  given  by 


X  =  a>L  - 

coC 


(2.2) 


With  the  tube  replaced,  there  would  exist  an  alternating  voltage  E 
from  grid  to  cathode,  given  by 
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This  would  cause  a  variational  plate  current  Ip  to  flow  in  the  plate 
circuit.  The  current  Ip  flowing  through  Lb  would,  by  means  of  the 
mutual  inductance  ilf,  induce  a  voltage  in  coil  L.  This  voltage 
would  either  aid  or  oppose  the  voltage  E.  Regenerative  coupling 
exists  when  the  connections  are  such  that  the  induced  voltage  from 
Lb  aids  E.  Let  the  coupling  be  regenerative,  and  let  \M\  denote  the 
magnitude  of  the  mutual  inductance1  between  Lb  and  L. 


rP  M 


Fig.  2.2. — Circuit  equivalent  to  that  of  Fig.  2.1  for  small  voltages. 

Equivalent  Circuit. — The  equivalent  circuit  when  E  is  small  is 
shown  in  Fig.  2.2.  Kirchhoff’s  laws  applied  to  this  circuit  yield  the 
following  equations: 

IP(rp  +  Rb  +  juLb)  —  jcs\M\I  =  fiE  g  (2.4) 

for  the  left-hand  mesh,  and 

~MM\IP  +  (r+  jwL  -  j  jc)  I  =  E  (2.5) 

for  the  right-hand  mesh. 

The  solutions  to  these  equations  may  be  placed  in  the  form 


I  = 


E 

Req  +  jXeq 


(2-6) 


where  Req  and  Xeq  are  the  equivalent  resistance  and  reactance  of  the 
circuit  connected  to  the  generator  E,  the  regeneration  produced  by 
Lb  being  taken  into  account.  Req  and  Xeq  are  given  by 


Req  =  R 


n  -  o>W2 

¥v  +  W  +  u'Ll 


(rp  +  Rb) 


1  By  the  conventions  of  Chap.  V  on  Networks  and  Impedance  Matching, 
M  is  here  a  negative  number  since,  for  the  assumed  positive  directions  of  /  and 
Ip,  the  magnetic  fields  would  oppose  each  other.  However,  for  clarity  in  the 
following  discussion  the  symbol  \M\  as  used  here  represents  only  the  magnitude 
of  the  mutual  inductance. 
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and 


Xea  =  CoL 


eq 


toC 


(2.8) 


where  Leq  is  an  equivalent  L  given  by 


Leq  =  L  + 


-  torn2 


L  (rP  +  Rb)2  +  co2L2b\ 


U 


(2.9) 


When  fi\M\/C  is  greater  than  u2M2,  the  effect  of  the  regeneration  is 
to  reduce  the  resistance  and  to  increase  the  inductance.  Although 
the  quantity  in  the  brackets  of  (2.7)  is  small,  the  factor  (rp  +  Rb)  is 
large.  Therefore  the  reduction  in  the  resistance  may  be  large.  In 
(2.9)  the  quantity  in  the  brackets  is  the  same  as  that  in  (2.7)  and  is 
again  small.  The  inductance  Lb  is  ordinarily  small,  so  that  the 
increase  in  inductance  is  small.  This  increase  in  inductance 
produces  a  slight  detuning  effect.  The  principal  effect  of  the 
regeneration  is  the  reduction  in  the  resistance.  This  assumes  that 
any  mechanical  displacements  introduced  for  the  purpose  of  chang¬ 
ing  M  do  not  result  in  any  appreciable  alteration  of  stray  capacitance 
across  the  tuning  coil. 

Oscillation. — By  increasing  \M\,  Req  of  (2.7)  may  be  made  equal 
to  zero.  Also,  E  may  be  of  such  frequency  that  Xeq  of  (2.8)  is  also 
zero.  Then  the  ratio  of  I  to  E  as  given  by  (2.6)  approaches  infinity. 
Practically,  this  means  that  E  may  be  withdrawn  and  the  current  I 
will  be  maintained  by  the  action  of  the  circuit.  The  circuit  will 
“ oscillate/’  i.e .,  produce  a  periodically  varying  current  with  only 
steady  power  sources  in  the  circuit. 

The  natural  frequency  of  free  oscillation  is  the  frequency  at 
which  Req  and  Xeq  are  zero.  This  frequency  is  given  by 


where  Q  —  toL/R  and  Qp  =  coLh/(rp  +  Rb).  It  is  slightly  less  than 
the  natural  frequency  of  the  LC  circuit  alone,  because  the  equivalent 
inductance  Leq  in  (2.9)  is  slightly  greater  than  the  actual  inductance 
L  which  appears  in  (2.2).  This  difference  is  not  of  great  practical 
importance,  for  it  can  easily  be  counteracted  by  adjustment  of  C. 

The  ratio  of  I/E  is  plotted  against  the  value  to\M\  in  Fig.  2.3. 
There  are  two  values  for  which  I/E  approaches  infinity.  Between 
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these  values  lies  the  region  in  which  the  circuit  wTill  oscillate.  If 
o>|M |  is  too  small  or  too  large,  the  circuit  will  not  oscillate.  In  Fig. 
2.3  the  region  to  the  right  of  the  upper  critical  value  of  o>\M\  is  the 
region  in  which  co2M2  is  greater  than  p\M\/C  in  (2.7)  and  (2.9). 
This  means  that  the  coupling  between  Lb  and  L  is  so  tight  that  the  L  b 
circuit  is  coupling  a  large  resistance  into  the  L  circuit.  Oscillation 
cannot  then  occur  since  Req  must  be  zero  for  oscillations  to  occur. 

The  larger  critical  value  of  w\M\  is  seldom  obtained  in  practice, 
since  |M|  cannot  exceed  ‘s/LJj  in  magnitude  and,  in  the  usual  design, 
Lb  is  much  smaller  than  L. 

The  voltage  E  has  been  introduced  in  this  discussion  to  show  that 
under  appropriate  conditions  the  oscillatory  current  is  self-sustain¬ 
ing.  Practical  oscillators  must  be  self-starting  as  well  as  self- 


Fig.  2.3. — Variation  of  current  in  regenerative  tuned-grid  circuit. 

sustaining.  One  might  ask  how  the  oscillator  can  be  self-starting. 
The  answer  is  that  random  fluctuations  in  voltage  are  always  present 
in  a  circuit  or  tube,  caused  by  thermal  agitation  in  the  circuit  and 
tube,  fluctuations  in  tube  current  due  to  shot  effect,  contact  differ¬ 
ences  of  potential,  etc.  These  random  voltages  cover  the  whole 
frequency  spectrum ;  but  since  the  circuit  is  tuned,  the  circuit  selects 
the  component  to  which  it  naturally  responds  and  amplifies  this 
component  strongly,  owing  to  regeneration,  so  that  the  oscillatory 
condition  is  established.  The  oscillator  is  self-starting  if,  in  its 
quiescent  condition,  the  circuit  and  tube  can  select  and  amplify  a 
suitable  component  of  the  random  voltages  existing  in  the  circuit 
and  if  the  regeneration  is  such  that  the  output  of  the  tube  feeds  back 
to  the  input  a  sufficient  power  to  sustain  the  amplified  current. 

Intensity  of  Oscillation. — In  the  ordinary  case  (where  the  upper 
critical  value  of  «|Af  |  cannot  be  obtained),  the  intensity  of  oscillation 
increases  with  increasing  \M\,  sometimes  passing  through  a  maxi- 
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mum.  It  might  be  thought  that,  since  I/E  is  infinite,  the  current 
I  would  be  infinite.  But  the  preceding  circuit  theory  was  based  on 
small  amplitudes,  for  which  the  /x  and  rv  of  the  tube  may  be  assumed 
constant.  When  the  variational  plate  current  is  large,  the  instan¬ 
taneous  values  of  /i  and  rp  vary  throughout  the  cycle.  In  general, 
this  results  in  the  inclusion  of  smaller  values  of  \l  and  larger  values 
of  rp  than  are  experienced  in  small-signal  operation  with  recom¬ 
mended  bias  voltages.  The  resultant  decrease  in  the  average  value 
of  jLt,  together  with  an  increase  in  the  average  value  of  rv ,  produces  a 
progressive  decrease  in  amplification,  until  finally  the  gain  of  the 
4 ‘amplifier”  is  barely  sufficient  to  sustain  the  prevailing  large-signal 
level,  there  being  no  remaining  margin  for  further  increasing  the 
oscillation  amplitude.  The  “grid-leak-bias”  method  of  obtaining 
grid-bias  voltage,  Sec.  5,  has  a  very  stabilizing  effect  on  the  intensity 
of  oscillation.  In  the  final  steady  state  the  energy  input  from  the 
power  source  in  the  plate  circuit  equals  the  energy  dissipated  in  the 
tube  and  circuit. 

3.  Oscillator  Circuits. — Except  at  the  extremely  high  frequen¬ 
cies,  practically  all  radio-frequency  oscillators  are  essentially  tuned 
amplifier  circuits  with  means  provided  whereby  some  of  the  output 
is  fed  back  into  the  input,  the  amplifier  supplying  its  own  signal. 

The  plate  current  increases  in  an  ordinary  amplifier  when  the 
signal  drives  the  grid  more  positive  with  respect  to  the  cathode. 
The  increase  in  plate  current  causes  a  voltage  drop  in  the  load 
impedance,  decreasing  the  voltage  on  the  plate.  This  means  that 
when  the  voltage  on  the  grid  goes  up,  the  voltage  on  the  plate  goes 
down.  There  is  a  180°  phase  difference  between  the  variational 
voltage  from  grid  to  cathode  and  the  variational  voltage  from  plate 
to  cathode.  In  an  oscillating  circuit  in  which  the  tube  acts  as  an 
amplifier,  this  180°  relationship  must  exist.  It  is  not  necessary  that 
the  phase  be  exactly  180°,  but  it  must  be  approximately  180°. 

In  an  oscillating  circuit  there  must  be  some  form  of  energy 
storage,  usually  in  the  form  of  a  tuned  circuit.  This  is  especially 
true  when  the  oscillating  amplitude  is  large.  If  the  tube  oscillates 
strongly,  the  current  in  the  plate  circuit  may  be  cut  off  for  part 
of  the  a-c  cycle  owing  to  the  highly  negative  voltage  applied  to  the 
grid  during  part  of  the  cycle.  Then  the  plate  current  flows  in 
pulses,  and  in  consequence  the  plate  battery  is  supplying  energy  in 
pulses.  Since  the  circuit  is  oscillating  continuously,  the  circuit 
must  provide  some  means  of  accepting  the  energy  from  the  battery 
in  pulses,  and  sending  it  out  as  a  continuous  alternating-current 
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wave.  This  function  is  performed  by  the  tuned  circuits,  which  can 
store  energy  in  both  the  capacitor  and  the  coil.  The  tuned  LC 
circuit  is  often  called  the  “tank  circuit”  since  it  is  the  place  in  which 
the  energy  is  stored. 

The  tank  circuit  and  the  tube  with  its  plate  battery  may  with 
fair  accurac}^  be  compared  to  a  flywheel  and  a  one-cylinder  engine 
firing  once  each  revolution.  The  engine  releases  a  pulse  of  mechan¬ 
ical  energy  each  revolution.  The  tube  and  battery  release  a  pulse 
of  electrical  energy  each  cycle.  The  flywheel  stores  and  releases  the 
mechanical  energy,  making  the  angular  motion  fairly  uniform. 
The  tank  circuit  stores  and  releases  the  electrical  energy,  making  the 
voltage  output  a  fairly  good  sine  wave. 

In  the  circuits  that  follow,  the  energy 
storage  is  supplied  by  an  LC  combination 
of  some  form.  The  tube  is  connected  to  the 
circuit  in  such  a  way  that,  when  the  alter¬ 
nating  grid-to-cathode  voltage  is  positive, 
the  alternating  plate-to-cathode  voltage 
is  negative.  These  features  are  essential. 

The  steady  polarizing  voltages  may  be 
applied  to  the  grid  and  plate  m  several  ways,  tor  circuit. 

to  be  discussed  later. 

Hartley  Circuit . — The  Hartley  circuit,  Fig.  3.1,  employs  a  simple 
LC  tuned  circuit.  The  180°  phase  relationship  is  obtained  by  con¬ 
necting  the  grid  to  one  end  of  the  coil,  the  plate  to  the  other  end,  and 
the  cathode  to  a  point  somewhere  in  the  middle  of  the  coil.  In  some 
practical  forms  of  this  circuit,  means  are  provided  for  connecting 
plate,  grid,  and  cathode  to  different  turns  of  the  coil  by  means  of 
clamps. 

This  circuit  is  a  very  good  oscillator,  since  adjustments  are  not 
critical.  The  connections  to  the  coil  are  such  that  the  plate-to- 
cathode  voltage  is  about  ju  times  the  grid-to-cathode  voltage.  There 
is  one  disadvantage.  In  any  strongly  oscillating  circuit,  the  plate 
and  grid  currents  are  nonsinusoidal  and  therefore  contain  harmonics. 
The  Hartley  circuit  provides  no  low-impedance  path  back  to  the 
cathode  for  these  harmonic  currents.  For  this  reason  the  harmonic 
voltages  across  the  tank  circuit  are  somewhat  larger  in  the  Hartley 
oscillator  than  in  some  other  types.  The  circuit  as  a  whole  is  a 
“sure-fire”  oscillator,  in  which  the  oscillating  condition  is  readily 
established  even  when  the  circuit  constants  are  not  correctly  chosen. 
With  the  circuit  already  oscillating  it  is  often  possible  to  improve  the 
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amplitude  and  frequency  by  trial-and-error  methods,  when  facilities 
for  a  more  scientific  design  are  lacking. 

Colpitts  Circuit. — The  Colpitts  oscillator,  Fig.  3.2,  connects  the 

tube  across  the  capacitive  side 

.  nx  of  the  LC  circuit  rather  than 

NFS'  °B+  across  the  inductive  side  as 

|  XB  described  above.  The  voltages 

L _  applied  to  plate  and  grid  are 

Ci  4-  C2  determined  by  the  settings  of 

II  Ci  and  C2.  The  capacitance 

- vQQQQQQQQQ,Q(L> -  of  Ci  and  C 2  in  series  reso- 

„  _  4  ~  ,  >ii  ,  .  .,  nates  with  L  to  determine  the 

Fig.  3.2. — Colpitts  oscillator  circuit. 

frequency. 

This  circuit  is  somewhat  more  critical  than  the  Hartley.  It  is 
not  so  easy  to  adjust,  since  every  time  C 1  is  changed,  C2  must  also 
be  changed  to  keep  the  frequency  con¬ 
stant.  It  has  the  advantage  that  the  LU 

waveform  is  somewhat  better  than  li  4 

that  for  the  Hartley  since  C 1  and  C2  § 

provide  a  low-impedance  path  for  the  \r— i/  J 

harmonic  currents.  1  == 

Figure  3.3  shows  another  form  of  * - 3 

the  Colpitts  circuit.  The  capacitance 

of  the  antenna  takes  the  place  of  C2,  on  Colpitts  circuit< 

Fig.  3.2. 

Meissner  Circuit. — In  the  Meissner  circuit,  Fig.  3.4,  there  is  no 
conductive  connection  between  the  tank  circuit  and  the  tube.  The 
tank-circuit  inductance  is  coupled  to  the  grid  circuit  through 

inductance  Lc  and  to  the  plate  circuit 
/T\  through  inductance  Lb.  In  the  Meissner 

HZ  xpv  —  Lc  and  Lb  must  not  be  coupled  to 

I  4  each  other.  The  coupling  of  Lc  and  Lb  to 

I— iQQO,  ,000,  the  tank  circuit  is  such  that  the  required 

_ _ qnrtP _  180°  phase  relationship  is  attained. 

Tuned-grid  Circuit . — The  “  tuned-grid 

- II -  circuit/ ’  Fig.  3.5  (the  same  as  that  of 

Fig.  3.4.  Meissner  oscillator  2.  i)  js  so  called  because  the  tuned 

circuit  is  located  in  the  grid  circuit. 
Tuned-plate  Circuit . — In  this  arrangement,  Fig.  3.6,  the  tuned 
circuit  is  located  in  series  with  the  plate  and  inductive  coupling 
provided  to  excite  the  grid. 


Fig.  3.3. — Oscillator  circuit  based 
on  Colpitts  circuit. 


■Meissner  oscillator 
circuit. 
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Tuned-grid  Tuned-plate  Circuit. — In  this  circuit,  Fig.  3.7,  there 
is  a  tuned  circuit  in  series  with  the  grid  and  a  tuned  circuit  in  series 
with  the  plate.  There  should  be  no  magnetic  coupling  between  the 


Fig.  3.5. — Tuned-grid  oscillator  cir¬ 
cuit. 


Fig.  3.6. — Tuned-plate  oscillator  circuit. 


grid  and  plate  coils.  The  plate  circuit  is  coupled  to  the  grid  circuit 
by  means  of  the  capacitance  between  the  plate  and  the  grid  of  the 
tube.  If  the  plate  load  is  inductive  at  the  frequency  of  oscillation, 


Fig.  3.7. — Tuned-grid  tuned-plate  oscillator  circuit. 

then,  with  proper  circuit  constants,  enough  energy  is  fed  back 
to  the  grid  circuit  through  the  grid-to-plate  capacitance  to  maintain 
oscillations.  The  tuned-grid  circuit  is  sometimes  replaced  by  a  self¬ 
resonant  choke  coil. 

4.  Practical  Considerations, 

Plate -voltage  Supply. — The  steady 
plate  voltage  may  be  fed  to  the  tube 
in  two  ways,  known  as  series  feed 
and  shunt  feed. 

Series  Feed. — In  the  series-feed 
method,  Fig.  4.1,  the  plate-supply 
battery  is  connected  in  series  between 
the  plate  and  cathode  of  the  tube. 

A  typical  case  of  this  is  shown  in 
Fig.  3.1  for  the  Hartley  circuit.  The  disadvantage  of  the  plate- 
battery  connection  of  Fig.  3.1  is  that  the  battery  is  at  a  point  in  the 


Fig.  4.1. — Series  feed  with  battery 
at  cathode  potential. 
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circuit  which  has  high  radio-frequency  potential  with  respect  to  the 
cathode.  The  plate  powrer  source  is  usually  physically  large  and  has 
a  large  distributed  capacitance  to  ground.  In  Fig.  3.1  this  capaci¬ 
tance  is  across  part  of  the  tank  coil  and  in  some  cases  will  seriously 
interfere  with  the  tuning  of  the  circuit. 

This  objection  is  removed  by  the  connection  shown  in  Fig.  4.1, 
where  the  battery  has  been  placed  at  cathode  potential  by  splitting 
the  coil.  A  capacitor  is  shown  connected  across  the  battery  to 
by-pass  the  large  radio-frequency  currents  existing  in  the  tank 
circuit.  This  connection  introduces  the  disadvantage  of  placing 
part  of  the  coil  at  high  d-c  potential  with  respect  to  ground,  and 
the  tuning  capacitor  now  has  to  withstand  the  sum  of  both  d-c 
and  r-f  voltages. 


Fig.  4.2. — Hartley  oscillator  circuit  with  shunt  feed. 


The  series  feed  is  used  chiefly  in  low-power  circuits  where  the 
voltages  are  low.  In  practice,  the  d-c  potver  supply  is  by-passed 
for  r-f  current  by  a  capacitor. 

Shunt  Feed . — -In  the  shunt-feed  method,  Fig.  4.2,  the  plate- 
supply  battery  is  connected  in  shunt  between  plate  and  cathode,  as 
shown  in  Fig.  3.2.  To  prevent  the  battery  from  short-circuiting  the 
plate  to  cathode  at  r-f  potential,  a  choke  coil  is  connected  in  series 
with  the  battery.  This  choke  coil  is  an  inductance  that  has  a  low 
d-c  resistance  and  a  high  radio-frequency  impedance.  Sometimes 
the  self-capacitance  of  the  choke  coil  is  used  to  resonate  the  coil 
so  that  the  r-f  impedance  is  greater  than  the  a>L  value  for  the  coil. 

The  shunt-feed  circuit  must  be  used  where  there  is  no  d-c  path 
from  plate  to  cathode  in  the  oscillatory  circuit,  as  is  the  case  for  the 
Colpitts  circuit.  At  other  times,  the  shunt-feed  circuit  is  used  to 
keep  the  plate  supply  at  ground  potential.  Also,  a  capacitor  must 
be  used  to  prevent  the  tank  coil  from  short-circuiting  the  d-c  plate 
supply  to  the  cathode.  This  capacitor  is  made  sufficiently  large  to 
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offer  negligible  impedance  to  the  r-f  plate  current  and  must  have 
sufficient  insulation  to  withstand  the  sum  of  the  d-c  and  the  r-f 
plate  potentials. 

The  Hartley  circuit  of  Fig.  3.1  is  redrawn  in  Fig.  4.2,  showing  the 
use  of  shunt  feed. 

5.  Practical  Considerations,  Grid-voltage  Supply. — Except  with 
very  low-power  oscillators,  a  battery  cannot  be  used  as  a  grid-bias 
supply.  High-power  oscillators  require  a  high  enough  grid  bias  to 
operate  the  tube  Class  C.  If  this  value  of  bias  were  supplied  by  a 
battery,  no  plate  current  would  flow  when  the  plate-supply  switch 
was  closed,  and  oscillations  could  not  start.  At  the  beginning  the 
bias  must  be  small  to  allow  plate  current  to  flow.  Under  running 
conditions,  the  bias  must  be  large  to  prevent  too  much  plate  current 
or  excessive  grid  current.  This  problem  is  solved  by  the  use  of  what 
is  called  grid-leak  bias  or  grid-resistor  bias. 

Grid-leak  Bias. — In  Fig.  4.2  a  resistor  is  shown  connected  from 
grid  to  cathode.  The  d-c  grid  current  must  return  to  the  cathode 
through  this  resistor.  In  so  doing  the  d-c  IR  drop  through  this 
resistance  places  the  grid  at  a  negative  d-c  voltage  with  respect  to 
the  cathode. 

Before  oscillations  start,  there  is  no  voltage  applied  to  the  grid, 
and  hence  no  grid  current.  The  bias  is  zero,  so  that  plate  current 
exists  and  oscillations  start.  When  oscillations  start,  r-f  voltage  is 
applied  to  the  grid,  causing  the  grid  to  draw  current.  The  average 
value  of  this  current  times  the  value  of  the  grid  resistor  gives  the 
value  of  the  grid-bias  voltage. 

The  grid  resistor  has  a  very  beneficial  effect  in  controlling  the 
oscillation.  If  the  intensity  of  oscillation  becomes  greater,  the  r-f 
voltage  applied  to  the  grid  is  greater  and  the  grid  current  is  greater. 
The  grid  bias  is  increased,  causing  the  plate  current  to  decrease, 
which  in  turn  cuts  down  the  intensity  of  oscillation.  If  the  intensity 
of  oscillation  becomes  smaller,  the  grid  current  becomes  smaller. 
The  bias  is  decreased,  allowing  more  plate  current  to  flow  so  that  the 
oscillation  level  may  return  to  normal.  Therefore,  the  use  of 
grid-leak  bias  imparts  a  stability  to  the  intensity  of  oscillation  since 
any  increase  or  decrease  in  amplitude  of  oscillation  causes  a  counter¬ 
acting  increase  or  decrease  in  grid  bias. 

In  some  cases  the  grid  resistor  is  in  series  with  the  grid.  In  such 
cases  the  resistor  is  by-passed  for  radio  frequencies  by  a  capacitor. 
A  typical  case  of  this  is  shown  in  Fig.  3.5. 

In  all  cases  where  grid  bias  is  obtained  by  means  of  a  resistor,  a 
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capacitor  in  some  form  is  used  with  it.  The  capacitor  by-passes  the 
resistor  for  r-f  currents,  as  in  Fig.  3.5,  or  forces  the  d-c  grid  current 
to  flow  through  the  resistor,  as  in  Fig.  4.2. 

Intermittent  Oscillation . — If  the  time  constant  of  the  grid-leak 
and  grid-capacitor  combination  is  too  large,  the  oscillation  may 
start  and  stop  periodically.  This  is  called  intermittent  oscillation. 
Such  action  may  be  analyzed  as  follows:  When  the  plate-supply 
switch  is  closed,  oscillations  start  and  build  up  to  a  high  intensity. 
A  high  voltage  is  applied  to  the  grid,  causing  a  large  grid  current. 
This  current  produces  a  high  d-c  voltage  across  the  grid-leak 
resistor ;  to  this  voltage  the  grid  capacitor  is  charged.  This  decreases 
the  intensity  of  oscillation.  If  the  time  constant  of  the  resistor- 
capacitor  combination  is  so  high  that  the  capacitor  cannot  discharge 
rapidly,  the  grid  bias  will  stay  at  a  high  value  even  though  the 
oscillation  is  decreasing.  The  controlling  action  described  above 
does  not  now  operate  rapidly  enough,  and  oscillations  die  out 
completely.  Even  after  oscillations  cease,  the  plate  current  will 
remain  at  a  very  low  or  zero  value  because  of  the  high  negative  bias 
that  is  retained  on  the  grid.  Oscillations  will  not  start  again  until 
the  capacitor  has  discharged  sufficiently  to  allow  the  grid  bias  to 
become  low  enough  so  that  the  amplifying  action  of  the  tube  may 
start  oscillations  again. 

The  cycle  of  starting  and  stopping  repeats  itself.  With  a  large 
product  CR ,  the  period  may  be  very  long.  The  intermittent 
oscillator  is  sometimes  used  to  time  sweep  circuits,  the  interruption 
frequency  determining  the  duration  of  the  sweep  cycle. 

Positive-grid  Blocking. — If  for  some  reason  the  grid  current 
should  be  reversed,  the  d-c  current  through  the  grid  resistor  would 
cause  the  grid  to  be  biased  positively  with  respect  to  the  cathode. 
This  reversal  of  grid-current  flow  may  be  caused  by  secondary  emis¬ 
sion  from  the  grid  or  by  thermal  emission  if  the  grid  becomes  red-hot 
owing  to  excessive  dissipation.  Such  conditions  are  caused  by  too 
high  a  voltage  applied  to  the  grid,  due  to  a  surge  or  to  a  high  grid 
driving  voltage.  If  the  grid-leak  resistance  is  too  high,  the  grid  may 
become  so  positive  that  the  reversed  grid  current  is  steadily  main¬ 
tained  and  the  grid  acquires  a  stable  positive  bias.  This  condition 
is  independent  of  the  value  of  the  grid  capacitor.  With  the  grid 
bias  maintained  positive,  the  plate  current  increases,  in  some  cases 
to  the  saturation  value.  This  will  stop  the  amplifying  action  of  the 
tube  and  may  cause  the  tube  elements  to  melt.  Circuit  breakers 
or  fuses  in  the  plate  circuit  are  designed  to  prevent  such  damage  but 
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are  often  too  sluggish  to  prevent  destruction.  The  cessation  of 
tube  activity  caused  by  grid-current  reversal  is  called  “positive-grid 
blocking/ 7 

Sometimes  an  oscillator  having  intermittent  oscillations  is  also 
called  a  “blocking77  oscillator  since,  during  the  time  when  there  are 
no  oscillations,  plate  current  is  prevented,  or  “blocked/7  by  the 
high  negative  grid  bias.  The  more  correct  name  is  the  term  “inter¬ 
mittent  oscillator7 7  as  used  above. 

6.  Practical  Considerations,  Power  Output. — In  presenting  the 
basic  triode  circuits,  Sec.  3,  no  reference  was  made  to  specific 
measures  for  obtaining  useful  power  output,  for  no  one  method  is 
universally  accepted.  The  choice  depends  upon  the  application. 
Again  taking  the  Hartley  circuit  as  a  representative  illustration,  one 


Fig.  6.1. — Output  obtained  by  loading  the  tank  circuit. 

may  begin  by  considering  a  load  resistor  R ,  placed  in  series  in  the 
tank  circuit,  Fig.  6.1.  I?  is  any  device  that  is  to  be  heated  by 
alternating  current  generated  by  the  oscillator.  (For  example,  the 
filament  of  a  cyclotron,  exposed  to  a  strong  magnetic  field,  may  be 
distorted  by  d-c  heating  current  or  vibrated  excessively  by  60-cycle 
alternating  current.  At  2,000  cps,  however,  the  vibration  should 
be  inappreciable.)  Frequently  R  is  not  a  separate  component, 
visible  to  the  eye,  but  represents,  instead,  power  usefully  converted 
into  heat  in  the  field  of  a  capacitor  or  an  inductor.  Many  indus¬ 
trial  applications  are  of  this  character.  In  the  bonding  of  plywood, 
stacks  of  wood  to  be  cemented  are  placed  between  the  parallel 
plates  of  a  large  capacitor.  In  heating  sheet  steel  in  a  modern  tin¬ 
plate  mill,  high-frequency  magnetic  induction  is  employed.  In 
high-frequency  therapy  an  artificial  fever  is  induced  and  controlled 
by  placing  the  patient  in  the  field  of  a  coil  or  a  capacitor. 

One  may  generalize  still  further.  R  may  be  the  radiation 
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resistance  of  an  antenna  or  the  input  resistance  of  a  transmission 
line,  leading  to  an  antenna.  R  may  be  the  equivalent  primary 
resistance  of  a  loaded  transformer,  with  secondary  connected  to  an 
antenna,  to  a  line,  or  to  any  circuit  that  dissipates  power.  R  may 
be  the  series  resistance,  equivalent  to  a  shunt  load  bridged  across 
the  entire  inductor  or  any  part  thereof. 

No  matter  where  the  power  goes  ultimately,  R  determines  the 
PR  rate  at  which  power  is  to  be  transferred  out  of  the  tank  circuit 
by  current  of  given  amplitude.  Hence  the  very  best  “flywheel 
effect  ”  is  obtained  by  making  R  as  small  as  possible,  any  load  that 
may  be  applied  necessarily  reducing  the  Q  of  the  tank  circuit  and 
reacting  unfavorably  upon  the  waveform.  Since  the  frequency  of 
oscillation  depends  slightly  upon  R,  and  not  exclusively  upon  the 
LC  product,  any  alteration  of  load  will  be  accompanied  by  a  slight 
shift  of  frequency.  In  industrial  and  therapeutic  applications  such 
deviations  of  waveforms  and  frequency  are  likely  to  be  of  little 
consequence.  In  radio  communication,  particularly  in  the  crowded 
portions  of  the  radio  spectrum,  excellence  of  waveform  and  stability 
of  frequency  are  very  often  matters  of  major  concern.  Waveform 
distortion  means  the  production  of  radio-frequency  harmonics.  If 
these  reach  the  antenna,  they  are  likely  to  cause  illegal  radiation 
on  channels  assigned  to  other  services.  Frequency  deviation  also 
can  be  a  serious  problem,  errors  as  small  as  0.002  per  cent  often 
being  undesirable.  Intentional  modulation  of  amplitude,  in  the 
transmission  of  speech  or  music,  constitutes  an  effective  fluctuation 
of  load  accompanied  by  an  undesired  frequency  modulation.  The 
resulting  wobble  distorts  the  received  signal.  Since  these  dis¬ 
advantages  are  fundamental,  improvement  of  waveform  and 
frequency  stability  can  be  secured  only  by  operating  the  oscillator 
under  light  and  constant  load. 

Buffer  Amplifier. — The  limitations  mentioned  in  the  preceding 
paragraph  do  not  preclude  obtaining  a  considerable  voltage  from  the 
oscillator.  However,  the  driven  circuit  should  demand  relatively 
little  current  from  the  source  and  should  therefore  require  only  a 
small  amount  of  power.  Furthermore,  it  should  be  a  truly  one-way 
circuit,  permitting  little  or  no  reaction  on  the  oscillator  from  any 
external  cause.  At  low  frequencies  an  ordinary  triode  amplifier 
satisfies  these  specifications.  At  radio  frequencies  the  grid-to-plate 
capacitance  causes  feedback,  and  the  prevailing  phase  relationships 
often  result  in  a  very  considerable  lowering  of  the  effective  grid-to- 
eathode  resistance.  This  may  be  prevented  by  careful  neutraliza- 
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tion,  but  it  is  usually  simpler  to  use  a  pentode  or  tetrode  tube  as  the 
amplifier,  Fig.  6.2,  thus  minimizing  internal  feedback.  A  cathode 
follower  may  also  be  used.  An  amplifier  of  any  type,  used  for  this 
purpose,  is  called  a  “buffer  amplifier”  or  simply  a  “buffer.”  It  is 
intended  primarily  as  a  one-way  coupling  device,  and  any  voltage 
gain  secured  in  the  buffer  stage  is  merely  incidental.  Sometimes 
the  buffer  serves  also  as  a  frequency  doubler  or  tripler.  As  such,  it 


Fig.  6.2. — Use  of  buffer  amplifier  to  isolate  oscillator. 


selects  the  desired  harmonic  from  the  harmonics  already  present 
in  the  oscillator  circuit  or  else  intentionally  distorts  the  wave  by 
nonlinear  amplification. 

Electron-coupled  Oscillator . — By  the  use  of  multielectrode  tubes, 
the  functions  of  the  oscillator  and  the  buffer  often  are  combined 
within  a  single  envelope.  For  example,  in  Fig.  6.3  the  three  inner¬ 


most  electrodes  are  connected  in  a  Hartley  circuit,  the  screen  filling 
the  role  of  the  usual  triode  plate.  Contrary  to  ordinary  oscillator 
practice,  the  cathode  of  this  tube  is  not  grounded,  but  the  screen  is 
grounded  by  a  capacitor  of  negligible  impedance.  Since  this 
implies  existence  of  an  r-f  voltage  from  cathode  shell  to  ground,  it  is 
desirable  to  select  a  tube  having  a  low  capacitance  from  cathode 
shell  to  heater  wires.  The  screen  grid  captures  enough  electrons 
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to  maintain  the  oscillation,  but  many  additional  electrons  pass 
through  the  spaces  between  the  grid  wires.  These  electrons  con¬ 
tinue  on  their  course,  most  of  them  arriving  ultimately  at  the  plate. 
In  fact,  the  outer  portion  of  the  tube  may  be  considered  as  a  diode, 
the  grounded  screen  grid  serving  as  an  equivalent  cathode  (an 
apparent  source  of  electrons).  However,  unlike  the  ordinary 
diode,  the  electrons  from  this  virtual  cathode  are  projected  in 
periodic  spurts.  In  the  external  plate  load,  a  resonant  circuit, 
tuned  to  the  oscillator  frequency  or  to  an  appropriate  harmonic, 
selects  the  desired  a-c  component  to  be  used  in  driving  successive 
power  amplifiers.  As  the  output  coupling  is  provided  by  the 
electron  stream,  the  circuit  is  referred  to  as  an  “electron-coupled 
oscillator.”  Assuming  adequate  external  shielding,  the  grounded 
screen  grid  extends  this  shield  through  the  tube  itself,  and  effectively 
prevents  reaction.  The  three  inner  electrodes  may  be  connected  in 
any  of  the  basic  triode  circuits  and  may  be  crystal-controlled  if 
desired. 

7.  Coupled -circuit  Oscillators,  Drag  Loop. — In  an  effort  to 
reduce  the  radiation  of  harmonics,  or  for  other  reasons,  the  output 


Fig.  7.1. — Tank  circuit  coupled  to  a  second  resonant  circuit. 

circuit  of  an  oscillator  sometimes  includes  two  or  more  resonant 
circuits  such  as  LiCi  and  L2C2,  Fig.  7.1.  With  sufficiently  close 
coupling,  the  interaction  of  the  resonant  circuits  produces  certain 
peculiarities  that  are  likely  to  confuse  an  inexperienced  operator. 
Partly  because  of  these  difficulties,  such  multiple-resonant  circuits 
are  seldom  encountered  nowadays  in  their  obvious  form  with 
separate  coils  and  capacitors.  Very  similar  defects  appear,  how¬ 
ever,  in  less  patent  form,  whenever  a  single  resonating  structure,  say 
a  quartz  crystal,  or  a  tuning  fork,  or  a  hollow  cavity,  or  a  wave 
guide,  exhibits  a  number  of  possible  modes  of  vibration.  Some- 
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times  these  modes  interact  as  if  separate  coupled  resonators  were 
present.  Accordingly,  a  brief  explanation  of  coupled-circuit 
oscillators  in  general  serves  as  an  introduction  to  the  discussion  of 
crystal  oscillators. 

In  the  circuit  of  Fig.  7.1  let  the  dials  of  the  capacitors  C i  and  C 2 
be  calibrated  in  wavelength  and  be  set  initially  at  any  common 
value,  for  example  300  m.  By  this  we  shall  mean  that  circuit  1  has 
been  calibrated  in  its  position  in  the  oscillator,  but  with  circuit  2 
far  removed,  or  completely  uncoupled,  or  greatly  detuned.  Simi¬ 
larly,  circuit  2  has  been  calibrated  as  a  separate  isolated  unit, 
removed  from  the  influence  of  circuit  1.  Now  having  brought 
these  calibrated  circuits  into  close  proximity  and  set  each  pointer 
at  300  m,  it  is  not  to  be  supposed  that  the  calibrations  will  still  be 
valid  and  that  the  oscillator  will  emit  a  1,000,000-cycle  sinusoidal 
voltage  wave.  Since  similar  coupled  circuits  emit  a  wave  of 
double  frequency  in  transient  oscillation  and  since  the  resonance 
curve  of  coupled  circuits  driven  sinusoidally  is  double-humped,  it 
might  be  expected  at  first  that  the  oscillator  would  operate  simul¬ 
taneously  on  two  frequencies,  thus  emitting  a  wave  modulated 
at  the  beat  frequency.  Indeed,  such  action  can  occur  in  exceptional 
cases,  though  it  does  not  ordinarily  take  place.  One  of  the  two 
wavelengths  would  be  longer,  the  other  shorter  than  the  resonant 
wavelength,  which  in  this  example  is  300  m. 

More  commonly,  one  of  the  two  possible  modes  of  oscillation 
builds  up  more  rapidly  than  the  other  by  reason  of  better  phase 
angle  and  therefore  greater  gain.  This  quickly  overpowers  the  less 
efficient  mode,  suppressing  it  entirely,  and  the  oscillator  operates 
at  constant  amplitude  on  one  of  the  two  possible  oscillator  fre¬ 
quencies.  In  the  case  of  the  coupled  circuits,  each  nominally  set  at 
300  m,  the  lower  frequency  mode  ordinarily  prevails  and  the 
oscillator  starts  in  the  long- wave  condition,  for  example  at  342  m, 
the  actual  departure  from  300  m  depending  upon  the  coupling 
coefficient.  Accordingly,  operation  begins  at  point  1,  Fig.  7.2. 

In  an  attempt  to  lower  the  frequency  still  further,  hoping  to 
attain  a  wavelength  of  400  m,  the  operator  increases  capacitance 
at  C 2,  as  indicated  by  an  increased  value  of  the  dial  reading,  X2.  In 
agreement,  the  operating  point  slides  up  the  X'  branch  of  the  wave¬ 
length  curve,  Fig.  7.2,  say  to  360  m  at  point  2.  Having  succeeded 
thus  far,  the  operator  advances  the  same  dial  farther.  By  this 
time  the  alteration  of  phase  angle  has  proceeded  so  far  that  an 
entirely  new  start  (opening  and  reclosing  the  plate  power  switch  for 
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example)  would  favor  the  short-wave  mode  of  oscillation  repre¬ 
sented  by  the  X”  branch  of  the  curve.  Nevertheless  the  X'  mode 
has  a  “vested  interest”  in  the  operation,  as  the  X'  oscillation  is 
already  vigorously  in  progress  and  the  grid  is  being  driven  by  a 
large  r-f  voltage  of  frequency  appropriate  to  X'  operation.  The 
X”  oscillation  has  no  opportunity  to  start  in  the  face  of  such  pre- 
established  competition.  In  this  manner,  by  continuous  sliding 
of  the  setting  of  C2  the  operator  can  “drag”  a  mode  of  oscillation, 
original^  established  under  favorable  circumstances,  part  way  into 
a  range  of  adjustment  that  normally  favors  the  alternate  mode. 
There  is  a  limit,  however,  beyond  which  this  dragging  action  cannot 


Fig.  7.2. — Example  of  drag  loop. 

be  stretched.  On  reaching  point  3  (say  384  m)  the  relative  advan¬ 
tage  of  mode  X”  has  increased  to  such  an  extent  that  it  prevails  in 
spite  of  the  “vested  interest”  which  mode  X7  has  acquired  as  a 
“going  concern.”  As  C2  is  gradually  advanced,  the  frequency  of 
oscillation  suddenly  jumps  upward,  the  wavelength  dropping 
vertically  from  the  X'  branch  to  the  X”  branch.  The  attempt  to 
obtain  400  m,  by  adjustment  of  C2  alone,  has  failed.  The  wave¬ 
length  has  received  a  sudden  setback,  carrying  it  to  267  m,  Fig.  7.2. 
Further  continuous  increase  of  C2  will  cause  the  wavelength  to 
increase,  but  it  now  increases  to  point  5  from  point  4  rather  than 
from  point  3  upward. 

An  inexperienced  operator,  puzzled  by  the  apparently  erratic 
jump  of  frequency,  now  tries  to  retrace  his  steps  by  gradually 
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decreasing  C2,  hoping  to  determine  whether  that  frequency  jump 
really  did  occur.  To  his  further  confusion  it  takes  place  this  time 
at  a  different  scale  setting.  In  terms  of  the  coupled-circuit  diagram 
this  is  quite  natural,  however.  Point  6  coincides  with  point  4,  but 
the  X”  mode  is  now  the  “going  concern”  and  is  still  favored. 
Hence  no  jump  is  to  be  expected  as  yet.  On  approaching  point  7, 
however,  the  X”  mode  again  becomes  the  favored  mode,  suppressed 
only  because  the  X”  oscillation  is  already  established.  At  point  7 
the  oscillator  can  be  “dragged”  no  further  into  the  short-wave 
region  by  manipulation  of  C2  alone.  Hence  at  this  point  the 
operator  observes  a  sudden  drop  of  frequency,  the  wavelength 
shifting  90  m  upward  to  the  X'  curve.  Any  further  decrease  of 
scale  setting,  X2,  causes  the  wavelength  to  slide  downward  along  the 
X'  curve  from  point  8  to  point  9.  If  the  capacitance  again  be 
increased,  the  oscillation  can  be  brought  back  to  its  original  condi¬ 
tion  1.  Continuous  variation  of  C2,  back  and  forth,  causes  the 
emitted  wavelength  to  travel  in  a  clockwise  sense  around  the  four¬ 
sided  open  figure  3,  4,  7,  8,  which  is  termed  a  “drag  loop.” 

8.  Crystal  Oscillator. — If  a  single  crystal  or  a  rectangular  block 
properly  cut  from  a  single  crystal  be  squeezed  with  a  steady  pres¬ 
sure,  applied  by  insulated  jaws  of  a  vise,  there  is  frequently  observed 
a  steady  difference  of  potential  between  opposite  faces  of  the  block. 
Insulated  tin-foil  sheets  or  other  metal  plates  adjacent  to  the  crystal 
faces  acquire  a  steady  charge  dependent  upon  the  pressure.  Such 
phenomena  are  called  “piezoelectric”  effects  (pressure-electrical 
effects).  The  effect  is  reversible.  When  a  crystal  is  placed  in  an 
electric  field,  slight  changes  of  dimensions  result.  Thus  a  battery 
attached  to  the  upper  and  lower  plates  of  a  parallel-plate  capacitor 
slightly  deforms  a  crystalline  dielectric,  no  matter  whether  the 
capacitor  plates  are  cemented  to  the  crystal  slab  or  are  placed 
loosely  above  and  below  it.  These  results  are  not  particularly 
surprising  since  all  dielectric  materials  are  considered  to  be  in  a 
strained  condition  owing  to  the  relative  displacement  of  positive 
and  negative  charge.  In  crystalline  material  the  cumulative  effect 
of  the  individual  atomic  distortions  yields  a  barely  measurable 
distortion  of  the  block  as  a  whole.  Conversely,  a  sufficient  mechan¬ 
ical  distortion  slightly  displaces  the  positive  and  negative  ions  in 
the  crystal  framework,  producing  a  systematic  electrical  strain 
throughout  the  block  and  in  its  immediate  vicinity.  The  magnitude 
of  the  effect  varies  widely  in  different  types  of  crystals.  Hochelle- 
salt  crystals  are  particularly  vigorous  but  are  excessively  fragile. 
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Quartz  offers  fair  sensitivity,  together  with  considerable  mechanical 
strength,  which  makes  it  desirable  for  most  piezoelectric  devices. 
Other  crystalline  materials,  such  as  tourmaline,  are  occasionally 
used.  Fused  quartz  is  of  no  value,  and  even  the  quartz  crystals 
must  be  very  carefully  selected.  Very  slight  imperfections  destroy 
electrical  sensitivity. 

The  distortions  produced  by  a  steady  electric  field  or  a  slowly 
varying  field  are  almost  imperceptible.  However,  by  continuously 
increasing  the  frequency  of  the  power  source  connected  to  the  metal 
electrodes  the  applied  alternating  voltage  eventually  resonates  with 
the  mechanical  vibration  of  the  crystal.  Thus  a  compressional 
wave,  initiated  by  the  electric  field,  travels  back  and  forth  between 
the  parallel  faces  of  the  crystal  wafer,  reinforced  at  the  completion 
of  each  cycle  of  travel  by  an  accurately  timed  recurrence  of  the 
electric  field  that  set  it  in  motion.  At  this  resonant  frequency 
the  amplitude  of  mechanical  vibration  increases  notably,  and  the 
current  drawn  from  the  power  source  also  shows  a  resonant  change. 
In  fact,  the  crystal  may  even  be  fractured  by  too  violent  mechanical 
vibration  if  the  voltage  applied  to  the  plates  is  too  high.  The 
natural  frequency  of  the  compressional  vibration  is  determined 
primarily  by  the  velocity  of  sound  in  the  quartz  and  by  the  thickness 
of  the  crystal  slab.  In  the  sizes  normally  obtainable  the  vibrating 
quartz  resonates  at  a  frequency  far  above  audibility,  thus  emitting 
a  supersonic  “sound”  wave  that  is  propagated  through  the  external 
medium,  which  is  usually  air,  though  depth-finding,  antisubmarine 
measures  and  related  applications  sometimes  involve  crystals 
immersed  in  water.  The  stimulation  of  chemical  reactions  by 
agitation  and  the  examination  of  imperfections  within  solid  bodies 
by  supersonic  reflections  provide  representative  industrial  applica¬ 
tions  for  such  vibrators.  The  device  also  functions  as  a  microphone, 
external  sound  vibrations  causing  crystal  motion,  with  resultant 
induction  of  an  electric  field.  If  resonance  is  undesired,  it  may  be 
checked  by  mechanical  damping. 

For  investigating  crystal  applications  in  general  it  is  convenient 
to  represent  the  crystal,  in  its  holder,  by  an  equivalent  electrical 
network.  This  may  be  reduced  to  the  four-element  network  of 
Fig.  8.1.  Hidden  in  a  box  with  exposed  binding  posts  A'  and  B', 
this  network  theoretically  could  imitate  the  crystal  by  drawing  the 
same  current  from  the  same  voltage  source  at  any  given  frequency. 
The  capacitor  Ci  provides  for  the  action  of  the  quartz  as  a  simple 
dielectric  enclosed  between  parallel  capacitor  plates.  The  series- 
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resonant  circuit  C^LR  provides  for  the  additional  current  due  to 
the  motion  of  the  quartz,  important  only  at  or  very  near  the  resonant 
frequency.  This  qualitative  reasoning  has  been  verified  by  a 
mathematical  analysis  of  the  effect  of  the  crystal  motion. 


A 
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o- 
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Y///////A 


(a) 
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EQUIVALENT  TO - ^  C, 
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Fia.  8.1. — Equivalent  circuit  of  crystal  in  its  holder. 


The  conventional  tuned-plate  tuned-grid  circuit,  or  TPTG 
oscillator,  exhibited  in  Fig.  8.2a,  may  be  modified  slightly  by 
splitting  the  grid-circuit  tank  capacitor  into  two  series  portions, 
thus  arriving  at  Fig.  8.25.  In  this  diagram  the  elements  RLC2C i  are 
arranged  in  the  same  relative  configuration  as  in  Fig.  8.1  and  are 
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Fia.  8.2. — Development  of  a  crystal-oscillator  circuit. 


equipped  with  the  same  pair  of  accessible  binding  posts  A'B'. 
Hence  the  crystal  may  be  substituted  in  place  of  its  equivalent 
circuit.  The  grid  capacitor  is  no  longer  necessary  and  may  be 
discarded,  though  the  grid  leak  is  retained.  A  very  common  form 
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of  the  crystal  oscillator  thus  becomes  a  special  application  of  the 
familiar  TPTG  circuit.  C2Ci  serves  as  a  capacitive  potential 
divider.  The  voltage  externally  available  across  C i  is  very  much 
smaller  than  the  internal,  inaccessible  voltage  theoretically  existing 
across  LR ,  but  it  has  the  same  phase  as  the  voltage  across  C  and  is, 
in  magnitude,  entirely  adequate  to  drive  the  grid. 

Since  the  crystal  is  equivalent  to  a  tank  circuit,  it  is  apparent 
that  it  may  be  substituted  in  place  of  an  LC  circuit  in  several  other 
oscillator  circuits  and  also  may  be  used  as  an  element  in  filter 
design.  In  fact,  it  is  an  extraordinarily  good  tank  circuit  since  the 
energy  dissipation  in  mechanical  friction  in  quartz  is  exceedingly 
low  in  comparison  with  the  energy  stored  in  the  vibration.  The 
circuit  of  Fig.  8.16  is  “equivalent ”  to  the  crystal  of  Fig.  8.1a 
because  we  may  draw  such  a  circuit  on  paper,  attach  equivalent 
numerical  values  to  the  elements  RLC1C2,  and  may  use  the  diagram 
in  reasoning  processes  such  as  that  presented  in  Fig.  8.2.  However, 
we  should  not  attempt  to  take  our  diagram  into  the  shop  and  ask 
a  mechanic  to  build  the  circuit  according  to  these  specifications. 
The  relative  numerical  values  of  the  circuit  elements  are  absurd  in 
terms  of  practical  construction  from  existing  copper,  iron,  permalloy, 
etc.  The  Q  of  the  crystal  (and  its  equivalent  circuit)  is  likely  to  be 
at  least  ten  times  larger  than  the  best  electrical  tank  circuit  that 
a  shop  can  construct.  Herein  lies  the  main  advantage  of  the 
crystal  resonator  and  the  crystal  oscillator.  As  the  Q  increases,  the 
frequency  of  oscillation  is  governed  more  and  more  by  the  properties 
of  the  tank  circuit  itself,  and  minor  dependence  upon  amplification 
factor,  plate  resistance,  etc.,  is  progressively  minimized.  Hence, 
drifting  of  line  voltage,  aging  of  tubes  and  fluctuation  of  load  have 
a  reduced  effect. 

However,  accidental  or  intentional  alteration  of  the  quartz  block 
has  an  immediate  effect  upon  frequency  of  oscillation.  The  crystal 
block  is  adjusted  to  the  correct  frequency  by  sawing  it  slightly 
oversize,  then  reducing  thickness  by  grinding  and  polishing,  using 
the  best  techniques  that  have  been  developed  for  the  construction 
of  precision  lenses  and  similar  optical  devices.  A  tolerance  of  1 
cycle  in  5,000,000  would  not  be  considered  exceptional.  Where 
such  precision  is  desired,  the  crystal  is  tested  repeatedly  in  its 
permanent  crystal  holder,  preferably  in  the  oscillator  in  which  it  is 
to  be  used.  After  each  test  the  flat  surface  is  polished  lightly  with 
very  fine  rouge  or  similar  abrasive  material.  (Larger  tolerances 
should  be  specified  wherever  possible,  as  this  permits  mass-produc- 
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tion  methods  and  greatly  reduces  the  cost.)  Great  care  must  be 
taken  to  avoid  removal  of  excess  material,  as  this  would  destroy  the 
usefulness  of  the  crystal.  A  very  minor  overshoot  can  sometimes 
be  corrected  by  grinding  material  from  an  edge,  since  a  decrease  of 
width  or  length  has  a  second  order  effect  upon  the  frequency  of  the 
desired  compressional  vibration. 

Change  of  temperature  alters  the  elasticity  and  density  of  the 
quartz  as  well  as  its  external  dimensions.  In  general,  this  results 
in  a  slight  alteration  in  frequency.  This  may  be  considered  as  an 
advantage  or  a  disadvantage,  depending  upon  the  method  of  opera¬ 
tion.  If  the  crystal  is  to  be  used  in  a  carefully  thermostated  oven, 
control  of  the  exact  oven  temperature  permits  a  very  minor  adjust¬ 
ment  of  the  precise  frequency.  By  this  method  a  precision  of  1 
part  in  5,000,000  may  be  obtained  and  held.  This  is  necessary  in 
standard  frequency  devices.  Simple  and  inexpensive  ovens  have 
often  been  used  in  transmitters.  On  the  other  hand,  one  often 
prefers  to  use  a  crystal  at  room  temperature,  accepting  the  changes 
of  temperature  that  are  then  inevitable.  In  this  case  a  very  low 
temperature  coefficient  would  be  desired.  Fortunately,  the  elastic 
properties  of  the  quartz  depend  upon  the  exact  angle  of  propagation 
within  the  crystal,  relative  to  the  axes  of  the  original  crystal  matrix. 
These  axes  are  seldom  evident  by  inspection  of  the  rough  uncut 
quartz,  but  they  may  be  determined  with  precision  by  a  combination 
of  optical  and  X-ray  devices.  Then,  by  exact  control  of  the  angle 
of  the  saw,  one  may  obtain  slices  that  have  a  positive  or  a  negative 
temperature  coefficient.  For  one  particular  angle,  the  coefficient 
is  zero.  This  condition  is  approximated  in  many  modern  crystals. 

Concealed  flaws,  or  minute  cracks,  or  the  loss  of  a  chip  from  an 
edge  or  corner  may  make  a  crystal  respond  poorly  or  not  at  all.  A 
shift  of  position  within  the  holder  may  cause  a  slight  error  in 
frequency.  Crystals  are  easily  destroyed  by  overheating  or  by 
excessive  vibration.  Fragility  naturally  increases  as  the  thickness 
is  decreased.  Quartz  crystals  designed  for  frequencies  of  6  or  7 
mcps  are  fairly  common,  and  they  can  be  ground  for  considerably 
higher  frequencies.  In  general,  however,  this  is  unnecessary. 
Conservative  practice  usually  dictates  the  use  of  doublers  and 
triplers,  employed  in  cascade  if  necesssary,  so  that  a  sturdier  low- 
frequency  crystal  may  be  installed. 

A  particularly  annoying  defect,  common  in  many  of  the  cheaper 
or  older  crystals,  is  the  occurrence  of  drag-loop  action.  In  addition 
to  the  desired  compressional  vibration,  which  has  a  frequency 


504 


OSCILLATORS 


[Chap.  XV 


determined  primarily  by  the  thickness  of  the  quartz  plate,  com- 
pressional  vibrations  also  may  exist  in  the  direction  of  the  width 
or  the  length.  Torsional  and  Sectional  vibrations  are  also  possible. 
Normally,  these  undesired  fundamental  modes  of  vibration  have 
natural  frequencies  far  below  the  frequency  of  the  “thickness 
vibration”  and  exert  no  appreciable  effect.  However,  their  har¬ 
monics  are  very  numerous,  and  some  harmonics  are  likely  to  be 
in  the  vicinity  of  the  desired  thickness  vibration.  On  changing 
the  operating  temperature,  for  the  purpose  of  making  a  minor 
adjustment  in  frequency,  the  effect  shown  in  Fig.  8.3  may  be 
obtained.  In  this  plot,  the  zero  of  the  frequency  scale  is  far  below 
the  bottom  of  the  page,  the  entire  variation  of  frequency  is  rela¬ 
tively  small,  and  yet  within  this  narrow  range  the  adjustment 

appears  to  be  erratic  and  jumpy. 
For  temperatures  within  the  band 
A  A'  the  frequency  curve  is  double¬ 
valued,  one  branch  being  followed  as 
the  temperature  increases,  the  other 
branch  as  the  temperature  falls.  A 
smooth  and  continuous  variation  of 
temperature  eventually  produces  a 
sudden  jump  of  frequency,  the  loca¬ 
tion  of  the  jump  depending  upon  the 
direction  of  temperature  adjustment. 
If  the  operator  seeks  to  attain  frequency  x ,  he  is  indeed 
fortunate.  Should  the  desired  frequency  fall  at  point  y,  the 
crystal  is  useless  in  its  present  form.  Before  consigning  it  to  the 
wastebasket  the  experienced  operator  may  grind  a  small  amount  of 
material  from  an  edge  or  may  even  chip  off  a  corner.  By  so  doing 
he  may  happen  to  throw  the  interfering  harmonics  to  a  less  objec¬ 
tionable  position  on  the  frequency-temperature  scale.  The  entire 
curve  will  also  be  shifted  in  position  by  a  slight  amount,  which  may 
improve  the  situation  or  may  simply  aggravate  the  trouble. 

The  same  defect  can  cause  a  similar  discontinuity  in  the  curve  of 
frequency  vs.  thickness.  Naturally  the  entire  drag  loop  never 
appears,  as  there  is  no  method  for  restoring  quartz  once  removed. 
However,  the  existence  of  a  discontinuous  jump  of  frequency, 
perhaps  encountered  just  as  the  desired  frequency  is  approached, 
can  cause  considerable  waste  of  time  and  effort  and  does  cause 
numerous  rejects. 

Fortunately,  this  defect  can  be  avoided.  The  mere  existence 


Fig.  8.3. — Drag-loop  effect  in  a 
crystal  vibrator. 


Sec.  9]  OTHER  ELECTROMECHANICAL  OSCILLATORS 


505 


of  a  harmonic  close  to  the  frequency  of  the  desired  thickness  vibra¬ 
tion  is  not  ordinarily  preventable  since  the  harmonics  are  very 
numerous.  This  would  do  no  harm,  however,  if  the  two  vibrations 
were  not  coupled.  In  general,  deliberate  excitation  of  the  thickness 
vibration  automatically  produces  the  unwanted  modes  of  vibration 
as  well.  For  one  particular  angle  of  the  crystal  saw,  relative  to  the 
axes  of  the  rough  crystal,  this  coupling  does  not  take  place.  The 
critical  angle  that  produces  such  decoupling  does  not  coincide 
with  the  angle  that  produces  zero  temperature  coefficient.  How¬ 
ever  it  happens  that  the  difference  in  angle  is  not  great,  and  a 
suitable  engineering  compromise  is  feasible.  Hence  one  may  now 
purchase  a  crystal  with  one  advantage  or  the  other  or  may  secure 
a  low  temperature  coefficient  with  approximate  decoupling,  making 
the  irregularities  very  small. 

It  has  recently  been  discovered  that  irradiation  by  X  rays 
reduces  the  natural  frequency  of  quartz  crystals.1  This  process  in 
some  cases  has  eliminated  much  of  the  final  fine  grinding  formerly 
necessary  in  adjusting  the  crystal  to  an  exact  frequency. 

9.  Other  Electromechanical  Oscillators,  Magnetostriction. — The 
exceedingly  good  frequency  stability  of  the  crystal  oscillator  is 
obtained  because  the  energy  stored  by  elastic  and  inertial  forces  is 
large  in  comparison  with  the  frictional  dissipation  of  energy  per 
cycle.  However,  this  fundamental  advantage  is  not  a  unique 
property  of  quartz  crystals.  Instead,  such  sharpness  of  resonance 
is  exhibited  by  good  mechanical  vibrators  in  general.  Stabilization 
of  an  audio-frequency  vacuum-tube  oscillator  by  means  of  a  tuning 
fork  is  relatively  easy  and  has  been  employed  in  certain  standard- 
frequency  systems  and  in  precision  speed  control  of  various  printer- 
telegraph  devices.  Plate  current  of  the  oscillator  tube  energizes 
an  electromagnet  and  deflects  the  steel  fork,  the  resultant  motion 
generates  an  alternating  voltage  that  drives  the  grid,  and  the 
oscillation  is  maintained.  This  may  be  regarded  as  a  specialization 
of  the  Meissner  circuit,  the  tuning  fork  taking  the  place  of  the 
equivalent  electrical  tank  circuit. 

Prof.  G.  W.  Pierce,  who  invented  the  crystal  oscillator,  has 
developed  a  somewhat  similar  device  that  makes  use  of  magneto¬ 
striction.  Current  from  the  plate  circuit  of  an  oscillator  energizes 
a  solenoid.  The  resultant  magnetic  field  controls  the  magnetization 

1  X-rays  Lower  the  Frequency  of  Quartz  Plate,  Electronics ,  17  (11),  166, 
November,  1944. 
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of  one  end  of  a  nickel  rod,  which  projects  through  the  solenoid, 
Fig.  9.1. 

Alteration  of  magnetization  produces  a  slight  change  in  the 
physical  dimensions  of  the  metal  by  the  cumulative  effect  of  a 
rotation  of  innumerable  atomic  groups  that  act  like  tiny  compass 
needles.  As  a  result,  a  compressional  wave  is  propagated  down  the 
rod,  traveling  as  a  sound  wave  within  the  metal.  On  reaching  the 
far  end  it  is  reflected  back  to  the  source.  As  might  be  expected, 
the  magnetostriction  effect  is  reversible.  The  mechanical  deforma¬ 
tion  of  the  rod  produces  a  change  in  the  flux  linking  the  grid  coil 
that  surrounds  the  left-hand  end  of  the  rod.  The  induced  grid 
voltage  varies  the  plate  current,  augmenting  the  reflected  wave 
just  as  it  returns.  By  this  resonant  periodic  drive,  the  amplitude 


Fig.  9.1. — Basic  diagram  of  magnetostriction  oscillator. 

of  mechanical  motion  is  built  up.  The  rod  is  clamped  or  supported 
at  the  mechanical  node,  halfway  between  the  ends  of  the  bar. 
Thus  the  ends  are  free  to  move  as  coordinated  pistons,  producing 
a  directive  radiation  of  sound  in  the  external  medium.  If  within 
audible  limits,  the  vibration  of  the  rod  is  clearly  heard.  However, 
the  device  may  be  used  also  at  frequencies  well  above  the  limits 
of  audibility,  producing  a  powerful  supersonic  wave.  Preferably, 
the  magnetic  field  of  the  plate  coil  is  superposed  upon  a  steady 
magnetic  field  of  larger  magnitude  furnished  by  an  adjacent  bar 
magnet  or  horseshoe  magnet.  This  improves  sensitivity  and  also 
prevents  the  generation  of  two  mechanical  cycles  for  each  electrical 
cycle,  since  the  magnetostriction  effect  depends  upon  the  magnitude 
of  the  applied  field  and  not  upon  the  magnetic  polarity.  The 
magnetostriction  oscillator  may  also  be  regarded  as  a  specialization 
of  the  Meissner  circuit,  Fig.  3.4,  the  vibrating  rod  replacing  the 
electrical  tank  circuit. 

Zero  temperature  coefficient  may  be  obtained  by  using  appro- 
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priate  ferromagnetic  alloys  in  place  of  pure  nickel.  The  magneto¬ 
striction  effect  in  iron  and  steel  is  relatively  weak.  Precision  of 
frequency  control  may  be  made  comparable  with  that  of  a  precision 
crystal  oscillator.  In  general,  the  magnetostriction  oscillator  is  not 
directly  in  competition  with  the  crystal  oscillator,  as  their  useful 
frequency  ranges  overlap  only  in  a  limited  region,  say  from  50,000 
to  100,000  cps.  The  magnetostriction  oscillator  is  particularly 
convenient  in  the  1,000-  to  50,000-cps  region.  Fixed  plate  and  grid 
coils  are  effective  over  a  considerable  range  of  frequencies.  Hence 
calibrated  rods  may  be  quickly  interchanged  for  moderate  alteration 
of  frequency.  Adjustment  is  effected  by  trimming  the  rod  by 
means  of  a  lathe,  file,  and  emery  cloth.  The  oscillator  finds 
natural  applications  in  underwater-sound  technique,  in  the  study 
of  biological  and  chemical  effects  due  to  strong  supersonic  radiation, 
and  in  supersonic  applications  in  general. 

Like  the  quartz  crystal,  the  magnetostriction  rod  is  not  limited 
in  use  to  the  stabilization  of  an  oscillator.  As  a  resonator  it  is  a 
useful  element  in  filter  design.  As  an  output  load  on  a  power 
amplifier  it  may  drive  a  very  heavy  diaphragm,  converting  elec¬ 
trical  energy  into  acoustic  energy.  In  the  supersonic  range  it  is  a 
useful  microphone.  Resonance  that  is  too  sharp  may  be  damped 
whenever  a  special  application  demands  a  broader  curve.  Suffi¬ 
cient  damping  may  often  be  obtained  by  replacing  the  solid  rod 
with  a  nickel  tube  filled  with  lead.  A  wooden  core,  driven  into  a 
tube,  is  also  effective. 

Other  types  of  mechanical  stabilizers  have  been  applied  to  self- 
driven  vacuum-tube  amplifiers  but  have  not  attained  appreciable 
general  use. 

10.  Beat-frequency  Oscillator. — In  theory,  any  one  of  the  basic 
triode  oscillators,  previously  described,  is  as  usable  in  the  audio¬ 
frequency  range  as  in  the  radio-frequency  range.  In  practice, 
certain  limitations  and  difficulties  are  experienced.  Very  often  an 
audio  oscillator  is  a  variable-frequency  oscillator,  covering  an 
extensive  range,  say  20  to  20,000  cps.  The  unavoidable  minimum 
capacitance  of  variable  capacitors  and  associated  wiring  being  taken 
into  account,  it  is  difficult  to  obtain  a  frequency  range  much  larger 
than  1  to  2  by  continuous  variation  of  a  single  capacitor.  Hence 
a  wide-range  oscillator  of  the  simple  basic  type  necessarily  includes 
“band-changing”  switches  for  exchanging  coils,  or  adding  extra 
inductance,  or  loading  capacitance.  Furthermore,  all  these  audios 
frequency  inductors  are  heavy  and  relatively  expensive. 
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Accordingly  the  elaborate  circuit  indicated  in  Fig.  10.1  may 
actually  weigh  less,  cost  less,  and  occupy  less  space  than  an  equiva¬ 
lent  single  oscillator  designed  to  cover  a  similar  range.  In  addition, 
only  a  single  dial  is  needed  for  calibration  and  control.  This  is  a 
very  considerable  advantage  in  many  applications.  Within  a 
single  carrying  case  the  device  includes  two  oscillators  and  an 
amplifier.  However,  each  oscillator  is  a  radio-frequency  generator; 
hence  it  does  not  require  heavy  metal-core  inductors  but  instead 
uses  light  and  inexpensive  air-core  coils.  One  of  the  oscillators 
operates  at  a  fixed  frequency,  for  example  1,000,000  cps.  The  other 
oscillator  is  variable,  for  example  1,000,000  to  1,020,000  cps.  Since 
this  variation  is  such  a  small  percentage  of  the  operating  frequency, 
it  is  easily  attainable  by  using  a  single  dial  control. 


Fia.  10.1. — Beat-frequency  oscillator. 


To  be  specific,  let  us  assume  that  this  second  oscillator  has  been 
set,  for  the  moment,  at  a  frequency  of  1,012,000  cps.  A  simple 
linear  addition  of  the  two  radio-frequency  voltages  would  yield  a 
wave  of  varying  amplitude,  the  envelope  rising  and  falling  12,000 
times  per  second.  However,  despite  the  appearance  of  the  12,000- 
cycle-envelope  variation  (where  plotted  on  paper  or  on  an  oscillo¬ 
graph  screen)  there  is  no  actual  audio  frequency  present,  and  it  is 
not  advisable  to  refer  to  this  envelope  modulation  as  a  “beat  note.” 
In  order  to  make  a  12,000-cycle  component  actually  available  for 
driving  a  loudspeaker  or  other  audio-frequency  apparatus  it  is 
necessary  to  introduce  rectification  or  some  other  deliberate  non¬ 
linearity  into  the  system.  A  “square-law”  device  would  be 
sufficient.  Hence  the  nonlinear  amplifier  indicated  in  Fig.  10.1, 
which  makes  the  12,000-cycle  beat  note  available  at  the  output 
terminals.  In  addition  to  the  desired  difference  frequency,  the 
nonlinear  device  will  also  produce  the  sum  frequency,  viz.,  2,012,000 
cps,  together  with  harmonics  and  combination  tones  of  each  of  the 
high-frequency  oscillations.  However,  these  undesired  components 
are  generally  far  removed  from  the  12,000-cycle  output  frequency, 
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and  hence  they  may  be  removed  by  a  relatively  simple  and  inexpen¬ 
sive  filter. 

By  very  careful  shielding  and  decoupling,  the  two  r-f  oscillators 
may  be  made  to  operate  independently  of  each  other,  right  down 
to  a  “ zero-beat”  condition.  With  less  attention  to  careful  decou¬ 
pling,  the  two  oscillators  tend  to  synchronize  (to  pull  in  step),  once 
the  difference  frequency  is  reduced  to  a  small  margin,  say  20  cps  or 
less.  In  a  modern  well-designed  beat-frequency  oscillator,  retention 
of  such  complete  frequency  control  makes  it  possible  to  use  the 
zero-beat  condition  as  a  quick  and  accurate  check  upon  the  adjust¬ 
ment  of  the  “fixed-frequency ”  oscillator.  If  a  built-in  indicator 
such  as  a  neon  lamp  fails  to  show  a  steady  condition  when  the 
frequency  control  is  turned  to  zero,  then  the  fixed-frequency 
oscillator  may  be  readjusted  slightly  until  the  error  is  corrected. 
After  the  apparatus  has  warmed  up  during  the  first  few  minutes  of 
operation,  occasional  verification  suffices. 

In  some  older  models,  undesired  synchronization  prevents  use  of 
zero  frequency  as  a  check  point  on  the  frequency  dial.  In  this  case 
a  similar  test  and  adjustment  are  made  at  some  other  conveniently 
available  frequency  such  as  60  or  1,000  cps.  Sometimes  a  mechan¬ 
ical  reed  or  vibrator  is  built  in  as  a  test  device.  In  modern  applica¬ 
tions  the  beat-frequency  oscillator  sometimes  is  used  to  produce 
output  voltages  far  above  the  audio-frequency  range. 

11.  RC  Oscillators. — RC  oscillators  are  relatively  new  com¬ 
petitors  of  the  beat-frequency  oscillator,  intended  for  the  same 
general  class  of  application,  and  possessing  in  even  greater  degree 
the  advantages  of  light  weight,  small  size,  and  low  cost.  As  the 
name  suggests,  an  RC  oscillator  is  an  electronic  oscillator  that 
employs  only  resistance  and  capacitance  elements  in  its  network, 
no  inductors  being  required.  Nonsinusoidal  RC  oscillators  have 
been  in  use  for  many  years.  These  are  known  as  “relaxation 
oscillators”  and  are  described  under  the  general  heading  of  Timing 
Circuits,  Chap.  XXIV.  Sinusoidal  oscillators  of  the  RC  type  are  a 
comparatively  recent  development. 

The  name  RC  oscillator  refers,  not  to  a  single  definite  circuit,  but 
rather  to  a  wide  variety  of  circuits  with  which  comparable  results 
may  be  obtained.  As  representative  examples  the  “lag-line  oscil¬ 
lator”  and  the  “Wien  bridge  oscillator”  will  be  described. 

One  type  of  lag-line  oscillator  is  shown  in  Fig.  11.1.  The 
vacuum  tube,  which  may  be  a  triode,  tetrode,  or  pentode,  is  con¬ 
nected  as  a  conventional  resistance-coupled  amplifier.  On  account 


510 


OSCILLATORS 


[Chap.  XV 


of  the  usual  “seesaw”  action  of  such  a  device,  the  plate  potential 
falls  as  the  grid  potential  rises — a  phase  shift  of  180°  if  the  grid 
voltage  can  be  made  sinusoidal.  In  order  that  this  amplifier  may 
be  self-driven,  some  form  of  feedback  is  required.  In  order  to  be 
regenerative,  the  voltage  fed  back  must  arrive  in  phase  with  the  grid 
voltage  so  that  it  may  increase  the  amplitude  of  this  voltage  or  at 
least  maintain  its  level.  Therefore  the  feedback  circuit  must 
function  as  a  phase  shifter,  introducing  an  additional  phase  shift  of 
180°  in  the  external  route  from  plate  back  to  grid.  In  addition,  it 
must  include  some  form  of  frequency-determining  network,  there 
being  no  other  provision  for  determining  the  frequency  at  which 
oscillation  will  occur.  These  requirements  are  satisfied  in  a  simple, 
straightforward  fashion  by  the  “lag  line,”  shown  at  the  right  in 
Fig.  11.1.  This  is  a  “delay  circuit,”  often  placed  in  a  vacuum-tube 
network  in  order  to  introduce  a  time  lag  into  the  operation.  A 


delayed  and  attenuated  reproduction  of  the  voltage  applied  at  A 
arrives,  after  the  intended  interval,  at  point  B.  For  some  one 
particular  frequency  this  time  interval  corresponds  to  a  phase  lag 
of  180°.  At  this  selected  frequency  the  over-all  gain  of  the  circuit 
is  a  maximum.  This  maximum  gain  may  be  adjusted  so  that 
oscillation  just  occurs.  Theoretically,  regenerative  feedback  is  also 
emphasized  at  higher  frequencies  for  which  the  phase  lag  is  Stt/2, 
57t/2,  etc.  However,  at  these  frequencies  the  over-all  gain  is  less, 
and  the  fundamental  frequency  prevails.  An  approximately 
sinusoidal  waveform  is  attainable  with  moderate  care  in  adjustment 
of  gain  by  varying  the  supply  voltage  or  by  any  convenient  means. 

The  design  of  such  an  oscillator  is  discussed  in  the  literature.1 
Several  other  types  of  ladder  network,  or  artificial  line,  may  be  used 
as  the  lag  line.  The  number  of  sections  is  not  critical,  and  the 
frequency  of  oscillation  is  inversely  proportional  to  the  product  RC. 

1  E.  L.  Ginzton  and  L.  M.  Hollingsworth,  Phase-shift  Oscillators,  Proc 
LR.E .,  29,  43,  1941. 


SiiC.  12] 


WIEN  BRIDGE  TYPE  OF  RC  OSCILLATOR 


511 


The  frequency  may  be  adjusted  by  varying  one  or  more  of  the 
series  capacitors.  For  maximum  effect  all  of  them  are  varied 
identically  by  a  single  shaft.  Additional  range  may  be  secured  by 
gang  adjusting  all  the  shunt  resistors.  While  this  is  not  quite  so 
convenient  as  the  wide-range  single-dial  control  inherent  in  the 
beat-frequency  oscillator,  this  feature  could  be  obtained,  if  war¬ 
ranted,  by  gearing  the  R  shaft  and  the  C  shaft  together.  Like  the 
beat-frequency  oscillator,  RC  oscillators  in  general  find  widest 
application  in  frequency  ranges  below  30,000  cps,  where  the  elimina¬ 
tion  of  inductors  is  particularly  advantageous  in  saving  weight, 
size,  and  cost. 

In  describing  the  six  basic  triode  oscillator  circuits,  Sec.  3, 
reference  is  made  to  two  common  features  that  they  all  possess,  viz., 
(1)  approximately  180°  phase  angle  for  grid  and  plate  voltages;  (2) 
provision  for  energy  storage,  with  resultant  “ flywheel”  effect. 

The  lag-line  oscillator,  typical  of  RC  sinusoidal  oscillators  in 
general,  also  possesses  these  same  two  characteristics.  The  phase 
reversal  is  obtained  by  use  of  the  lag  line  as  a  phase  shifter.  Energy 
storage  is  provided  by  the  fact  that  energy  is  flowing  on  the  “line” 
at  all  times  and  requires  a  finite  time  for  transmission.  The  line 
capacitors  are  charged  and  discharged  in  succession  as  the  wave  is 
handed  on  from  one  section  to  the  next. 

12.  Wien  Bridge  Type  of  RC  Oscillator. — The  simple  require¬ 
ments  of  an  oscillator  circuit  also  can  be  met  by  a  number  of  other 


Fig.  12.1. — Block  diagram  of  Wien  bridge  oscillator. 


phase-shifting  networks  constructed  of  resistors  and  capacitors 
only.  The  Wien  bridge  oscillator  is  indicated  in  block  diagram 
form  in  Fig.  12.1.  The  RC  amplifier  is  conventional,  having  a 
constant  amplification,  at  least  over  the  range  of  frequencies  to  be 
derived  from  the  oscillator.  The  regenerative  feedback  is  also 
“flat”  over  a  similar  frequency  range.  Hence  this  return  channel 
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tends  to  promote  oscillation  at  any  or  all  frequencies  over  a  wide 
band.  However,  the  regenerative  feedback  is  directly  in  competition 
with  a  degenerative  feedback,  an  additional  return  channel  through 
which  a  part  of  the  output  is  available  for  opposing  any  grid- voltage 
variation.  In  general,  the  degeneration  feedback  is  stronger  and 
therefore  successfully  prevents  oscillation,  but  at  one  particular 
frequency  the  output  voltage  from  the  degenerative  feedback 
channel  is  zero.  At  this  frequency  the  regenerative  voltage  wins  by 
default,  and  the  oscillation  occurs. 

Evidently  the  key  component  of  the  oscillator  is  the  degenera¬ 
tive  feedback  channel.  It  should  transmit  alternating  voltages 
freely,  in  general,  but  should  sharply  discriminate  against  trans¬ 
mission  of  a  single  definite  frequency.  This  description  precisely 


Fig.  12.2. — Wien  bridge.  Fig.  12.3/ — Frequency  response  of  Wien 

bridge. 


fits  the  behavior  of  a  “frequency  bridge” — a  bridge  that  has  a  null 
balance  at  a  definite  frequency  and  is  thrown  out  of  balance  by  a 
minor  deviation  of  frequency.  Various  modifications  of  the  basic 
Wheatstone  bridge  possess  this  property.  In  ordinary  engineering 
practice  they  have  been  used  for  the  measurement  of  resistance  and 
reactance  at  a  known  frequency  or  for  the  determination  of  an 
unknown  frequency  in  terms  of  known  circuit  constants.  For 
prospective  use  as  a  circuit  component  in  an  RC  oscillator  several 
of  these  bridges  are  eliminated  by  the  fact  that  they  include  one  or 
more  inductors  as  bridge  elements.  Others  are  undesirable  because 
frequency  discrimination  is  not  sufficiently  sharp. 

The  Wien  bridge,  illustrated  in  Fig.  12.2,  fits  the  specifications 
particularly  well.  In  general,  application  of  a  voltage  at  the  input 
terminals  1-2  results  in  the  production  of  an  attenuated  output 
voltage  at  3-4.  However,  a  sharply  defined  null,  Fig.  12.3,  is 
obtained  at  a  frequency  f0  such  that 
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provided  that  the  following  conditions  are  satisfied  in  the  con¬ 
struction  of  the  bridge, 

Ri  =  R2 
Ci  =  C2 
Rz  =  2Ra 

Hence  the  frequency  f0  at  which  oscillation  will  occur  may  be  varied 
by  simultaneous  variation  of  the  equal  capacitors  Ci  and  C2,  gang 
operating  these  variable  capacitors  by  a  common  shaft.  For  any 
given  design  of  variable  capacitor,  necessarily  involving  an  irreduc¬ 
ible  minimum  capacitance,  much  wider  range  of  frequency  adjust¬ 


ment  may  be  obtained  in  the  Wien  bridge  oscillator,  and  in  similar 
RC  oscillators,  than  is  obtainable  in  any  of  the  simple  LC  oscillators. 
The  inverse  first-power  dependence  upon  Ci  is  an  improvement 
over  the  inverse  square-root  term  that  governs  the  frequency  of  the 
conventional  tank  circuit.  Additional  frequency  range  may  be 
provided,  if  required,  by  simultaneous  variation  of  Ri  and  R2. 

Figure  12.4  is  a  type  diagram  of  a  very  similar  oscillator1  that  is 
commercially  available.2  In  this  type  the  degenerative  feedback  is 
provided  by  resistances  R*>  and  Rq  and  is  substantially  independent 
of  frequency.  Use  of  a  small  incandescent-lamp  filament  as 
resistor  R$  provides  automatic  increase  of  degenerative  feedback 
as  the  amplitude  of  the  signal  increases.  This  limits  the  oscillation 

1  F.  E.  Terman,  R.  R.  Buss,  W.  R.  Hewlett,  and  F.  C.  Cahill,  Proc. 
LR.E.,  27,  649,  1939. 

2  Hewlett-Packard  Company,  Series  200  audio  oscillators. 
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amplitude  to  a  convenient  small-signal  value  that  ensures  approxi¬ 
mate  linearity  of  operation  and  consequent  sinusoidal  waveform. 
The  regenerative  feedback  is  provided  by  the  R1C1R2C2  network, 
which  is  frequency  selective.  With  Ri  =  R2  and  C 1  =  C2,  correct 
phase  angle  and  maximum  feedback  voltage  amplitude  occur  at  the 
frequency 

f  =  1 

Jo  2 irRiCi 

at  which  oscillations  occur. 

In  comparison  with  the  conventional  Wien  bridge  oscillator,  it 
should  be  noted  that  resistors  i?3  and  R 4,  Fig.  12.2,  have  been 
suppressed  and  the  frequency-dependence  characteristics  of  the 
regenerative  and  degenerative  feedback  paths  have  been  inter¬ 
changed.  Strictly,  therefore,  Fig.  12.4  is  not  a  Wien  bridge 
oscillator,  though  the  designation  has  been  used  occasionally. 

13.  Negative -resistance  Oscillators. — In  general  terms,  all 
oscillators  may  be  regarded  as  negative-resistance  devices.  Upon 


Fig.  13.1. — General  principle  of  the  negative-resistance  oscillator. 

opening  the  circuit  at  any  arbitrary  point  and  considering  the 
input  admittance  offered  to  a  current  of  appropriate  frequency,  a 
finite  current  is  built  up  without  requirement  of  an  external  driving 
voltage.  Such  a  concept  already  has  been  employed  in  considering 
the  tuned-grid  oscillator,  for  example. 

Traditionally,  however,  the  phrase  “  negative-resistance  oscil¬ 
lator”  is  used  in  a  more  restricted  sense.  It  refers  to  an  LC  tank 
circuit  in  which  continuous  sinusoidal  oscillations  are  built  up  and 
maintained  by  a  simple  two-terminal  attachment  to  the  power 
circuit.  The  entire  power  circuit,  however  elaborate,  is  equivalent 
to  a  series  or  shunt  negative  variational  resistance.  In  Fig.  13.1, 
for  example,  oscillations  are  possible  provided  that  either  R1  or  R2 
offers  a  negative  resistance  of  sufficient  magnitude. 

The  “singing  arc”  was  an  early  device  of  this  character,  still 
useful  as  an  example,  since  it  illustrates  the  general  principle 
without  employing  complex  circuits.  In  Fig.  13.2,  the  current 
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from  the  d-c  generator  is  maintained  at  an  approximately  constant 
value  by  the  heavy  iron-core  choke  coils  connected  in  series  in  the 
supply  mains.  The  arc  is  an  inherently  unstable  load.  Current 
fluctuations  occur  constantly  as  the  arc  stream  wanders  around  the 
white-hot  crater.  Moreover,  any  momentary  increase  in  current 
raises  the  crater  temperature  and  results  in  more  copious  thermal 
emission  of  electrons.  Because  of  the  great  increase  in  available 
charge  carriers,  the  larger  current  is  maintained  with  a  lower  voltage 
drop  across  the  arc.  Hence  the  current-voltage  characteristic 
of  the  arc  has  a  downward  slope  illustrated  in  Fig.  13.3.  An  incre¬ 
ment  in  current  corresponds  to  a  decrement  in  voltage,  and  vice 
versa.  Hence  the  variational  resistance  of  the  circuit  element  is 
negative.  In  the  right-hand  mesh  of  the  network,  this  negative 
resistance  is  included  in  series  with  L  and  C  and  in  series  with  the 
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Fig.  13.2. —  “Singing  arc." 


VOLTAGE  ACROSS  ARC 

Fig.  13.3.— Negative  variational  resist¬ 
ance  of  arc. 


normal  positive  resistance  R  of  the  coil  and  load  ( R2  negative  in 
Fig.  13.1). 

On  the  average,  the  capacitor  C  will  assume  a  charge  consistent 
with  the  average  voltage  maintained  across  the  arc,  say  100  volts. 
Soon  after  this  general  equilibrium  is  established,  a  momentary 
fluctuation  increases  the  arc  current.  The  generator  cannot  supply 
immediately  the  extra  demand  on  account  of  the  large  choke  coils 
in  the  supply  circuit.  Instead,  the  line  current  increases  only  by  a 
small  amount,  just  sufficient  to  alter  the  flux  through  the  reactors, 
producing  a  resultant  drop  of  voltage  at  the  arc.  The  drop  in  arc 
voltage  allows  capacitor  C  to  discharge  partly,  thus  producing  the 
circulating  current  iy  which  in  turn  supplies  most  of  the  increase  in 
arc  current. 

The  electrical  inertia  of  inductor  Li  causes  current  i\  to  persist, 
even  after  the  voltage  across  capacitor  C  has  dropped  to  the  level 
required  by  the  lowering  of  arc  voltage.  Hence  the  capacitor  C 
is  over  discharged  when  current  ii  finally  ceases.  A  charging  current 
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i2  immediately  replaces  ii.  Being  in  the  opposite  direction  around 
the  loop,  current  is  drawn  from  the  generator  at  the  expense 
of  the  current  in  the  arc  stream,  the  line  current  remaining  nearly 
constant.  This  results  in  an  increase  of  arc  voltage,  aiding  and 
abetting  the  capacitor-charging  process.  Electrical  inertia  overdoes 
this  process  also,  and  a  new  cycle  of  discharge  begins.  Amplitude  of 
oscillation  increases  until  the  negative  variational  resistance  no 
longer  exceeds  the  real  positive  resistance  R.  The  instability  of  the 
arc  causes  it  to  act  as  a  valve,  routing  the  generator  current  alter¬ 
nately  into  the  capacitor  and  into  the  arc,  at  a  frequency  determined 
primarily  by  the  LC  product  of  the  tank  circuit. 

In  the  Poulsen  arc  oscillator,  once  widely  employed  as  a  long¬ 
wave  radio-frequency  generator,  the  instability  of  the  arc  was 
emphasized  deliberately,  and  the  changes  of  voltage  and  current 
were  speeded  up  so  that  the  arc  could  follow  the  cycle  of  a  suffi¬ 
ciently  slow  radio-frequency  oscillation.  To  this  end,  various 
expedients  were  adopted,  such  as  operation  of  the  arc  in  hydro¬ 
carbon  vapor,  use  of  special  copper  and  carbon  electrodes,  water 
cooling,  and  operation  of  the  arc  in  an  intense  magnetic  field.  Such 
devices  were  finally  made  obsolete  by  the  development  of  high- 
power  vacuum  tubes,  using  the  conventional  triode  circuits  pre¬ 
viously  discussed. 

The  next  step  in  the  application  of  the  negative-resistance  type 
of  oscillator  came  with  the  introduction  of  the  dynatron,  about  1918. 
Making  use  of  secondary  emission  in  an  ordinary  triode  or  tetrode, 
an  electronic  network  equivalent  to  a  simple  negative  resistor  is 
bridged  across  an  ordinary  LC  tank  circuit  ( Ri  negative  in  Fig. 
13.1).  The  presence  of  the  negative  resistance  may  be  deduced 
as  follows: 

In  Fig.  13.4  let  the  grid  be  held  at  a  fixed  positive  voltage,  say 
+50  volts,  while  the  plate  potential  ev  is  increased  by  steps  from 
zero  to  50  volts.  The  corresponding  plate  current  ip  is  measured 
by  an  ammeter.  For  ev  =  0,  practically  no  electrons  arrive  at  the 
plate,  and  the  plate  current  is  practically  zero.  F or  small  positive 
values  of  ev ,  some  of  the  electrons  that  happen  to  pass  between 
the  grid  wires  are  drawn  to  the  plate  and  are  captured,  registering 
a  positive  current  in  passing  through  the  ammeter.  The  increase 
of  current  with  increasing  voltage  is  normal  at  first;  but,  with 
increasing  impact  velocity,  secondary  emission  begins.  Such 
secondary  emission  from  the  plate  undoubtedly  occurs  copiously  in 
most  vacuum-tube  applications,  but  normally  it  produces  no 
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observable  external  effect.  In  normal  operation  of  a  triode  ampli¬ 
fier,  for  example,  the  plate  is  the  most  positive  electrode  in  the  tube, 
and  hence  secondary  electrons  knocked  from  the  plate  return  to  it 
without  contributing  to  the  external  current.  In  the  dynatron, 
however,  the  secondary  electrons  ejected  from  the  plate  are  drawn 
away  to  the  more  positive  grid,  thus  resulting  in  a  net  loss  of  plate 
current.  Thus  the  ip  curve  rises  at  a  smaller  and  smaller  rate, 


Fig.  13.4. — Measurement  of  secondary-  Fig.  13.5. — Dynatron  characteristics, 
emission  effects. 


finally  becomes  horizontal,  and  then  starts  downward.  In  this 
important  negative-slope  region  the  secondary  emission  increases 
more  rapidly  than  the  primary  current  to  the  plate.  Eventually 
the  net  current  becomes  zero  and  then  reverses,  the  number  of 
secondary  electrons  exceeding  the  number  of  primary  electrons. 
The  negative-slope  region  is  finally  terminated  when  the  plate 
approaches  the  grid  potential,  thus  weakening  the  field  that  is 
needed  in  order  to  sweep  the  secondary 
electrons  away.  (This  field  may  be  com¬ 
pared  to  a  draft  of  air  sweeping  water- 
vapor  molecules  away  from  the  surface  of 
a.  liquid  and  allowing  further  evaporation 
to  take  place.) 

The  existence  of  a  negative  slope  re¬ 
gion,  AB,  Fig.  13.5,  implies  that  the  entire 
circuit  presents  a  negative  variational 
resistance  when  seen  from  the  ammeter 
terminals  1-2,  Fig.  13.4.  Hence  on  disconnecting  the  ammeter,  one 
may  substitute  a  conventional  LC  tank  circuit,  thus  obtaining  the 
dynatron  oscillator,  Fig.  13.6.  The  simplicity  of  the  two-terminal 
connection  to  the  oscillating  circuit  is  sometimes  advantageous. 
For  example,  one  can  convert  an  ordinary  wavemeter  (a  calibrated 
LC  circuit)  into  a  self-excited  signal  generator  by  merely  mounting 
a  small  vacuum  tube  and  battery  power  supply  on  the  binding 


Fig.  13.6. — Dynatron  oscil¬ 
lator. 
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posts  of  the  wavemeter.  The  slight  change  of  calibration  can  be 
readily  determined. 

However,  the  dy natron  has  limitations  as  well  as  advantages. 
Any  device  dependent  upon  secondary  emission  is  likely  to  have 
somewhat  variable  operating  characteristics.  This  is  particularly 
true  of  the  triode  dy  natron  for  we  are  abusing  the  grid  by  subjecting 
it  to  a  steady  positive  voltage.  Overheating  of  the  grid  wires  is 
likely  to  liberate  gas  from  the  metal,  even  if  no  actual  melting  takes 
place.  The  life  of  the  tube  is  likely  to  be  shorter  than  in  conven¬ 
tional  operation,  and  operation  may  be  erratic  if  the  gas  pressure 
changes.  In  any  event  the  power  output  is  limited  to  small  values 

by  the  necessity  of  avoiding  ex¬ 
cessive  power-supply  voltages. 
Some  improvement  is  secured  by 
using  a  tetrode,  as  the  screen  grid 
is  better  adapted  for  operation  at 
a  steady  positive  voltage.  How¬ 
ever,  if  a  multielectrode  tube  is 
to  be  used  at  all,  it  is  generally 
better  to  use  the  transitron  cir¬ 
cuit  described  below. 

The  transitron  connection  is  a  more  elaborate  method  for  obtain¬ 
ing  electronically  a  two-terminal  negative  resistance  to  be  shunted 
across  an  LC  tank  circuit.  In  Fig.  13.7  capacitor  C'  may  be 
regarded  as  the  key  element  of  the  circuit.  The  capacitance  of  C' 
is  not  critical,  but  it  must  be  large  enough  to  ensure  that  the  sup¬ 
pressor  grid  will  follow,  without  appreciable  amplitude  decrease  or 
time  lag,  the  variations  in  voltage  imposed  by  the  screen  grid  and 
its  attached  LC  circuit.  The  average  values  of  suppressor  and 
screen  potentials  are  very  different,  as  is  indicated  by  the  power- 
supply  connections,  but  their  variations  from  the  average  are 
intended  to  be  identical.  In  the  absence  of  C'  a  decrease  in  screen 
voltage  would  result  normally  in  a  corresponding  decrease  of  screen 
current.  However,  with  C'  in  circuit,  the  coincident  drop  in  sup¬ 
pressor-grid  potential  turns  back  toward  the  screen  a  great  number 
of  electrons  that  would  otherwise  have  continued  to  the  plate. 
This  results  in  a  net  increase  of  screen  current.  Conversely,  a 
simultaneous  increase  in  screen  and  suppressor  potentials  produces 
a  net  decrease  of  screen  current.  Again  substituting  an  LC  tank 
circuit  in  place  of  an  ammeter  at  terminals  1-2  the  device  becomes 
a  self-excited  oscillator.  More  elaborate  than  the  simple  dvnatron, 
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Fig.  13.7. — Transition  oscillator. 
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it  retains  the  advantage  of  a  two-terminal  attachment  to  the  oscil¬ 
lating  circuit  and  yet  is  not  dependent  upon  secondary  emission. 
As  it  does  not  involve  maltreatment  of  tube  elements,  the  transitron 
may  be  designed  to  produce  a  reasonable  power  output  without 
curtailment  of  tube  life. 

Like  the  dynatron,  the  magnetron  has  been  in  use  for  a  long  time. 
Originally  it  was  a  simple  diode,  having  a  cylindrical  anode,  with  a 
hot-wire  emitter  along  the  axis  of  the  cylinder. 

Outside  the  glass  envelope,  magnets  or  coils 
were  used  in  order  to  produce  a  constant  and 
uniform  axial  magnetic  field.  Electrons  emit¬ 
ted  from  the  hot  wire  traveled  in  uniform  spiral 
arcs,  Fig.  13.8,  experiencing  a  transverse  de¬ 
flecting  force  dependent  upon  the  strength  of 
the  steady  magnetic  field.  On  gradually  in¬ 
creasing  the  magnetic-field  intensity  the  plate 
current  showed  no  change  until,  suddenly,  at  a  critical  value 
of  H,  the  current  dropped  to  zero,  Fig.  13.9.  The  increasing 
magnetic  field  had  decreased  the  radii  of  the  spiral  arcs  until  they 
abruptly  failed  to  make  contact  with  the  anode.  Aside  from  minor 
deviations  due  to  accidental  differences  in  the  emission  velocity, 
the  spiral  orbits  should  be  identical  and  should  all  break  contact 
at  the  same  critical  value  of  magnetic-field  intensity.  Among  other 


Fig.  13.9. — Characteristic  curve  of  simple  magnetron. 


applications  the  early  magnetron  was  proposed  as  a  switching  device 
for  conveniently  interrupting  high-voltage  d-c  transmission-line 
currents. 

The  next  step  in  the  development  of  the  magnetron  came  when 
the  cylindrical  anode  was  split  into  two  separate  semicylinders. 
The  two  half  sections  were  maintained  at  the  same  average  potential 
by  means  of  a  common  power  supply,  Fig.  13.10.  In  the  quiescent 
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state  the  orbits  of  the  electrons  were  practically  unaffected  by  the 
splitting  of  the  anode.  However,  any  transient  oscillation  in  the 
LC  circuit,  however  slight,  would  cause  the  two  anodes  to  vary 
from  the  quiescent  state  in  opposite  directions,  one  anode  becoming 
slightly  more  positive,  the  other  less  positive  by  an  equal  amount. 
Because  of  the  spiral  orbits,  electrons  initially  accelerated  toward 
the  more  positive  plate  would  not  necessarily  be  collected  by  that 
plate.  By  experiment  and  by  theory  it  was  shown  that  an  increase 
of  voltage  on  the  upper  plate  actually  reduced  the  net  current  to 


Fig.  13.10. — Split-anode  magnetron. 


that  plate  and  increased  the  current  to  the  lower  plate.  If  accom¬ 
panied  by  a  simultaneous  lowering  of  the  potential  of  the  lower 
plate,  the  inequality  of  current  flow  was  augmented.  In  effect, 
two  negative  resistors  were  shunted  across  the  halves  of  the  tank 
coil  L ,  operating  in  push-pull  cooperation  to  build  up  the  oscillation 
in  the  tank.  Further  development  of  the  magnetron  has  led  to 
the  multiple-plate  super-high-frequency  device.1  This  has  been 
employed  widely  in  high-power  “microwave”  applications. 

1  Described  in  Proc.  I.R.E.,  32,  136,  1944. 


CHAPTER  XVI 

GAS-FILLED  TUBES 


1.  Electrical  Discharges  in  Gases.1 — When  the  voltage  applied 
to  two  cold  electrodes  in  a  gas  is  increased  from  zero,  only  a  very 
small  current  (of  the  order  of  microamperes)  flows  until  a  critical 
voltage  is  reached.  This  critical  voltage,  shown  at  point  A ,  Fig. 
1.1,  is  called  the  sparking  voltage.  At  the  sparking  voltage  the 


nearly  nonconducting  gas  becomes  a  good  conductor,  and  the  cur¬ 
rent  that  flows  is  determined  by  the  series  resistance,  the  discharge 
characteristic,  and  the  applied  voltage,  Fig.  1.1.  The  passage  of 
the  initial  spark  causes  the  formation  of  large  numbers  of  positive 
ions  and  of  electrons  in  the  path  of  the  discharge.  Actually,  less 
than  0.1  per  cent  of  the  atoms  are  ionized,  but  the  number  of  atoms 
per  cubic  centimeter,  even  at  low  pressures,  is  quite  large.  The 
electrons  are  accelerated  toward  the  anode  by  the  applied  field,  and 
when  they  gain  sufficient  energy  they  cause  additional  ionization 
by  knocking  electrons  out  of  neutral  atoms  with  which  they  collide. 
The  positive  ion  resulting  when  a  neutral  atom  loses  an  electron  is 

1 J.  D.  Cobine,  “Gaseous  Conductors,”  Chap.  XI,  McGraw-Hill  Book 
Company,  Inc.,  1941, 
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massive  compared  with  the  electron,  so  that  it  moves  relatively 
slowly  toward  the  cathode.  However,  a  few  of  the  positive  ions 
gain  enough  energy  to  cause  the  emission  of  electrons  when  they 
strike  the  cathode.  This  emission  by  positive-ion  bombardment 
maintains  the  discharge. 

From  B  to  C,  Fig.  1.1,  the  discharge  is  characterized  by  a  volt¬ 
age  drop  that  is  practically  independent  of  the  current  and  is  usu¬ 
ally  of  the  order  of  100  volts,  varying  from  about  70  to  400  volts 
depending  on  the  gas  and  the  electrodes.  This  type  of  discharge  is 
known  as  a  normal  glow .  In  the  glow  discharge  the  gas  betAveen  the 
electrodes  is  luminous,  the  greatest  intensity  of  gloAV  being  near 
the  cathode  in  what  are  known  as  the  cathode-glow  and  the  nega¬ 
tive-glow  regions.  Tests  indicate  that  for  a  normal  glow  the  cur¬ 
rent  density  at  the  surface  of  the  cathode  is  constant.  As  the 
current  is  increased,  the  area  of  the  cathode  covered  by  the  glow 
increases.  At  the  point  C,  Fig,  1.1,  the  cathode  area  is  completely 
covered  by  the  cathode  glow,  and  a  further  increase  in  current  is 
accompanied  by  an  increase  in  discharge  voltage.  What  is  known 
as  an  abnormal  glow  is  characterized  by  the  rising  portion  CD  of 
the  curve.  If  the  current  in  the  vicinity  of  D,  usually  of  the  order 
of  100  ma,  is  increased  and  if  the  cathode  is  cold,  a  sudden  transition 
occurs  to  a  low-voltage  high-current  type  of  discharge  called  an 
arc.  In  the  arc  at  low  gas  pressures  the  conducting  path  gloAvs 
similarly  to  the  gloAV  discharge,  but  the  light  is  much  more  intense 
owing  to  the  greater  current  of  the  arc.  The  arc  voltage  drop  is 
quite  low  compared  with  that  for  the  glow,  being  usually  from  10 
to  15  volts.  The  arc  voltage  drop  decreases  as  the  current  increases, 
becoming  nearly  constant  at  large  currents.  If  the  arc  path  is 
constricted  by  girds,  metal  shields,  etc.,  the  arc  voltage  may  increase 
with  current  o\Aung  to  the  loss  of  ions  to  these  surfaces.  The  Ioav 
voltage  drop  of  the  arc  is  due  to  a  more  efficient  mechanism  of 
electron  emission  from  the  cathode  than  that  of  the  glow.  In 
tubes  in  Avhich  arcs  are  employed,  the  cathode  is  usually  incan¬ 
descent,  and  thermionic  emission  is  a  much  more  efficient  process 
than  the  positive-ion-bombardment  process  of  the  glow  discharge. 

The  voltage  distribution  between  cathode  and  anode  for  the 
gas  discharge  is  compared  in  Fig.  1.2  with  that  in  vacuum,  with 
and  without  the  space-charge  distortion  resulting  from  electron 
emission.  With  plane-parallel  electrodes  in  vacuum  and  with  no 
electron  emission,  the  potential  varies  uniformly.  If  the  cathode 
is  emitting  electrons  so  that  the  current  is  limited  by  space  charge, 
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the  potential  follows  the  distribution  indicated,  resulting  in  the 
three-halves-power  law  for  plate  current,  Chap.  X,  Sec.  4.  How¬ 
ever,  when  sufficient  gas  is  present  for  a  glow  or  an  arc  discharge  to 
occur,  the  greater  part  of  the  voltage  drop  occurs  very  near  the 
cathode  in  what  is  known  as  the  cathode-drop  region.  In  the 
cathode-drop  region  there  is  a  high  concentration  of  positive  ions, 
which  neutralizes  the  negative  space  charge  due  to  the  emitted  elec¬ 
trons.  It  is  in  this  region  that  the  positive  ions  gain  sufficient 
energy  to  cause  the  emission  of  electrons  when  they  strike  the 
cathode.  In  the  luminous  region,  called  the  plasma,  extending 


Fig.  1.2. — Voltage  distribution  in  gas  discharge  and  in  vacuum  (plane-parallel 

electrodes). 

from  the  cathode-drop  region  to  the  anode,  equal  concentrations  of 
positive  ions  and  electrons  exist.  This  provides  a  path  of  high 
conductivity  so  that  a  very  low  electric  field  strength  can  maintain 
the  current. 

2.  Glow  Tube. — The  normal  glow  discharge,  region  BC,  Fig.  1.1, 
may  be  used  as  a  voltage  regulator  by  placing  the  load  circuit 
directly  across  the  tube.  In  this  application  variations  in  supply 
voltage  Ebb  are  absorbed  by  the  series  resistance  R  as  the  current 
through  the  tube  varies  along  BC ;  or  if  the  load  resistance  changes, 
the  current  through  the  glow  tube  so  changes. 

The  0D3/VR150  voltage-regulator  tube  is  sketched  in  Fig.  2.1. 
VR  stands  for  voltage  regulator.  The  number  150  is  the  approxi¬ 
mate  operating  plate  voltage  in  the  flat  region  of  curve  a,  Fig.  2.2. 
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The  I.R.E.  tube  symbol  indicates  the  anode  (for  regulator  operation) 
by  a  straight  line,  as  for  a  triode,  and  indicates  the  circular  cathode 
by  a  small  circle.  Actually,  the  cathode  is  the  larger  of  the  two 
electrodes,  and  to  emphasize  this  fact  an  additional  symbol  is  used 


Fig.  2.1. — 0D3/VR150  glow-discharge  tube. 


in  Figs.  2.2  and  2.3.  Elsewhere  the  conventional  I.R.E.  symbol  is 
used  to  indicate  a  voltage-regulator  tube. 

A  glow-discharge  tube  having  electrodes  of  widely  different 
areas  in  a  gas  at  a  pressure  of  the  order  of  2  cm  of  mercury  can  be 
used  to  rectify  alternating  current.  When  the  large  electrode  is 
negative,  the  voltage  drop  across  the  tube  is  relatively  small  and  is 
independent  of  the  current,  Fig.  2.2,  curve  a.  When  the  small 


electrode  is  negative,  the  condition  of  abnormal  glow  is  reached  at  a 
low  current  and  the  voltage  drop  across  the  tube  increases  rapidly 
with  current,  Fig.  2.2,  curve  b.  Over  a  wide  range  of  supply  volt¬ 
ages,  the  current  that  flows  when  the  small  electrode  is  negative, 
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such  as  ii,  Fig.  2.2,  is  less  than  the  current,  such  as  U,  that  flows 
when  the  large  electrode  is  negative,  and  the  alternating-current 
wave  is  unsymmetrical  and  has  an  average  value  I,  Fig.  2.3.  This 
type  of  rectifier  is  characterized  by  a  relatively  high  voltage  drop, 
of  the  order  of  100  volts,  and  a  small  current  so  that  it  is  inefficient. 
Since  no  filament  power  is  required,  it  is  useful  in  some  low-power 
applications.  The  direction  of  sweep  and  the  polarity  of  a  cathode- 
ray  oscillograph  may  be  determined  by  observing  the  characteristi¬ 
cally  unsymmetrical  voltage  wave  of  a  glow-discharge  rectifier  tube 
operating  on  alternating  voltage. 


A  third,  or  control,  electrode  is  sometimes  added  so  that  these 
tubes  can  be  used  for  low-power  relay  applications. 

3.  Gaseous  Thermionic  Diode. — A  very  small  amount  of 
chemically  inert  gas  admitted  into  a  thermionic  diode  will  produce 
an  increase  in  the  plate  current  for  plate  voltages  less  than  that  cor¬ 
responding  to  current  saturation  in  vacuum,  Fig.  3.1.  This  increase 
in  plate  current  is  due  to  some  of  the  gas  atoms  becoming  ionized. 
Positive  ions,  formed  when  atoms  are  ionized  by  electrons  acceler¬ 
ated  from  the  cathode,  move  slowly  toward  the  cathode.  The 
velocity  of  the  positive  ions,  because  of  their  relatively  large  mass, 
is  several  hundred  times  slower  than  that  of  electrons  in  the  same 
electric  field.  Because  of  the  large  difference  in  velocities,  one 
positive  ion  can  neutralize  the  effect  of  many  passing  electrons. 
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Thus  the  positive  ions  partly  neutralize  the  negative  space  charge 
produced  by  electrons  from  the  cathode,  and  a  given  plate  voltage 
causes  a  larger  electron  current.  This  effect  is  confined  to  the  range 
of  potentials  in  which  current  is  limited  by  space  charge,  lying 
between  the  ionization  potential  of  the  gas  and  the  plate  potential 
at  which  the  saturation  emission  of  the  filament  is  reached. 

The  positive  ions  striking  an  oxide  cathode  may  cause  its  gradual 
destruction  by  sputtering,  i.e.,  knocking  off  atoms  composing  the 
coating  material. 


Eb 


Fig.  3.1. — Effsct  of  trace  of  gas  in  a  thermionic  diode. 

4.  Arc  Rectifiers. — When  sufficient  gas  is  present  in  a  thermionic 
diode,  an  arc  is  established  between  the  electrodes.  The  thermionic 
cathode  supplies  all  the  necessary  electrons  so  that  only  a  low  voltage 
is  required  to  start  and  maintain  the  discharge.  The  arc  discharge 
starts  with  a  voltage  slightly  greater  than  that  necessary  to  sustain 
the  arc.  The  characteristic  volt-ampere  curve  of  the  thermionic 
arc  diode  is  compared  ^vith  that  of  the  thermionic  vacuum  diode  in 
Fig.  4.1.  The  thermionic  arc  diode  is  a  very  efficient  rectifier  of 
alternating  current  owing  to  the  low  voltage  drop  in  the  tube. 
Rectification  occurs  because  an  arc  is  rapidly  established  at  a  low 
voltage  when  the  cathode  is  made  negative  relative  to  the  plate, 
while  a  high  voltage  is  necessary  to  cause  the  emission  of  electrons 
from  the  plate  and  to  start  a  discharge  when  the  cold  plate  is  made 
negative. 

The  tungar,  or  rectigon,  is  an  arc  tube  filled  with  argon  at  a 
pressure  of  about  2  cm  of  mercury.  It  has  a  tungsten-filament 
cathode.  The  arc  discharge  formed  between  the  hot  cathode  and 
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the  cold  plate  has  a  voltage  drop  of  the  order  of  10  volts,  the  drop 
being  nearly  independent  of  current.  The  tube  can  be  operated  at 
several  amperes.  The  relatively  high  gas  pressure  permits  the 
operation  of  the  filament  at  a  temperature  higher  than  in  vacuum. 
Therefore,  a  greater  emission  current  is  possible  without  danger  of 
evaporation  of  the  cathode  material.  Because  of  the  relatively 
high  gas  pressure,  a  glow  discharge  can  form  with  its  cathode  on 
the  cold  plate  during  the  half  cycle  of  alternating  voltage  when  this 
electrode  is  negative  if  the  inverse  voltage  is  greater  than  about  200 
volts.  The  formation  of  this  glow  is  undesirable  since  there  is  the 
possibility  of  the  formation  of  an  arc  cathode  spot  on  the  plate, 
with  the  result  that  the  device  loses  its  unidirectional  characteristic. 
F or  this  reason  the  tungar  tube  is  used  only  with  a-c  sources  of  the 


Fig.  4.1. — Characteristics  of  thermionic  arc  diode  and  thermionic  vacuum  diode. 

order  of  110  volts  and  is  especially  adapted  for  storage-battery 
charging. 

The  phanotron  is  a  thermionic  diode  type  of  rectifier  tube  using 
an  arc  discharge  in  mercury  vapor  or  in  argon.  The  cathode  used 
to  supply  the  relatively  large  current  of  the  arc  may  be  an  oxide- 
coated  ribbon  or  an  indirectly  heated  oxide-coated  cylinder  arrange¬ 
ment,  Fig.  4.2.  The  surfaces  of  the  vanes  and  the  inner  surface  of 
the  outer  cylinder  are  brought  up  to  the  emitting  temperature  as  in 
an  oven.  A  very  large  electron  current  may  be  obtained  from  this 
type  of  cathode,  which  can  function  only  because  of  the  presence  of 
gas  in  the  tube.  Electrons  emitted  within  the  cavities  between  the 
vanes  make  many  collisions  with  gas  atoms  and  thus  can  migrate 
to  the  open  end,  which  would  be  impossible  in  the  case  of  a  vacuum. 
The  arc  drop  is  relatively  constant  as  the  current  is  varied  and  is 
of  the  order  of  10  volts  for  mercury  and  15  volts  for  argon.  Since 
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the  gas  pressure  of  the  phanotron  is  low,  it  can  safely  withstand  a 
much  higher  inverse  voltage  than  is  possible  with  the  tungar  rec¬ 
tifier.  When  mercury  vapor  fills  the  tube,  the  vapor  pressure  is 
determined  by  the  temperature  of  the  coldest  spot  where  mercury 
may  condense.  Thus  the  pressure  in  these  tubes  varies  widely, 
being  very  low  when  the  tube  is  cold  and  increasing  to  about  0.05 
mm  of  mercury  when  the  tube  is  heated  to  the  normal  operating 
temperature.  Tubes  filled  with  inert  gases  naturally  do  not  have 
this  wide  pressure  variation. 

Precautions. — To  avoid  destruction  of  the  cathode  the  tube  drop 
of  all  thermionic  arc  tubes  must  not  exceed  22  volts.  A  higher  tube 
drop  than  this  will  result  in  destruction  of  the  oxide  coating  by 
positive-ion  bombardment.  The  tube  drop 
is  kept  low  by  allowing  the  cathode  to  reach 
its  normal  operating  temperature  before 
applying  voltage  to  the  plate  of  the  tube. 
Plate  voltage  is  withheld  for  sufficient  time 
for  the  cathode  to  reach  its  normal  oper¬ 
ating  temperature  and  for  the  mercury  to 
be  vaporized  to  the  correct  pressure.  Usu¬ 
ally  5  min  is  sufficient  heating  time  for  a 
large  tube;  but  if  the  tube  has  not  been  in 
a  vertical  position,  mercury  may  be  de¬ 
posited  on  the  elements  and  15  min  must 
be  allowed  for  heating.  Gas-filled  rectifier 
tubes  should  be  shielded  from  high-inten¬ 
sity  high-frequency  fields  that  could  ionize 
the  gas  during  the  normally  nonconducting  period  and  result  in  an 
arc-back. 

Occasionally  it  is  desirable  to  increase  the  power  of  a  rectifier 
unit  by  operating  several  anodes  in  parallel.  This  can  be  done 
with  thermionic  vacuum  rectifiers  because  of  their  rising  volt- 
ampere  characteristic.  Since  the  normal  volt-ampere  characteristic 
of  arc  tubes  has  a  negative  slope,  the  anodes  will  not  operate  stably 
in  parallel  unless  some  resistance  or  a  suitable  interphase  reactor  is 
placed  in  each  anode  lead.  The  negative  slope  of  the  arc  volt- 
ampere  characteristic  is  equivalent  to  a  negative  resistance;  there¬ 
fore,  sufficient  resistance  must  be  placed  in  series  with  the  arc  so 
that  the  net  resistance  is  positive  over  the  operating  range  of  current. 
Usually  resistors  that  have  a  drop  of  about  25  volts  at  rated  current 
may  be  used  in  each  anode  lead. 
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Fig.  4.2  . — Indirectly 
heated  cathode  of  arc-rec¬ 
tifier  tube. 
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5.  Gaseous  Thermionic  Triode,  or  Thyratron  — The  thyratron 
is  a  grid-controlled  thermionic  arc-type  rectifier.  The  tube  is 
similar  in  construction  to  the  phanotron,  except  that  the  grid  is 
added,  Fig.  5.1.  The  object  of  the  grid  is  to  prevent  the  tube  from 
conducting  unless  the  grid  potential  is  made  more  positive  than  a 
critical  value.  Figure  5.2  shows  dependence  of  plate  current  upon 
grid  voltage  for  the  vacuum  and  the  arc  tubes.  At  a  critical  value 
of  grid  voltage  the  grid  permits  an  arc  to  be  established,  and  the 
current  increases  suddenly  to  the  value  determined  by  the  applied 
voltage  and  the  circuit  resistance.  Once  the  arc  is  started,  the  grid 
has  no  further  control  of  current. 


Fig.  5.1. — Electrode  struc-  Fig.  5.2. — Effect  of  grid  voltage  on  plate 

ture  of  negative-grid  thyratron  current  of  arc  and  vacuum  diodes. 

(GE  type  FG-5 7). 


The  relation  between  the  critical  grid  voltage  at  which  an  arc 
starts  and  the  anode  voltage  is  shown  on  the  left-hand  side  of  Fig. 
5.3.  This  curve  is  called  usually  the  grid-control  characteristic. 
Since  the  grid-control  characteristic  is  nearly  linear,  its  slope  is 
sometimes  spoken  of  as  the  control  ratio  of  the  tube.  However,  the 
slope  varies  from  tube  to  tube  and  with  the  operating  temperature 
so  that  it  is  not  always  a  reliable  reference.  Figure  5.3  shows  that 
as  the  anode  voltage  is  increased  a  higher  negative  voltage  is 
required  on  the  grid  to  prevent  conduction.  Once  an  arc  is  formed 
between  cathode  and  anode,  the  grid  cannot  stop  the  discharge 
even  if  it  is  made  more  negative  than  the  critical  value,  Fig.  5.2. 
In  order  to  stop  the  discharge,  the  plate  voltage  must  be  reduced  tq 
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zero  for  an  instant.  When  this  occurs  the  discharge  path  is  deion¬ 
ized  and  a  negative  grid  then  can  resume  control.  The  deioniza¬ 
tion  time  varies  from  100  to  1,000  microseconds  depending  on  the 
construction  of  the  tube.  When  an  alternating  voltage  is  applied 
to  the  plate,  the  grid  can  resume  control  at  the  end  of  each  positive 
half  cycle  when  the  plate  voltage  becomes  negative.  The  right- 
hand  side  of  Fig.  5.3  shows  the  principle  of  operation  when  an  alter¬ 
nating  voltage  is  placed  on  the  anode.  The  grid-control  locus , 
showing  the  value  of  critical  grid  voltage  at  which  conduction 


begins  at  any  instant  of  a  positive  half  cycle,  is  derived  from  the 
sinusoidal  anode  voltage  wave  es  and  the  grid-control  characteristic 
shown  by  the  dotted  lines,  Fig.  5.3.  If  the  grid  has  a  constant 
negative  bias  Ecc,  as  by  a  battery,  the  tube  can  be  made  to  conduct 
by  impressing  a  positive  pulse  on  the  grid.  Such  a  pulse  is  shown  at 
A,  obtained  by  momentarily  closing  switch  S.  If  the  load  is  a  pure 
resistance,  the  load  current  that  flows  for  the  remainder  of  the 
cycle  is  shown  by  the  heavy  curve  bounding  the  shaded  area.  By 
varying  the  instant  at  which  conduction  occurs,  i.e.,  by  varying 
the  firing  angle  9 ,  the  average  value  of  the  rectified  current  for  a 
single  anode  rectifier  controlled  as  in  Fig.  5.3  decreases  as  the  firing 
angle  9  increases,  Fig.  5.4. 


Sec.  5]  GASEOUS  THERMIONIC  TRIODE,  OR  THYRATRON  531 


Figure  5.5a  shows  a  conventional  a-c  control  circuit  for  a  thyra- 
tron  rectifier.  The  autotransformer  T,  resistor  R}  and  capacitor  C 
form  a  phase-shifting  circuit  that  does  not  require  a  d-c  bias  voltage 
on  the  grid.  The  phase  angle  0,  between  the  anode  supply  voltage 
3a  and  the  intersection  of  the  ecc  curve  and  the  grid-control  locus, 


Fig.  5.4. — Control  of  average  current  of  a  thyratron. 

Fig.  5.5,  may  be  varied  by  changing  the  value  of  resistor  R.  The 
rectified  current  i,  flowing  through  the  load  resistor  RLj  may  be 
varied  from  a  maximum  value  to  zero  as  the  angle  6  is  varied  from 
0  to  180°  by  the  phase-shifting  circuit.  It  should  be  noted  that  if 
the  a-c  voltage  on  the  grid  is  shifted  beyond  the  180°  point  relative 


(a)  (b) 

Fig.  5.5. — A-c  control  of  a  thyratron. 

to  the  anode  voltage,  as  by  an  induction  phase  shifter,  the  grid 
voltage  will  be  positive  but  decreasing  when  the  anode  voltage 
becomes  positive  so  that  a  maximum  current  will  flow.  This  is 
true  because  even  though  the  grid  becomes  negative  it  cannot  stop 
the  arc  as  long  as  the  anode  is  positive.  Other  applications  of  the 
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thyratron  as  a  current-controlling  device  are  described  in  Chap. 
XXIV. 

Extremely  sensitive  thyratrons  are  made  by  screening  the  con¬ 
trol  grid  from  both  cathode  and  anode.  Such  screen-grid  thyra¬ 
trons  can  control  considerable  power  with  grid  currents  of  the  order 
of  microamperes. 

Precaution.  Since  the  grid  of  a  thyration  is  a  relatively  large 
metal  surface  similar  to  the  anode,  a  high  resistance  must  always  be 
placed  in  series  with  the  grid  and  the  source  of  grid  voltage  as  R(  of 
Fig.  5.5.  This  is  essential  in  order  to  keep  the  grid-current  less  than 
the  peak  value  specified  by  the  manufacturer.  Most  tubes  function 
satisfactorily  if  the  grid  resistance  is  of  the  order  of  1,000  ohms  per 
peak  grid-supply  volt  when  the  grid  is  positive. 

6.  Current  Ratings  of  Arc  Tubes. — Arc  tubes  have  the  following- 
current  ratings,  which  must  be  carefully  observed  to  prolong  the 
life  of  the  tube. 


TIME 
IAt  =IT 

Fig.  6.1. — Graphical  representation  of  average  current,  peak  current,  and  integration 

time. 

Average  current ,  which  is  indicated  by  a  d-c  ammeter  for  a  reason¬ 
ably  rapid  cycle  of  operation.  This  current  limit  is  set  by  the 
ability  of  the  tube  to  dissipate  heat,  and  of  the  glass  seals  to  with¬ 
stand  thermal  stresses. 

Peak  current ,  which  is  the  greatest  instantaneous  current  that 
can  be  supplied  by  the  cathode  without  damage,  Fig.  6.1.  This 
is  the  saturation  emission  of  the  cathode  under  normal  operating 
conditions.  The  peak  current  averaged  over  a  period  of  time  called 
the  integration  time  must  not  exceed  the  average  current  rating. 
Arc  tubes  are  not  recommended  for  charging  a  capacitor.  If  they 
are  used  for  this  purpose,  the  capacitor  should  be  considered  as  a 
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short  circuit,  which  it  is  when  voltage  is  suddenly  supplied  to  an 
uncharged  capacitor;  therefore  a  series  resistor  must  be  placed  in 
the  circuit  to  limit  the  tube  current  to  the  peak  current  rating. 

Surge  current,  which  is  the  greatest  current  that  can  be  passed 
accidentally  once  in  the  life  of  the  tube.  In  the  design  of  circuits 
sufficient  reactance  or  resistance  must  be  included  to  limit  the  cur¬ 
rent  to  the  surge-current  value  should  the  load  be  short-circuited. 
Fuses  should  be  provided  to  ensure  that  this  value  is  never  reached. 

Grid  current,  which  must  be  limited  to  the  maximum  value 
specified  by  the  manufacturer  in  order  to  protect  the  glass  seals. 


CHAPTER  XVII 


RECTIFIERS  AND  POWER  SUPPLIES 

1.  Introduction. — Any  device  offering  a  greater  impedance  to 
the  flow  of  electricity  in  one  direction  than  it  offers  in  the  opposite 
direction  will  rectify  an  alternating  current  and  give  direct  current. 
This  may  be  accomplished  by  synchronous  contactors,  copper  oxide 
cells,  thermionic  vacuum  diodes,  gas-discharge  tubes,  etc. 

The  thermionic  vacuum  diode  is  a  very  useful  rectifier.  On 
the  half  cycle  of  alternating  voltage  for  which  the  thermionic 
element  is  negative  the  electrons  emitted  thermionically  are 
attracted  to  the  plate.  However,  on  the  following  half  cycle  the 
cold  plate,  which  cannot  emit  electrons,  is  negative,  and  no  current 
can  flow.  If  such  a  tube  is  placed  in  series  with  a  source  of  alternat¬ 
ing  current  and  a  load  resistor,  a  pulsating  unidirectional  current 
will  flow  in  the  circuit.  The  voltage  drop  e&,  across  a  thermionic 
diode,  during  the  conducting  period  depends  on  the  current  flowing 
according  to  the  three-halves-power  law.  The  waveform  of  current 
flowing  during  the  conducting  period  for  a  resistance  load  may  be 
determined  graphically,  Fig.  1.1,  where  the  three-halves  power 
relation  is  plotted  with  eb  as  a  function  of  4  in  the  upper  left.  For 
any  instant  of  time  h  when  the  applied  voltage  is  ci,  indicated  by 
the  point  P  on  the  sine  wave  (lower  left),  the  current  is  determined 
by  the  intersection  Q  of  the  resistance  line  for  that  voltage  and  the 
tube  characteristic.  The  tube  drop  eb  and  resistance  drop  i\R  are 
indicated.  During  the  positive  half  cycle  of  applied  voltage,  the 
current  increases  slowly  at  first  and  then  approaches  the  sinusoidal 
form.  This  slow  increase  causes  the  vacuum  rectifier  to  produce 
less  interference  than  the  arc  rectifier,  which  is  sometimes  a  deciding 
factor  in  the  selection  of  tubes. 

Figure  1.2  shows  the  characteristic  tube  drops  of  several  com¬ 
monly  used  vacuum  rectifiers.  Tubes  such  as  the  878  and  80 
(5Y3-G)  are  considered  high-impedance  tubes,  while  the  83-v 
(5V4-G)  is  considered  a  low-impedance  tube.  The  line  marked  Hg 
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indicates  for  comparison  the  approximately  constant  drop  of  the 
vapor  rectifier  tubes. 

The  vacuum  rectifier  can  be  built  to  operate  safely  with  much 
higher  inverse  voltages  than  are  possible  with  arc  rectifiers.  Since 


Fig.  1.1. — Determination  of  waveform  for  a  vacuum  thermionic  rectifier. 


Fig.  1.2. — Characteristics  of  typical  rectifier  tubes. 

the  volt-ampere  characteristic  of  the  vacuum  rectifiers  is  rising,  a 
certain  protection  from  overloads  is  inherent.  When  rectifiers 
having  tungsten  filaments  are  used,  the  finite  emission  of  the  filament 
provides  a  positive  protection  against  extremely  high  short-circuit 
currents.  The  thermionic  rectifier  tubes  are  often  constructed  with 
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two  anoaes  so  that  a  single  tube  can  be  used  in  a  full- wave  rectifier 
circuit. 

When  arc  tubes  are  used  as  rectifiers,  a  starting  voltage  some¬ 
what  higher  than  the  normal  arc  drop  must  be  reached  by  the 
applied  voltage  before  current  flows,  causing  an  abrupt  starting  of 
the  current,  Fig.  1.3.  This  abrupt  starting  of  current  can  cause 
objectionable  interference,  which  can  be  radiated  for  considerable 
distances.  In  order  to  reduce  this  radiation  the  rectifier  tube  and 
circuit  may  be  shielded  and  r-f  chokes  placed  in  the  anode  lead. 
When  arc  tubes  are  used  to  supply  an  oscillator,  r-f  chokes  should 


Fig.  1.3. — Waveform  of  current  with  an  arc  rectifier. 

be  placed  in  the  d-c  leads  to  protect  the  tube  from  r-f  currents  that 
might  cause  arc-backs. 

2.  Half-wave  Rectifier  Circuits.1 — In  general,  the  tube  drop 
of  the  rectifier  is  neglected  in  analyzing  rectifier  circuits,  since  it  is 
usually  small  compared  with  the  load  voltage.  The  distortion  in 
the  current  near  zero,  pointed  out  in  Sec.  1,  is  also  neglected,  the 
current  being  assumed  to  start  as  soon  as  the  applied  voltage  exceeds 
the  load  voltage. 

Resistance  Load. — In  Fig.  2.1  a  source  of  alternating  voltage, 
such  as  the  secondary  of  a  transformer  connected  to  the  power  line, 

1 J.  D.  Cobine,  “Gaseous  Conductors,”  Chap.  XII,  McGraw-Hill  Book 
Company,  Inc.,  1941;  J.  Millman  and  S.  Seely,  “Electronics,”  Chap.  XII, 
McGraw-Hill  Book  Company,  Inc.,  1941. 
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is  assumed  to  have  zero  internal  impedance,  so  that  the  voltage  is 
independent  of  load.  This  voltage  is 

es  =  V/2  Es  sin  a>t  =  Es  sin  ut  (2.1) 

where  Es  is  the  effective  (rms)  value  of  the  applied  voltage  and  Es  is 
its  amplitude.  During  the  half  cycle  when  the  anode  is  positive, 
the  emf  equation  is 


so  that 


iR  =  es  =  Es  sin  o)t  0  <  cot  <  t 


i  = 


R 


sin  ut 


(2.2) 

(2.3) 


During  the  negative  half  cycle,  i  =  0,  Fig.  2.1.  The  average  value 


Fig.  2.1. — Rectifier  relations  for  pure  resistance  load. 


of  current,  indicated  by  a  d-c  ammeter,  is 

I 


or 


=  l  /o  id{o>t)  =  2tt  l,  Ti  sin  a 


T  ^  ^ 3  n  i  K 

1  =  -  -g-  =  U.45  average  amperes 


(2.4) 

(2-5) 


The  average  value  of  the  output,  or  load  voltage  is 
Ez  =  IR  =  (Es/*)  =  0AbE3 

The  instantaneous  load  voltage  in  this  circuit  naturally  has  the 
same  waveform  as  the  load  current.  Thus  the  average  rectified 
current  in  the  resistance  circuit  is  only  45  per  cent  of  the  rms  cur- 
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rent  Es/R  that  would  flow  if  the  rectifier  tube  were  short-circuited. 
The  effective,  or  rms,  value  of  the  current,  indicated  by  an  a-c 
ammeter,  is 


II 

to 

X - s. 

e 
_ ' 

(2.6) 

nr 

=  Vi  /0  (1 sin  “j  du 

(2.7) 

1  —  i  ^  =  0.707  ^  rms  amperes 

K  rt 

(2.8) 

The  peak  value  of  the  current,  which  must  be  safely  passed  by  the 
rectifier  tube,  is 

/  =  3.14/  (2.9) 

Equations  (2.5)  and  (2.9)  may  also  be  obtained  from  (10.9),  Chap. 
IX.  During  the  half  cycle  in  which  the  anode  is  negative  there  is 
no  voltage  drop  across  the  resistance  so  that  the  peak  value  of  the 
applied  voltage  appears  across  the  tube.  The  peak  value  of  the 
voltage  across  the  tube  when  it  is  not  conducting  is  called  the  peak 
inverse  voltage ,  Einv,  Fig.  2.1.  In  this  case  Einv  =  Es .  The  rectifier 
tube  must  withstand  Etnv  without  a  u  cathode  spot”  being  formed  on 
the  anode,  which  would  remove  the  rectifying  properties  of  the  tube 
and  cause  what  is  known  as  an  arc-back.  Rectifier-tube  data  include 
the  safe  value  of  Einv  for  each  tube  as  well  as  the  average-  and 
peak-current  ratings. 

Battery  and  Resistance  Load. — When  a  single  anode  rectifier 
is  used  to  charge  a  battery,  with  a  resistance  to  control  the  current, 
Fig.  2.2,  the  emf  equation  during  the  positive  half  cycle  of  the 
applied  voltage  is 

es  =  Es  sin  cot  —  iR  +  EB  +  ea  (2.10) 

where  Eb  is  the  battery  voltage.  The  arc  drop  ea ,  or  plate-to- 
cathode  voltage  during  conduction,  is  included  here  since  it  is  con¬ 
stant  in  magnitude  for  a  gas  tube  and  therefore  like  EB.  From 
(2.10)  the  current  is 

Es  •  .  Eb  +  ea  /o  1 1  \ 

^  =  ~R  Sln  - R -  (2.11) 

subject  to  the  restriction  that  current  can  flow  in  only  one  direction 
so  that  i  must  be  positive.  The  current  can  flow  only  during  the 
interval  between  fa  and  fa,  shown  by  the  shaded  area  of  Fig.  2.2, 
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for  which  es  is  greater  than  EB  +  e0.  In  this  case  the  peak  inverse 
voltage  is  equal  to  the  battery  voltage  plus  the  peak  value  of  eS}  or 

Ein,=  Eb  +  a/2  Es  (2.12) 

Pure  Capacitance  Load. — When  an  a-c  supply  voltage  es  is 
applied  to  a  rectifier  and  an  uncharged  capacitor  in  series  at  the 
instant  the  voltage  is  passing  through  zero  to  become  positive, 


Fig.  2.2. — Voltage  and  current  relations  for  a  battery  and  resistance  load. 

Fig.  2.3,  the  current  increases  abruptly,  neglecting  tube  drop,  to 
the  value  it  would  have  under  steady -state  conditions  on  alternating 
current  with  the  rectifier  short-circuited  (dotted  portion  of  sine 
wave).  During  the  first  quarter  cycle  the  capacitor  charges  up  to 
the  peak  value  of  the  applied  voltage  Es,  and  then  the  tube  ceases 
to  conduct.  When  the  applied  voltage  reverses,  the  tube  has  the 
sum  of  the  capacitor  voltage  and  the  peak  of  the  applied  voltage. 
Thus  the  peak  inverse  voltage  is  Einv  =  2 Es  =  2  s/2  Es. 

The  effect  of  switching  an  uncharged  capacitor  at  an  instant 
other  than  the  normal  zero  of  voltage  may  be  seen  by  considering 
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the  circuit  of  Fig.  2.4.  In  this  figure  Rs  represents  the  source,  or 
transformer  secondary,  resistance  and  is  usually  small.  The  dotted 
curve  of  Fig.  2.4  represents  the  normal  current  that  would  flow  in 
the  series  RC  circuit  if  the  rectifier  were  short-circuited.  When 


Fig.  2.3. — Rectifier  with  pure  capacitance  load. 


Fig.  2 A. — Effect  of  switching  angle  6  on  transient  current  to  an  uncharged  capacitor. 

the  voltage  is  switched  on  at  the  instant  9,  it  has  a  magnitude 
es(9)  =  Es  sin  9.  This  voltage  appears  entirely  across  the  resist¬ 
ance  Rs  at  the  first  instant,  since  the  capacitor  is  assumed  initially 
uncharged.  Thus  the  current  surge  reaches  a  peak  value 
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Since  Rs  is  usually  small,  this  peak  current  can  be  excessive.  Such 
a  peak  current  can  occur  each  cycle  with  a  grid-controlled  rectifier. 
The  limited  peak-current  rating  of  the  gas-discharge  rectifiers 
prohibits  their  use  with  a  capacitive  load  unless  sufficient  series 
resistance  is  added  to  limit  the  peak  current  to  the  peak-current 
rating  of  the  tube. 


Fig.  2.5. — Current  and  voltage  relations  in  load  of  R  and  C  in  parallel.  Solid, 
heavy  lines  show  rectifier-circuit  quantities;  dotted  lines  show  normal  steady-state 
quantities  (rectifier  short-circuited). 


Parallel  Load  of  R  and  C. — A  capacitor  charged  by  a  rectifier 
acts  as  a  simple  filter  and  serves  as  a  reservoir  of  charge  to  keep  the 
voltage  across  a  parallel  load  resistor  relatively  constant.  The 
current  and  voltage  waves  for  a  load  of  R  and  C  in  parallel  are  shown 
in  Fig.  2.5.  The  power  is  assumed  to  be  switched  on  at  A  so  that 
the  first  cycle  represents  the  initial  charging  condition  of  the  capaci- 
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tor.  (If  the  switching  had  taken  place  later  in  the  first  positive 
half  cycle,  a  switching  transient  would  occur,  as  discussed  in  the 
preceding  paragraph.)  The  currents  flowing  in  R  and  C  during 
the  period  the  tube  conducts  have  the  same  sinusoidal  form  as  if 
the  tube  were  short-circuited.  The  capacitance  component  ic  leads 
e-a  by  90°,  while  the  resistance  component  iR  is  in  phase  with  es. 
At  the  instant  B,  ic  is  equal  and  opposite  to  iR.  At  this  instant  the 
tube  current  4  =  ic  +  iR  is  zero;  and  since  the  rectifier  tube  cannot 
carry  a  reverse  current,  conduction  ceases.  From  B  to  A'  the 
capacitor  discharges  in  the  usual  exponential  manner  of  an  EC 
circuit.  At  A'  the  applied  voltage  becomes  greater  than  the  load 


0  10  20  30  40  50  60  70  80  90 

tan-1  tuCR  (deg.) — *• 


Fig.  2.6. — Relation  between  average  load  voltage  and  characteristic  angle  of 
parallel  RC  circuit  supplied  by  a  rectifier  (average  load  voltage  Ez  =  ER  is  referred 
to  peak  of  applied  voltage,  \/2Es).  Solid  curves  are  for  tube  drop  =  0;  dotted 
curves  are  for  load  resistance/rectifier  resistance  =  10. 

voltage,  and  the  tube  can  conduct  again.  Because  of  the  residual 
charge  on  C  the  instant  A'  is  somewhat  later  in  the  cycle  than  A. 
All  subsequent  half  cycles  will  be  like  the  one  starting  at  A',  An 
important  disadvantage  of  this  type  of  filter  is  the  high  peak  current 
in  the  tube  compared  with  the  average  value  of  the  load  current  iR. 
The  greater  the  load  current,  i.e.,  the  lower  the  value  of  R ,  the 
greater  the  variation  in  the  load  voltage  throughout  the  cycle. 

Because  of  the  importance  of  the  RC  load  and  the  difficulty  in 
calculating  the  various  properties  of  the  circuit,  several  figures  due 
to  Waidelich1  are  included.  Figure  2.6  shows  the  relation  between 
the  average  load  voltage  Ez,  referred  to  the  peak  a-c  voltage,  and  the 
characteristic  angle  of  the  load,  tan"1  uRC.  The  solid  curves  of 
Fig.  2.6  neglect  the  tube  drop  of  gas  tubes  and  are  reasonably  good 

1  D.  L.  Waidelich,  Trans.  A.I.E.E. ,  60,  1161,  1941. 
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for  vacuum  rectifiers  as  long  as  the  ratio  of  the  load  resistance  to 
the  tube  resistance  is  greater  than  about  50.  The  dotted  curves 
are  for  a  ratio  10  of  load  resistance  to  tube  resistance.  The  upper 
two  curves  refer  to  the  characteristics  of  two  rectifier  tubes  arranged 
so  that  both  half  cycles  of  the  a-c  supply  contribute  to  the  load, 
i.e.,  a  full- wave  rectifier,  Sec.  3.  Figure  2.7  shows  the  effect  of 
load  angle  on  the  peak  current  per  tube  and  on  the  peak  inverse 
voltage.  Figure  2.8  shows  the  ratio  of  the  effective,  or  rms,  value  of 
the  ripple  voltage,  i.e.,  the  variational  component  of  the  load  volt¬ 
age,  to  the  average  value  of  the  load  voltage  as  function  of  the  load 
angle.  This  ratio  is  often  called  the  ripple  factor.  Figures  2.6  to 


Fig.  2.1, — Peak  voltages  and  currents  for  rectifier  tube  supplying  parallel  RC  load. 

I  =  average  current  per  tube. 

2.8  are  useful  in  designing  a  load  circuit  to  meet  specific  require¬ 
ments.  Load  requirements  will  include  the  allowable  ripple  factor, 
load  voltage,  and  current. 

The  steps  in  the  design  are  as  follows:  The  value  of  RC  is 
found  for  the  ripple  factor  specified,  Fig.  2.8  being  used;  the  value 
of  R  is  given  by  the  ratio  of  d-c  load  voltage  to  d-c  load  current; 
the  rms  transformer  supply_voltage  Es  for  each  anode  circuit  is 
found  from  the  ratio  E/\/2Es,  Fig.  2.6,  and  the  specified  load 
voltage;  and  finally  the  peak  tube  current  and  peak  inverse  voltage 
are  found  from  Fig.  2,7. 

Inductance  Load.1 — When  a  rectifier  has  a  pure  inductance  load, 

1  Cobine,  op.  cit.,  pp.  481-485. 


544 


RECTIFIERS  AND  POWER  SUPPLIES  [Chaf.  XYII 


Fig.  2.9 a,  the  following  voltage  equation  must  be  integrated  to 
obtain  the  current  wave: 

es  =  Es  sin  cot  =  coL  -Jr  x  (2.13) 

a{  cot) 

The  integration  of  (2.13)  gives  a  current,  (2.14),  that  is  always 
positive  as  shown  in  Fig.  2.9a  and  that  reaches  a  peak  value  that  is 


Fig.  2.8. — Ripple  factor  of  parallel  RC  load  as  function  of  characteristic  angle  of  load. 

twice  the  peak  current  that  would  flow  if  the  tube  were  short- 
circuited. 

pi 

i  =  =£  (1  -  cos  at)  (2.14) 

coL 


Conduction  through  the  tube  is  continuous  for  360°  of  the  cycle. 
The  average  value  of  this  current  is  obtained  by  dropping  the  cos  cot 
term  of  (2.14),  so  that 


j _ Es  _  V2  Es 

coL  coL 


(2.15) 


which  is  the  peak  value  of  the  steady-state  current  that  would 
appear  if  the  rectifier  were  short-circuited.  Observe  that  the  quan¬ 
tity  Es/uL  is  the  effective  value  of  the  current  that  flows  when  the 
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rectifier  is  short-circuited.  It  is  important  to  note  that  a  relay  coil 
designed  for  use  with  an  unrectified  voltage  of  a  given  value  may  De 
saturated  if  the  same  a-c  voltage  is  used  with  a  grid-controlled  recti¬ 
fier  to  control  the  operation  of  the  relay. 


Fig.  2.9. — Half-wave  rectifier  with  inductive  loach  (a)  Pure  inductance, 
V2  Es/wL  =  1;  ( b )  wL/R  =  4,  V~2  Es/VR 2  +  =1;  (c)  Eb  =  V2.Es/4. 

\/2  Es/oyL  —  1. 

When  a  resistance  is  added  to  an  inductance,  the  differential 
equation  to  be  solved  during  the  conducting  period  of  the  half¬ 
wave  rectifier  is 

coL  H-  Ri  =  Es  sin  oyt  (2. 16) 

which  may  be  integrated  as 

i  =  tsin  ~  <t>)  ~  sin  (  —  4>)e~lt,/L]  ( 2.17 ) 
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where 


<f>  =  tan-1 


coL 

~R 


This  current  is  represented  by  the  curve  of  Fig.  2.9 b.  The  con¬ 
duction  period  is  seen  to  be  less  than  360°  but  more  than  180°. 

A  battery  may  be  charged  more  efficiently  by  using  an  induct¬ 
ance  to  limit  the  current  instead  of  a  series  resistance.  The  dif¬ 
ferential  equation  for  a  half-wave  rectifier  and  a  series  inductance 
and  battery  load  is 

cjL  +  Eb  —  Ss  sin  cot  (2.18) 

The  solution  of  this  equation  is 

ft  p 

i  =  ^  (1  -  cos  6 >t)  -  (cot)  (2.19) 


which  is  the  same  as  the  addition  of  the  current  due  to  a  rectifier 
with  a  pure  inductance  load  and  the  linearly  increasing  current  that 
results  when  a  perfect  battery  is  connected  to  a  pure  inductance. 
This  current  is  shown  in  Fig.  2.9c. 

3.  Full-wave  Rectifier.— In  order  to  produce  a  smoother  output 
wave  than  is  possible  with  a  half-wave  rectifier,  use  is  made  of  a 


Fig.  3.1. — Full-wave  rectifier  circuit. 


center- tapped  transformer  with  the  anodes  of  two  tubes  connected 
to  the  opposite  ends  of  the  transformer,  Fig.  3.1.  With  this  arrange¬ 
ment  the  anodes  conduct  on  alternate  half  cycles  and  supply  a 
pulsating  voltage  wave  to  the  load,  as  shown  by  the  heavy  line  of 
Fig.  3.2a.  The  average  value  Ez  of  the  load  voltage  is,  from  (10. 10), 
Chap.  IX, 

Ez  —  —  111  s  —  O.QEs 


(3.1) 
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double  that  of  a  half-wave  rectifier.  The  average  current  to  a 
pure  resistance  load  is 

7.  =  §  =  0.9^  (3.2) 

The  waveforms  of  current  obtained  with  R  and  with  RL  loads  are 
shown  in  Fig.  3.2. 


t— > 

Fig.  3.2. — Full- wav  e-rectifier  waveforms,  (a)  Voltages  for  pure  resistance  load; 
(6)  current  for  pure  resistance  load;  (c)  current  for  load  of  R  and  L,  u  =  period  of 
overlap;  (d)  idealized  current  for  highly  inductive  load  with  no  inductance  in  anode 
leads. 

When  the  load  is  a  pure  resistance,  the  load  current  wave  is  the 
same  as  the  rectifier  output  voltage,  Fig.  3.26.  The  average  plate 
current  in  each  diode  is  Ib  =  7,/ 2,  and,  from  (10.9),  Chap.  IX,  the 
peak  current  that  must  be  passed  by  each  diode  for  resistance  load 
is 
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where  I2  is  the  average  value  of  the  load  current.  Thus  for  each 
diode  the  ratio  of  peak  plate  current  to  average  plate  current  is  ir, 
or  3.14. 

When  a  very  large  inductance  is  used  in  series  with  the  load 
resistance,  the  load  current  will  remain  constant  at  its  average 
value.  Each  rectifier  anode  then  supplies  a  square  block  of  cur¬ 
rent  shown  by  the  shaded  areas  of  Fig.  3.2 d.  In  this  case  the  peak 


Fig.  3.3. — Waveforms  of  full-wave  rectifier  with  parallel  RC  load. 

current  per  diode  is  equal  to  the  average  load  current;  the  average 
current  per  diode  is  as  before,  one-half  the  average  load  current. 
Most  practical  loads  lie  between  the  pure  resistance  load  and  the 
highly  inductive  load,  and  the  current  waveforms  are  similar  to 
those  of  Fig.  3.2c. 

If  the  tube  is  assumed  to  have  no  tube  drop  when  conducting, 
the  peak  inverse  voltage  is 

Einv  =2ES  =  2  V2  Es  (3.3) 

or,  from  (3.1), 

Einv  ~  2Es  =  TrEz  (3.4) 

The  full-wave  relations  for  an  RC  load,  Fig.  3.3,  may  be  derived 
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by  using  the  same  principles  followed  for  that  load  with  a  half-wave 
supply. 

Full-wave  Bridge  Rectifier . — The  full- wave  bridge  circuit  shown 
in  Fig.  3.4  is  often  used  for  high  voltages  because  of  its  lower  peak 
inverse  voltage  for  a  given  load  voltage.  The  inverse  voltage  is  the 
load  voltage.  One  filament  transformer  may  be  used  for  the  two 
filaments  connected  together,  but  the  other  two  cathodes,  being  at 
different  potentials,  must  be  heated  by  separate  transformers. 
During  the  half  cycle  when  the  point  a  is  positive  and  c  negative, 
the  current  flows  through  the  circuit  in  the  order  a-d-e-b-c .  On 
the  following  half  cycle  the  path  is  c-d-e-b-a.  Thus  the  point  e 
is  always  positive  with  respect  to  point  b,  and  the  rectification  is 
full  wave.  In  this  circuit  the  peak 
inverse  voltage  per  tube  is 

=  Ms  =  |  E,  (3.5) 

and  the  average  voltage  is  | 

Ez  =  0.9 Es  :  (3.6) 

as  in  (3.1).  It  should  be  j  noted 
that  this  is  not  really  a  bridlge  cir¬ 
cuit  so  far  as  current  flow  is  con¬ 
cerned  but  merely  has  the  superficial 
appearance  of  a  bridge.  This  cir¬ 
cuit  makes  more  efficient  use  of  the 
transformer  than  does  the  ordinary  full-wave  circuit  of  Fig.  3.1, 
since  the  entire  secondary  winding  of  Fig.  3.4  is  used  each  half 
cycle,  carrying  an  alternating  current. 

4.  Voltage -doubling  Rectifier  Circuits. — In  the  circuit  of  Fig. 
4. 1  the  capacitors  are  alternately  charged  by  their  respective  diodes, 
while  the  load  voltage  is  equal  to  the  sum  of  the  voltages  of  the  two 
capacitors.  This  circuit  is  often  used  in  small  transformerless 
radios  and  in  power-pulse  generating  circuits.  The  waveforms1 
of  this  circuit  are  similar  to  those  of  a  full-wave  rectifier  with  a  load 
of  R  and  C  in  parallel  and  are  shown  in  Fig.  4.2.  In  this  figure 
in  and  %2  are  the  plate  currents  of  tubes  7T  and  T2y  charging  capaci¬ 
tors  C i  and  C 2,  respectively.  Because  of  the  high  peak  tube  current, 
poor  use  is  made  of  the  current  capacity  of  the  tubes.  The  circuit 
has  poor  voltage  regulation.  For  this  reason  it  is  generally  used 

1  D.  L.  Waidelich,  Proc.  I.R.E 29,  554,  1941. 


1'* 

LOAD 


Fig.  3.4. — Full-wave  bridge  rectifier 
circuit. 
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where  the  load  is  constant.  As  the  load  current  is  reduced,  the 
average  output  voltage  approaches  twice  the  peak  value  of  the 
applied  voltage,  Fig.  4.3, 1  and  the  peak  inverse  voltage  per  tube 
approaches  2 $s  =  2  a/2  Es.  Electrolytic  capacitors  should  not 
be  used  in  this  circuit  unless  o>CR  >  4.79,  where  C  =  C i  —  €2, 

since  for  smaller  values  of  uCR 
the  voltage  of  each  capacitor 
reverses  for  part  of  the  cycle. 
Figure  4.41  shows  the  relation 
between  peak  current,  peak 
inverse  voltage,  ripple  factor, 
and  o)CR. 

Figure  4. 5 2  shows  a  half¬ 
wave  voltage  doubler  in  which 
the  negative  side  of  the  load  is 
returned  to  one  of  the  a-c  con¬ 
ductors.  This  arrangement  makes  possible  a  common  ground 
between  load  and  supply.  When  T2  conducts,  capacitor  C\  charges  to 
approximately  the  peak  of  the  applied  a-c  voltage.  Tube  T 1  starts 
conducting  when  T2  stops,  and  C 1  is  discharged  into  the  parallel  load 
of  C2  and  R .  Figure  4.62  shows  output  voltage  and  ripple  factor 


ez=ecl  +  ec2 


peak-inverse-voltage  relations  are  shown  in  Fig.  4.7. 2  Figures  4.6 
and  4.7  can  be  used  to  design  a  power  supply  to  fit  particular  con- 

1  D.  L.  Waidelich,  Proc.  I.R.E.,  29,  554,  1941. 

2  D.  L.  Waidelich  and  C.  H.  Gleason,  Proc.  I.R.E.,  30,  535,  1942. 


Fig.  4.1. — Full-wave-voltage-doubler  cir¬ 
cuit. 
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ditions.  The  input  capacitor  C\  must  withstand  the  peak  of  the 
applied  a-c  voltage,  while  the  load  capacitor  C2  must  withstand  a 
maximum  of  twice  the  peak  of  the  applied  voltage.  A  polarized 


Fig.  4.3. — Ratio  of  average  output  voltage  of  full-wave  voltage  doubler  to  peak  a-c, 
as  function  of  load  o>CR\  <*>  =  supply  fundamental,  2ir /. 


Fia.  4.4. — Full-wave-voltage-doubler  characteristics.  R.F.  =  ripple  factor; 
j $inv  =  peak  inverse  voltage;  ib  —  peak  current  per  tube;  J  =  average  load  current; 
Ea  =  mas  applied  voltage. 
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Fig.  4.5. — Half-wave-voltage-doubling  rectifier. 


electrolytic  capacitor  cannot  be  used  for  C\  unless  uCR  is  greater 
than  4.5,  because  for  lower  values  the  voltage  of  this  capacitor 
reverses  for  a  part  of  the  cycle.  Capacitor  C2  may  be  electrolytic. 
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Fig.  4.6. — Average  voltage  and  ripple  factor  of  half-wave  voltage  doubler; 

C  =  Cl  -  Ci. 


ib  —  peak  tube  current ;  1 2  =  average  load  current ;  subscripts  1  and  2  refer  to  tubes 
Ti  and  T2. 


The  normal  operating  range  of  both  voltage-doubling  circuits  is 
for  caCR  greater  than  10.  In  the  operating  range  the  full- wave 
doubler,  Fig.  4.1,  has  lower  peak  tube  currents,  slightly  less  ripple 
(at  twice  the  frequency),  and  a  slightly  better  voltage  regulation 
than  the  half-wave  circuit,  Fig.  4.5.  The  peak  inverse  voltage 
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is  somewhat  lower  for  the  half-wave  circuit  than  for  the  full-wave 
circuit. 

5.  Polyphase  Rectifiers.1 — When  it  is  necessary  that  a  rectifier 
furnish  power  in  excess  of  1  kilowatt,  as  for  a  high-power  trans¬ 
mitter,  a  three-phase  a-c  supply  and  a  polyphase  arrangement 
of  tubes  are  generally  used.  Polyphase  rectifier  circuits  provide  a 
very  much  smoother  output-voltage  wave  than  single-phase  half¬ 
wave  and  full-wave  circuits  do.  This  may  be  seen  by  considering 
the  harmonic  components  of  the  waves  given  in  Table  6.1,  Sec.  6. 

The  principles  of  polyphase  rectifiers  may  be  understood  by 
considering  the  three-phase  half-wave  circuit  shown  in  Fig.  5.1. 
The  primary  windings  are  connected  in  delta,  and  the  secondary 
windings  are  in  wye.  The  secondary  winding  1  is  on  the  same  part 
of  the  transformer  magnetic  circuit  as  primary  winding  I.  Sim¬ 


ilarly,  secondary  winding  2  is  associated  with  primary  II  and 
secondary  winding  3  with  primary  III.  The  three  groups  of  pri¬ 
mary  and  secondary  windings  may  be  three  single-phase  trans¬ 
formers,  or  they  may  be  placed  on  the  separate  legs  of  a  three-phase 
transformer. 

For  satisfactory  operation  the  primary  windings  must  be  con¬ 
nected  in  delta,  since  only  one  secondary  winding  carries  current  at 
a  time.  Consider  the  period  during  which  anode  1  conducts,  with 
zero  current  in  secondaries  2  and  3.  The  secondary  ampere  turns 
in  1  must  be  balanced  by  an  equal  number  of  ampere  turns  in  I. 
However,  if  the  primary  is  in  wye  the  current  in  I  must  flow  in 
either  II  or  III  or  in  both  in  order  to  reach  the  primary  supply 
lines.  Since  anodes  2  and  3  are  idle,  there  are  no  balancing  ampere 

1  Millman  and  Seely,  op.  cit,  pp.  381-412;  Cobine,  op.  cit,  pp.  488-504; 
H.  Rissik,  “The  Fundamental  Theory  of  Arc  Convertors,”  Chapman  &  Hall, 
Ltd.,  1939. 
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turns  in  the  secondary  for  currents  in  II  and  III.  Therefore  the 
wye  connection  should  not  be  used  on  the  primary  side.  When  a 
delta-connected  primary  is  used,  the  primary  current  in  I,  because 
of  the  conduction  of  anode  1,  can  flow  directly  from  one  power  line 
to  another  through  the  single  winding  I. 

The  secondary  windings  supply  voltages  eSij  eS2,  eSz,  measured 
from  the  neutral  N.  These  voltages  which  are  applied  to  the  anodes 
of  the  rectifier  tubes  are  120  electrical  degrees  apart  and  are  defined 
by  the  following  equations: 

6  si  =  V2ES  sin  c ot 

eS2  ~  a/2  Es  sin  (cot  —  120°) 

esz  =  a/2  Es  sin  (cot  —  240°) 

where  Es  is  the  rms  value  of  the  voltage  of  each  secondary  winding. 
Figure  5.2a  shows  graphically  the  relation  among  the  three  anode 
voltages.  The  heavy  curve  ez  represents  the  output  voltage  of  the 
rectifier.  During  the  interval  between  A  and  B,  the  voltage  of 
anode  1,  eSi,  is  the  highest  of  the  phase  voltages  so  that  this  anode 
carries  the  entire  load.  In  this  period  the  other  anodes  are  negative 
relative  to  the  load  and  cannot  conduct.  At  the  instant  B  the  volt¬ 
age  of  anode  2,  eS2,  becomes  equal  to  that  of  anode  1.  Since  eS\  is 
decreasing  at  B  while  eS2  is  increasing,  the  load  is  taken  over  by 
anode  2.  At  C,  anode  3  assumes  the  load  until  the  instant  A',  when 
the  cycle  is  repeated.  Thus  the  load-voltage  wave  is  the  envelope 
of  the  three  phase  voltages.  The  fundamental  ripple  frequency  of 
this  circuit  is  three  times  the  power  frequency,  and  the  lowest  har¬ 
monic  present  is  the  third  harmonic  of  the  power  frequency.  Table 
6.1  gives  the  rms  values  of  the  harmonics  present  in  the  output  wave. 
If  the  load  is  a  pure  resistance,  the  load  current  is  as  shown  in  Fig. 
5.26.  The  portion  of  the  current  carried  by  each  anode  is  indicated 
by  the  shaded  areas.  It  is  evident  from  this  figure  that  for  a  resist¬ 
ance  load  each  anode  must  carry  a  peak  current  that  is  greater  than 
the  average  load  current  and  that  the  average  current  carried  by 
each  anode  is  one-third  the  average  load  current.  If  the  load  is 
highly  inductive,  the  load  current  will  be  held  nearly  constant  at 
its  average  value,  so  that  the  anode-current  waves  approach  as  a 
limit  the  square  waves  shown  in  Fig.  5.2c.  Table  7.1  gives  the 
numerical  characteristics  of  this  rectifier  circuit.  In  an  actual 
rectifier  the  load  voltage  will  be  decreased  slightly  from  the  calcu¬ 
lated  values  by  the  tube  drop  and  by  the  effect  of  the  transformer 
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reactance.  The  transformer  leakage  reactance  prevents  sudden 
changes  in  the  anode  current.1 

The  delta-wye  connection  has  the  disadvantage  of  causing 
magnetic  saturation  of  the  transformer  core.  This  is  due  to  the 
unidirectional  nature  of  the  currents  flowing  in  the  secondary 


(C) 


0 

Fig.  5.2. — Characteristics  of  three-phase  half-wave  rectifier,  (a)  Transformer- 
secondary  and  load  voltages;  ( b )  anode  and  load  currents  with  resistance  load;  (c) 
anode  and  load  currents  with  highly  inductive  load. 

windings.  This  saturation  can  be  avoided  if  each  of  the  secondary 
windings  consists  of  two  sections.  By  reversing  the  connections  of 
one  section  of  each  secondary  phase,  a  delta-star  rectifier  connection 
using  6  anodes  is  obtained,  Fig.  5.3.  Secondary  winding  sections  1 
and  4  have  I  as  their  primary  winding.  Similarly,  the  primary  for 


1  Cobine,  op.  cit.,  pp.  494-498. 
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sections  3  and  6  is  II,  and  that  for  sections  2  and  5  is  III.  The 
6  anode  voltages  produced  by  this  6-phase  connection  are  60  elec¬ 
trical  degrees  apart.  Each  anode  conducts  for  60  electrical  degrees 
and  must  pass  a  peak  current  equal  to  the  peak  load  current  and  an 
average  current  equal  to  J*/6.  This  connection  results  in  a  ripple 
frequency  6  times  the  fundamental  supply  frequency.  Thus  the 
lowest  harmonic  present  is  the  6th  harmonic  of  the  power  supply, 
and  the  next  lowest  harmonic  is  the  12th.  These  harmonics  have 
small  amplitudes  so  that  the  filtering  problem  is  greatly  simplified. 

Usually  a  rectifier  of  large  output  will  use  one  of  several  possible 
connections1  giving  the  same  output  wave  as  the  six-phase  rectifier 
but  so  arranged  as  to  utilize  the  transformer  capacity  to  greater 
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advantage.  If  the  rectifier  is  to  produce  high  d-c  voltages  at  rela¬ 
tively  low  currents,  vacuum  thermionic-rectifier  tubes  are  used. 
However,  if  considerable  current  is  desired  at  moderately  high  volt¬ 
ages,  the  steel-tank  mercury-pool  rectifier  is  widely  used.  This 
rectifier2  consists  of  a  steel  tank  containing  a  mercury  pool  that 
serves  as  the  cathode  for  one  or  more  anodes.  The  steel-tank 
rectifier  can  be  made  for  very  large  output.  The  mercury-pool 
cathode  can  supply  very  heavy  currents  for  brief  periods  without 
damage. 

6.  Harmonic  Content  of  Rectified  Voltages.3 — The  output 
voltage  of  a  rectifier  circuit  can  be  represented  by  the  method 
of  Fourier  analysis  as  being  made  up  of  a  constant  voltage  equal 

1  Ibid.,  pp.  500-505;  Millman  and  Seely,  op.  cit pp.  384r-405. 

2  Cobine,  op,  cit.,  pp.  437-^445. 

3  L.  B.  W.  Jolley,  “Alternating  Current  Rectification/’  p.  18,  John  Wiley  & 
Sour.  Inc..  1928 
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Table  6.1. — Effective  Values  of  Harmonics  of  Rectified  Waves 

E 

Numerical  values  are  the  ratio  kn  = 
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to  the  average  value  of  the  wave  plus  an  infinite  series  of  harmonic 
voltages  of  decreasing  magnitudes.  Thus  the  analysis  of  the  output 
voltage  of  a  half-wave  rectifier  is,  (10.9)  Chap.  IX, 


1  ■&  1 1  .  7r  ■  2 

=  7T  S\  2  SU1  U 


cos  2o d 


2  2 
0—  =  cos  4 ut  —  -=■ — =  cos  6u2 
3  *  5  o*7 


) 


(6.1) 


and  the  output  voltage  of  a  full-wave  rectifier  is,  (10.10)  Chap.  X, 

2  ~  /  2  2 
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7r  \  1*3  3*5 


5  •  7 


cos 


)  (6- 


2) 
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where  o>  is  the  angular  frequency  of  the  alternating-current  source 
being  rectified.  The  harmonic  voltages  of  these  and  other  rectified 
waves  are  listed  in  Table  6.1.  The  current  that  flows  in  a  circuit 
when  a  rectified  voltage  is  applied  can  be  determined  by  calculating 
by  the  simple  methods  of  steady-state  a-c  analysis  the  currents 
that  flow  due  to  each  of  the  harmonics  separately  and  adding  these 
components  to  obtain  the  resultant  current  wave.  Thus  if  En  is 
the  effective,  or  rms,  value  of  the  nth  harmonic  of  a  rectified  voltage 
wave  having  a  fundamental  power  frequency  /  =  o>/27t  obtained 
from  Table  6.1,  the  rms  current  In  due  to  that  harmonic  alone  is 


where  \Zn\  is  the  magnitude  of  the  impedance  of  the  circuit  to  the 
frequency  nco.  In  most  rectifier  analysis  it  is  usually  sufficient  to 
calculate  the  rms  current  flowing  due  to  one  or  two  of  the  lowest 


Fig.  6.1. — Generalized  voltage  output  of  rectifier,  and  smoothing  circuit. 


order  harmonics,  since  the  magnitude  of  the  higher  harmonics 
decreases  rapidly.  The  pulsating  output  voltage  of  rectifiers  is 
usually  applied  to  the  load  through  a  network  designed  to  absorb 
as  much  as  possible  of  the  a-c  component.  The  voltage  applied 
to  the  load  may  be  generalized  as  shown  in  Fig.  6.1.  In  this 
figure,  Ez  is  the  average  value  of  the  voltage,  indicated  by  a  d-c 
voltmeter,  and  Ez  is  the  effective  value  of  the  output  voltage  (ver¬ 
tical  shading),  indicated  by  an  rms  a-c  voltmeter.  If  a  large  capaci¬ 
tor  is  placed  in  series  with  an  a-c  voltmeter  to  block  off  the  d-c 
component,  only  the  variational  component  EL  will  be  measured 
(crosshatched  cycle). 

The  term  ripple  factor  (R.F.)  is  useful  in  characterizing  a  pul¬ 
sating  wave;  it  is  defined  as 


R.F. 


rms  value  of  all  a-c  components 
average  value 


(6.3) 


Values  of  the  ripple  factor  for  three  rectifier  circuits  are  given  in 
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Table  7.1.  It  is  often  sufficient  as  a  first  approximation  to  take  the 
ripple  factor  equal  to  the  relative  value  kn  (Table  6.1)  of  the  lowest 
harmonic  present.  The  ripple  factor  must  be  reduced  to  about 
0.0005  for  the  microphone  circuit  of  a  transmitter,  to  about  0.0001 
to  0.001  for  an  audio  amplifier,  and  to  less  than  0.01  for  a  cathode- 


ray  oscillograph  beam  supply. 

7.  Transformer  Utilization 

rectifier  service  are  not  loaded 
with  sinusoidal  voltages  and 
currents  as  is  assumed  in  most 
transformer-design  theory. 
Rectifiers  have  nonsinusoidal 
currents  whose  PR  heating 
effects  in  the  transformer  wind¬ 
ing  are  greater  than  for  sinus¬ 
oidal  currents  of  the  same 
average  value.  The  rating  of 
the  transformer  is  determined 
by  the  heat  that  the  surface  of 
the  transformer  can  dissipate. 
For  this  reason,  transformers 
are  rated  in  volt-amperes  rather 
than  in  watts  of  load.  Since 
the  currents  flowing  in  the 
primary  and  in  the  secondary 
windings  of  a  rectifier  trans¬ 
former  usually  have  different 
wave-forms,  a  different  factor 
must  be  used  in  determining  the 
ratings  of  each  of  these  wind¬ 
ings.  It  is  usually  possible  to 
use  an  average  of  the  primary 
and  secondary  rating  factors  in 
determining  a  suitable  size  of 


Factor.1 — Transformers  used  in 


Fig.  7.1. — Primary  and  secondary  currents 
of  a  rectifier  transformer. 


transformer  for  a  specific  application.  The  utilization  factor ,  or 
utility  factor  (U.F.),  of  a  transformer  winding  is  the  ratio  of  the 
rectified  output  power  to  the  total  volt-ampere  rating  of  the 
winding, 


1  F.  J.  Teage  and  J.  F.  Gill,  “Mercury  Arcs,”  p.  71,  Methuen  &  Co.,  Ltd., 
H.  Rissik,  ‘-'Mercury  Arc  Current  Convertors,”  p.  25,  Sir  Isaac  Pitman  & 
Sons,  Ltd.,  1935. 
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jjj?  = _ total  d-c  power _ _  FJ, 

total  volt-ampere  rating  of  winding  pEI  ^  ’ 

where  p  is  the  number  of  winding  sections1  {p  —  2  for  full- wave 
single-phase  secondary),  E  is  the  rms  voltage  of  the  winding  section, 
and  I  is  the  rms  current  in  the  Avinding. 

The  concept  of  utilization  factor  may  be  understood  better  by 
deriving  it  for  the  simple  case  of  a  half-wave  rectifier  with  a  resist¬ 
ance  load  supplied  by  a  one-to-one  ratio  transformer.  The  trans¬ 
former  voltage  and  current  waves  are  shown  in  Fig.  7.1.  The 
average  value  over  the  entire  cycle  of  the  load  current  (which 
flows  only  during  the  interval  0  to  ir)  is 


where  Iz  is  the  peak  value  reached  by  the  load  current.  The 
average  load  voltage  is 

E,  =  I  Sa 

TT 

where  Es  is  the  amplitude  of  the  a-c  supply  voltage.  The  d-c 
power  of  the  load  is 

P  =  Ejz  =  I  E,h  =  O.IOltsA  (7.2) 

The  copper  loss  of  the  secondary  winding  is  determined  by  the 
square  of  the  rms  value  /  of  the  current  over  a  cycle,  as  given  by 

p  [*  p 

K-kJo  sin2e^  =  f  <7-3> 

In  normal  a-c  use  a  sinusoidal  current  flows  during  the  complete 
cycle.  The  rms  value  of  such  a  current  is  the  peak  value  divided 
by  V2-  If  h  is  the  peak  value  of  a  sinusoidal  alternating  current 
that  Avill  cause  the  same  loss  and  the  same  temperature  rise  in  the 
secondary  winding  as  the  pulsating  current  of  the  rectifier, 


4  2 


1  For  the  secondary,  p  is  usually  equal  to  the  number  of  anodes.  The  reader 
is  referred  to  H.  Rissik,  “The  Fundamental  Theory  of  Arc  Convertors,” 
Chapman  &  Hall,  Ltd.,  1939,  for  special  cases  in  polyphase  rectification. 
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Then  the  equivalent  sinusoidal  current  has  an  amplitude 


L  = 


A 

V2 


(7.4) 


The  volt-ampere  rating  of  the  transformer  winding  operating  at  its 
normal  temperature  is  given  by  the  product  of  the  rms  voltage  and 
the  rms  value  of  the  equivalent  current  of  (7.4). 


VA  =E*Jjl  =  3A L  =  0.354 

V2V2  2  V2 

By  the  definition  of  utilization  factor,  (7.1),  and  by  (7.5), 


U.F.  - 


VA 


OAOlEsL 

0.3542^7* 


=  0.285 


(7.5) 


(7.6) 


Thus  the  secondary  winding  of  the  transformer  supplying  the  half¬ 
wave  rectifier  must  have  a  rating  of  1/U.F.  —  3.49  times  that 
required  for  the  same  power  with  a  sinusoidal  current.  Since  no 
direct  current  passes  between  transformer  secondary  and  primary 
windings,  the  primary  current  wave  is  as  shown  by  iP  in  Fig.  7.1, 
where  the  zero  line  corresponds  to  the  average  value  of  the  secondary 
current.  This  gives  a  value  of  0.371  for  the  U.F.  of  the  primary 
winding.  The  unidirectional  current  in  the  secondary  produces  a 
d-c  magnetization  of  the  transformer  core,  which  can  cause  an  exces¬ 
sive  increase  in  the  exciting  current.  This  means  that  a  specially 
designed  transformer  having,  in  effect,  a  U.F.  considerably  smaller 
than  0.371  should  be  used.  If  a  transformer  designed  for  sine-wave 
operation  is  used,  it  may  be  necessary  to  use  one  designed  for  a 
higher  primary  voltage  in  order  to  reduce  the  exciting  current  for  the 
actual  voltage  to  a  reasonable  value. 

A  full-wave  rectifier  having  a  highly  inductive  load,  such  as  is 
provided  by  a  choke-input  filter,  will  subject  the  secondary  of  the 
transformer  to  pulsating  square  waves  of  current.  This  will  result 
in  an  alternating  square  wave  of  current  in  the  primary.  Under 
this  condition  of  operation  the  U.F.  of  the  secondary  is  0.637,  while 
that  of  the  primary  is  0.9. 

Commercial  a-c  transformers  for  ordinary  power  and  lighting 
are  designed  to  have  approximately  equal  copper  losses  (I2R)  in 
primary  and  secondary  windings  with  sinusoidal  voltages  and  cur¬ 
rents.  When  a  transformer  is  built  for  rectifier  service,  the  second¬ 
ary  copper  is  increased  over  the  normal  amount.  If  a  transformer 
originally  designed  for  normal  a-c  operation  is  to  be  used  in  rectifier 
service,  an  average  utilization  factor  equal  to  the  average  of  the 
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primary  and  secondary  utilization  factors  for  the  rectifier  circuit  in 
question  may  be  used.  This  will  determine  a  rating  that  will  some¬ 
what  overload  the  secondary  winding  and  underload  the  primary 
winding  but  will  not  overheat  the  entire  transformer.  It  should 
be  noted  that  in  the  use  of  transformers  already  built,  these  values 
of  utilization  factor  serve  as  a  guide  in  selecting  the  proper  current 
rating.  The  actual  heating  of  a  transformer  so  selected  will  depend 
on  how  conservative  a  design  is  followed. 


Table  7.1. — Rectifier  Constants 


Rectifier  circuit 

Half- 

Full- 

Full- 

Three- 

Six- 

wave 

wave 

bridge 

phase 

phase 

Average  voltage 

Rms  anode  supply  voltage 

Ez 

Es 

0.45 

0.9 

0.9 

1.17 

1.35 

Utilization  factor: 

Primary 

0. 371f 

0.9J 

0.9J 

0.827J 

0.78t 

Secondary 

0.285f 

0 . 637 1 

0.9| 

0.675J 

0.552J 

Peak  inverse  voltage*  $inv 
Average  voltage 

3.14 

3.14 

1.57 

2.09 

2.09 

Peak  inverse  voltage* 

$inv 

1.41 

2.82 

1.41 

2.44 

2.48 

Rms  anode  supply  voltage  ~~ 

Es 

Average  anode  current 
Average  load  current 

1.0 

0.5 

0.5 

0.33 

0.167 

Peak  anode  current 

2.0t 

lot 

i.ot 

i.ot 

i.ot 

Average  load  current 

3 . 14  f 

1.57f 

1.57| 

1 . 21 1 

1.05f 

Ripple  factor 

1.22 

0.484 

0.484 

0.182 

0.042 

*  Greatest  possible  value, 
t  Resistance  load. 

$  Large  choke  assumed. 


8.  Power  Filters.1 — Simple  filters  such  as  a  capacitor  paralleling 
the  load  and  an  inductance  in  series  with  the  load  have  already  been 
discussed.  When  a  smooth  output-voltage  wave  is  desired  over  a 
considerable  range  of  current,  it  is  necessary  to  make  use  of  some¬ 
what  more  elaborate  methods  of  smoothing.  In  general,  the  filter 
should  absorb  a  maximum  of  the  developed  variational  voltage  and 
provide  a  by-pass  around  the  load  for  such  alternating  current  as 
may  flow. 

1  Millman  and  Seely,  op.  cit.,  Chap.  XIV;  F.  E.  Terman,  “Radio  Engi¬ 
neering/’  2d  ed.,  Chap.  XI,  McGraw-Hill  Book  Company,  Inc.,  1937;  H.  J. 
Reich,  “Theory  and  Application  of  Electron  Tubes,”  2nd  ed.,  Chap.  XIV, 
pp.  582-590,  McGraw-Hill  Book  Company,  Inc.,  1944. 
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Choke-input  Filters. — In  electronic  applications,  one-  and  two- 
section  choke-input  filters,  Fig.  8.1,  are  used  for  polyphase  rectifier 
circuits,  for  all  gas-tube  rectifiers,  and  in  general  when  high  power  is 
required  with  a  high  ratio  of  average  to  peak  value  of  tube  current. 
A  very  useful  approximate  analysis  of  this  type  of  circuit  is  based 
on  the  fact  that  for  a  good  filter  uL  is  very  much  greater  than  1  /c oC. 
The  output  voltage  of  the  rectifier  can  be  expressed  as 

n 

e  —  E  - b  ^  \/2  En  cos  nut  (8.1) 

p 

where  En  is  the  effective  value  of  the  nth  harmonic  (Table  6.1)  and 
p  is  the  number  of  anodes  of  the  rectifier  firing  separately  (p  =  1  for 
half  wave,  p  =  2  for  full  wave).  The  currents  and  voltages  at  any 
point  can  be  determined  for  each  harmonic  component  separately 
by  the  usual  method  of  steady-state  a-c  analysis.  If  the  resultant 
wave  is  desired,  these  harmonics  can  then  be  added  in  their  correct 


o - — 

RECTIFIER  L|  - 

OUTPUT  C1 

O - 

(01) 


-o 


LOAD 


RECTIFIER 

OUTPUT 


L, 


Ini 

c.^= 


In2 

LOAD 


(b) 

Fia.  8.1. — Choke-input  filters:  (a)  one-section  and  (b)  two-section. 


time  relation.  Frequently  calculations  for  a  few  of  the  lowest 
harmonics  are  adequate. 

In  analyzing  the  two-section  choke-input  filter  it  will  be  assumed 
at  first  that  practically  all  the  alternating  voltage  due  to  the  nth 
harmonic  appears  across  the  first  choke  Li  and  all  the  alternating 
current  flows  through  the  capacitor  C\.  The  rms  current  in  Cj  is 


In  1 


En 


nuL\  — 


1 

nuCi 


or  since  L  i  and  Cx  are  usually  large  in  a  power  filter, 


^  En 
nl  nuL 


(8.2) 
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where  En  is  the  effective  value  of  the  nth  harmonic  of  input  voltage 
to  the  filter.  This  harmonic  current  produces  a  voltage  drop1 
in  Ci  of 


Enl  — 


Ini  __  En 
ncoCi  n2co2LiCi 


(rms) 


(8.3) 


This  is  the  output  ripple  voltage  of  the  nth  harmonic  for  a  single¬ 
section  filter.  The  same  procedure  is  followed  for  the  second 
section.  The  a-c  voltage  across  the  second  capacitor  is  assumed 
to  be  negligible  compared  with  the  a-c  voltage  across  the  second 
choke,  so  that  the  current  in  C2  due  to  the  nth  harmonic  of  the 
input  voltage  is 


r  .  En\ 

J-n2  =  - Y~ 

7l(i)L  2 


(8.4) 


where  En  1  is  the  harmonic  voltage  impressed  on  the  second  section 
by  the  first-section  capacitor,  (8.3).  Then 


=  E  n 

n3co3LiCiL2 


(8.5) 


and  the  voltage  developed  across  C2  due  to  this  harmonic  current  is 


En  2  — 


In2  _  _ En _ 

nwC2  n4w4L1L2CiC2 


(rms) 


(8.6) 


and  is  the  harmonic  voltage  developed  across  the  load.  Since  the 
rms  value  of  the  rectifier  output  voltage  of  the  nth  harmonic  drops 
off  very  rapidly  as  n  increases,  it  is  often  sufficient  to  consider  the 
ripple  factor  as  given  by  the  ratio  of  the  lowest  harmonic  voltage 
across  C2  to  the  average  value.  Since  the  lowest  harmonic  present 
is  equal  to  the  number  of  anodes  p  firing  separately  in  the  rectifier 
(p  =  2  for  a  single-phase  full- wave  rectifier),  the  approximate 
ripple  factor  is  obtained  by  setting  n  =  p  in  (8.6)  and  taking  the 
ratio  of  (8.6)  to  the  average  value  Ez  of  the  output  voltage.  Then 

"R  T  =  ~^p2  =  EpjEz  _ _ kp _  /q 

Ez  p^UUCiC,  pWUUCiC*  {  } 

where  kp  is  the  first  or  largest  value  of  kn  (corresponding  to  n  =  p) 
given  in  Table  6.1  for  type  of  rectifier  circuit  employed. 

1  In  some  cases  the  factor  nWLiCi  is  not  large  compared  with  unity  so 
that  the  simplification  used  in  obtaining  8.2  and  8.3  is  not  justified.  In  this 
case  the  exact  value  (n*«2LiC\  —  1)  should  be  used  in  the  denominator  of 
Ec;.  8.3. 
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9.  Critical  Inductance. — The  effect  of  varying  the  inductance 
of  the  first  choke  of  a  two-section  choke-input  filter  while  the  second 
choke  and  the  capacitors  are  kept  constant  is  shown1  by  Fig.  9.1. 
As  the  inductance  Li  is  reduced 
from  a  large  value,  the  output 
voltage  of  the  filter  remains  con¬ 
stant  at  the  average  value  of  the 
rectified  wave  until  a  critical  value 
Lcis  reached.  For  an  inductance 
less  than  Lc  the  first  choke  ceases 
to  function  satisfactorily,  and  the 
capacitor  C i,  Fig.  8.1,  charges  to 
a  higher  voltage.  The  voltage 
across  C i  approaches  the  peak 
value  of  the  alternating  voltage 
of  the  rectifier  transformer  as  a 
limit. 

The  first  choke  of  a  choke-input  filter  should  be  large  enough 
so  that  the  pulsating  output  current  of  the  rectifier  never  goes  to 
zero.  An  approximation  of  L\  sufficiently  accurate  for  most 


z 

t— *- 

Fig.  9.2. — Limiting  case  of  input  current  to  a  choke-input  filter. 


Fig.  9.1. — Effect  of  choke  induct’ 
ance  L  on  average  output  voltage  of 
choke-input  filter;  E  =  average  of 
full-wave  rectifier  sinusoid  of  ampli¬ 
tude  Es. 


engineering  purposes  can  be  made  by  assuming  that  the  pulsating 
component  of  rectified  current  is  due  entirely  to  the  lowest  har- 

1  F.  S.  Deleenbaugh,  Jr.,  and  R.  S.  Quimby,  QST,  February,  1932,  p.  14, 
March,  1932,  p.  27,  April,  1932,  p.  33;  H.  J.  Reich,  “Theory  and  Application 
of  Electron  Tubes,”  1st  ed.,  p.  547,  2nd  ed.,  p.  585,  McGraw-Hill  Book  Com¬ 
pany,  Ine.,  1939,  1944;  W.  P.  Overbeck,  Proc.  I.R.E.,  27,  655,  1939. 
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monic  p  present.  The  limiting  case  is  shown  in  Fig.  9.2,  where 
ip  is  the  peak  value  of  the  lowest  harmonic  present.  By  (8.3), 


I  _  y/  2  Ep  _  j  _  Ez 
p  ~  puLc  ~  n 


(9.1) 


where  R  is  load  plus  choke  resistance  in  ohms.  The  value  of  Ep  is 
given  in  Table  6.1  as  kpEz  so  that  (9.1)  can  be  written  as 


Lc  = 


y/2  kpR 
pu 


henrys 


(9.2) 


In  general,  for  polyphase  rectifiers,1  the  critical  inductance  is 
given2  by 


Lc  = 


R 

Trfp(p2  -  1) 


henrys 


(9.3) 


where  /  is  the  fundamental  frequency  of  the  power  source.  For 

the  full-wave  rectifier  on  60  cycles, 
(9.2)  gives 


Lc  = 


R 


1,132 


(9.4) 


Fig.  9.3. — Voltage-regulation  curve 
of  a  choke-input  power  supply. 


As  a  matter  of  conservative  design 
it  is  best  to  take  Li  =  2 Lc. 

For  a  single-phase  half-wave 
rectifier,  p  =  1,  and  Lc  is  infinite. 
This  means  that  ideally  there  is 
no  value  of  inductance  which  will 
prevent  the  tube  current  from  be¬ 


coming  zero  during  some  part  of  the  cycle  (see  Fig.  2.9a). 

Varying  Loads . — When  the  load  resistance  is  varied,  the  behavior 
of  the  power  supply  will  be  erratic  unless  (9.1)  is  satisfied  for  all 
values  of  R.  The  effect  on  the  output  voltage  of  varying  the  load 
current  of  a  choke-input  filter  is  shown  in  Fig.  9.3.  As  the  current 
is  decreased  from  its  normal  value,  the  output  voltage  rises  owing 
to  a  decrease  in  the  voltage  drops  in  the  resistance  of  the  chokes  and 
transformer.  When  the  d-c  load  current  is  decreased  to  the  value 
lc  at  which  the  first  choke  ceases  to  filter  properly,  the  voltage  rises 
steeply  to  the  peak  value  of  the  transformer  voltage  per  anode. 

The  rapid  increase  in  the  voltage  when  Iz  is  less  than  Ic  may  be 


1  Cobine,  op.  cit .,  Chap.  XI. 

2  Millman  and  Seely,  op.  cit.,  p.  468. 
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prevented  by  connecting  a  resistance  permanently  across  the  filter 
output  so  that  even  when  the  useful  load  is  zero  the  current  through 
the  filter  due  to  this  resistance  will  be  greater  than  Ic.  Such  a 
resistance  is  called  a  “bleeder”  resistance.  The  bleeder  also  serves 
to  discharge  the  filter  capacitors  when  the  load  resistance  and 
supply  voltage  are  removed.  Another  solution  is  to  use  a  choke 
coil  whose  inductance  is  very  high  when  the  d-c  current  is  low  but 
is  lower  at  higher  currents.  Such  a  choke  has  an  iron  core  that 
becomes  saturated  when  the  d-c  current  is  high  but  operates  on  the 
lower  part  of  the  BH  curve  at  low  currents  and  thus  presents  a  high 
effective  inductance.  Such  a  choke  is  called  a  “swinging”  choke;1 
manufacturers  specify  the  upper  and  lower  values  of  the  inductance. 

10.  Design  of  a  Power  Supply. — As  an  example  of  the  steps 
taken  in  the  design  of  a  power  supply  involving  a  choke-input 
filter,  assume  that  a  60-cycle  110-volt  power  source  is  to  be  rectified 
to  give  2,500  volts  d-c  and  400  ma  with  a  ripple  not  to  exceed 
1  per  cent  (R.F.  =  0.01).  A  full-wave  rectifier  circuit  and  a  one- 
section  filter  will  be  used. 

In  order  to  make  allowance  for  resistance  drops  it  is  best  to 
start  with  the  output  of  the  filter  and  work  back  to  the  transformer. 
At  rated  load  current  the  load  resistance  is  R  =  2,500/0.4  =  6,250 
ohms.  The  critical  inductance  for  full-wave  60-cycle  rectification 
is  Lc  —  R/ 1,132  =  6,250/1,132  =  5.55  henrys.  For  conservative 
design,  Li  =  2LC  =  11.1  henrys.  A  10-henry  choke  ordinarily 
will  be  available,  which  would  be  satisfactory  in  most  cases,  although 
a  larger  choke  may  be  used.  If  the  load  current  is  to  vary  over  a 
considerable  range  a  10-  to  25-henry  swinging  choke  may  be  used. 

If  the  additional  protection  of  a  bleeder  is  desired,  its  resistance 
may  be  determined  from  (9.4)  and  the  maximum  resistance  of  the 
bleeder  as  R  =  25  •  1,132  =  28,300  ohms.  This  gives  a  bleeder 
current  of  2,500/28,300  =  0.088  ampere  with  a  power  loss  of 
(2,500)  2/28, 300  =  219  watts.  If  this  protection  is  required,  the 
rectifier  must  supply  a  current  of  0.488  ampere  instead  of  the 
original  0.4  ampere.  A  higher  resistance  bleeder  may  be  used  if 
some  voltage  rise  is  permissible. 

The  chokes  should  be  placed  in  the  ungrounded  lead  when 
possible.2  This  location  prevents  the  chokes  from  being  by-passed 
by  the  capacitance  of  the  secondary  of  the  transformer  to  ground. 
Magnetic  coupling  between  the  transformer  and  the  chokes  should 

1  R.  M.  Hanson,  Electronics,  June,  1943,  p.  112. 

2  F.  E.  Terman  and  S.  B.  Pickles,  Proc.  I.R.E ,  22,  1040,  1934. 
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be  avoided.  The  chokes  should  be  insulated  for  peak  value  of  the 
voltage  applied  to  the  anodes  of  the  rectifier  tube. 

The  first  capacitor  Ci,  Fig.  8.1,  may  be  found  from  the  ripple 
limitations.  The  rms  value  of  the  second  harmonic  present  in  the 
voltage  wave  for  a  full-wave  rectifier  is  0.47 Ez,  Table  6.1.  By 
(8.3)  the  voltage  developed  across  Ci  due  to  this  input  harmonic 
alone  is 

F  — 

21  22(2tt60)2L1Ci 


so  that  for  a  ripple  factor  of  0.01 

R.F.  =  =  0.01 

E, 


0.47 

4(377)2  •  ll.lCi 


Solving  for  C i  gives  a  value  of  7.4  juf,  so  that  an  8-juf  capacitor 
would  be  used  to  accomplish  the  desired  smoothing  in  one  stage. 
As  a  precaution,  a  check  should  be  made  to  determine  whether  the 
section  LiCi  will  resonate  at  the  lowest  harmonic  frequency  present. 
In  this  case  the  resonant  frequency  is  17.7  cps.  A  second  stage 
duplicating  the  first  would  produce  a  very  smooth  output  voltage 
wave  having  R.F.  =  0.00018. 

Having  selected  the  first  choke,  which  may  be  assumed  to  have 
a  d-c  resistance  of  100  ohms  for  example,  the  output  voltage  of  the 
rectifier  is  found  by  adding  the  normal  d-c  voltage  drop  in  the  choke 
to  the  load  voltage,  as 

Ez  =  2,500  +  0.4  •  100  =  2,540  volts 

(If  the  bleeder  is  used,  the  bleeder  current  would  increase  the  drop 
in  the  choke  coil  to  0.488  •  100,  or  49  volts,  so  that  the  output 
voltage  of  the  rectifier  would  have  to  be  increased  to  2,549  volts.) 
The  transformer  voltage  per  anode  Es  of  the  full-wave  rectifier  is 
found  from  the  constant  Es/Ez  of  Table  7.1.  The  tube  drop  of 
10  volts  is  added  to  the  d-c  voltage  so  that 


E* 


2,540  +  10 
0.9 


=  2,835  volts  rms 


This  is  the  secondary  voltage  on  each  side  of  the  center  tap.  The 
capacitors  must  withstand  the  peak  of  this  voltage,  2,835  a/2, 
or  4,010  volts.  If  it  is  necessary  to  use  capacitors  in  series  to  with¬ 
stand  this  voltage,  they  may  be  shunted  by  resistors  to  equalize 
the  voltage  properly. 
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The  volt-ampere  rating  of  each  section  of  the  transformer  second¬ 
ary  winding  is  by  (7.1)  and  Table  7.1 


FA  (sec)  = 


Ejz 

U.F.(sec) 


2,540  •  0.4/2  _ 
0.637  “ 


The  total  secondary  rating  is  2  •  796  =  1,592  volt-amperes.  The 
rating  of  the  primary  winding  is 


FA(pri)  = 


E,h 

U.F.(pri) 


2,540  •  0.4 
0.9 


1,129 


These  ratings  must  be  used  if  the  transformer  is  to  be  designed. 
If  a  transformer  designed  for  the  usual  a-c  purposes  is  to  be  used,  an 
average  utility  factor  of  (0.637  +  0.9)/2  =  0.768  can  be  used.  This 
would  call  for  a  transformer  of  1,000/0.768  =  1,300  volt-amperes, 
which  would  not  overheat  when  supplying  a  1,000- watt  rectified 
load.  Since  the  primary  voltage  is  known,  this  completes  the 
information  necessary  for  the  selection  of  a  suitable  transformer. 

In  order  to  select  a  rectifier  tube  the  average  and  peak  tube  cur¬ 
rents  must  be  determined,  Table  7.1.  The  average  current  per 
tube  is  one-half  the  average  load  current,  or  0.2  ampere.  With 
such  a  large  choke  in  the  filter  the  peak  tube  current  is  approximately 
equal  to  the  load  current,  or  0.4  ampere.  Since  capacitors  are 
present,  the  tubes  must  withstand  an  inverse  voltage  of  twice  the 
peak  applied  voltage  per  anode  when  the  load  is  reduced  to  a  low 
value;  therefore, 

Einv  -  2.82 Ea  =  2.82  •  2,835  =  7,990  volts 


This  completes  the  information  necessary  for  the  selection  of  a 
suitable  rectifier  tube.  An  866A  tube  would  be  satisfactory  for  this 
application.  This  is  a  mercury-filled  diode  having  an  average  cur¬ 
rent  rating  of  0.25  ampere,  a  peak  current  of  1.10  amperes,  a  peak 
inverse  voltage  of  10,000  volts  (at  60°C),  and  a  tube  drop  of  10  volts. 

Filament  Transformers . — For  small  sizes  the  cathodes  of  rectifier 
tubes  can  be  heated  by  auxiliary  windings  on  the  power  transformer. 
Larger  sizes  of  tubes  should  have  separate  filament  transformers. 
It  is  best  to  center-tap  the  filament  transformers  in  order  to  equalize 
the  flow  of  the  rectified  current  in  the  winding,  especially  if  the  d-c 
current  is  of  the  same  order  of  magnitude  as  the  heating  current  for 
the  filament  emitter. 
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11.  Capacitor -input  Filters. — Capacitor-input  filters,1  Fig.  11.1, 
are  used  where  a  higher  voltage  is  desired  than  can  be  obtained  by  a 
choke-input  filter.  The  choke-input  filter  has  an  output  voltage 
that  approximates  the  average  value  of  the  rectified  voltage,  whereas 
the  capacitor-input  filter  has  an  output  voltage  that  approximates 
the  peak  value  of  the  rectified  voltage.  However,  the  voltage 
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Fig.  11.1. — Capacitor-input  filters:  (a)  one-section  and  (6)  two-section. 


regulation  of  the  capacitor-input  filter  is  not  as  good  as  that  of  a 
choke-input  filter,  the  voltage  dropping  off  rapidly  as  the  load  cur¬ 
rent  is  increased.  Another  objectionable  feature  of  the  capacitor- 
input  filter  is  the  high  ratio  of  peak  current  to  average  current  per 
tube.  This  type  of  filter  can  be  roughly  analyzed  by  using  the 
ripple  voltage  indicated  by  the  curves  for  the  RC  load,  Secs.  2  and 
3.  The  saw-tooth  voltage  from  the  first  capacitor  is  applied  to  the 

first  choke  and  second  capactior;  these 
filter  out  the  ripple,  acting  in  the  same 
manner  as  one  section  of  a  choke-input 
filter.  This  results  in  a  smoother  output 
voltage  than  is  possible  with  a  choke- 
input  filter. 

12.  Resistance-Capacitance  Filter. — 

In  many  cases  a  simple  RC  filter  such  as  is 
shown  in  Fig.  12.1  will  provide  adequate  smoothing  of  the 
rectified  voltage.  This  filter  is  also  used  as  a  decoupling 
element  between  the  plate  supplies  of  multiple-stage  amplifiers, 
An  approximate  expression  for  the  ripple  factor  for  the  RC  filter 
may  be  found  as  follows:  The  impedance  of  the  capacitor  to  the  low¬ 
est  harmonic  present  in  the  output  voltage  of  the  rectifier  will  be 
assumed  very  low  compared  with  R  and  RL .  Then  the  rms  value 
1  Terman,  op.  cit.y  p.  491. 
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of  current  flowing  through  R  and  C  due  to  the  harmonic  voltage  En 
of  angular  frequency  no)  is 

l  — 

n  R 

The  ripple  voltage  developed  across  C  due  to  the  passage  of  the 
current  In  is 

In  En 


EnC  = 


nwC  no)CR 


Then  the  ripple  factor  is 


R.F.  = 


kn 


nwCR 


where  kn  =  En/Ez  as  given  in  Table  6.1  for  the  lowest  harmonic  ni 
present  in  the  output  voltage.  The  ripple  can  be  further  reduced 
by  using  an  input  capacitor  to  make  a  II  section. 

13.  Voltage -regulated  Power  Supplies.1 — Many  electronic 
devices  require  a  source  of  direct  current  whose  output  voltage  is 
constant  with  varying  load  and  is  free  from  cyclic  variations  or 
ripples.  The  output  voltage  of  a  rectifier  and  filter  combination 
decreases  as  the  load  current  increases,  owing  to  resistance  drops  in 
the  filter  elements  and  in  the  rectifier  transformer.  Variations  in 
the  a-c  supply  voltage  also  cause  the  output  of  a  rectifier  and  filter 
to  vary.  The  simplest  type  of  filter,  a  large  capacitor  supplied 
directly  from  the  rectifier,  has  very  poor  regulation  and  pronounced 
ripples. 

One  solution  of  the  stabilization  of  output  voltage  consists  in 
placing  a  variable  impedance  device,  or  stabilizer,  between  the 
filter  output  and  the  load,  Fig.  13.1.  The  impedance  of  the  stabi¬ 
lizer  is  controlled  by  the  output  voltage  so  as  automatically  to  hold 
that  voltage  constant.  Such  a  device  can  maintain  a  constant 
output  voltage  E0  at  the  load,  by  absorbing  a  varying  amount  of 
the  output  voltage  of  the  filter  or  input  voltage  Ei  to  the  stabilizer, 
as  shown  by  the  shaded  area  of  Fig.  13.1a.  This  system  can  be 
represented  schematically,  Fig.  13.16,  where  E/  is  the  equivalent 
no-load  output  voltage2  of  the  rectifier,  Rr  is  the  equivalent  internal 
resistance  of  the  rectifier  and  filter,  Ei  is  the  input  voltage  of  the 
stabilizer,  Ea  is  the  output  voltage  of  the  stabilizer,  R  is  the  load 
resistance,  e  is  a  small  variational  or  test  voltage,  /So  is  the  stabiliza¬ 
tion  ratio,  defined  by  1/So  =  dE0/dEi  ( e  =  const.),  and  R0  is  the 

1  F.  V.  Hxjnt  and  R.  W.  Hickman,  Rev.  Sci.  Instruments,  10,  6,  1939, 

2  See  Appendix  C. 
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Fig.  13.1. — (a)  Input  and  output  voltages  of  the  stabilizer;  (&)  equivalent  circuit  of  a 
stabilized  power  supply. 


internal  resistance  of  the  stabilizer,  defined  by  l/(Ro  +  R)  —  di/de 
(Ei  =  const.).  A  low  internal  resistance  of  the  stabilizer  is  desir¬ 
able  when  several  tubes  are  supplied  from  the  same  source  in  order 

to  reduce  the  coupling  between 
tubes. 

Transconductance  Type  of 
Stabilizer  (gm  Circuit). — This  cir¬ 
cuit  is  based  on  the  bridge  circuit 
used  in  measuring  gm  =  dip/deg 
( ep  =  const.).  The  bridge  cir¬ 
cuit,  Fig.  13.2,  produces  such  var¬ 
iations  of  grid  voltage  and  plate 
current  that  the  plate  voltage  of 
the  tube  is  held  constant.  In 
this  circuit  the  load  resistance  R 
replaces  the  phones  of  the  nor¬ 
mal  bridge  circuit.  The  grid 
bias  is  varied  by  changes  in  Eif 
and  thus  the  current  in  R  3  is 
caused  to  vary.  Suppose  Ei 
momentarily  increases;  this  makes  the  grid  more  positive  relative 
to  the  cathode,  causing  the  current  through  the  tube,  which 
shunts  the  load  resistance,  to  increase.  This  increased  current 
flowing  through  R%  causes  an  increased  voltage  drop  in  Rs,  which, 
with  proper  adjustment,  can  be  made  to  counteract  exactly  the 


R3 
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original  increase  in  Ei  so  that  the  output  voltage  E0  remains  con¬ 
stant.  The  adjustment  for  balance  is  given  by 


In  this  stabilizer 
and 


_  Ri  R2 
3  “  gmRi 

So  =  00 


The  transconductance  stabilizer  is  good  primarily  for  constant  load 
since  the  bridge  will  not  remain  balanced  for  large  variations  of  E{ 
and  current.  The  entire  output  volt¬ 
age  is  across  the  tube  so  that  the  cir¬ 
cuit  cannot  be  used  for  high  voltages 
unless  large  tubes  are  used.  The 
common  terminal  is  negative,  which  is 
the  usual  ground  polarity  For  low 
internal  resistance  a  low-ju  triode  hav¬ 
ing  a  large  gm  should  be  used.  The 
bias  battery  can  be  eliminated  by 
the  use  of  a  glow  tube  operating  on 
the  constant-voltage  portion  of  its  characteristic,  Fig.  13.25.  In  this 
circuit  the  glow  tube  maintains  the  cathode  of  the  stabilizer  tube 
at  a  constant  voltage  above  the  negative  side.  The  grid  therefore 
can  be  made  negative  relative  to  the  cathode  by  decreasing  R 1  rela¬ 
tive  to  R2  so  that  the  voltage  across  Ri  is  less  than  that  across  the 
glow  tube. 

Amplification-factor  Bridge  Type  of  Stabilizer . — This  stabilizer  is 
based  on  the  circuit  used  to  determine  /x  =  dep/deg  (ip  =  const.) 
and  introduces  voltage  variations  in  both  grid  and  plate  circuits 
so  that  ib  is  held  constant.  In  Fig.  13.3  the  load  resistance  R 
replaces  the  phones  of  the  bridge  circuit.  At  balance  there  is  no 
variational  voltage  across  RL  since  the  plate  current  is  held  constant. 
The  condition  of  balance  occurs  for  /x  =  R2/R1 .  The  action  of  the 
stabilizer  may  be  understood  by  considering  the  path  of  load  current 
flowing  from  the  positive  terminal  through  the  load  resistance  R , 
the  tube,  and  Ri  to  the  negative  input  terminal.  A  momentary 
increase  in  E{  will  cause  the  cathode  to  become  more  positive  so 
that  the  grid,  which  has  a  fixed  bias,  becomes  more  negative  relative 


Fig.  13.3. — Amplification-factor 
stabilizer. 
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to  the  cathode.  This  causes  the  tube  resistance  to  be  increased, 
yielding  a  higher  tube  drop  for  a  constant  current  so  that  the  output 
voltage  E0  is  held  constant.  A  decrease  in  R,  causing  a  momentary 
increase  in  plate  current,  will  also  make  the  cathode  more  positive 
because  the  increased  drop  in  Ri  and  the  negative  grid  bias  tend  to 
counteract  the  increase  in  plate  current.  This  stabilizer  has  So 
=  oo  and  Ro  =  rp  +  R2.  The  stabilizer  does  not  have  a  low  inter¬ 
nal  resistance.  The  positive  leads  of  Ei  and  E0  are  common,  which 
is  sometimes  an  advantage.  Since  the  tube  does  not  have  to  with¬ 
stand  the  entire  input  voltage,  a  receiving-type  tube  can  be  used 

for  voltages  as  high  as  2,000  to 
3,000  volts. 

Degenerative  Type  of  Stabi¬ 
lizer. — Neither  of  the  previous 
stabilizers  yields  satisfactory 
voltage  regulations  when  the 
changes  in  load  current  cover  a 
considerable  range.  The  degen¬ 
erative  amplifier  type  of  stabi¬ 
lizer  functions  for  changes  in 
both  input  and  output  voltages. 
In  this  circuit  the  load  resis¬ 
tance  is  placed  between  the  cath¬ 
ode  and  the  negative  lead,  Fig. 
13.4a.  A  momentary  increase 
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Fig.  13.4. — Degenerative  stabilizer. 


in  E0  causes  the  cathode  to  become  more  positive  relative  to  the 
grid  so  that  the  resistance  of  the  tube  is  increased,  i.e.,  the  tube  drop 
increases,  so  as  to  prevent  the  increase  in  load  voltage,  thus  holding 
the  output  voltage  constant.  In  this  circuit 


/So  —  1  +  m 


and 


A  more  practical  circuit  is  shown  in  Fig.  13.46.  In  this  circuit  the 
grid-bias  battery  need  not  be  of  the  same  order  of  voltage  as  Eot 
and  the  value  of  E0  is  continuously  variable  by  the  tap  between  R  i 
and  R2.  With  the  modification  the  stabilization  ratio  is 
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$o=l  + 


nR  i  ,  rp_ 
Ri  +  R2  Rl 


while  the  expression  for  Rq,  which  involves  the  new  So,  remains 
unchanged. 

Combination  Stabilizer. — The  necessity  for  a  bias  battery  can 
be  removed  by  the  use  of  a  glow  tube,  and  an  amplifier  can  be 
added  to  improve  the  flexibility  and  stabilization  with  the  degenera¬ 
tive  type  of  stabilizer,  Fig.  13.5.  The  cathode  of  T2  is  at  a  positive 
voltage  determined  by  the  operating  voltage  of  the  glow  tube  Tz. 
The  grid  bias  of  T2  is  the  differ¬ 
ence  between  the  glow  voltage 
of  Tz  and  the  voltage  drop 
across  R  3.  If  E0  increases,  the 
grid  of  T 2  is  made  more  posi¬ 
tive  relative  to  its  cathode. 

This  causes  the  resistance  of 
T 2  to  decrease  and  its  plate  cur¬ 
rent  to  increase.  This  plate 
current  flows  through  R2  and 
causes  an  increased  potential 
difference  between  the  plate  and  grid  of  T\  and  drives  the  grid  of  T\ 
more  negative.  This  increases  the  resistance  of  Th  producing  a 
higher  plate  voltage  that  counteracts  the  increase  in  E0  by  sub¬ 
tracting  a  greater  voltage  from  the  input.  The  stabilization  ratio  is 


Fig.  13.5. — Combination  stabilizer. 
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where  G2  is  the  gain  of  the  amplifier  stage, 


ry  _  _ jJ-lRj _ 

Tp2  +  R2  +  r(l  +  fi2) 

where  r  is  the  equivalent  resistance  of  the  glow  tube  at  the  current 
corresponding  to  normal  operation  of  the  stabilizer.  The  load  R 
is  the  combined  effect  of  the  external  load  and  the  internal  resist¬ 
ances  Ri  and  Rz.  The  internal  resistance  of  the  stabilizer  is 
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The  triode  amplifier  tube  T 2,  Fig.  13.5,  may  be  replaced  by  a 
pentode1  with  a  marked  increase  in  stability.  The  same  effect 
can  be  obtained  by  using  two  triodes  in  series,2  Fig.  13.6,  as  a  part 
of  a  complete  power  supply.  The  effective  amplification  factor  of 
tubes  T2  and  Ts  in  series  is 

M  =  M  2  +  M3  +  M2M3 

while  the  plate  resistance  of  the  combination  is 


r  =  rp2(l  +  Ms)  +  rvZ 

For  a  6C8G  tube  in  this  application  the  effective  amplification  may 
be  1,300  with  a  plate  resistance  of  3  to  5  megohms.  Tube  T\  may 


be  a  2A3,  T2  and  Tz  a  6C8G  or  6F8G  double  triode.  The  current 
rating  may  be  increased  by  using  two  or  more  2A3  power-amplifier 
tubes  in.  parallel.  A  capacitor  is  placed  between  the  cathode  of 
T 1  and  the  grid  of  Tz  greatly  to  increase  the  effectiveness  of  the 
stabilizer  when  rapid  fluctuations  and  ripples  are  present.  This 
capacitor  effectively  short-circuits  R\  and  applies  the  entire  ripple 
voltage  across  Rz.  This  circuit  may  be  several  times  as  effective 
in  suppressing  ripples  as  in  correcting  for  slow  variations  of  voltage. 
The  stabilization  ratio  may  be  from  50  to  and  the  internal 
resistance  is  1  or  2  ohms.  Since  a  very  effective  stabilizer  is  used 
in  the  power  supply  of  Fig.  13.6,  a  very  simple  CRC  filter  suffices. 
A  200-ohm  resistor  placed  in  the  cathode  lead  protects  the  rectifier 
tube  from  excessively  high  peak  currents  when  the  alternating  cur- 

1  A.  B.  Bereskin,  Proc.  I.R.E.,  31,  47,  1943. 

2  “Cascode”;  see  Hunt  and  Hickman,  loc .  cit. 
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rent  is  switched  on  with  the  capacitors  uncharged.  Under  some 
conditions  a  stabilizer  circuit  may  develop  switching  transients, 
which  appear  in  the  output  voltage.  These  may  be  suppressed  in 
most  cases  by  placing  a  capacitor  across  the  output  terminals. 

Glow  Lamps. — The  characteristics  of  glow  lamps  such  as  the 
WE313C,  874,  0C3/VR105,  and  0D3/VR150  are  similar  to  those  of 
the  lamp  shown  in  Fig.  13.7.  The  most  desirable  point  of  operation, 
viz.,  for  the  normal  adjustment  of  Ra,  Fig.  13.5,  would  be  in  the 
center  of  the  be  region.  The  negative  region  ab  is  quite  variable. 
In  some  tubes,  as  the  current  is  varied,  the  region  be  is  unstable 
owing  to  changes  in  the  active  area  of  the  cathode.  In  this  case  it 
has  been  found  desirable  to  design  the  stabilizer  for  operation  in  the 
cd  region,  where  the  tube  is  equivalent  to  a  battery  whose  voltage  is 


Fig.  13.7.— Characteristic  of  glow  tubes,  with  d-c  load  line  corresponding  to  opera¬ 
tion  as  in  Fig.  13.5. 


the  voltage  axis  intercept  e  of  the  characteristic  cd  extended  and 
whose  resistance  is  given  by  the  slope  of  the  characteristic  cd. 

Internal  Factors  Affecting  Stability. — The  d-c  stabilizing  circuit 
of  Fig.  13.6  is  similar  to  a  high-gain  d-c  amplifier;  therefore, 
spurious  d-c  voltages  introduced  in  the  circuit  will  have  serious 
effects.  One  such  source  is  in  the  equivalent  emf  existing  in  the 
grid-cathode  circuit  of  the  amplifier  tube,  representing  the  com¬ 
bined  effects  of  contact  potential,  initial  velocity  of  emission,  etc. 
This  emf  may  change  by  as  much  as  0.1  volt  for  a  10  per  cent  change 
in  heater  current.  A  cascode  stabilizer  to  deliver  1,000  ±  1  volts 
for  a  ±5  per  cent  line-voltage  variation  would  normally  require 
So  =  50.  However,  if  the  grid  voltage  of  T3  is  0.25  of  E0,  the 
spurious  emf  would  account  for  80  per-cent  of  the  allowed  variation 
so  that  an  So  —  250  would  be  required.  Therefore,  a  saturable- 
core  type  of  line-voltage  regulator  should  be  used,  or  the  heater 
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circuit  of  the  first  amplifier  of  the  cascode  stabilizer  may  be  stabi¬ 
lized  by  an  iron- wire  ballast  tube. 

Current  Regulator . — It  is  sometimes  essential  that  a  constant 
current  be  maintained  in  a  circuit,  independent  of  voltage  over  a 


Fig.  13.8. — Pentode  current  stabilizer. 


wide  range,  as  in  the  exciting  winding  of  an  electromagnet  for 
special  applications.  This  may  be  accomplished  by  the  stabilizer, 
Fig.  13.8.  The  circuit  is  adjusted  to  operate  on  the  portion  of  the 
pentode  characteristic  for  which  plate  current  is  little  affected  by 
plate  voltage. 


CHAPTER  XVIII 


SIGNAL  ANALYSIS 

1.  Statement  of  the  Problem. — In  this  chapter  the  word  signal 
is  used  for  “a  voltage  varying  nonperiodically  with  time.”  The 
purpose  in  sending  a  signal  is  to  transmit  intelligence;  to  that  effect 
any  physical  variable  (such  as  light  intensity,  sound  pressure,  etc.) 


Fig.  1.1. — Interrupted  constant  voltage  Fig.  1.2. — Interrupted  sinusoidal  volt- 
(telegraphic  transmission).  age  (continuous- wave  telegraphy). 


may  be  used  instead  of  voltage,  which  is  given  as  an  example.  A 
constant  voltage,  or  a  periodic  voltage  in  the  strict  sense  (periodic 
for  all  times),  cannot  be  used  for  transmitting  intelligence.  Some 
examples  of  varying  voltage,  that  can  be  and  have  been  effectively 
used  for  the  transmission  of  intelligence  are  given  in  Figs.  1.1  to  1.3. 


Fig.  1.3. — Modulated  alternating  voltage  (short  a-c  pulse). 


Fig.  1.4. — Signal  transmission. 

The  signal  originates  at  a  generator  and  is  intended  for  a  receiver . 
The  transmission  path  between  generator  and  receiver  may  be 
thought  of  as  an  electrical  network,  Fig.  1.4,  having  two  pairs  of 
terminals,  with  one  pair,  the  input  terminals,  connected  to  the 
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generator  and  with  the  other  pair,  the  output  terminals,  connected 
to  the  receiver.  In  transmission  theory,  such  a  network  is  called 
a  transducer.  More  often  the  transmission  path  is  analyzed  as  a 
number  of  transducers  connected  in  tandem.  It  will  be  assumed 
that  the  transducer  is  a  linear  network,  i.e.,  that  its  “constants’’ 
R,  L,  C,  .  .  .  are  independent  of  the  voltages  and  currents  present 
in  the  network,  Sec.  23. 

Let  ei(t)  be  the  voltage  (signal)  applied  at  the  input  terminals  of 
the  transducer.  This  voltage  comes  out  of  the  transducer  as  e2(t), 
the  difference  of  potential  between  the  output  terminals.  As  a 
rule,  it  is  desirable  that  e2(t)  have  exactly  the  same  shape  as  e\ (t), 
which,  however,  is  usually  not  the  case.  The  signal  is  distorted ,  the 
transducer  and  load  having  caused  the  distortion.  The  problem  is 
to  find  the  shape  of  e2(t),  when  the  input  signal  e± (t),  the  transmitter, 
and  the  load  are  known.  From  this  information,  the  causes  of 
distortion  can  be  determined.  Sometimes  it  is  desired  to  find  the 
current  i2(t)  flowing  into  the  load;  this  problem  is  fundamentally 
the  same  as  finding  e2(t)  and  is  solved  by  the  same  method,  replacing 
“voltage  ratio”  by  “transfer  impedance.” 

There  are  two  essentially  different  methods  for  finding  e2(t). 
The  first  method  consists  in  solving  the  system  of  differential  equa¬ 
tions  of  the  network,  the  right-hand  member  being  e\  (t)  for  one 
equation  and  zero  for  all  the  others.  This  method  is  practical 
only  when  the  number  of  meshes  in  the  network  is  one,  two,  or  three, 
but  then  it  gives  the  most  accurate  and  complete  answer.  Examples 
of  this  method  are  given  in  Chap.  VI. 

The  second  method  makes  use  of  a  generalization  of  the  Fourier 
analysis  of  a  periodic  signal.  It  defines  the  transducer  by  way  of  its 
attenuation  and  phase-lag  characteristics  and  analyzes  the  non¬ 
periodic  signal  by  means  of  two  continuous  frequency  spectra, 
viz.,  amplitude  and  phase.  The  second  method  is  used  in  this 
chapter. 

FOURIER  ANALYSIS  OF  SYMMETRICAL  PULSE 

2.  Transmission  of  Nonperiodic  Voltage. — It  is  shown  in  Chap. 
IX  how  to  use  the  Fourier  development  of  a  periodic  input  voltage 
ei  and  the  frequency  characteristics  of  a  network  to  obtain  the 
periodic  output  voltage  e2.  However,  a  signal  intended  to  transmit 
intelligence  must  be  nonperiodic,  Sec.  1.  This  will  necessitate  a 
generalization  of  the  treatment  in  Chap.  IX.  In  the  case  of  a 
periodic  input  voltage,  frequencies  other  than  multiples  of  the 
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fundamental  frequency/  were  not  used  at  all.  It  will  now  be  shown 
that  a  nonperiodic  signal  (a  single  Morse  dot,  for  example)  can  be 
analyzed  into  a  sum  of  components  of  every  frequency.  This  will 
necessitate  the  use  of  integral  notation,  and  the  formulas  that  will 
be  obtained  are  called  Fourier  integrals. 

3.  Rectangular  Pulse. — The  first  signal  that  will  be  analyzed 
is  a  single  Morse  “dot”  of  amplitude  E  volts,  lasting  2tx  sec,  from 
t  =  —ti  to  t  =  +t\f  Fig.  3.1.  As  a  first  step  in  the  analysis,  let 
the  dot  be  repeated  every  T  sec  (both  before  and  after  t  —  0). 
A  periodic  voltage,  Fig.  3.2,  results  that  can  be.  expressed  by  a 
Fourier  series.  If  T  is  increased  without  limit,  the  dot  centered  on 
t  —  0  will  become,  for  all  practical  purposes,  an  isolated  rectangular 
pulse  and  will  be  found  expressed  as  a  Fourier  integral. 


Fig.  3.1. — Single  Morse  dot. 


Fig.  3.2. — Periodic  succession  of  Morse  dots. 


The  amplitude  bn  of  the  nth  harmonic  component  bn  cos  n{2ir/T)t 
of  a  symmetrical  periodic  voltage  C(t)  is  twice  the  average  of 
C(t)  cos  n( 2tt/ T)t  over  one  period,  or,  in  integral  form, 

i>»  =  ! i  J_T/2  C'(<)  cos  (j1  y)  dt  (3.1) 

as  in  (6.6),  Chap.  IX.  In  the  present  case, 


(3.2) 

(3.3) 


In  increasing  T ,  assume  first  that  T  —  At\  (twice  the  duration  of  the 
pulse),  Fig.  3.3.  The  alternating  part  of  the  voltage,  apart  from 
the  constant  component,  is  a  square  wave.  From  (3.3), 
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K  =  E 


.  IT 

sin  n  ^ 

i r 

n  2 


whence 


,  T  5l  7  5l 

Oi  =  — ;  03  =  —  05  =  X’ 

7T  3  D 


(3.4) 


(3.5) 


The  amplitudes  6i,  63,  65, 
3.4. 


.  are  represented  graphically  in  Fig 


T 

To 


u 


Fig.  3.3. — Case  of  T  =  4ti. 


b  (volts) 


Fig.  3.4. — Fourier  spectrum  of  the  periodic  voltage  of  Fig.  3.3. 
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Fig.  3.5. — Case  of  T'  =  8 ti. 

If  the  period  of  the  periodic  voltage  is  doubled,  the  duration 
2t\  of  the  rectangular  pulse,  Fig.  3.5,  being  kept  constant,  then 
T'  —  2T  =  Sh  and,  from  (3.3), 


IT 

nsinn7 

6/  =  i _ i 

2  T 


(n  =  1,  2,  3, 


(3.6) 
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whence 


,  ,  E  sin  (tt/4) 
61  =  2  t/4 . 


= 


2?  sin  (ir/2) 


t/2 


or 


61'  = 


y/2  E 


w  = 


E 


W  = 


V2g 

37T 


6/  -  0 


(3.7) 


Thus  the  fundamental  frequency  for  Tf  ~  8h  is  one-half  the  value 
for  T  =  Ati,  and  the  corresponding  Fourier  spectrum,  Fig.  3.6, 
has  twice  as  many  bars  as  that  of  Fig.  3.4. 

If  the  period  of  C(t)  is  continually  doubled,  the  fundamental 
frequency  1/T  at  each  successive  stage  will  be  reduced  to  one-half 
its  preceding  value.  The  interval  Af  =  1/T  between  two  adjacent 
component  frequencies  is  also  halved  so  that  each  new  Fourier 
spectrum  contains  twice  as  many  bars  as  the  preceding  one. 


b  (volts) 


Fig.  3.6. — Fourier  spectrum  of  the  periodic  voltage  of  Fig.  3.5. 


When  T  becomes  very  large,  A /  becomes  very  small.  The 
component  angular  frequencies,  con  =  2t n/T  =  2?m(A/),  get  closer 
and  closer  together  and  in  the  limit  merge  into  one  continuous 
variable  w.  The  Fourier  spectrum,  composed  of  vertical  bars 
closer  and  closer  together,  becomes  in  the  limit  a  continuous  fre¬ 
quency  spectrum. 

The  height  of  the  bars,  which  represents  the  amplitude  of  the 
successive  harmonic  components,  can  be  written,  from  (3.3),  as 


bn  =  AEti(Af) 


sin  2wt  in  (A/) 
2^  in  (A/) 


(3.8) 


since  A /  =  1/T. 

As  A/  approaches  zero,  bn  also  approaches  zero;  but  the  ratio 
bn/Af  =  hnT  does  not.  Let  B( a>)  be  the  limit  of  the  ratio, 


bn  _  bn 

2tt(A f)  ~  Aw 
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which  will  be  a  number  of  volt-seconds  (or  webers)  depending  upon  the 
angular  frequency  a >.  Since  in  the  limit  the  quantity  2xn(A/)  =  con 
becomes  the  continuous  variable  co,  6n/2x(A/),  from  (3.8),  becomes 


B(») 


2Eti  sin  tgo 

X  tiO) 


(3.9) 


B( o))  as  function  of  frequency  is  shown  in  Fig.  3.7.  For  t iu 
greater  than  x,  the  curve  is  similar  to  that  for  a  slowly  damped 
sinusoid.  As  t\u  approaches  zero,  the  ratio  (sin  tico)/tiu  approaches 
unity  and  B(u)  approaches  2 Eti/ir. 


Mathematically,  the  periodic  square  wave  for  T  =  4 tx  is  equal 
to  the  sum  of  the  Fourier  series 


4 E 

x 


Tt  ,  Sirt  ,  ,  5ttI 
,cos  Wi  —  ^  cos  2fi  T  cos  ~ 


As  T  is  increased  without  limit,  the  periodic  wave  becomes  the 
sum  of  harmonic  components  more  and  more  closely  packed  within  a 
given  frequency  band;  for  T  equal  to  infinity  the  Fourier  spectrum 
becomes  a  continuous  frequency  spectrum,  and  the  Fourier  series 
becomes  the  Fourier  integral 


cos  ut  do) 


(3.10) 


where  B(a>)  is  given  by  (3.9). 

The  unique  rectangular  pulse  thus  is  represented  as  a  sum  of 
harmonic  components.  The  amplitude  of  the  harmonic  component 
of  angular  frequency  w  is  B( o>)  da>.  It  is  infinitely  small,  which  is 
consistent  with  the  fact  that  all  frequencies  are  now  component 
frequencies.  The  curve  B( co)  thus  represents  the  relative  impor¬ 
tance,  or  weight ,  pertaining  to  the  individual  harmonic  component 
B(oj)  cos  ut  du  as  u  increases  from  zero  to  infinity.  The  infinitely 
small  amplitude  B(u)  du  means  that  the  fraction  of  the  energy  of 
the  rectangular  pulse  involved  in  an  infinitely  narrow  frequency 
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band  a  to  w  +  Aco  is  infinitely  small;  if  the  band  width  is  finite, 
the  corresponding  fraction  of  the  energy  is  finite. 

4.  Symmetrical  Voltage  Pulse. — The  reasoning  that  has  just 
been  applied  to  the  rectangular  pulse  can  be  applied  to  any  pulse 
C(t)  of  symmetrical  shape  (as  defined  in  Chap.  IX).  Such  a  unique 
pulse  is  first  repeated  at  equal  intervals  of  time  T  and  thus  gives 
rise  to  a  periodic  function  Ci(t),  which  can  be  represented  by  a 
Fourier  series.  Because  the  original  pulse  is  symmetrical,  the 
series  will  contain  cosines  only  and 

Ci(t)  =  b0  +  bi  cos  -jf  t  +  *  *  *  +  bn  cos  n~  +  •  *  ■  (4.1) 

The  period  T  is  then  increased  without  limit.  The  Fourier  spec¬ 
trum  becomes  a  continuous  frequency  spectrum,  and  the  Fourier 
series  (4.1)  becomes  the  Fourier  integral 

C(t)  =  JQ  B(u)  cose otdu  (4.2) 

The  function  of  frequency  B(co),  such  that  £(co)  dco  is  the  amplitude 
of  the  component  cos  wt,  is  obtained  as  follows:  From  (3.1), 

bn  =  T  J  T/2  ^  cos  V  7  /  dt 

and  since  C(t)  is  symmetrical, 

o  o_  fT/2 

K  =  /  C(t)  cos  (ojnt)  dt  (4.4) 

TT  1  Jo 

As  T  increases  indefinitely,  in  the  limit  o>n  becomes  the  continuous 
variable  to,  and  2 t/T  =  2t(A/)  becomes  dw.  The  amplitude  bn 
becomes  B(co)  du,  so  that  in  the  limit 


and 


B{ a>)  do)  =  -  dco 

7 r 


C(t)  COS  at  dt 


B(«) 


cos  ut  dt 


(4.5) 


Thus,  when  the  symmetrical  voltage  pulse  C(t)  is  known  as  a 
function  of  time,  a  function  of  frequency  B(u)  can  be  derived  from 
it,  by  formula  (4.5).  Conversely,  when  a  function  of  frequency 
B(<*>)  is  given,  a  symmetrical  function  of  time  C(t)  can  be  derived 
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from  it,  by  formula  (4.2).  To  each  symmetrical  voltage  pulse 
corresponds  a  single  continuous  frequency  spectrum,  and  vice 
versa;  thus,  it  is  indifferent  which  is  given.  However,  the  spectrum 
lends  itself  readily  to  calculations  following  the  rules  of  a-c  theory, 
while  the  original  pulse  C(t)  does  not.  This  is  the  reason  why  it  is 
advantageous  to  introduce,  instead  of  C(t),  the  frequency  spectrum 
B( w),  which  is  its  perfect  substitute.  B(ai)  is  variously  called  the 
periodogram  of  the  symmetrical  signal  C(t),  or  its  Fourier  spectrum , 
or  its  weight  function  with  regard  to  cos  ait. 

6.  Nominal  Signal  Duration  and  Nominal  Cutoff. — After  the 
spectrum  of  a  certain  pulse,  for  example  the  rectangular  pulse 
C(t),  Sec.  3,  has  been  obtained,  it  is  not  necessary  to  make  new 
calculations  in  order  to  find  the  spectrum  of  another  pulse  of  the 
same  general  shape  but  having  different  scales  of  time  and  voltage. 
Suppose,  for  example,  that  the  second  pulse  C'(t)  spreads  out  in 
time  four  times  as  much  as  C(t)  and  that  its  voltage  amplitudes  are 
three  times  as  much.  The  spectrum  £'(«),  of  the  second  pulse, 
will  be  four  times  as  narrow  as  the  first  one  B(ai),  since  frequencies 
vary  reciprocally  with  time;  and  the  ordinates  Bf,  being  in  volt- 
seconds,  will  be  3  •  4  =  12  times  as  great.  The  shape  of  B'(ai) 
otherwise  will  be  the  same  as  the  shape  of  B(ai). 

In  dealing  with  a  specific  pulse,  it  is  convenient  to  adopt  as  a 
unit  of  time  a  time  duration  physically  related  to  that  pulse,  which 
the  second  is  not.  This  is  the  same  idea  as  introducing  the  time 
constant  CR  or  L/R  in  the  study  of  transients.  Similarly,  it  is 
convenient  to  adopt  a  unit  of  frequency  physically  related  to  the 
spectrum,  just  as  it  is  convenient  to  use  air  as  a  unit  in  the  study  of  a 
resonant  ( LRC )  circuit. 

A  suitable  unit  of  time1  for  the  analysis  of  a  symmetrical  pulse 
is  the  nominal  signal  duration  2 tn,  a  duration  such  that  the  area  of  a 
rectangle  built  on  the  central  ordinate  of  the  pulse  and  on  the  base 
2 tn  is  equal  to  the  algebraic  value  of  the  area  between  the  pulse 
and  the  axis  of  time,  Fig.  5.1.  In  a  rectangular  pulse,  2 tn  is  identical 
wdth  the  actual  duration  of  the  pulse  2ii,  Fig.  3.1. 

Similarly,  a  suitable  unit  of  frequency  is  the  nominal  cutoff  fn,  a 
frequency  such  that  the  area  of  a  rectangle  built  on  the  initial 
ordinate  (ai  =  0)  of  the  spectrum  and  on  the  base  ain  =  2 irfn  is 
equal  to  the  algebraic  value  of  the  area  between  the  spectrum  and 
the  axis  Oai,  Fig.  5.2. 

1  H.  A.  Wheeler,  The  Interpretation  of  Amplitude  and  Phase  Distortion 
in  Terms  of  Paired  Echoes,  Proc.  I.R.E.,  27,  359,  1939. 
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From  these  definitions  and  the  formulas  (4.3)  and  (4.5)  it  can 
be  shown  that  the  following  relation  holds: 


2 fn  2 tn  =  1 


(5.1) 


This  relation  is  perfectly  general  and  applies  whatever  the  shape 
and  size  of  the  pulse.  In  the  case  of  a  rectangular  pulse,  (5.1)  shows 
that  the  nominal  cutoff  is  identical  with  the  frequency  of  the 
auxiliary  square  wave  of  Fig.  3.3. 


Fig.  5.1. — Nominal  duration  2 tn  of  a  sym-  Fig.  5.2. — Nominal  cutoff  oin  of  a 

metrical  pulse  C(t).  symmetrical  pulse,  derived  from  its 

spectrum  B(cS). 


6.  Spectra  of  Various  Symmetrical  Pulses. — A  list  of  some 
typical  symmetrical  signals,  or  pulses,  C(t)  follows,  with  their 
spectra  B (to)  as  defined  by  formula  (4.5).  The  amplitude  of  every 
pulse,  for  t  =  0,  is  E  volts;  the  amplitude  of  every  spectrum  for 
to  =  0  is  Bo  =  2 Etn/v  volt-sec;  the  nominal  duration  of  every  pulse 
is  tn)  the  nominal  cutoff  of  every  spectrum  is /„  =  1/4 tn.  Taking 
tn  as  unit  of  time,  and  fn  as  unit  of  frequency,  the  following  “abso¬ 
lute,”  or  “dimensionless,”  variables  x  and  y  result, 


Ct) 


4  tj 


and  these  have  been  taken  as  abcissas  in  the  diagrams  of  the  pulse 
and  of  the  spectrum,  respectively. 


Signal 

1.  Rectangular  pulse 

Height  E 
Duration  2 ln 

2.  Triangular  pulse 

Peak  value  E 
Duration  4 tn 

3.  Half-cosine  pulse 

Curve  E  cos  x 
Duration  7 rtn 


Spectrum 
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Fig.  6.5. — Probability  pulse  (o)  and  its  spectrum  (6);  see  (6.5). 


7.  Frequency  Band  for  Transmission  of  Signal,  Energy  Spec¬ 
trum. — From  Figs.  6.1  to  6.5  all  frequencies  from  zero  to  infinity 
are  necessary  for  the  exact  reproduction  of  any  one  of  the  signals 
1  to  5,  Sec.  6. 

Assume  that  the  transducer  is  a  low-pass  filter  of  cutoff  fc  and 
that  it  is  required  to  determine  the  minimum  band  width  (0  to  /c) 
which  will  transmit  the  signal  with  acceptable  distortion. 


Fig.  7.1. — Energy  spectrum  for  rectangular  pulse. 

No  unique  numerical  definition  can  be  given  of  what  constitutes 
acceptable  distortion.  This  mil  depend  upon  the  type  of  receiver, 
whether  intended  for  audio  reception,  visual  reception,  recording, 
printing,  etc. 

In  many  cases  the  distortion  will  be  acceptable  when  the  ampli¬ 
tude  of  all  frequencies  higher  than  cutoff  fc  will  be  smaller  than  a 
prescribed  fraction,  say  1  per  cent,  of  the  maximum  amplitude. 

Another  way  of  appreciating  the  relative  importance  of  the 
component  frequencies  is  to  use  the  energy  spectrum.  This  is  the 
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plot  of  [f?(/)]2  as  a  function  of  frequency.  For  example,  Fig.  7.1 
represents  the  energy  spectrum  for  a  rectangular  pulse.  The  whole 
area  between  that  curve  and  the  frequency  axis  represents  the 
energy  carried  by  the  signal;  in  this  specific  case  it  is  equal  to  the 
area  OABC.  The  area  under  the  curve  limited  by  any  two  ordi¬ 
nates  fit  /2  represents  the  energy  carried  by  the  frequencies  lying  in 
the  /1-/2  band.  It  can  often  be  assumed  that  cutting  off  all 
frequencies  above  fe  will  cause  negligible  distortion  if  the  energy 
carried  by  these  frequencies  is  a  negligible  fraction  of  the  total 
energy  carried  by  the  signal. 

Figures  6.16  to  6.56  show  that  the  amplitude  spectrum  of  the 
rectangular  pulse  decreases  very  slowly  as  the  frequency  increases; 
spectra  2r  3,  4  decrease  faster;  spectrum  5  decreases  fastest  of  all. 
If  a  band  of  frequency  0  to  3 fn  (y  —  3)  were  transmitted  uniformly, 
the  probability  pulse  (No.  5)  would  suffer  no  appreciable  distortion. 
To  ensure  the  same  quality  of  reproduction,  a  band  about  twice  as 
wide  would  be  required  for  pulses  2,  3,  4,  and  a  band  perhaps  twenty 
times  as  wide  for  the  rectangular  pulse.  This  last  condition  is 
never  present,  and  therefore  sharp  rectangular  pulses  are  always 
distorted  in  transmission.  It  is  usually  considered  sufficient  to 
transmit  uniformly  the  frequencies  lying  between  0.1/^  and  10 >/„. 

8.  Character  of  Pulse  and  Width  of  Its  Spectrum. — In  the 
Fourier  series  corresponding  to  a  periodic  symmetrical  signal, 
discontinuities  in  the  signal  or  in  its  derivatives  involve  a  less  rapid 
or  more  rapid  decrease  of  Bn,  Chap.  IX.  Similarly,  it  can  be  shown 
that  if  a  nonperiodic  signal  is  discontinuous  (rectangular  pulse  of 
Fig.  6.1)  the  corresponding  amplitude  spectrum  decreases  for  the 
high  frequencies,  of  the  order  of  1  //.  If  a  signal  is  continuous  but  its 
first  derivative  is  discontinuous  (signals  of  Figs.  6.2,  6.3,  6.4)  the 
amplitude  spectrum  decreases  about  as  fast  as  l//2.  If  a  signal 
and  all  its  derivatives  are  continuous,  the  amplitude  spectrum 
decreases  faster  than  any  power  of  1//,  that  is,  at  least  as  fast  as 

(signal  of  Fig.  6.46  and  its  spectrum,  Fig.  6.4a).  The  spectrum 
of  the  probability  pulse  decreases  as  e-/2,  which  is  still  faster;  and 
the  spectra  of  signals  such  as  those  of  Figs.  6.16,  6.26,  6.36  are 
identically  zero  for  all  frequencies  higher  than  a  certain  limit,  as 
shown  in  Figs.  6.1a,  6.2a,  6.3a. 

9.  Effect  of  Decreasing  Duration  of  Pulse. — Consider  the 
rectangular  pulse  of  Fig.  6.1  and  its  spectrum.  Transform  Fig. 
6.1  by  multiplying  the  ordinates  by  m  and  dividing  the  abscissas 
by  m  as  in  Fig.  9.1;  the  two  pulses  of  Fig.  9.1  have  the  same  area. 
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The  comparison  of  such  pulses  is  often  useful.  (If  they  are  current 
pulses,  they  transport  the  same  electric  charge;  if  they  are  force 
pulses  plotted  against  displacement,  they  transport  the  same  energy, 
etc.)  The  spectrum  of  the  second  pulse,  Fig.  9.2,  has  the  same 
amplitude  2 Etn  as  the  first  pulse  and  a  nominal  cutoff  m/4in,  m 
times  greater.  The  height  of  the  successive  arches,  which  from 
formula  (6.1)  is  approximately  2Bo/Ty,  decreases  as  1/f  for  the 
periodogram  of  the  first  pulse  and  as  m//for  the  second  pulse.  The 


>(t) 


Fig. 


9.1/ — High  and  narrow  rec¬ 
tangular  pulse. 


high  frequencies  are  therefore  m  times  more  important  in  the  high 
and  narrow  pulse  than  in  the  low  and  broad  one  (relative  to  the 
very  low  frequencies,  of  which  the  amplitudes  2 Etn  are  the  same  for 
both).  Consequently,  the  band  width  required  to  pass  either  signal 
with  a  given  amount  of  distortion  is  m  times  greater  for  the  high  and 
narrow  pulse  than  for  the  low  and  broad  one. 

10.  Smoothing  a  Signal. — This  last  result  is  a  particular  case 
of  a  more  general  relationship.  When  it  is  desired  to  “smooth  out  ” 


statistical  data,  a  usual  procedure  is  to  replace  the  value  of  an  item 
on  any  day  by  its  average  during,  for  example,  7  days,  including  3 
days  before  and  3  days  after  the  given  day.  This  is  called  a  “sliding 
average.”  Apply  this  procedure  to  a  symmetrical  signal  C(t),  Fig. 
10.1,  by  replacing  C(t)  at  every  instant  by  its  average  value  between 
the  times  t  —  a  and  t  +  a,  resulting  in  Csm{t),  Fig.  10.1.  It  can  be 
shown  that  the  spectrum  of  C8m{t)  is  equal  to  the  product  of  B( co), 
the  spectrum  of  C(t),  by  (sin  coa)/coa. 
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A  first  consequence  is  that  the  new  spectrum  exhibits  more 
marked  oscillations  than  the  original  one,  since  B( co)  is  multiplied 
by  an  oscillating  factor  that  is  periodically  zero.  While  the  signal 
is  smoothed  out,  the  spectrum  becomes  “wrinkled.” 

A  second  consequence  is  that  the  high  frequencies  are  less  impor¬ 
tant  in  the  smoothed  signal  than  in  the  original  one;  for  if  the 
amplitude  spectrum  of  C(t)  diminishes  as  l/wfc,  that  of  Csm(t)  will 
diminish  as  l/wfc+1.  Therefore,  if  a  given  amount  of  distortion  is 
tolerated,  a  narrower  frequency  band  will  be  needed  to  transmit 
the  smoothed-out  signal. 

At  first  sight  it  might  seem  advantageous  to  choose  a  signal  e(t) 
demanding  for  its  transmission  a  narrower  band  of  frequencies. 
This  overlooks  the  fact  that  the  change  of  amplitude  of  e(t)  and  its 
location  in  time  are  the  essential  factors  constituting  the  informa¬ 
tion  to  be  transmitted.  If  the  smoothing  process  is  repeated  again 
and  again,  the  information  obtained  becomes  more  and  more  vague 
and  finally  disappears.  For  maximum  exactness  of  information  an 
infinitely  narrow  pulse  is  ideal;  this  requires  the  use  of  all  frequencies 
from  zero  to  infinity,  with  equal  weight  given  to  all  (as  will  be  shown 
in  Sec.  11).  For  maximum  economy  of  frequencies  an  infinitely 
narrow  band  at  /„  is  desirable,  and  this  corresponds  to  a  harmonic 
voltage  of  constant  amplitude  for  all  times,  which  cannot  transmit 
intelligence,  Sec.  1.  A  compromise  between  these  opposite  require¬ 
ments  must  be  effected.  One  solution  is  the  probability  pulse, 
for  which  the  signal  and  the  periodogram  both  show  a  rapid  decrease 
of  amplitude.  In  each  the  area  under  the  curve  for  time  greater 
than  3 tn  or  frequency  higher  than  3 /„  is  only  1/5,000  of  the  total 
area.  In  practice,  a  signal  approximating  this  shape  will  also 
approximate  these  qualities.  For  example,  a  signal  having  the 
shape  of  Fig.  6.45  has  as  its  spectrum  the  curve  of  Fig.  6.4a;  the 
amplitude  of  the  frequency  components  decreases  exponentially, 
i.e.j  very  rapidly. 

11.  Unit  Function  and  Unit  Pulse. — Consider  a  circuit  contain¬ 
ing  a  battery  of  emf  E  volts,  a  passive  network  Z,  and  a  switch  S, 
Fig.  11.1.  If  the  circuit  is  closed  at  time  t  =  0,  the  potential  dif¬ 
ference  at  the  terminals  1-2  of  the  network  will  be  zero  for  all  nega¬ 
tive  values  of  time  t  <  0  and  E  volts  for  t  >  0,  with  a  jump  at 
t  =  0,  Fig.  11.2,  When  E  =  1  volt,  this  function  of  t  is  called  the 
unit  function  U(t)  [sometimes  1(2)];  the  function  in  Fig.  11.2  is  thus 
EU(t).  This  unit  function  plays  a  fundamental  part  in  the  work 
of  Oliver  Heaviside  (about  1893)  and  of  J.  R.  Carson. 
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Consider  the  two  rectangular  pulses  described  in  Sec.  9.  If 
m  increases  to  infinity,  the  pulse  becomes  infinitely  short  and  of 
infinitely  great  amplitude,  the  area  under  the  pulse  being  the 
finite  quantity  2 Etn.  When  2 Etn  =  1,  the  function  of  t  (an  infi¬ 
nitely  sharp  pulse  of  unit  area)  is  called  the  unit  pulse  Pi(t). 

This  function  has  been  introduced  in  theoretical  physics  by  P. 


Fig.  11.1. — Sudden  application  of  emf  to 
network. 


,e 


E 


o1 


t 


Fig.  11.2.— Voltage  E  times  the 
unit  function  U ( t ) ,  yielding  the  function 
EU(t). 


A.  M.  Dirac  (1926)  and  in  circuit  theory  by  G.  A.  Campbell  (1927). 
It  is  being  used  more  and  more  in  the  analysis  of  transients. 

Consider  a  voltage  equal  to  zero  for  t  <  —tn/m  and  to  1  volt 
for  t  >  tn/m  and  represented  for  intermediate  values  of  t  by  a 
straight  line,  Fig.  11.3.  The  derivative  of  such  a  function  of  time 
is  equal  to  zero  f  or  t  <  —  tn/m  and  t  >  tn/m  and  to  m/2tn  in  between ; 


it  is  a  rectangular  pulse,  and  its 
infinity,  the  unit  pulse  Pi(t)  may 
be  considered  as  the  derivative  of 
the  unit  function  U(t)  with 
regard  to  time. 

If  m  increases  to  infinity,  the 
spectrum,  Fig.  9.2,  approaches 
a  horizontal  line  of  ordinate 
(l/7r)2 Etn.  The  unit  pulse  Pi(0 
has  then  for  its  spectrum  the 
constant  1/tt,  and  all  the  com¬ 
ponent  frequencies  have  the  same 
weight. 


area  is  unity.  If  m  increases  to 
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r.  11.3. — Voltage  whose  first  deriva¬ 
tive  is  a  rectangular  pulse. 


If  tn  continuously  decreases  toward  zero  and  consequently  /„ 
increases  without  limit  and  if  E  continuously  increases  so  as  to 
keep  2 Etn  constant,  each  pulse  in  Figs.  6.1a  to  6.5a  becomes  an 
instantaneous  pulse  of  area  2 Etn  and  each  spectrum  in  Figs.  6.15 
to  6.55  becomes  a  horizontal  line  of  height  (1/V)2 Etn.  Hence,  an 
instantaneous  pulse  contains  all  frequencies  with  equal  weight ,  a 
result  often  used. 
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12.  Analysis  of  Anti  symmetrical  Pulse. — Instead  of  a  symmet¬ 
rical,  or  even,  function  of  time,  consider  an  antisymmetrical,  or 
odd ,  function  S(t),  such  that  S(  —  t)  =  —  S(t),  Chap.  IX,  Sec.  3. 
Reasoning  similar  to  that  of  Sec.  3  leads  to  the  analysis  of  S(t)  into 
an  infinity  of  components  sin  c ot  of  all  frequencies,  each  having  an 
infinitely  small  amplitude  A(co)  dco,  and  the  following  formulas 
result  instead  of  (4.2)  and  (4.5): 

m  =  i:  A  (w)  sin  Lot  dco 
2  /■“ 

A(w)  =  -  /  S{t)  sin  cot  dt 

K  JO 

A( lo)  is  called  the  periodogram  of  the  antisymmetrical  signal  S(t), 
or  its  Fourier  spectrum,  or  its  weight  function  with  regard  to  sin  cot. 


(12.1) 

(12.2) 


1“ 

1 

S 

Y 

0 

i 

z 

— 1 

Fig.  12.1. — Unit  step  function  Su(t). 


Fig.  12.2. — Spectrum  J.(a>)  =  l/faco)  of 
unit  step  function. 


An  important  antisymmetrical  function  is  the  unit  step  func¬ 
tion  Su(t)}  equal  to  —  i  for  t  <  0  and  to  +  i  for  t  >  0,  Fig.  12.1. 
The  spectrum  of  this  function  can  be  derived  from  that  of  the 
rectangular  pulse  and  is 


4(a>) 


7 TCO 


The  amplitude  of  the  harmonic  component  sin  cot  is  dco/irco, 
inversely  proportional  to  frequency,  and  the  spectrum  is  a 
rectangular  hyperbola,  Fig.  12.2. 

The  definitions  of  tn  and/„  in  Sec.  5  would  be  meaningless  for  an 
antisymmetrical  signal.  Arbitrary  quantities  to  and/o  =  1/4Z0  may 
be  used  as  units  of  time  and  frequency.  When  a  signal  of  the 
general  type  e(t)  =  C{t)  +  S(t)  is  analyzed,  tn  and  /„  for  the  sym¬ 
metrical  component  C{i)  may  be  used  for  S(t),  also, 
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13.  Spectra  of  Various  Antisymmetrical  Pulses. — A  list  of 
some  typical  antisymmetrical  signals,  or  pulses,  S(t)  follows  with 
their  spectra  A  (to)  as  defined  by  formula  (12.2).  An  arbitrary  unit 
of  time  to  having  been  chosen,  the  following  notations  have  been 
used,  by  analogy  with  the  symmetrical  case,  Sec.  6: 


x  — 


l 

k 


Aq  = 


2Et0 

7 r 


The  absolute  variables  x  and  y  have  been  taken  as  abscissas. 


Signal 

1.  Step  function  ESu(t) 

Jump  at  t  =  Ofrom  —E/ 2  to 
E/2 


Spectrum 


(13.1) 


2.  Rectangular 

Amplitude  E/2 
Duration  2k 


Aq 

~2 


Try/2 


(13.2) 


3.  Exponential 

(E / 2)  e~x  for  z  >  0 
—  (E/2)tx  for  x  <  0 

4.  Sinusoidal  (one  period) 

Amplitude  E/2 
Duration  2wk 


Aq  Try/ 2 

2  1  +  (jy/2)2 


(13.3) 


Aq  sin  (Tr2y/2) 
2  1  -  (xy/2)* 


(13.4) 


The  signals  and  spectra  of  (13.1)  to  (13.4)  are  given  in  Figs.  13.1  to 
13.4. 


UJ 

~Wq 
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(a)  (i b ) 

Fig.  13.2. — Antisymmetrical  rectangular  pulse  (a)  and  its  spectrum  (b) ;  see  (13.2). 


(a)  ( b ) 

Fig.  13.3. — Antisymmetrical  exponential  pulse  (a)  and  its  spectrum  (6);  see  (13.3). 


(a)  (b) 

Fig.  13.4. — Antisymmetrical  sinusoidal  pulse  (a)  and  its  spectrum  (b);  see  (13.4). 


14.  Signal  Consisting  of  a  Finite  Number  of  Sinusoidal  Cycles. — 

The  continuous  passage  from  a  nonperiodic  function  to  a  periodic 
one  (inverse  of  the  process  considered  in  Sec.  3)  is  illustrated  in  the 
following  problem: 

Consider  an  antisymmetrical  pulse  composed  of  only  one  cycle 
of  the  function  (E/2)  sin  x  and  equal  to  zero  for  t  <  —irto  and 
t  >  nto,  Fig.  13.4.  From  formula  (13.4)  its  spectrum  is 


A  (a) 


Et0  sin  Tr2y/2 
V  1  -  (iry/ 2)2 


(14.1) 


Now  consider  a  signal  composed  of  (2 n  +  1)  cycles  of  the  same 
function  (E/2)  sin  x.  Such  a  signal,  Fig.  14.1a,  might  be  produced 
by  an  alternator  of  frequency  (\/2nrto)  operating  for  (2 n  +  1)T 
sec,  provided  that  there  were  no  transients.  The  signals  that  have 
been  considered  thus  far  are  called  d-c  pulses,  in  distinction  to  pulses 
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such  as  the  present  one,  which  are  called  a-c  pulses.  An  a-c  pulse 
is  in  general  a  carrier  wave  modulated  by  a  d-c  pulse,  which  here  is  a 
rectangular  pulse. 

From  (12.2)  the  spectrum  of  the  rectangular  a-c  pulse  of  dura¬ 
tion  (2 n  +  1)2^0  is 

=  1  -^/2).  Sin  [(2W  +  1}  ?]  (14'2) 

The  spectrum  Ai(«)  of  a  single  sine-wave  pulse  is  itself  an 
amplitude-modulated  wave,  co  playing  the  role  of  time.  The 
“ period’ ’  of  the  carrier  is  1/w to,  and  the  envelope  is  the  curve 


Fig.  14.1. — Antisymmetrical  pulse  of  (2 n  +  1)  periods  (a)  and  its  spectrum  (6). 


Et o/tt[1  —  (tv/2)2]  together  with  its  reflection  in  the  Oco  axis.  The 
spectrum  A2n+ i(w)  is  composed  of  oscillations  of  (2 n  -f  1)  times  as 
short  a  “period,”  tangent  to  the  same  envelope.  For  y  —  2/i r, 
(14.1)  and  (14.2)  become  and,  by  the  usual  method  for  evaluating 
Ai  =  Eto/2  and  A2n+1  =  (2 n  +  l)^0/2.  The  spectra  Ax(w) 
and  A2n+i(co)  are  plotted  in  Figs.  13.46  and  14.16.  The  component 
frequency  /  =  1/T,  corresponding  to  y  =  2/tt ,  is  more  and  more 
preponderant  in  the  spectrum  as  the  number  of  a-c  cycles  in  the 
signal  increases.  The  carrier  frequency  does  not  stand  out  recog¬ 
nizably  unless  the  signal  contains  at  least  6  and  preferably  10  or 
12  periods.  If  the  duration  of  the  signal  is  decreased,  the  carrier 
frequency  must  be  taken  proportionately  greater  in  order  to  main¬ 
tain  the  same  number  of  oscillations  within  the  signal.  This  fact 


598 


SIGNAL  ANALYSIS 


[Chap.  XVIII 


has  several  important  applications.  A  flash  of  light  of  0.01  sec 
duration  would  contain  about  5  •  1012  oscillations.  The  correspond¬ 
ing  spectrum  would  be  practically  an  “instantaneous  pulse/’  Sec. 
11,  with  /  instead  of  time  as  variable,  centered  at  /  =  5(10) 14  cps. 
A  signal  that  is  an  instantaneous  pulse  occurs  at  an  instant  that  is 
perfectly  well-defined,  but  its  spectrum  extends  equally  over  all 
frequencies;  on  the  other  hand,  a  sinusoidal  voltage  E  sin  ( t/U )  has  a 
perfectly  well  defined  frequency  but  does  not  define  any  particular 
instant  of  time.  A  signal  of  short  duration  consisting  of  many 
oscillations  of  the  carrier  frequency  is  a  good  practical  compromise 
between  the  two  extreme  theoretical  cases. 

Complementary  properties  such  as  those  just  mentioned  are 
of  great  significance  in  contemporary  physics. 

15.  General  Case. — In  the  general  case,  a 
signal  e(t)  is  the  sum  of  a  symmetrical  and  an 
antisymmetrical  component, 

e(t)  =  (7(0  +  S(t)  (15.1) 

From  (4.3)  and  (12.1), 

e(t)  =  /.-  [2?(oj)  cos  (^t  +  A(co)  sin  at\  da 

(15.2) 

(B  cos  +  A  sin  at)  may  be  written  as  a  cosine 
wave  of  amplitude  M  and  phase  angle  (  —  0),  Fig.  15.1,  with 

M  =  VT2  +  B2  (15.3) 

BAA 

jj£  =  cos  4>  =  sin  -g  =  tan  $  (15.4) 

and,  instead  of  (15.2), 

e(t)  —  M  cos  (at  —  <f>)  da  (15.5) 

Equation  (15.5)  means  that  e(t)  can  be  reconstructed  by  adding  an 
infinity  of  waves  of  every  frequency  /,  each  having  an  infinitely 
small  amplitude  M  da  =  \/  A2  +  52  da  and  a  phase  lag  <£  with 
regard  to  cos  2j rft.  The  complex  quantity  M  da  is  called  the 
complex  amplitude  of  the  component  of  angular  velocity  a.  B( a)  is 
called  the  cosine  spectrum  of  the  given  signal  e(t),  and  A(a>)  its  sine 
spectrum.  The  complete  Fourier  analysis  of  e(t)  thus  is  summarized 
by  two  curves,  representing  two  functions  of  a ,  either  B(a)  and 
4(co),  or  M(a)  and  4>(a). 


a 


Fig.  15.1. — Rotat¬ 
ing  vectors  corre¬ 
sponding  to  the  har¬ 
monic  components  B 
cos  oj t  and  A  sin  to t. 
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By  a  generalization  of  the  energy  spectrum  of  a  symmetrical 
pulse,  defined  in  Sec.  7,  the  curve  of  [M{j)]2  as  a  function  of  fre¬ 
quency  is  called  the  energy  spectrum  of  the  nonsymmetrical  pulse 
e(t). 

16.  Morse  Dot,  or  Pulse. — As  an  example,  a  Morse  dot  of 
amplitude  2 E  and  of  duration  tn,  beginning  at  t  =  0,  Fig.  16.1, 
is  the  sum  of  one  symmetrical  and  one  antisymmetrical  rectangular 


Tig.  16.1. — Unsymmetrical  Morse  dot. 


Fig.  16.2. — Symmetrical  component  of  Fig.  16.3. — Antisymmetrical  component 
Morse  dot  of  Fig.  16.1.  of  Morse  dot  of  Fig.  16.1. 

pulse,  each  of  amplitude  E,  Figs.  16.2  and  16.3.  From  (6.1)  and 
(13.2),  _ 

MM  -  VIMTS-.  -  H  V[.i»  (-!)]'  (?)]' 

(16.1) 


and,  from  (15.4), 


tan  0  = 


1  —  cos  (my/ 2) 
sin  (vy/2) 


tnCx) 

2 


(16.2) 


so  that  the  relative  amplitude  M  and  phase  0  of  the  cos  cot  com¬ 
ponent  are  as  given  by  Figs.  16.4  and  16.5. 

The  Morse  dot  just  analyzed  could  have  been  obtained  by 
delaying  a  symmetrical  Morse  dot,  of  amplitude  2 E  and  duration 
tn ,  by  tj 2  sec.  The  comparison  of  Fig.  6.16  with  Fig.  16.4  shows 
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that  the  amplitude  spectra  M(co)  of  both  pulses  are  the  same  but 
that  a  time  delay  tn/2  sec  corresponds  to  a  phase  lag  tnco /2  radians, 
proportional  to  frequency.  This  remark  will  be  generalized  in 
Sec.  22. 


Fig.  16.4. — Amplitude  diagram  of  Morse  dot  of  Fig.  16.5. — Phase  diagram  of 

Fig.  16.1.  Morse  dot  of  Fig.  16.1. 

17.  Fourier  Transform. — It  is  convenient  to  represent  a  har¬ 
monic  wave  E  cos  cot  by  a  rotating  vector  as  in  a-c  theory  or  by  the 
corresponding  complex  exponential  Ee>ut,  of  which  E  cos  cot  is  the 
real  part.  The  wave  M  cos  {cot  —  <f>)  will  then  be  represented  by 

The  amplitude  M(co)  defined  in  Sec.  15  can  be  expressed  as 
M(co)  =  MQe-a^  (17.1) 

where  M0  (in  volt-seconds)  is  1/tt  times  the  area  2 Etn  of  the  pulse 
or  of  its  symmetrical  part.  The  analysis  of  a  pulse  e(t ),  (15.5),  can 
then  be  written  as 

e{t)  =  fo*  M0e-a-tteJ'ut  dco  (17.2) 

The  complex  function  M(co)/<t>(co),  or  is  called  the 

(complex)  Fourier  transform  E(co)  of  the  pulse  e(t).  It  is  its  weight 
function  with  regard  to  tiwt.  The  quantities  a  (nepers)  and  4> 
(radians)  are  both  functions  of  frequency. 

Conversely,  the  Fourier  transform  is  related  to  the  pulse  by 

E(co)  —  B(co)  —  jA(co)  (17.3) 

=  -  /  e(t)e-’“‘  dt 

it  Jo 

The  knowledge  of  the  two  frequency  characteristics  a(co),  4>(co) 
is  equivalent  to  the  knowledge  of  the  signal  e(t),  and  vice  versa. 
Thus  the  one  function  e(t)  corresponds  to  the  two  functions  a(co), 
<t>(co)  [or  to  the  two  functions  B(co),  A{co ),  Sec.  15].  This  is  possible 
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only  because  the  two  functions  (a,0)  [or  the  two  functions  (B, A)] 
are  not  independent,  as  will  be  shown  in  Sec.  21. 

It  is  shown  in  Chap.  IX,  Sec.  12,  that  the  properties  of  a  network 
in  the  harmonic  steady  state  can  also  be  expressed  by  two  frequency 
characteristics  a(co)  and  0(w)  (attenuation  a  and  phase  lag  fi). 
It  is  thus  possible  to  describe  these  two  widely  different  physical 
entities,  the  input  signal  and  the  network,  in  comparable  terms. 
This  makes  it  possible  similarly  to  analyze  their  product,  which  is 
the  output  signal. 

DISTORTION  OF  SIGNAL  GOING  THROUGH  A  TRANSDUCER 

18.  Fourier  Analysis  of  Output  Signal. — As  stated  in  Sec.  1, 
the  problem  is  to  find  the  shape  of  the  signal  e2(t)  that  reaches  a 
given  receiver,  when  a  given  nonperiodic  signal  ei(t)  is  applied  at 
the  input  terminals  of  a  given  transducer,  Fig.  1.4.  Let 

J  =  ii(»)  =  \A\/-fi  =  (18.1) 

be  the  complex  voltage  ratio  of  the  transducer  when  connected 
to  the  receiver.  If  the  input  voltage  is  harmonic  of  frequency 
/,  e\ (t)  —  Ei  cos  oj t,  the  output  voltage  is,  Chap.  IX,  Sec.  12, 

e2(t)  =  Eie~a  cos  (at  —  (3)  or  Eie~a~^e1<J>t  (18.2) 

If  the  input  signal  e\(f)  is  nonperiodic,  it  is  shown  in  Sec.  15  that 
it  is  equivalent  to  the  sum  of  an  infinity  of  harmonic  components  of 
all  frequencies,  each  of  them  infinitely  small,  and  that  the  com¬ 
ponent  of  frequency  f  is 

MQe~ai  cos  (ict  —  4> i)  dec  or  M  oe~ai~i4,ieiu>t  dec  (18.3) 

where  M0  —  2Etn/^ .  The  harmonic  output  voltage  corresponding 
to  this  input  component  of  ei (t)  will  be 

M dec  (18.4) 

Putting 

Cii  +  ol  =  a2  cf)i  +  /?  =  <£2  (18.5) 

(18.4)  becomes 

M dec  -  M oe-orA+'e1"1  dec  (18.6) 

Thus,  from  (18.5),  the  a2  of  the  output  signal  is  the  sum  of  the 
a,i  of  the  input  signal  and  the  attenuation  a  of  the  transducer;  the 
02  of  the  output  signal  is  the  sum  of  the  0i  of  the  input  signal  and 
the  phase  lag  /3  of  the  transducer. 
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From  (17.2),  the  Fourier  transform  of  the  input  signal  e\ (t)  is 
E i(«)  —  M and  from  (18.6)  the  Fourier  transform  of  the 
output  signal  e2{t)  is  E2(oj)  =  ikfoe_°2~3’*1,  whereas  from  (18.1)  the 
voltage  ratio  of  the  transducer  (connected  to  the  receiver)  is 
A(f)  =  €~a~jP.  Equation  (18.6)  can  therefore  be  written  more 
simply  as 

Ei(o)  =  A(o)  Efa)  (18.7) 

Thus,  the  Fourier  transform  of  the  output  signal  is  the  product  of 
the  voltage  ratio  of  the  transducer  and  the  Fourier  transform  of  the 
input  signal. 

This  rule  is  essentially  the  same  as  that,  (18.1),  concerning  the 
harmonic  input  and  output  voltages  of  the  transducer, 

E2  —  A(w)  E\  (18.8) 

which  is  not  surprising,  since  the  Fourier  transform  of  a  non¬ 
periodic  signal  is  nothing  more  than  the  complex  amplitude  of  each 
of  its  components,  with  the  differential  factor  do)  deleted,  Sec.  17. 

19.  Derivation  of  Output  Signal  from  Input  Signal. — To  obtain 
the  output  signal  the  following  three  operations  must  be  performed, 
parallel  to  those  described  in  Chap.  IX  for  an  input  periodic  voltage : 

1.  Find  the  Fourier  transform  E i(co)  of  the  input  signal  (Fourier 
analysis). 

2.  Multiply  Ei(o))  by  the  voltage  ratio  A(co)  =  €_“~^  of  the 
transducer;  this  gives  the  Fourier  transform  E2(w)  of  the  output 
signal,  18.7. 

3.  Obtain  the  output  signal  e2(t)  from  the  knowledge  of  its 
Fourier  transform  (Fourier  synthesis). 

This  process  is  strikingly  similar  to  performing  a  numerical 
calculation  with  a  table  of  logarithms:  (1)  Find  the  logarithms  of 
the  data.  (2)  Perform  on  them  some  simple  arithmetical  opera¬ 
tion.  (3)  Find  the  number  of  which  the  last  number  obtained  is 
the  logarithm. 

Steps  1  and  3  require  the  evaluation  of  the  definite  integrals 
(17.3)  and  (17.2).  This  involves  elaborate  mathematical  methods. 
The  results  of  many  such  calculations  have  been  tabulated  in 
“Fourier  Integrals  for  Practical  Applications,”  by  G.  A.  Campbell 
and  R.  M.  Foster  (A.T.T.Co.). 

20.  Response  of  Network  to  Unit  Pulse. — The  unit  instan¬ 
taneous  pulse  Pi(t)  has  for  spectrum  the  constant  I/71-,  Sec.  11. 
Putting  Ei( w)  =  1/tt  (volt-seconds),  (18.7)  becomes 
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E*( to)  =  -  A(<o) 
7 r 


(20.1) 


This  relation  brings  out  a  remarkable  connection  between  the 
steady-state  properties  and  the  transient  properties  of  a  given 
network.  The  complex  voltage  ratio  E2/E\  =  A  (a),  obtained  from 
ordinary  a-c  theory,  describes  the  be¬ 
havior  of  the  network  in  the  harmonic 
steady  state  for  any  given  frequency. 

On  the  other  hand,  the  application  of  a 
unit  instantaneous  pulse  to  the  network 
results  in  an  output  signal  P2(t),  usually 
called  a  transient.  Equation  (20.1) 
signifies  that  (1/tt)A(«)  is  the  Fourier 
transform  of  the  transient  response  P2{t). 

For  example,  consider  the  transducer  and  receiver  of  Fig.  20.1. 
The  voltage  ratio  is 


Fig. 


20. 1  .—Transducer 
and  receiver  C. 


LR 


E2 

El 


1  /jo>C 


’  (w  L  -  i) 


=  A  («) 


R  +j 


(20.2) 


The  signal  P2(t)  of  which  I/t  A  (c*>)  is  the  Fourier  transform  is 
obtained  by  finding  the  value  of  the  integral  (17.2),  which  here  is 

=  Jo  w  (1  -  u*LC)  +  jwCti  (20-3) 
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with 

-  -  Vre  -  (0  ‘20 « 

The  signal  P2(0,  for  t  positive,  is  the  damped  sinusoid  given  by 
(20.4)  and  shown  in  Fig.  20.2.  The  fact  that  one  extremely  short 
knock  thus  sets  a  resonant  circuit  in  oscillation  is  the  well-known 
phenomenon  of  shock  excitation  on  which  early  radio  communication 
by  damped  waves  was  based. 

21.  Interdependence  of  Attenuation  and  Phase  Characteristics 
of  Network, — The  response  of  a  network  to  a  unit  pulse  may  help  in 


Fig.  21.1. — Example  of  an  output  voltage  pulse, 


understanding  the  fact  mentioned  in  Sec.  17,  that  the  two  frequency 
characteristics  of  a  pulse,  a(w),  <£(a>),  or  the  two  frequency  character¬ 
istics  of  a  network,  a(a>),  /3(a>),  are  not  independent. 

Suppose  that  a  transducer,  originally  at  rest  (no  current  in  any 
branch),  receives  at  t  =  0  an  instantaneous  input  voltage  pulse 
P\{t).  The  output  voltage  Pi{t)  may  begin  to  change  at  t  =  0  or 
later  if  the  transducer  contains  a  filter  or  a  transmission  line,  which 
introduces  a  delay,  but  surely  not  earlier  than  t  =  0,  Fig.  21.1. 

If  Pi{t)  is  analyzed  into  a  C  and  an  S  component,  the  right-hand 
parts  of  C  and  S  will  be  identical,  Figs.  21.2  and  21.3,  whereas  the 
left-hand  parts  will  be  the  image  of  each  other  in  the  time  axis. 
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If  C  were  known,  we  could  immediately  draw  the  S  curve,  and 
vice  versa. 

Now  1/ir  times  the  voltage  ratio  A(w),  or  l/Tr[Ar(co)  +  M?(w)  L 
is  the  Fourier  transform  of  P2{t).  The  spectrum  of  the  C  component 
of  P2(l)  is  A r(w) / 7T,  and  the  spectrum  of  the  S  component  of  P2(t)  is 
Aj(w)/w.  Since  the  C  component  and  the  S  component  of  P2(t) 
are  not  independent,  their  spectra  Ar(co)  and  Ay(co)  cannot  be 
independent. 

Since  Ar(co)  and  A,-(co),  real  part 
and  imaginary  part  of  A(w),  are 
not  independent,  the  amplitude 
and  the  phase  angle  of  A(o>)  can¬ 
not  be  independent.  From  (17.1), 

A  (co)  =  where  the  function 

a:(co)  is  the  attenuation  of  the 
transducer  and  the  function  (3(cc) 
is  its  phase  angle.  These  func¬ 
tions  therefore  are  not  independent,  hence  cannot  both  be  chosen 
at  random;  if,  in  designing  a  transducer,  it  is  desired  that  its 
attenuation  have  a  given  variation  as  function  of  frequency,  its 
phase  angle  is  automatically  determined,  and  vice  versa.1 

Suppose,  for  example,  it  were  desired  to  design  a  low-pass  filter, 
Fig.  21.4,  such  that,  in  the  transmission  band,  a  is  zero  and  (3  pro¬ 
portional  to  frequency;  and  that,  in  the  attenuation  band,  a  is 


Fig.  21.4. — Characteristics  of  idea) 
low-pass  filter. 


Fig.  21.5. — Actual  characteristics  of  low-pass  filter. 


infinite  and  (3  a  constant.  These  conditions  are  not  compatible. 
If  they  are  assumed,  they  result  in  a  response  P2(t)  to  a  unit  pulse 
that  is  not  zero  for  t  <  0;  that  is,  an  output  voltage  would  exist 
before  any  input  voltage  has  been  applied.  Actually,  for  the  low- 
pass  filter  of  Chap.  VIII,  Sec.  5,  a  is  zero  below  cutoff,  but  then 
is  not  proportional  to  frequency;  above  cutoff,  (3  is  a  constant,  but 
then  a  is  not  infinite,  Fig.  21.5. 

22.  Conditions  for  No  Distortion. — The  Fourier  analysis 
provides  at  once  the  conditions  that  should  be  fulfilled  by  an  ideal 

1  These  general  statements  are  somewhat  qualified  in  a  more  advanced  theory . 
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transducer,  in  order  that  it  may  transmit  an  applied  voltage  of  any 
shape  without  distortion.  Consider  one  sinusoidal  component  of 
ei(t),  of  angular  velocity  w;  it  will  be  attenuated  a  nepers  and  be 
subject  to  a  phase  lag  of  (3  radians,  or  to  a  time  delay  td  =  (/3/o>)  sec, 
Sec.  16. 

If  a  and  td  are  constants  independent  of  frequency,  all  com¬ 
ponents  of  e\(t)  will  be  attenuated  in  the  same  ratio  and  delayed 
the  same  amount  of  time.  Hence  e2  (0  will  be  a  perfect  copy  of 
ei(t)7  delayed  td  sec. 

There  are,  therefore,  two  conditions  for  no  distortion: 

1.  The  attenuation  a  introduced  by  the  network  must  be 
independent  of  frequency. 

2.  The  delay  td  introduced  by  the  network  must  be  independent 
of  frequency. 

This  second  condition  may  be  expressed  also  by  saying  that  the 
phase  angle  (3  introduced  by  the  network  must  be  proportional  to 
frequency:  /3  =  2-irtdf. 

Moreover,  multiplying  A(w)  by  a  factor  €~J'V  =  —  1  merely 
reverses  the  output  voltage,  so  that  any  multiple  of  w  can  be  added 
to  the  phase  lag  ft  without  introducing  distortion. 

23.  Different  Types  of  Distortion. — The  networks  here  con¬ 
sidered  (transducer  and  receiver,  Fig.  1.4)  may  contain  resistances, 
inductances,  either  self  or  mutual,  and  capacitances,  as  well  as 
transmission  lines  and  vacuum  tubes.  It  has  been  assumed  that 
the  complex  voltage  ratio  A(oj)  could  be  obtained  by  applying 
KirchhofT’s  laws  to  the  network  in  the  harmonic  steady  state,  such 
relations  being  used  as 

eB  =  Ri  eL  =  juLi  rviv  =  ep  +  j±eg  •  ■  •  (23.1) 

A  network  is  said  to  be  linear  when  all  coefficients  such  as  R,  L, 
C,  M,  rp,  n,  .  .  .  ,  can  be  considered  as  independent  of  the  ampli¬ 
tudes  of  the  harmonic  voltages  and  currents  involved.  It  results 
from  the  theory  of  linear  differential  equations  with  constant  coef¬ 
ficients  that,  when  a  harmonic  voltage  or  current  of  frequency  /  is 
applied  to  a  linear  network,  all  the  voltages  and  currents  in  the 
network  are  also  harmonic  and  of  the  same  frequency  /. 

A  coil  with  an  iron  core  and  a  vacuum  tube  so  biased  that  the 
curved  portions  of  the  characteristics  come  into  play  are  examples 
of  nonlinear  systems.  If  a  harmonic  voltage  of  frequency  /  is 
applied  to  such  a  system,  the  input  current  is  not  harmonic ;  and  if  a 
nonperiodic  signal  is  applied,  the  output  signal  is  distorted  in  a 
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very  complicated  way,  as  is  seen,  for  example,  in  the  study  of  detec¬ 
tion,  Chap.  XXI.  Distortion  caused  by  nonlinear  networks  is 
called  nonlinear  distortion,  and  the  present  theory  does  not  apply 
to  it. 

Assuming  a  linear  network,  no  distortion  of  the  input  signal 
will  occur  if  the  network  characteristics  satisfy  the  conditions 


a  =  const. 


a  =  const, 
or 


(23.2) 


td  =  const.  fi  =  27 rtdf  +  wr  J 

If  the  actual  characteristics  of  the  linear  transducer  (connected 
to  a  definite  linear  receiver)  differ  from  the  ideal  ones,  Figs.  23.1 


Fig.  23.1. — Actual  and  ideal  attenuation 
characteristics. 


Fig.  23.2. — Actual  and  ideal  phase 
characteristics. 


and  23.2,  distortion  will  occur.  The  American  Standards  Associa¬ 
tion1  recommends  the  following  definitions: 


Frequency  distortion  is  that  form  of  distortion  in  which  the  change  is  in 
the  relative  magnitudes  of  the  different  frequency  components  of  a  wave, 
provided  that  the  change  is  not  caused  by  nonlinear  distortion. 

Delay  distortion  is  that  form  of  distortion  which  occurs  when  the  phase 
angle  of  the  transfer  impedance  (or  of  the  voltage  ratio)  with  respect  to 
two  chosen  pairs  of  terminals  is  not  linear  with  frequency  within  a  desired 
range,  thus  making  the  time  of  transmission  or  delay  vary  with  frequency 
in  that  range. 

Since  the  magnitudes  of  the  different  frequency  components  are 
controlled  by  the  attenuation  a(f)  and  their  time  delays  by  the  phase 
/?(/),  both  types  of  distortion  just  defined  depend  upon  the  shape  of 
some  frequency  characteristic,  either  that  of  Fig,  23.1  or  that  of 
Fig.  23.2,  so  that  the  choice  of  the  term  “frequency  disortion”  for 
one  of  them  seems  unfortunate.  Nonconformist  writers  such  as 
Guillemin  or  Wheeler  use  the  terms  “amplitude  distortion”  and 

1  American  Standard  Definitions  of  Electrical  Terms,  ASA  C42-1941, 
American  Institute  of  Electrical  Engineers. 
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“phase  distortion ”  and  have  logic  on  their  side.  In  what  follows 
we  shall  use  the  official  definitions. 

In  the  reproduction  of  voice  and  music,  delay  distortion,  if  not 
extreme,  is  not  recognized  by  the  ear;  therefore  the  designer  aims 
at  obtaining  a  flat  attenuation  characteristic  and  lets  the  phase 
angle  take  care  of  itself.  Conditions  are  entirely  different  in  tele¬ 
vision,  where  even  very  slight  delay  distortion  causes  objectionable 
distortion  of  the  picture.  New  types  of  filters  and  amplifiers  have 
been  designed  to  keep  the  time  delay  constant 
throughout  the  very  broad  frequency  band 
used  in  the  technique  of  the  cathode-ray 
oscillograph. 

24.  Effect  of  Linear  Distortion  on  Sym¬ 
metrical  Pulse. — Let  the  phase  angle  0(«)  of 
the  voltage  ratio  be  sometimes  greater  and 
sometimes  less  than  an  angle  ts»  proportional  to  frequency.  Let 


0  t~*- 

Fig.  24.1. — Input  sig¬ 
nal. 


j3  =  tdu  + 


(24.1) 


Then,  from  (18.1), 

A(  cj)e-a“J?  =  (24.2) 

The  first  factor  e~iutd  delays  the  input  signal  by  the  amount  td, 
Sec.  22.  The  second  factor,  where  a  and  are  functions  of  fre- 


|e2 


0  td  t-> 

Fig.  24.2. — Signal  delayed  by  td  and 
flattened  by  frequency  distortion. 


Fig.  24.3. — Total  effect  of  linear  dis¬ 
tortion;  skewing  is  due  to  delay  dis¬ 
tortion. 


quency,  has  a  real  part  and  an  imaginary  part: 

e-a-30i  _  (e-a  cog  £x)  _  j(e-«  gin  0X)  (24.3) 

The  real  part  is  the  spectrum  of  a  symmetrical  pulse;  the  coef¬ 
ficient  of  (~j)  is  the  spectrum  of  an  antisymmetrical  pulse.  A 
symmetrical  signal,  passing  through  a  linear  transducer,  is  thus 
affected  in  general  in  three  ways: 

1.  It  is  delayed  by  td  sec. 

2.  As  a  result  of  a  not  being  a  constant  (frequency  distortion), 
the  shape  of  the  signal  is  altered,  but  its  symmetry  about  the  vertical 
t  =  to  is  preserved. 
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3.  As  a  result  of  j Q  not  being  equal  to  utd  (delay  distortion), 
an  unsymmetrical  component  is  added,  or  the  signal  is  skewed. 

In  general,  (2)  broadens  and  flattens  the  pulse  symmetrically, 
and  (3)  makes  the  upstroke  shorter  (steeper)  and  the  downstroke 
longer  (flatter).  The  total  effect  is  called  linear  distortion.  A 
typical  case  is  shown  in  Figs.  24.1  to  24.3. 

25.  Method  for  Obtaining  Shape  of  Output  Signal  When  Dis¬ 
tortion  Is  Slight. — The  harmonic-analysis  method  enables  the 
output  voltage  corresponding  to  a  given  input  voltage  to  be  found, 
provided  that  certain  mathematical  integrations  can  be  effected, 
as  explained  in  Sec.  19  and  exemplified  in  Sec.  20.  Several  impor¬ 
tant  problems  in  telegraphy  and  television  have  been  treated  in  this 
way. 


I 


Fig.  25.1. — a-Characteiistic  of  system  I.  Fig.  25.2. — Signal  at  the  output  of 

system  I. 


In  practical  problems,  the  variations  of  the  input  voltage  with 
time  and  the  a-  and  /^-characteristics  of  the  network  are  usually 
obtained  by  automatic  recording  or  by  plotting  measurements  and 
therefore  are  represented  by  graphs,  for  which  a  rigorous  analytical 
expression  is  not  available.  An  ingenious  method  for  obtaining  the 
output  signal,  the  method  of  paired  echoes ,  has  been  devised  by  H.  A. 
Wheeler.  The  method  consists  essentially  in  replacing  the  analyti¬ 
cal  expression  by  a  Fourier  development  that  is  its  equivalent  over 
the  useful  range  of  frequencies. 

Wheeler  begins  by  investigating  two  fictitious  systems.  System 
I  has  frequency  distortion  only ;  system  II  has  delay  distortion  only. 

The  a-characteristic  of  system  I  is  assumed  to  be  a  sinusoid  of 
amplitude  2e  nepers  (c  <  <  1)  of  which  one  cycle  occupies  a  fre¬ 
quency  band  l/te  cps,  Fig.  25.1.  The  ^-characteristic,  being  ideal, 
is  a  straight  line  of  slope  l/2irtd.  If  the  attenuation  a  were  con¬ 
stantly  zero,  a  very  short  pulse  of  amplitude  1,  Fig.  25.2,  would  be 
reproduced  exactly  after  a  delay  of  td  sec.  Wheeler  shows  that 
owing  to  the  frequency  distortion  present  this  main  output  signal 
will  be  accompanied  by  two  echoes,  one  arriving  te  sec  earlier  than 
the  main  signal  and  the  other  te  sec  later,  both  having  the  amplitude 
e,  Fig.  25.2. 
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The  /9-characteristic  of  system  II  is  assumed  to  be  a  sinusoid  of 
amplitude  2e'  nepers  ( e'  <  <  1),  of  which  one  cycle  occupies  l/ter 
cps,  oscillating  about  a  straight  line  of  slope  l/2irtd)  Fig.  25.3. 
The  attenuation  a  is  constantly  zero.  Owing  to  the  delay  distor¬ 
tion  present,  the  main  signal  of  amplitude  1,  arriving  after  td  sec, 
is  accompanied  by  two  echoes,  one  arriving  te>  sec  earlier  than  the 


Fig.  25.3. — ^-Characteristic  of  system  Fig.  25.4. — Signal  at  the  output  of 
II.  system  II. 

main  signal  and  the  other  t</  sec  later,  one  having  the  amplitude  e' 
and  the  other  the  amplitude  (  — e')>  Fig.  25.4. 

Systems  I  and  II  are  fictitious  in  that  their  a-  and  /3-character¬ 
istics  are  not  consistent.  Characteristics  of  an  actual  system  will 
always  be  consistent. 

For  example  let  the  a-characteristic  of  an  actual  system  be  as 
in  Fig.  25.5.  There  will  always  be  an  upper  limit  fc  to  the  fre¬ 
quencies  transmitted  by  the  system.  The  shape  of  the  character¬ 


istics  above  fc  is  therefore  immaterial.  It  may  be  assumed  that 
in  the  frequency  band  fc  to  2 fc  the  a-characteristic  is  the  image  BC 
of  the  characteristic  AB.  The  periodic  function  of  frequency 
represented  by  ABC  .  .  .  will  have  a  Fourier  development 


a o  +  ai  cos 


+ 


(25.1) 
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It  will  usually  be  sufficient  to  consider  only  the  two  first  terms. 
Let  cti  =  2 ea0.  The  output  signal  then  will  consist  of  a  main  signal 
(the  input  signal  attenuated  by  a0  nepers)  accompanied  by  two 
echoes  of  amplitude  e  times  as  small,  preceding  and  following  the 
main  signal  by  1/2 fc  sec.  If  this  approximation  is  not  sufficient, 
other  Fourier  components  may  be  used,  each  one  contributing  a 
smaller  and  smaller  pair  of  echoes. 

In  the  same  way  the  actual  ^-characteristic  will  be  referred  to  a 
straight  line  {3  =  2irtdf  going  through  it,  and  the  difference  between 
the  actual  and  the  ideal  characteristic  will  be  developed  in  a  Fourier 
series.  Each  successive  Fourier  component  will  contribute  a  smaller 
and  smaller  pair  of  echoes  of  opposite  amplitudes,  Fig.  25.4. 
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CHAPTER  XIX 


PRINCIPLES  OF  MODULATION 

1.  The  Modulating  Signal  and  Types  of  Modulation. — In  its 

nontechnical  sense,  the  word  “ modulate”  means  to  conform  to  a 
certain  proportion;  to  temper  or  regulate;  to  vary  or  inflect  in  tone. 
In  its  technical  sense  as  used  in  radio,  modulate  means  to  change  or 
alter  the  properties  of  a  wave  or  current  in  some  systematic  manner 
in  order  to  convey  a  message.  The  wave  or  current  whose  proper¬ 
ties  are  altered  or  modulated  is  called  the  carrier  wave  or  carrier 
current.  The  “wave”  that  causes  and  controls  the  alteration  is 
called  the  “modulating  wave.”  The  process  of  producing  the 
modulated  or  systematically  altered  wave  is  called  a  “process  of 
modulation”  or,  more  simply,  “modulation.”  The  word  modula¬ 
tion  is  also  used  as  a  name  for  the  changes  produced  in  the  process  of 
modulation. 

An  electromagnetic  wave  is  employed  as  a  carrier  in  radio  com¬ 
munication.  The  modulating  wave  in  radiotelephony  is  a  varying 
electric  current  obtained  from  a  microphone.  In  television  the 
modulating  wave  is  a  complex  electrical  signal  produced  in  part  by  a 
tube  that  operates  essentially  as  a  photoelectric  cell.  In  radio¬ 
telegraphy  the  modulating  wave  is  a  pattern  of  dots  and  dashes. 

The  fundamental  importance  of  modulation  is  that  it  enables 
communication  to  be  carried  on  at  frequencies  different  from  those 
of  the  modulating  wave  and  by  means  of  power  derived  from  sources 
other  than  that  of  the  modulating  wave.  The  frequency  of  the 
carrier  wave  and  the  nature  of  the  modulation  process  determine 
the  frequencies  present  in  the  modulated  wave  and  the  relative 
power  at  the  different  frequencies. 

For  a  given  type  of  modulation,  the  properties  of  the  modulated 
wave  are  the  same  regardless  of  the  particular  apparatus  employed 
to  produce  the  modulation.  Hence  it  is  fitting  to  discuss  the 
'principles  of  modulation  without  regard  to  the  workings  of  any 
specific  apparatus  for  producing  modulation.  It  is  the  purpose  of 
this  chapter  to  study  the  nature  of  the  modulation  process,  with 
maior  emphasis  on  the  frequencies  and  the  band  widths  involved. 
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In  Chap.  XX  on  Methods  of  Modulation  the  operation  of  present- 
day  equipment  for  producing  a  modulated  wave  is  described. 

In  most  applications,  the  modulating  wave  is  too  irregular  in 
form  to  be  described  by  an  explicit  equation.  However,  the  per¬ 
formance  of  a  system  may  be  judged  or  predicted  on  the  basis  of 
its  response  to  sinusoidal  modulating  waves  covering  a  band  of 
frequencies.  For  example,  spoken  words  are  reproduced  with  suf¬ 
ficient  intelligibility  to  be  useful  if  the  reproducing  apparatus,  from 
microphone  to  loudspeaker  or  earphones,  has  a  fairly  uniform 
response  from  about  300  to  3,000  cps.  Phase  distortion  is  not 
important,  considerable  nonlinear  distortion  may  be  tolerated, 
and  frequency  distortion  is  sometimes  purposely  employed  to 
emphasize  the  higher  frequencies  in  order  to  improve  the  intel¬ 
ligibility.  For  satisfactory  reproduction  of  music,  a  wider  fre¬ 
quency  range  is  required  and  the  permissible  nonlinear  distortion  is 
considerably  reduced.  Ordinary  radiobroadcasts  cover  an  audio¬ 
frequency  range  of  50  to  5,000  cps  or  more.  The  wider  the  range, 
the  more  natural  the  reproduction,  provided  that  the  nonlinear  dis¬ 
tortion  is  kept  low  enough  to  avoid  unpleasant  aural  effects.  Satis¬ 
factory  television  requires  a  band  several  million  cycles  wide  and  a 
reproducing  system  having  little  frequency  and  phase  distortion, 
depending  upon  the  desired  clearness  of  the  picture.  The  required 
frequency  range  for  telegraphy  increases  with  the  sending  speed  in 
words  per  minute,  but  for  manual  keying  the  necessary  band  width 
is  only  a  few  hundred  cycles. 

In  practically  all  communication  systems,  the  reproduction  of 
the  modulating  wave  is  not  perfect.  There  is  always  some  fre¬ 
quency,  phase,  or  nonlinear  distortion  somewhere  in  the  system. 
Sometimes  this  distortion  is  unavoidable  or  is  tolerated  in  order  to 
meet  practical  specifications  involving  cost,  weight,  size,  life,  etc. 
In  other  cases,  “distortion/7  i.e .,  departure  from  the  modulating 
wave,  is  deliberately  introduced,  for  example  to  compensate  for 
certain  defects  in  a  microphone  or  camera  tube  or  to  secure  some 
aural  or  visual  effect  in  the  reproduction.  The  high  or  the  low 
frequencies  or  both  are  sometimes  emphasized  in  sound  reproduc¬ 
tions  to  secure  a  more  natural  or  more  distinct  reproduction  or  to 
suit  the  fancy  of  the  listener.  Also,  the  volume  range,  i.e.,  the 
range  of  intensity,  may  be  compressed  to  accommodate  the  limita¬ 
tions  of  a  reproducing  device  or  locale,  or  to  prevent  the  intensity 
from  becoming  so  weak  as  to  be  overridden  by  noise,  or  to  prevent 
excessively  loud  sounds,  which  may  cause  undesirable  distortion  or 
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annoyance.  In  television  work  the  wave  obtained  from  the  camera 
is  altered  for  many  purposes,  including  that  of  changing  the  bright¬ 
ness  and  contrast  of  the  reproduced  image.  In  short,  many 
“ tricks”  or  refinements,  involving  alterations  before  or  after  the 
process  of  modulation,  are  employed  for  the  purpose  of  securing 
some  desired  effect  in  the  system  as  a  whole.  In  the  remainder  of 
this  chapter  the  modulating  wave  including  all  changes  made  previous 
to  the  process  of  modulation,  i.e .,  the  wave  fed  into  the  modulator, 
will  be  called  the  11  modulating  signal”  The  modulation  process 
involves  changing  the  carrier  wave  in  synchronism  with  and  in 
proportion  to  the  changes  in  the  modulating  signal.  The  changes 
in  the  carrier  wave  produced  by  modulation  are  detected  in  the 
receiver  and  used  to  control  the  currents  by  means  of  which  the 
final  reproduction  is  made. 


Fig.  1.1. — Graphical  representation  of  an  r-f  current  as  a  function  of  time  by  means 

of  a  rotating  vector. 

The  radio  frequency  or  carrier  frequency  is  higher  than  the 
frequencies  of  the  modulating  signal  and  is  designated  by  the  sub¬ 
script  h.  The  frequencies  of  the  modulating  signal  are  lower  than 
the  carrier  frequency  and  are  designated  by  the  subscript  l.  The 
carrier  frequency  may  be  higher  than  the  modulating  frequency  by  a 
factor  of  3  or  4  in  some  carrier-current  telephony  applications  and 
by  a  factor  of  thousands  in  short-wave  radio. 

When  there  is  no  modulation,  the  carrier-frequency  current  in 
the  output  of  the  equipment  designed  to  produce  modulation  may 
be  described  by  the  expression 

i  —  I  sin  a )ht  (1.1) 

where  I  represents  the  amplitude  of  the  current  and  coa  represents 
its  angular  frequency,  which  is  2w  times  /a,  the  carrier  frequency. 
It  is  assumed,  for  convenience,  that  the  current  is  zero  at  zero  time. 
The  sine  function  is  chosen  arbitrarily;  the  cosine  function  could 
be  used  as  well.  As  discussed  in  Chap.  I,  the  instantaneous  value 
of  a  sinusoid  may  be  represented  by  the  vertical  projection  of  a 
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rotating  vector,  as  in  Fig.  1.1.  In  Fig.  1.1a,  a  vector  representing 
the  amplitude  I  of  the  current  of  (1.1)  is  shown  in  its  position 
at  t  =  0.  Its  vertical  projection  then  is  zero.  The  vector  is 
imagined  to  rotate  counterclockwise  at  an  angular  velocity  a =  2 irfh 
radians/sec.  The  effect  of  modulation  is  to  vary  such  a  vector  in 
length,  in  angular  motion,  or  in  both  length  and  angular  motion. 
If  only  the  length  is  changed,  the  wave  is  amplitude-modulated. 
If  only  the  angular  motion  is  changed,  the  wave  is  angle-modu¬ 
lated.  These  two  types  of  modulation  are  basic  types.  Each  type 
of  modulation  requires  appropriate  modulation  and  detection 
equipment. 

2.  Amplitude  Modulation. — Amplitude  modulation  is  defined 
here  as  the  process  (or  the  results  of  the  process)  of  varying  the 


Fig.  2.1. — Amplitude-modulated  current. 


amplitude  of  the  carrier  in  synchronism  with  and  in  proportion  to 
the  variations  in  the  modulating  signal.  This  definition  describes 
the  ideal  of  amplitude  modulation.  Most  devices  do  not  attain  the 
ideal  called  for  by  this  definition,  but  the  process  and  results  never¬ 
theless  are  called  “  amplitude  modulation.’ ’ 

The  modulating  signal  is  seldom  if  ever  a  sinusoidal  signal,  but 
the  operation  of  the  system  as  a  whole  may  be  evaluated  on  the 
basis  of  its  response  to  sinusoidal  signals  covering  the  necessary 
frequency  band,  as  discussed  in  Sec.  1.  Figure  2. 1  shows  the  results 
of  sinusoidal  amplitude  modulation,  or  amplitude  modulation  by  a 
sinusoidal  modulating  signal.  At  first,  the  amplitude  is  constant; 
during  this  time,  there  is  no  modulating  signal.  Thereafter  the 
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amplitude  is  shown  to  be  varying  sinusoidally  about  the  value  that 
it  had  before  modulation.  The  sinusoidal  variation  in  amplitude 
is  proportional  to  the  instantaneous  value  of  a  sinusoidal  modulat¬ 
ing  signal.  The  time  intervals  between  successive  zero  values  of 
the  modulated  r-f  current  are  equal  and  are  unchanged  by  amplitude 
modulation. 

The  maximum  fractional  change  in  amplitude  is  known  as  the 
degree  of  modulation  and  is  designated  as  ma.  As  illustrated  in 
Fig.  2.1  the  amplitude  of  the  modulated  r-f  current  varies  sinu¬ 
soidally  between  the  values  1(1  +  ma)  and  1(1  —  ma)  at  the  fre¬ 
quency  of  the  modulating  signal.  The  variation  of  the  amplitude 
with  time  is  expressed  by  the  multiplier  (1  +  ma  sin  mt)}  where 


Fig.  2.2. — Over-modulated  current. 


on  =  27t fi,  fi  being  the  frequency  of  the  modulating  signal.  Then 
(1.1),  altered  to  include  the  multiplier  expressing  the  change  in 
amplitude,  becomes 

i  =  1(1  +  ma  sin  ont)  sin  o)d  (2.1) 

The  degree  of  modulation  ma  is  proportional  to  the  amplitude 
of  the  modulating  signal.  For  normal  modulation,  ma  may  have 
any  value  between  unity  and  zero.  When  ma  has  the  value  unity, 
the  amplitude  of  the  modulated  wave  varies  between  twice  the 
no-signal  amplitude  and  zero.  This  condition  is  known  as  100  per 
cent  modulation.  The  percentage  of  modulation  for  any  degree  of 
amplitude  modulation  is  ma  times  100. 

With  most  modulating  devices,  over  modulation  with  a  sinusoidal 
modulating  signal  results  in  a  waveform  like  that  shown  in  Fig.  2.2. 
The  amplitude  is  more  than  doubled  during  part  of  each  modulating 
period,  while  the  r-f  oscillations  disappear  entirely  during  another 
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part.  The  variation  in  the  amplitude  of  the  r-f  wave  does  not 
correspond  exactly  to  the  waveform  of  the  modulating  signal. 
This  results  in  a  distorted  reproduction  in  the  receiver. 

3.  Side  Frequencies  and  Side  Bands  Due  to  Amplitude  Modular 
tion. — By  use  of  the  relation 

sin  x  sin  y  =  i  cos  (x  —  y)  —  i  cos  (a;  +  y) 

(2.1)  may  be  converted  into  the  form 

i  =  I  sin  c Cht  +  7n^  cos  (c Ch  —  c oi)t  —  V\y  cos  (c Ch  +  <*n)t  (3.1) 

The  amplitude-modulated  current  expressed  by  (2.1)  and  illustrated 
in  Fig.  2.1  thus  is  seen  to  be  the  sum  of  three  components,  each 
having  a  sinusoidal  waveform.  The  center  component  on  the 
frequency  scale,  or  the  carrier  component,  has  the  same  frequency 
and  amplitude  as  the  current  before  modulation.  The  other  two 
components  are  called  the  side-frequency  components ,  the  coh  —  on 
term  representing  the  lower  side  frequency  and  the  ojh  +  on  term 
representing  the  upper  side  frequency.  Each  of  the  side-frequency 
components  has  an  amplitude  equal  to  m0/2  times  the  amplitude  of 
the  carrier  and  differs  in  frequency  from  the  carrier  by  an  amount 
equal  to  the  frequency  of  the  modulating  signal. 

The  three  components  of  a  sinusoidally  amplitude-modulated 
wave  are  shown  as  functions  of  time  in  Fig.  3.1,  where  it  is  assumed 
that  ma  =  1  so  that  each  side  component  has  an  amplitude  half  as 
great  as  the  carrier  component.  In  one  period  of  the  sinusoidal 
modulating  signal,  the  upper  side-frequency  wave  has  one  cycle 
more  and  the  lower  side-frequency  wave  has  one  cycle  less  than  the 
carrier  wave.  Curve  d}  the  modulated  wave,  is  obtained  when 
curves  a,  b,  c  are  added  together.  Since  ma  =  1,  the  amplitude  of 
wave  d  varies  between  twice  the  amplitude  of  the  unmodulated 
carrier  and  zero.  If  ma  had  been  assumed  less  than  unity,  the 
amplitudes  of  waves  b  and  c  would  have  been  proportionately 
smaller  and  the  envelope  of  d  would  not  expand  and  contract  to 
the  extent  shown. 

An  amplitude  spectrum  of  the  three  component  currents  of  Fig. 
3.1  is  shown  in  Fig.  3.2.  Lines  erected  along  a  frequency  axis  at 
fh  —  fi,  fh ,  fh  +  fi  are  proportional  in  length  to  the  amplitudes 
indicated  by  (3.1)  with  ma  equal  to  unity.  The  lengths  of  the  side- 
frequency  spectrum  lines  would  be  proportionately  less  for  smaller 
values  of  ma. 
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Fig.  3.1. — Diagrams  representing  a  carrier  of  17,000  cps  sinusoidally  amplitude 
modulated  at  a  frequency  of  1,000  cps. 
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Fig.  3.2. — Amplitude  spectrum  of  a  sinusoidally  modulated  current  with  ma  equal  to 

unity. 
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A  complex  modulating  wave  may  be  regarded  as  the  sum  of 
sinusoidal  components  of  different  frequencies.  Each  component 
causes  two  side-frequency  waves  of  the  type  just  described.  There¬ 
fore,  during  modulation  by  a  complex  sound,  many  side  frequencies 
lie  on  either  side  of  the  carrier  in  groups  called  side  bands .  Within 
each  side  band  the  individual  side-frequency  waves  wax  and  wane 
in  accordance  with  the  variations  in  the  modulating  signal.  The 
total  band  width  in  cycles/second  is  equal  to  twice  the  highest 
modulation  frequency. 

In  the  standard  broadcast  band,  carrier  frequencies  are  assigned 
10  kcps  apart.  Therefore  the  nominal  channel  width  is  10  kcps, 
and  the  nominal  maximum  modulating-signal  frequency  is  5,000 
cps  in  this  band.  Broadcast  transmitters,  however,  can  and  do 
modulate  at  frequencies  higher  than  5,000  cps.1  Interference 
between  stations  due  to  overlapping  side  bands  is  not  usually  noticed 
because  adjacent  channels  are  not  assigned  to  stations  located  in 
geographically  adjacent  districts. 

The  envelope  of  the  overmodulated  wave  of  Fig.  2.2  is  non- 
sinusoidal.  This  envelope  would  be  produced  in  an  “ideal” 
amplitude-modulation  process  by  a  modulating  signal  having  the 
same  waveform  as  the  envelope.  Since  a  nonsinusoidal  signal  con¬ 
tains  harmonics,  Chap.  IX,  it  follows  that  many  pairs  of  side 
frequencies  are  contained  among  the  components  of  this  overmodu¬ 
lated  wave.  There  is  one  pair  of  side  frequencies  for  every  harmonic 
component  of  the  modulating  signal.  Hence  a  highly  overmodu¬ 
lated  wave  has  a  very  wide  spectrum  and  may  cause  objectionable 
interference  between  stations. 

4.  Power  during  Amplitude  Modulation. — The  average  power 
due  to  a  current  is  proportional  to  the  average  of  the  square  of  the 
current.  When  the  amplitude-modulated  current  illustrated  in  Fig. 
2.1  is  squared,  the  squared  current  varies  with  time  as  shown  in 
Fig.  4.1.  During  modulation  the  increases  in  power  exceed  the 
decreases  in  power.  Therefore  the  average  power  of  the  modulated 
wave  is  greater  than  the  average  power  of  the  unmodulated  wave. 
Since  the  carrier  component  of  a  modulated  wave  is  unchanged  by 
modulation  (unless  overmodulation  occurs),  the  carrier  power  is 
unchanged  and  all  the  added  power  is  in  the  side  bands. 

If  the  current  of  (3.1)  is  maintained  in  a  resistance  R ,  the 
average  power  due  to  the  carrier  component  is  I2R/ 2,  and  that  due 

1  R.  F.  Guy,  Engineering  Factors  Involved  in  Relocating  WEAF,  R.C.A. 
Rev.,  5,  455,  1941. 


Fig.  4.1. — Square  of  sinusoidally  amplitude-modulated  current. 


of  the  power  in  the  absence  of  modulation.  An  rms  ammeter  under 
this  condition  would  indicate  a  current  equal  to  vTT5,  or  1.225  times 
the  current  in  the  absence  of  modulation.  However,  sustained 
modulation  with  a  sinusoidal  signal  is  most  unusual  and  probably 
would  be  encountered  only  in  testing.  In  practice,  the  signal 
usually  is  complex  and  irregular,  and  consequently  the  total  power 
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represented  by  the  amplitude-modulated  wave  customarily  fluctu¬ 
ates.  The  50  per  cent  increase  in  power  and  22.5  per  cent  rise  in 
ammeter  reading  may  be  regarded  as  theoretical  upper  limits, 
reached  in  practice  only  occasionally  if  at  all. 

The  intelligence  may  be  said  to  lie  in  the  side  bands  of  an 
amplitude-modulated  wave.  The  greater  the  degree  of  modulation, 
the  greater  the  amount  of  energy  placed  in  the  sidebands.  Figure 
4.2  shows  what  might  be  considered  as  a  possible  energy  spectrum 
averaged  over  a  period  of  time.  In  general,  there  is  more  energy  in 
the  lower  frequencies  of  an  audio-frequency  modulating  wave 
than  in  the  higher  frequencies.  The  energy  in  the  side  frequencies 
of  an  amplitude-modulated  wave  is  proportional  to  the  energy  in 
the  modulating  signal.  Hence  the  side  frequencies  nearer  the 
carrier  frequency  have  on  the  average  more  energy  than  the  side 
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Fig.  4.2. — Possible  time-average  energy  spectrum  of  a  complex  modulating  wave 
and  of  the  r-f  wave  produced  by  amplitude  modulation. 

frequencies  farther  from  the  carrier  frequency.  In  amplitude- 
modulation  practice,  the  carrier  is  modulated  to  as  high  a  degree  as 
possible  without  the  occurrence  of  objectionable  overmodulation, 
in  order  to  maximize  the  power  that  represents  the  intelligence. 

5.  Representation  of  an  Amplitude-modulated  Wave  by  Rotat¬ 
ing  Vectors. — The  components  in  (3.1)  with  ma  equal  to  unity  are 
represented  by  the  vectors  shown  at  the  left  in  a,  6,  c,  Fig.  3.1. 
The  initial  positions  and  relative  lengths  of  these  vectors  are 
obtained  from  (3.1)  by  setting  t  equal  to  zero.  The  speed  of  rota¬ 
tion  of  each  vector  in  revolutions/second  is  equal  to  the  frequency 
of  the  component  wave  that  it  represents. 

Since  the  wave  in  d  is  obtained  by  adding  waves  a,  5,  c,  it  follows 
that,  if  the  vectors  representing  a,  b,  c  are  first  added,  the  successive 
vertical  projections  of  the  resultant  will  yield  curve  d. 

To  visualize  the  addition  of  the  vectors,  imagine  them  arranged 
like  the  hands  of  a  clock,  but  with  each  vector  turning  counter- 
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clockwise  at  its  respective  speed.  The  observer  may  then  imagine 
himself  riding  around  with  the  carrier-frequency  vector.  In  effect, 
this  subtracts  the  frequency  fh  from  the  speed  of  all  three  vectors. 
To  the  rotating  observer,  the  carrier-frequency  vector  would  appear 
motionless;  the  lower  side-frequency  vector  would  appear  to  rotate 
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Fig.  5.1. — Component  vectors  and  resultant  vector  at  eight  equal  intervals 
during  one  modulation  period  for  sinusoidal  amplitude  modulation,  ma  =  1. 


clockwise  at  fi  rps,  while  the  upper  side-frequency  vector  would 
appear  to  rotate  counterclockwise  at  fi  rps.  At  t  —  0,  the  observer 
would  see  the  three  vectors  in  the  first  position  in  Fig.  5.1.  At 
intervals  of  one-eighth  of  a  modulation  period  thereafter,  the  vectors 


Fig.  5.2. — Length  of  resultant  during  one  modulation  period  (sinusoidal  modulation, 

ma  =1). 

would  be  seen  in  the  other  seven  positions.  The  side-frequency 
vectors  always  make  equal  angles  with  the  carrier-component  vec¬ 
tor.  The  resultant  of  the  three  vectors  is  always  collinear  with  the 
carrier-component  vector.  The  resultant  is  shown  on  the  second 
and  fourth  lines  of  Fig.  5.1.  The  length  of  the  resultant  is  plotted 
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as  a  function  of  time  in  Fig.  5.2.  The  length  varies  sinusoidally. 
During  100  per  cent  modulation,  the  length  alternately  doubles 
and  shrinks  to  zero.  The  degree  of  lengthening  and  shrinking  would 
be  less  for  smaller  degrees  of  modulation. 

Since  the  resultant  vector  remains  collinear  with  the  carrier- 
component  vector,  it  necessarily  rotates  at  the  frequency  fh  rps, 
rotating  uniformly  as  it  lengthens  and  shrinks.  Its  vertical  pro¬ 
jection  is  zero  at  equal  intervals  of  time.  Therefore,  as  shown  in 
Figs.  2.1  and  3.  Id,  the  amplitude-modulated  wave  crosses  the  time 
axis  at  equal  intervals.  The  resultant  vector  goes  through  one 
complete  cycle  of  lengthening  and  shrinking  in  a  time  interval  equal 
to  the  period  of  the  modulating  signal.  Its  angular  motion  remains 
uniform. 

6.  Angle  Modulation. — In  the  discussion  of  amplitude  modula¬ 
tion,  the  modulated  current  is  represented  by  the  use  of  a  vector  of 
varying  length,  rotating  at  constant  speed.  There  is  no  difference 
in  angle  between  the  vector  representing  the  amplitude-modulated 
wave  and  the  vector  representing  only  the  carrier  wave.  However, 
there  are  other  methods  of  modulation  in  which  the  representative 
vector  is  altered  only  in  its  angle  with  respect  to  the  position  it 
would  have  in  the  absence  of  modulation.  These  methods  are 
designated  by  the  general  term  angular,  or  angle  modulation .  The 
representative  vector  does  not  change  in  length  but  rotates  at  a 
speed  alternately  above  and  below  the  speed  at  which  it  would 
rotate  in  the  absence  of  modulation.  It  is  alternately  ahead  of  or 
behind  the  position  it  would  have  in  the  absence  of  modulation. 
In  practice,  angle  modulation  is  commonly  called  “ frequency  modu¬ 
lation.”  However,  systems  that  differ  greatly  in  their  operation  are 
so  commonly  labeled  frequency-modulation,  or  “FM,”  systems 
that  for  purposes  of  discussion  the  term  frequency  modulation 
should  be  defined.  Two  types  of  angle  modulation  are  defined  and 
described  in  the  following  sections. 

Phase  modulation  as  defined  here  is  a  type  of  angle  modulation 
in  which  the  phase  shift  (the  angle  between  the  representative  vector 
and  the  position  it  would  occupy  if  modulation  were  absent)  is 
proportional  to  the  instantaneous  value  of  the  modulating  signal. 
Figure  7.26  shows  the  result  for  the  sinusoidal  signal  of  Fig.  7.2 a. 

Frequency  modulation  as  defined  here  is  a  type  of  angle  modula¬ 
tion  in  which  the  frequency  shift  (the  deviation  of  the  instantaneous 
frequency1  from  that  of  the  unmodulated  wave)  is  proportional  to 

1  As  defined  by  (7.3),  p.  630. 
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the  instantaneous  value  of  the  modulating  signal.  Figure  7.2c 
shows  the  result  for  the  sinusoidal  signal  of  Fig.  7.2 a. 

Any  change  in  angular  motion  from  a  uniform  angular  velocity 
involves  simultaneously  both  phase  shift  and  frequency  shift ,  since 
advancing  the  position  of  one  rotating  vector  with  respect  to  another 
involves  at  least  a  temporary  speed-up  so  that  one  vector  may 
advance  ahead  of  the  other.  This  speed-up  means  an  increase  in 
frequency  since  frequency  is  proportional  to  angular  velocity. 
Hence  any  shift  in  phase  involves  a  shift  in  frequency,  and  vice 
versa. 

In  practice,  many  devices  are  a  compromise  and  strictly  speaking 
produce  neither  phase  modulation  nor  frequency  modulation  as  here 
defined.  However,  they  do  vary  the  angle  or  the  angular  motion 
of  the  representative  vector  and  hence  should  be  called  “  angular 
modulators”  or  “ angle  modulators.”  Actually,  they  are  called 
“frequency  modulators,”  and  the  term  “frequency  modulation,”  or 
“FM,”  is  used  loosely  in  practice  to  designate  any  form  of  angle 
modulation.  In  the  practical  application  of  angle  modulation  the 
apparatus  employed  usually  produces  a  wave  resembling  that  which 
would  be  produced  by  ideal  frequency  modulation  as  here  defined. 

Phase  and  frequency  modulation  are  similar  in  that  each  involves 
a  change  in  the  angular  motion  of  the  representative  vector.  For  a 
sinusoidal  modulating  signal  of  period  T  =  1/fi,  Fig.  7.2 a,  maximum 
frequency  deviation  and  maximum  phase  deviation  occur  alter¬ 
nately  T/ 4  sec  apart,  maximum  phase  deviation  of  the  phase- 
modulated  wave  coinciding  in  time  with  maximum  frequency 
deviation  of  the  frequency-modulated  wave. 

In  practice,  the  phase  shift  or  frequency  shift  may  not  always 
be  proportional  to  the  amplitude  of  the  modulating  signal.  Just 
as  changes  in  the  modulating  wave  may  be  tolerated  or  purposely 
made  to  secure  certain  effects,  Sec.  1,  so  departures  from  the  ideal 
in  the  process  of  angle  modulation  may  be  tolerated  for  reasons  of 
economy  or  to  secure  some  desired  effect  in  the  transmission  or 
reproduction  of  the  desired  intelligence. 

In  angle  modulation  or  in  the  special  types  of  angle  modulation 
here  defined  as  phase  and  frequency  modulation,  the  modulated 
wave  may  be  represented  by  the  equation 

i  —  I  sin  Q  (6.1) 

where  /  is  a  constant  amplitude  and  6  is  an  angle  that  increases 
nonuniformly  with  time.  The  angle  d  is  the  total  angle  swept 
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over  up  to  the  time  t ,  measured  from  an  arbitrary  position  at  t  =  0, 
by  a  nonuniformly  rotating  vector  of  constant  length.  Angle 
modulation  leaves  I  unchanged  in  magnitude  but  causes  6  to 
increase  at  a  nonuniform  rate.  Several  devices  to  produce  angle 
modulation  are  discussed  in  Chap.  XX. 

Much  of  the  difficulty  accompanying  the  initial  study  of  phase 
and  frequency  modulation  (or,  more  generally,  angle  modulation) 
will  be  overcome  if  three  things  are  kept  in  mind.  (1)  The  trigo¬ 
nometric  sine  in  (6.1)  involves  an  angle ,  not  a  speed.  (2)  The 
angle  d  of  (6.1)  is  not  equal  to  c at  when  cc  is  not  a  constant.1  (3) 
Angular  velocity  w  and  hence  frequency  /  are  proportional  to  the 
rate  of  change  of  the  angular  displacement  Q. 

7.  Phase  Modulation. — With  no  modulation,  the  representative 
vector  rotates  at  constant  speed  and  the  angle  d  of  (6.1)  increases 


Fig.  7.1.— Motion  of  a  vector  representing  a  phase-modulated  current  resulting  from 
sinusoidal  modulation,  with  fh  rps  subtracted  from  its  motion. 

uniformly  at  the  rate  cjh  radians/sec.  During  phase  modulation, 
the  ever-increasing  angle  d  is  alternately  advanced  “  ahead  of 
schedule”  and  retarded  “behind  schedule”  by  amounts  that  are 
at  every  moment  proportional  to  the  successive  positive  or  negative 
values  of  a  modulating  signal.  If  flashlight  pictures  of  the  repre¬ 
sentative  vector  were  taken  regularly  fh  times  per  second,  the  vec¬ 
tor  in  the  absence  of  modulation  would  be  seen  always  in  a  fixed 
position,  such  as  OP  in  Fig.  7.1.  During  phase  modulation,  the 
snapshots  would  show  the  vector  moving  from  one  side  to  the  other 
of  OP,  one  such  position  being  OP'.  A  time  plot  of  the  successive 

1  It  will  be  recalled  that  distance  is  not  equal  to  the  product  of  instantaneous 
speed  and  time  when  a  change  of  speed  occurs. 
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values  of  the  angle  between  the  vector  and  the  position  OP  would 
have  the  same  waveform  as  that  of  the  modulating  signal. 

This  effect  may  be  visualized  also  by  imagining  two  vectors,  one 
rotating  uniformly,  representing  an  unmodulated  wave,  the  other 
rotating  at  the  nonuniform  speed,  corresponding  to  phase  modula¬ 
tion.  The  observer  then  may  imagine  himself  riding  around  on 
the  steadily  rotating,  or  unmodulated,  carrier-frequency  vector, 
looking  in  the  direction  of  rotation.  The  phase-modulated  vector 
would  then  be  alternately  ahead  of  or  behind  the  observer,  in  accord¬ 
ance  with  the  positive  or  negative  values  of  the  modulating  signal. 
The  angle  measuring  the  position  of  the  vector  representing  the 
modulated  wave,  with  respect  to  the  vector  representing  the 
unmodulated  wave,  or  with  respect  to  the  rotating  observer,  may 
be  called  <f>.  In  phase  modulation  this  angle  is  proportional  to 
the  instantaneous  value  of  the  modulating  signal. 

For  a  sinusoidal  modulating  signal,  A  sin  mt ,  Fig.  7.2a,  the  angle 
<£  varies  sinusoidally,  so  that  the  total  angle  B  measured  from  the 
starting  point  departs  sinusoidally  from  the  value  given  by  mt. 
If  the  greatest  departure,  or  the  greatest  value  of  (f>,  is  mv  radians, 
the  instantaneous  departure  is  mp  sin  mt,  and  the  total  angle  0 
increases  with  time  according  to  the  relation 

B  =  mt  +  mP  sin  mt  (7.1) 

A  series  of  snapshots  taken  regularly  fa  times  per  second  would 
show  the  vector  executing  simple  harmonic  angular  motion  at 
the  frequency  fa  between  the  two  positions  OM  and  ON,  Fig. 
7.1.  These  extreme  positions  are  mp  radians  removed  from  the 
position  OP,  The  maximum  phase  shift  mp  is  directly  propor¬ 
tional  to  the  amplitude  A  of  the  modulating  signal.  Maximum 
advancement,  at  position  OM,  is  reached  at  times  t\,  h,  ...  , 
Fig.  7.2a,  when  the  modulating  wave  has  its  maximum  positive 
value.  Maximum  retardation,  at  position  ON,  is  reached  at 
times  tz,  h,  .  .  .  ,  when  the  modulating  wave  has  its  maximum 
negative  value. 

Substitution  of  (7.1)  in  (6.1)  gives  an  equation  for  a  phase- 
modulated  current  resulting  from  a  sinusoidal  modulating  signal, 

i  —  I  sin  (mt  +  mP  sin  mt)  (7.2) 

as  represented  in  Fig.  7.2 b. 

In  practice,  the  maximum  phase  shift  mp  may  have  a  value 
ranging  from  a  small  fraction  of  a  radian  to  many  radians.  In 
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amplitude  modulation,  “100  per  cent  modulation”  is  a  limit  to 
distortion-free  modulation.  There  is  no  such  limit  in  phase 
modulation.  Distortion  is  absent  when  the  angle  <f>  is  propor- 


(a)  Modulating  wave 
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depending  upon  the  value  of  mp.  The  relative  amplitudes  of  the 
components  having  appreciable  amplitudes  are  shown,  in  Fig. 
7.3,  for  sinusoidal  modulation  with  different  values  of  maximum 
phase  shift.1  The  components  are  spaced  at  intervals  equal  to 
the  frequency  of  modulation  fi .  As  mp  increases,  the  number  of 
appreciable  side-frequency  components  increases. 

The  average  power  of  a  phase-modulated  wave  is  equal  to 
that  of  the  unmodulated  wave  since  the  amplitude  is  unchanged. 
During  phase  modulation,  energy  is  diverted  from  the  center  or 
carrier  frequency  into  the  side  bands,  not  added  to  the  wave  as 
in  amplitude  modulation.  If  the  amplitudes  of  all  the  com¬ 
ponents  in  the  spectrum  of  an  angle-modulated  wave  are  squared, 
the  sum  of  the  squares  equals  the  square  of  the  amplitude  of  the 
unmodulated  wave. 

Shifts  in  phase  cannot  occur  without  changes  in  frequency. 
When  the  angle  <f>  is  increasing  in  the  positive  direction,  the  vector 
representing  the  phase-modulated  wave  is  advancing  with  respect 
to  the  vector  representing  the  unmodulated  wave.  An  observer 
rotating  with  the  “unmodulated”  vector  then  would  observe  the 
“modulated”  vector  pulling  ahead  of  him  just  as  a  speedier  runner 
pulls  ahead  of  a  steady  runner  in  a  track  race.  While  one  runner 
is  gaining,  his  speed  is  faster.  Hence,  when  4>  is  increasing,  the 
modulated  vector  is  rotating  faster,  i.e.t  at  a  higher  frequency. 
When  <f>  is  stationary,  as  it  is  momentarily  at  the  crest  of  a  modu¬ 
lating  signal,  the  speeds  of  the  two  vectors  are  the  same,  just  as 
the  speeds  of  two  runners  are  the  same  when  their  relative  position 
is  unchanged.  Hence  when  the  phase-shift  angle  <£  is  increasing, 
the  frequency  of  the  modulated  wave  is  higher  than  the  carrier 
frequency;  and  when  the  phase-shift  angle  <f>  is  decreasing,  the 
frequency  of  the  modulated  wave  is  less  than  the  carrier  frequency. 

That  is,  when  the  total  angle  of  (6.1)  or  (7.1)  is  increasing  at  a 
greater  than  average  rate,  the  frequency  must  be  higher  than  the 
average  frequency,  which  is  fk,  the  carrier  frequency.  When  the 
total  angle  is  increasing  at  a  slower  than  average  rate,  the  frequency 

1  A  detailed  discussion  of  the  analysis  of  angle-modulated  waves  is  found 
in  “ Frequency  Modulation,”  pp.  1-55,  347-355,  by  August  Hund,  McGraw- 
Hill  Book  Company,  Inc.,  1942.  There  is  an  infinite  number  of  side-band 
frequencies  spaced  fi  apart,  but  those  which  are  considerably  removed  from 
the  carrier  frequency  have  negligible  amplitudes.  Only  those  having  ampli¬ 
tudes  equal  to  or  greater  than  1  per  cent  of  the  unmodulated  carrier  amplitude 
are  shown  here. 
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Fig.  7.3. — Amplitude  spectra  of  the  components  of  an  angle-modulated  wave  result¬ 
ing  from  sinusoidal  modulation.  The  separation  between  components  is  fu 
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must  be  lower  than  fh.  The  instantaneous  frequency  is  given  by 


^  2t rdt 


(7.3) 


The  instantaneous  frequency  during  phase  modulation  by  a  sinu¬ 
soidal  modulating  signal  is,  from  (7.3)  and  (7.1), 

/  =  fh  +  mpfi  cos  ont  (7.4) 

The  frequency  is  greatest  when  cos  ont  =  +1  and  least  when  cos 
mt  =  —  1.  The  maximum  shift  in  frequency  with  respect  to  the 
carrier  frequency  is  mpfi.  When  cos  =  0,  the  wave  has  its 
unmodulated  frequency.  The  changes  in  frequency  that  accompany 
sinusoidal  phase  modulation  are  cosinusoidal,  i.e.,  they  lead  the 
changes  in  phase  by  one-quarter  of  a  modulation  period.  These 
variations  in  frequency  are  indicated  in  Fig.  7.2 b  by  periodic  changes 
in  the  distance  between  transitions  of  the  curve  across  the  time 
axis.  The  alternations  of  the  wave  are  most  compressed  when  the 
frequency  is  highest  and  least  compressed  when  the  frequency  is 
lowest.  Referring  to  Fig.  7.1,  the  angular  velocity  of  the  vector 
and  the  corresponding  frequency  are  greatest  during  sinusoidal 
modulation  when  the  vector  representing  the  phase-modulated 
wave  is  advancing  through  the  position  OP,  and  are  least  when  the 
vector  is  falling  back  through  the  position  OP.  At  positions  OM 
and  ON  the  vector  is  momentarily  stationary  with  respect  to  the 
position  OP,  and  its  angular  velocity  and  frequency  are  momentarily 
the  same  as  in  the  absence  of  modulation. 

8.  Frequency  Modulation. — When  there  is  no  modulation,  the 
representative  vector,  Fig.  1.1,  rotates  at  constant  speed  and  the 
angle  6  of  (6.1)  increases  uniformly  at  the  rate  wa  radians/sec.  Dur¬ 
ing  frequency  modulation,  as  defined  in  Sec.  6,  the  speed  of  the 
rotating  vector  is  alternately  increased  and  decreased  by  amounts 
that  are  proportional  to  the  successive  positive  and  negative  values 
of  the  modulating  signal.  If  stop-motion  pictures  of  the  representa¬ 
tive  vector  were  taken  regularly  fh  times  per  second,  in  the  absence 
of  modulation  the  vector  would  be  seen  always  in  a  fixed  position, 
such  as  OP  in  Fig.  8.1.  During  frequency  modulation  the  snap¬ 
shots  would  show  the  vector  advancing  counterclockwise  from  the 
position  OP  during  the  time  when  the  modulating  signal  is  positive, 
because  during  this  time  the  speed  would  be  greater  than  fh  rps  and 
the  vector  would  rotate  more  than  1  revolution  between  snapshots. 
For  the  sinusoidal  modulating  signal  of  Fig.  7.2 a,  this  advance  in 


Sec.  8] 


FREQUENCY  MODULATION 


631 


position  would  occur  during  the  time  interval  to  to  At  time  h  the 
speed  is  again  fh  rps,  the  vector  would  rotate  but  1  revolution 
between  snapshots,  and  the  snapshots  would  show  no  further 
advance  in  position.  The  position  of  maximum  advance  would 
appear  as  a  position  such  as  OM,  Fig.  8. 1.  During  the  time  interval 
t2  to  1 4,  Fig.  7.2a,  the  instantaneous  value  of  the  modulating  signal  is 
negative,  and  the  speed  of  the  rotating  vector  is  less  than  fh  rps. 
Between  snapshots  the  vector  rotates  less  than  1  revolution,  so  that 
the  vector  would  appear  to  move  backward,  or  clockwise,  retreating 
from  the  position  of  maximum  advance.  By  the  time  t4,  Fig.  7.2a, 
the  snapshots  would  show  that  the  vector  had  returned  to  its  original 
position,  and  the  cycle  would  repeat  itself. 


Fig.  8.1. — Motion  of  a  vector  representing  a  frequency-modulated  current  resulting 
from  sinusoidal  modulation,  with  fh  rps  subtracted  from  its  motion. 


This  effect  may  be  visualized  also  by  imagining  two  vectors,  one 
rotating  uniformly,  representing  an  unmodulated  wave,  and  the 
other  rotating  at  the  nonuniform  speed,  corresponding  to  frequency 
modulation.  The  observer  may  then  imagine  himself  riding  around 
on  the  steadily  rotating  unmodulated  carrier-frequency  vector, 
looking  in  the  direction  of  rotation.  When  the  instantaneous  value 
of  the  modulating  signal  is  positive,  the  speed  of  the  frequency- 
modulated  vector  is  faster  than  the  unmodulated  speed.  The 
frequency-modulated  vector  would  advance  ahead  of  the  observer, 
just  as  one  runner  pulls  ahead  of  another  when  his  speed  is  relatively 
increased.  As  long  as  the  modulating  signal  is  positive,  the  speed 
of  the  modulated  vector  is  greater  than  the  unmodulated  speed 
and  the  modulated  vector  continues  to  pull  ahead  of  the  steady¬ 
running  unmodulated  vector.  When  the  modulating  signal  is 
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negative,  the  speed  of  the  frequency-modulated  vector  is  less  than 
the  speed  of  the  steady-running  unmodulated  vector.  The  slow¬ 
down  causes  the  frequency-modulated  vector  to  lose  its  lead,  just 
as  a  runner  who  has  attained  an  advanced  position  will  decrease  his 
lead  if  he  drops  his  speed  below  that  of  his  steady-running  rival. 
In  frequency  modulation  the  speed-up  during  the  positive  half  cycle 
of  the  modulating  signal  is  matched  by  a  corresponding  slowdown 
during  the  negative  half  cycle  of  the  modulating  signal;  there  is 
no  net  gain  over  the  complete  cycle.  Hence  the  rotating  observer 
sees  the  frequency-modulated  vector  get  ahead  of  him  during  the 
first,  or  positive,  half  cycle  of  the  modulating  signal  and  then  lose 
this  advance  and  return  to  his  own  position  at  the  end  of  the  second, 
or  negative,  half  cycle  of  the  modulating  signal.  Figure  8.1  illus¬ 
trates  this  change  in  relative  position,  and  Fig.  7.2c  shows  the  corre¬ 
sponding  variations  in  the  instantaneous  current.  The  changes  in 
frequency  are  indicated  in  Fig.  7.2c  by  the  periodic  changes  in  the 
distance  between  transitions  of  the  curve  across  the  time  axis. 

From  this  discussion  and  from  figs.  7.1,  7.2,  8.1,  it  is  clear  that 
there  are  certain  similarities  and  certain  differences  between  phase 
and  frequency  modulation.  It  is  appropriate  at  this  point  to  repeat 
the  statements  made  in  the  last  paragraph  of  Sec.  6.  (1)  The  sine 

in  (6.1)  involves  an  angle ,  not  a  speed.  (2)  The  total  angle  8  is 
not  equal  to  cot  when  w  is  not  a  constant.  (3)  Frequency  is  propor¬ 
tional  to  the  rate  of  change  of  the  total  angle  6  of  (6.1). 

Let  the  maximum  frequency  change  (or  frequency  deviation, 
as  it  is  also  called)  occurring  in  the  frequency  modulation  indicated 
in  Fig.  7.2 c  be  denoted  by  A/.  The  instantaneous  frequency  change 
is  proportional  to  the  instantaneous  value  of  the  sinusoidal  modu¬ 
lating  signal.  Then  the  actual  frequency  at  any  instant  t  is  given 
by 

/  =  fh  +  A/  sin  c at  (8.1) 

The  expression  for  the  instantaneous  frequency  in  terms  of  the 
angular  displacement  is  given  by  (7.3).  From  (7.3)  and  (8.1), 


-  1  do  ,  ,  . 

/  =  2 «di=fh  +  Afam  0111 


Then 


dd  =  2ir(fh  +  A /  sin  out)  dt 
Integrating  to  obtain  8, 


(8.2) 


8  =  % rfjjt  —  —  cos  c oit  +  (a  constant) 
Ji 


(8.3) 
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The  constant  is  evaluated  from  the  condition  that  0  =  0  at  t  =  0. 
The  constant  equals  Af/fi,  and  (8.3)  becomes 

$  =  aht  +  (1  —  cos  ait)  (8.4) 

Ji 


The  second  term  on  the  right  of  (8.4)  is  the  departure  of  the  angle  0 
of  the  frequency-modulated  wave  from  the  value  it  would  have  in 
the  absence  of  modulation.  It  is  the  angle  observed  by  the  rotating 
observer  of  the  previous  discussion.  The  maximum  departure  is 
2  A f/fi,  and  the  average  departure  is  A///*.  With  a  sinusoidal 
modulating  signal,  there  is  a  cosinusoidal  departure  about  the 
average  with  an  amplitude,  or  peak  value,  A f/fi.  This  amplitude, 
or  maximum  departure  from  the  average  during  frequency  modula¬ 
tion,  is  denoted  by  the  symbol  mf  and  is  called  the  modulation  index 
for  frequency  modulation.1 


A / 

Si 


radians 


(8.5) 


This  is  really  an  angle  in  radians,  similar  to  the  angle  designated 
by  mp  (radians)  in  the  discussion  of  phase  modulation,  Sec.  7. 
From  (8.5),  (8.4)  becomes 


0  =  mt  +  w/(  1  —  cos  ojz^) 

and  (6.1)  becomes 

i  —  I  sin  [aht  +  m/(  1  —  cos  a>z£)] 


(8.6) 

(8.7) 


This  is  the  final  expression  for  a  frequency-modulated  current  result¬ 
ing  from  modulation  by  a  sinusoidal  modulating  signal,  as  shown 
in  Fig.  7.2c.  Notice  how  this  expression  differs  from  (7.2),  which  is 
for  a  phase-modulated  current. 

In  principle,  there  is  no  limit  to  A /  for  distortion-free  modulation. 
As  long  as  the  frequency  deviation  is  proportional  to  the  instantane¬ 
ous  value  of  the  modulating  signal,  the  modulation  is  free  of  dis¬ 
tortion  no  matter  how  great  or  how  small  the  frequency  deviation 
may  be. 

Because  of  the  similarity  of  Figs.  7.2 b  and  c,  sinusoidal  phase 
and  frequency  modulation  have  identical  spectra  when  the  maxi¬ 
mum  angular  departure  from  the  average  is  the  same  for  both, 
i.e.f  when  mf  =  mp.  Thus  the  spectra  of  Fig.  7.3  apply  to  both 
frequency  modulation  and  phase  modulation.  It  follows  that, 

1  It  is  also  called  the  “deviation  ratio.” 
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in  angle-modulation  schemes,  power  is  diverted  from  the  carrier 
into  the  side  bands,  the  total  power  remaining  unchanged.  For 
certain  values  of  m /,  such  as  2.40,  5.52,  8.65,  .  .  .  ,  all  the  power  is 
diverted  into  the  side  bands  and  the  carrier  component  disappears. 
This  fact  is  used  in  measuring  the  frequency  deviation  of  frequency- 
modulated  waves. 

With  frequency  modulation,  doubling  the  frequency  without 
changing  the  amplitude  of  the  sinusoidal  modulating  signal  halves 
the  value  of  m/,  (8.5),  since /z  is  doubled  while  A f  remains  unchanged. 
This  approximately  halves  the  number  of  spectrum  lines,  Fig.  7.3. 
The  new  lines,  however,  are  twice  as  far  apart  in  frequency;  hence 
the  spectrum  width  is  not  greatly  changed.  This  is  a  sharp  con¬ 
trast  to  phase  modulation,  in  which  doubling  the  value  of  fi  does  not 
change  the  value  of  mp  or  the  number  of  lines,  but  places  the  lines 
twice  as  far  apart,  thus  doubling  the  width  of  the  spectrum. 

In  Fig.  8.2  is  shown  the  amplitude  spectrum  of  a  sinusoidally 
frequency-modulated  wave  whose  frequency  deviation  is  12,000  cps. 
Only  those  side  frequencies  are  shown  whose  amplitude  is  1  per  cent 
or  more  of  the  amplitude  of  the  unmodulated  carrier.  When  the 
frequency  of  the  modulated  signal  is  1,000  cps,  Fig.  8.2a,  the  num¬ 
ber  of  side  frequencies  on  either  side  of  the  carrier  is  16,  spaced 
1,000  cps  apart.  The  total  band  width  is  32,000  cps.  The  band 
width  is  defined  here  as  the  minimum  band  width  containing  all 
components  of  an  amplitude  equal  to  or  greater  than  1  per  cent  of 
the  amplitude  of  the  unmodulated  carrier. 

If  the  frequency  of  the  modulating  signal  is  doubled  to  2,000 
cps,  Fig.  8.26,  the  frequency  deviation  being  kept  the  same,  the 
number  of  side  frequencies  on  either  side  of  the  carrier  decreases  to 
9,  spaced  2,000  cps  apart.  The  total  band  width  is  36,000  cps. 
With  the  frequency  of  the  modulating  signal  again  doubled  to  4,000 
cps,  the  number  of  side  frequencies  decreases  to  6,  but  they  are 
spaced  4,000  cps  apart  so  that  the  band  width  is  48,000  cps.  As 
the  frequency  of  the  modulating  signal  increases,  the  frequency 
deviation  remaining  the  same,  the  modulation  index  mf  decreases, 
indicating  that  the  maximum  angular  departure  from  the  average 
decreases. 

Figure  8.3  shows  the  amplitude  spectrum  for  a  sinusoidally 
phase-modulated  wave,  with  the  maximum  angular  departure  chosen 
so  that  the  spectrum  at  the  modulating  frequency  of  1,000  cps, 
Fig.  8.3a,  is  identical  with  that  of  Fig.  8.2a.  In  phase  modulation, 
mp  is  constant  if  the  amplitude  of  the  modulating  signal  is  constant. 
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Fxo.  8.2. — Amplitude  spectrum  for  a  frequency-modulated  wave  as  the  modulation 
frequency  fi  increases;  A /  i3  constant  at  12,000  cps. 


636 


PRINCIPLES  OF  MODULATION 


[Chap.  XIX 


PHASE  MODULATION 


CPS 


CPS 


Fig.  8.3. — Amplitude  spectrum  for  a  phase-modulated  wave  as  the  modulation 
frequency  fi  increases;  mp  is  constant  and  chosen  to  yield  at  fi  =  1,000  cps  the  same 
spectrum  as  in  Fig.  8.2a. 
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Therefore,  when  a  modulating  signal  of  constant  amplitude  has  its 
frequency  doubled,  mp  remains  the  same  and  the  number  of  spec¬ 
trum  lines  remains  the  same,  but  their  spacing  is  doubled  and  the 
band  width  is  doubled.  Hence  in  this  case  the  number  of  spectrum 
lines  on  either  side  of  the  carrier  remains  constant  at  16,  and  the 
band  width  increases  in  direct  proportion  to  the  frequency  of  the 
modulating  signal,  becoming  128,000  cps,  Fig.  8.3c,  at  a  modulating 
frequency  of  4,000  cps. 

The  question  often  arises  as  to  the  ratio  of  the  band  width 
(required  for  all  the  significant  components  of  a  frequency-modu- 


Fig.  8.4.- — Curve  showing  the  ratio  of  the  band  width  to  twice  the  frequency  devia¬ 
tion  for  sinusoidal  phase  or  frequency  modulation. 

lated  wave)  to  the  frequency  range  over  which  the  instantaneous 
frequency  swings  during  modulation.  The  band  width  is  always 
greater  than  the  range  2  A f  swept  through  by  the  instantaneous 
frequency  during  modulation.  In  Fig.  8.4  is  plotted,  for  various 
values  of  mf,  the  ratio  of  the  band  width  to  the  range  2  A/  over  which 
the  instantaneous  frequency  varies.  The  figure  is  obtained  by 
dividing  the  band  width  as  above  defined  by  2  A/,1  plotting  this 
ratio  as  a  function  of  m/,  and  drawing  a  smooth  curve  from  the 
points  so  obtained.  For  a  modulation  index  of  5,  the  ratio  of  band 
width  to  2  A/  is  1.6.  This  means,  for  example,  that  if  the  frequency 
deviation  A/  is  15  kcps  and  the  modulating  frequency  is  3  kcps,  the 
band  width  is  1.6  times  2  A /  or  48  kcps,  not  30  kcps,  which  is  the 

1  Or  by  dividing  the  number  of  significant  components  on  either  side  of  the 
carrier  by  m,/. 
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frequency  range  over  which  the  instantaneous  frequency  is  varied. 
The  greater  the  modulation  index,  the  smaller  the  difference  between 
the  band  width  and  2  A/. 

From  Figs.  8.2  and  8.3  it  is  seen  that  the  band  width  remains 
more  nearly  constant  with  frequency  modulation  than  with  phase 
modulation,  so  that  frequency  modulation  utilizes  a  given  channel 
much  more  effectively  than  phase  modulation.  A  channel  width  of 
200  kcps  is  ample  for  high-fidelity  wide-band  frequency-modulation 
(FM)  broadcasting,  in  which  75  kcps  is  the  maximum  frequency 
deviation.  A  channel  width  of  the  order  of  30  or  40  kcps  is  sufficient 
for  police  and  similar  “frequency-modulation”  transmission,  where 
the  maximum  frequency  deviation  is  smaller. 

The  advantages  of  frequency  modulation  as  compared  with 
amplitude  modulation  are  less  interference,  less  noise  compared  to 
the  desired  receiver  output,  less  cross  interference  between  neigh¬ 
boring  stations,  and  better  fidelity  of  reproduction  for  the  same 
expenditure  of  power.  The  frequency-modulation  systems  minimize 
interference  due  to  static  and  noise  by  employing  a  receiver  whose 
output  depends  only  upon  changes  in  frequency,  any  changes  in 
amplitude  being  removed  by  a  limiter  stage  or  stages.  By  utilizing 
large  changes  to  convey  the  message,  the  changes  caused  by  noise 
or  by  static  can  be  made  relatively  very  small.  To  secure  the 
advantages  of  frequency  modulation,  the  received  signal  strength 
must  be  great  enough  and  the  receiver  so  designed  that  the  receiver 
output  depends  only  upon  the  changes  in  frequency.  The  advan¬ 
tages  of  frequency  modulation  are  not  so  pronounced  when  the 
deviation  in  phase  or  in  frequency  due  to  modulation  is  small.  A 
disadvantage  of  frequency  modulation  compared  with  amplitude 
modulation  is  the  greater  band  width  required  for  the  same  fidelity 
of  reproduction. 

9.  Frequency  Modulation  from  Phase  Modulation. — In  Fig.  8.3 
it  is  shown  that  in  phase  modulation  if  mp,  or  the  maximum  angular 
departure,  is  maintained  constant,  the  band  width  increases  in 
direct  proportion  to  the  frequency.  Now  if  the  maximum  angle  mp 
for  Fig.  8.3b  were  reduced  by  a  factor  of  2  to  the  value  of  m/for  Fig. 
8.2b,  the  spectra  would  agree  again.  This  could  be  done  by  reduc¬ 
ing  the  amplitude  of  the  modulating  signal  by  a  factor  of  2,  since  in 
phase  modulation  the  maximum  angular  departure  is  proportional 
to  the  amplitude  of  the  modulating  signal.  Similarly,  if  the  maxi¬ 
mum  angle  mp  for  Fig.  8.3c  were  reduced  by  a  factor  of  4,  the  condi¬ 
tions  of  Fig.  8.2c  would  result.  This  may  be  obtained  by  reducing 
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the  amplitude  of  the  signal  causing  phase  modulation  by  a  factor  of 
4.  Hence,  if  a  network  that  reduces  the  amplitude  of  the  modulat¬ 
ing  signal  in  direct  proportion  to  the  frequency  of  the  signal  precedes 
a  device  producing  phase  modulation,  the  net  result  is  a  frequency- 
modulated  wave.  Such  a  network  is  approximated,  for  example, 
by  a  large  resistance  in  series  with  a  large  capacitance,  Fig.  9.1. 


R 
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Fig.  9.1. — -Network  whose  voltage  output  varies  inversely  as  the  impressed  fre¬ 
quency. 


Assuming  the  impedance  connected  to  the  output  to  be  infinite, 
the  amplitude  of  the  output  voltage  varies  inversely  as  the  fre¬ 
quency  for  a  constant  input  voltage.  Such  a  circuit  is  called  an 
integrating  circuit1  in  other  applications. 

The  principles  of  this  method  are  illustrated  by  the  waveforms 
in  Figs.  9.2  and  9.3.  Let  the  modulating  signal  be  a  square  wave 


(ot)  MODULATING 
SIGNAL 


(b)  CHANGE  IN 

FREQUENCY  PRODUCED! 
BY  FREQUENCY 
MODULATION 


(C)  DEPARTURE  OF  ANGLE  .X  \  .X  \ 

0  FROM  THE  X _ XX _ X 

UNMODULATED  T 

VALUE 

Fig.  9.2. — Waveforms  in  frequency  modulation  resulting  from  a  square-wave 

modulating  signal. 

as  in  Fig.  9.2a.  The  corresponding  frequency  change  due  to  fre¬ 
quency  modulation  is  shown  in  Fig.  9.26.  The  departure  of  the 
angle  9  of  (6.1)  from  the  value  it  would  have  in  the  absence  of  modu¬ 
lation  is  shown  in  Fig.  9.2c.  If  the  square-wave  modulating  signal 
is  fed  into  an  integrating  circuit,  the  output  has  the  waveform  shown 
in  Fig.  9.36.  The  departure  of  the  angle  9  due  to  phase  modula- 
1  See  Chap.  XXIV,  Sec.  22,  and  also  Chap.  IX,  Sec.  13. 
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lion  has  the  same  waveform,  indicated  in  Fig.  9.3c.  The  cor¬ 
responding  change  in  frequency  has  the  waveform1  of  Fig.  9.3d, 
which  is  that  required  for  frequency  modulation. 


(a)  MODULATING 
SIGNAL 


(b)  OUTPUT  OF 

INTEGRATING  NETWORK 


(C)  DEPARTURE  OF 
ANGLE  0  PRODUCED 
BY  PHASE  MODULATION 


ZERO  AXIS 
IN  THE 

.STEADY  STATE 


(d)  CHANGE  IN 
FREQUENCY 


Fig.  9.3.- — Waveforms  in  frequency  modulation  by  means  of  integration,  or 
imparting  a  l/fi  characteristic,  and  phase  modulation  for  a  square-wave  modulating 
signal. 


10.  Alteration  of  Modulated  Wave  by  a  Correctly  Tuned  Circuit. 

Any  type  of  modulated  wave  may  be  altered  in  passing  through 
a  tuned  circuit,  even  though  the  circuit  is  tuned  properly  to  the 
center  component.  The  admittance  of  a  single  series  LC  circuit 
and  the  phase  of  its  current  with  respect  to  an  impressed  sinusoidal 
emf  are  shown  in  Fig.  10.1,  as  functions  of  frequency.  When  a 
modulated  voltage  is  impressed  upon  a  correctly  tuned  circuit,  the 
center  or  carrier  component  of  the  emf  falls  at  the  frequency  of 
maximum  admittance.  The  side  components  of  the  emf  necessarily 
fall  where  the  circuit  is  less  sensitive.  The  side-frequency  currents 
are  weakened  relative  to  the  current  at  the  center  frequency  and 
also  are  shifted  in  phase  with  respect  to  the  corresponding  side- 
frequency  emf’s. 

For  example,  assume  an  impressed  emf  that  is  amplitude- 
modulated  100  per  cent  and  is  described  by  the  equation 


e  =  E  sin  coht  T  cos  (o^  —  u>i)t  —  3%$  cos  (o)h  T  oi{)t  (10.1) 


1  In  Fig.  9.36  the  response  of  the  network  is  approximately  as  indicated  for 
the  first  few  cycles.  In  the  steady  state  there  is  no  constant  component,  and 
the  triangular  waveform  is  centered  about  the  zero  axis  (as  in  Fig.  13.1,  Chap. 
IX).  However,  in  the  steady  state  the  frequency  changes  are  as  indicated 
here  in  Fig.  9.3d. 
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Assume,  further,  that  the  circuit  is  properly  tuned,  i.e.,  to  the 
carrier  frequency,  and  that  the  side-frequency  components  fall  at 
the  half-power  frequencies  of  the  circuit.  These  conditions  are 
shown  by  the  amplitude  spectrum  superimposed  upon  the  frequency 
axis  in  Fig.  10.1.  (In  this  figure,  the  dissymmetry  of  the  resonance 
curve,  which  is  slight  in  the  case  of  a  high-Q  circuit,  is  neglected). 
The  admittance  at  the  half-power  frequencies  is  70.7  per  cent  as 
great  as  the  admittance  at  resonance,  and  in  a  series  circuit  has  a 
phase  angle  of  +45°  at  the  lower  half-power  frequency  and  —45°  at 


Fig.  10.1. — Admittance  and  phase-angle  curves  for  a  high-Q  LC  circuit,  with 
an  amplitude  spectrum  of  the  induced  voltage  of  (10.1)  shown  on  the  frequency- 
axis. 


the  upper  half-power  frequency.  Under  the  conditions  here 
assumed,  the  side-frequency  currents  are  weakened  with  respect  to 
the  carrier  current  by  a  factor  of  0.707 ;  the  lower  side-frequency  cur¬ 
rent  is  shifted  ahead  45°  with  respect  to  the  lower  side-frequency 
emf ;  and  the  upper  side-frequency  current  is  shifted  45°  behind  its 
emf. 

Figure  10.2a  shows  the  vectors  corresponding  to  the  emf’s  of 
(10.1)  at  the  time  t  =  0,  and  Fig.  10.26  shows  the  vectors  repre¬ 
senting  the  currents  caused  by  these  emf's.  The  side-frequency- 
current  vectors  are  relatively  shortened  in  length  and  shifted  in 
phase  with  respect  to  the  corresponding  emf  vectors,  in  accordance 
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with  the  admittances  explained  above.  When  the  total  current  is 
obtained  by  a  vector  addition  similar  to  that  of  Fig.  5.1,  it  is  found 
that  the  total-current  vector  remains  parallel  with  the  carrier-com¬ 
ponent  vector.  Complete  absence  of  angle  modulation  thus  is 
indicated.  The  length  of  the  total-current  vector  is  shown  as  a 
function  of  time  in  Fig.  10.3,  and  also  the  length  of  the  total-voltage 
vector.  The  variation  in  length  of  the  total-current  vector  is  such 
that  the  current  is  only  70.7  per  cent  modulated,  and  the  modula¬ 
tion  envelope  is  retarded  one-eighth  of  a  modulation  period,  as 
shown  in  Fig.  10.3c. 


(a)  VOLTAGE  VECTORS  (b)  CURRENT  VECTORS 

Fig.  10.2. — Vectors  representing  the  component  voltages  and  currents  at 
t  =  0,  in  an  LC  circuit  with  the  voltage  expressed  by  (10.1)  under  the  conditions 
of  Fig.  10.1. 


In  general,  a  sinusoidally  amplitude-modulated  voltage  applied 
to  a  correctly  tuned  parallel-resonant  circuit  causes  a  total  current 
having  a  reduced  degree  of  modulation  and  a  retarded  envelope. 
The  closer  the  two  side  frequencies  lie  to  the  center  frequency,  the 
smaller  these  effects  will  be. 

Side  frequencies  that  fall  in  the  neighborhood  of  or  beyond  the 
half-power  frequencies  are  considerably  attenuated.  This  effect 
is  known  as  side-band  cutting,  or  clipping.  Attenuation  and  retard¬ 
ation  of  the  higher  frequency  components  of  a  complex  modulating 
wave  through  side-band  cutting  in  amplitude-modulation  systems 
constitute  one  form  of  signal  distortion.  When  a  circuit  is  to  handle 
a  modulated  wave,  the  Q  of  the  circuit  is  an  important  factor,  because 
of  the  relationship  that  exists  between  Qr  and  the  half-power  band 
width.  When  the  band  width  of  the  spectrum  of  the  modulated 
wave  is  wide,  low-Q  resonant  circuits  or  band-pass  filter  circuits 
must  be  employed. 
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(a)  Lengths  of  total  voltage  and  total  current  vectors 
as  functions  of  time 


Fig.  10.3.— Alteration  of  an  amplitude-modulated  wave  by  a  properly  tuned  circuit 
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Component  current  vectors 
at  time  t=0 


lb) 


Elliptical  path  traced  out  by 
extremity  of  total  current  vector  with 
f^cps  subtracted  from  its  motion 


Impressed  voltage  Sinusoidally  modulated  100% 


(d) 


Resultant  current,  nonsinusoidally  amplitude  - 
modulated  and  nonsinusoidally  phase-modulated 

Fig.  11.1. — -Distortion  of  an  amplitude-modulated  wave  by  an  off-tune  circuit 
under  conditions  explained  in  Sec.  11  of  the  text. 
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11.  Distortion  of  a  Modulated  Wave  by  an  Off-tune  Circuit. — 

A  circuit  that  is  detuned  from  the  center  frequency  of  a  modulated 
wave  causes  distortion  of  the  wave.  To  illustrate  by  an  example, 
suppose  that  the  emf  of  (10.1)  is  applied  to  a  series  LC  circuit  tuned 
to  the  frequency  of  the  lower  side  component  and  that  the  frequency 
of  the  carrier  coincides  with  the  upper  half-power  frequency  of  the 
circuit.  Vectors  that  represent  the  components  of  the  current  then 
have  the  relative  lengths  shown  in  Fig.  11.1a  and  at  t  =  0  are  in 
the  positions  indicated. 

With  the  frequency  fh  subtracted  from  the  rotational  motion  of 
the  total-current  vector,  the  outer  extremity  of  this  vector  traces 
out  an  ellipse,  Fig.  11.16,  once  per  modulation  period.  The  vector 
changes  in  length  and  moves  back  and  forth  from  one  side  to  the 
other  of  the  carrier  vector.  The  current  in  the  circuit  is  non- 
sinusoidally  amplitude-modulated  and  also  nonsinusoidally  angle- 
modulated.  The  distorted  current  is  shown  as  a  function  of  time 
in  Fig.  11.  Id. 

12.  Distortion  of  a  Modulated  Wave  from  Other  Causes. — Any 

influence  that  alters  the  relative  phases  of  the  components  of  a 
modulated  wave  or  alters  their  relative  amplitudes  alters  the  modu¬ 
lation.  The  alteration  may  occur  in  the  transmitter,  in  the  medium 
between  the  transmitter  and  the  receiver,  or  in  the  receiver. 

In  the  transmitter,  the  circuits  should  be  tuned  to  the  center 
frequency  and  should  have  a  Q  sufficiently  low  so  as  not  to  attenuate 
the  sidebands.  If  the  components  of  a  modulated  wave  are  prop¬ 
agated  between  transmitter  and  receiver  with  unequal  attenua¬ 
tion,  unequal  time  delay,  or  both,  the  waveform  at  the  receiver 
differs  from  that  at  the  transmitter.  This  type  of  distortion  may 
be  caused  by  nonlinear  effects  in  the  ionosphere  or  by  interference 
resulting  from  simultaneous  propagation  over  two  or  more  paths.1 
The  problem  of  minimizing  the  distortion  in  the  r-f  circuits  of  the 
receiver  is  similar  to  the  same  problem  in  respect  to  the  transmitter. 

13.  Spectra  of  Typical  Signals. — The  spectrum  of  a  radio  signal 
presents  information  that  is  useful  to  the  engineer  in  several  ways. 
A  spectrum  may  show  the  amplitude  of  each  frequency  component 
plotted  vertically  against  a  horizontal  scale  of  frequency.  Or, 
following  the  customary  procedure  in  optics,  the  spectrum  may 
show  the  energy  of  the  components,  or  the  square  of  their  ampli- 

1  R.  W.  P.  King,  H.  R.  Mimno,  and  A.  H.  Wing,  “  Transmission  Lines, 
Antennas,  and  Wave  Guides,”  Chap.  IV  on  Wave  Propagation,  McGraw-Hill 
Book  Company,  Inc.,  1945, 
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tudes  as  a  function  of  frequency.  The  indicated  distribution  of 
amplitude  or  of  energy  may  persist  continuously,  or  the  distribution 
may  vary  with  time,  in  which  case  a  time-average  distribution  may 
be  of  interest,  such  as  the  one  shown  in  Fig.  4.2. 

Figure  4.2  was  designed  to  show  that,  with  amplitude  modula¬ 
tion,  the  radio  signal  requires  a  channel  whose  width  is  twice  the 
frequency  of  the  highest  frequency  component  in  a  complex  modu¬ 
lating  signal.  A  similar  time-average  spectrum  of  a  wide-swing 
frequency-modulated  wave  would  be  approximately  200  kcps  wide, 
while  that  of  an  amplitude-modulated  television  signal  would  be 
4  mcps  or  more  in  width. 

The  spectrum  of  a  continuous  sinusoidal  wave  consists  of  a 
single  fine  line,  Fig.  13.1a.  The  spectrum  of  a  continuous  wave 
whose  amplitude  varies  sinusoidally  consists  of  three  fine  lines, 
Fig.  13.  lb.  If  the  wave  is  100  per  cent  modulated,  the  outer  lines 
of  its  energy  spectrum  are  one-fourth  as  tall  as  the  middle  line. 
The  energy  spectrum  of  a  continuous  wave  that  is  either  frequency- 
modulated  or  phase-modulated  sinusoidally  would  resemble  those 
of  Fig.  7.3  after  all  vertical  distances  shown  there  are  squared. 

Signals  consisting  of  pulses  or  groups  of  oscillations  may  be 
analyzed  and  the  spectrum  determined  by  Fourier  analysis.  The 
spectrum  of  a  group  of  oscillations  of  constant  amplitude  and 
frequency  is  not  a  single  line  of  infinitesimal  width.  The  spectrum 
occupies  a  finite  distance  along  the  frequency  axis,  Fig.  13.1c.  The 
fewer  the  number  of  oscillations  in  the  group,  the  broader  the  spec¬ 
trum.  There  may  be  some  minima  and  subsidiary  maxima  in  the 
spectrum,  as  is  shown  in  the  figure. 

The  spectrum  of  a  group  of  oscillations  of  fixed  frequency  but  of 
decreasing  amplitude  is  shown  in  Fig.  13.  Id.  The  greater  the 
decrement  (rate  of  decrease  in  amplitude),  the  broader  the  spec¬ 
trum.  Its  highest  point  is  located  close  to  the  frequency  of  the 
oscillations.  “Spark”  transmitters  of  the  early  days  of  radio 
radiated  such  trains  of  damped  oscillations. 

If  the  decrement  of  a  damped  wave  train  is  so  great  that  only 
one  or  two  oscillations  of  appreciable  intensity  exist  in  any  one 
group,  the  spectrum  is  so  broad  as  to  spread  over  much  of  the  used 
radio  frequencies,  Fig.  13.  le.  Disturbances  due  to  electric  dis¬ 
charges  in  the  atmosphere  are  of  this  general  shape. 

A  pulse  that  consists  of  a  single  half  cycle  of  a  sinusoid,  Fig. 
13.1/,  has  a  spectrum  that  spreads  over  all  frequencies.  The 
height  of  the  spectrum  is  greatest  at  zero  frequency.  At  the  fre- 
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quency  corresponding  to  that  of  the  sinusoid  the  energy  spectrum 
has  a  height  of  0.62  of  the  height  at  zero  frequency.  The  shorter 
the  duration  of  the  pulse,  the  more  uniform  the  distribution  of 
energy  in  the  radio  spectrum.  If  the  pulse  is  of  negligible  width, 
its  spectrum  has  uniform  height,  Fig.  13.10. 


(q)  pulse  of  neql tqible  width 

Fig.  13.1. — Various  types  of  signals  and  their  energy  spectra. 


Although  the  signal  shown  in  Fig.  13.1a  would  be  completely 
admitted  by  a  circuit  having  a  very  high  Q,  the  signals  shown  in 
b ,  c,  d  would  be  completely  admitted  only  if  the  circuit  has  an 
admittance  curve  that  spans  the  spectrum  of  the  signal.  On  the 
other  hand,  signals  of  the  types  shown  in  e ,  /,  g  have  such  broad 
spectra  that  they  will  cause  some  disturbances  in  any  circuit. 


CHAPTER  XX 

METHODS  OF  MODULATION 


I.  METHODS  OF  AMPLITUDE  MODULATION 

1.  General. — Amplitude  modulation  may  be  produced  by  many 
methods  and  devices.  Those  which  have  been  used  commonly  are 

1.  Absorption  processes: 

a.  Microphone  in  antenna  system 

b.  White  system 

c.  Magnetic  amplifier 

2.  Modulated  Class  C  amplifier: 

a.  Plate-modulated 

b.  Grid-modulated 

c.  Cathode-modulated 

3.  Amplitude-modulated  oscillator 

4.  Square-law  processes: 

а.  Nonlinear  circuit  element 

б.  Triode  square-law  modulator 

c.  Balanced  square-law  modulator 

Modulation  processes  based  upon  the  absorption  of  r-f  energy 
were  important  in  the  early  days  of  radio.  A  microphone  placed 
in  series  with  an  antenna  absorbed  more  or  less  r-f  energy  as  the 
resistance  of  the  microphone  varied,  and  in  consequence  the  ampli¬ 
tude  of  the  antenna  current  was  altered.  The  White  system  pro¬ 
duced  a  similar  effect  by  means  of  a  vacuum  tube  whose  plate 
was  connected  to  one  end  of  the  antenna  coil  and  whose  cathode 
was  connected  to  the  other  end.  When  a  low-frequency  voltage  was 
applied  to  the  grid,  the  plate-to-cathode  resistance  of  the  tube  was 
altered  and  thus  a  varying  amount  of  r-f  energy  was  absorbed. 
The  magnetic-amplifier  method  made  use  of  an  iron-core  reactor  in 
series  with  the  antenna.  A  unidirectional  current  in  another  wind¬ 
ing  on  the  core  was  varied  at  an  audio-frequency  rate.  The  vary¬ 
ing  direct  current  caused  the  iron  core  to  become  more  or  less 
saturated,  causing  the  inductance  of  the  reactor  to  decrease  and 
increase,  resulting  finally  in  variation  of  the  amplitude  of  the 
antenna  current. 
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Nowadays  an  amplitude-modulated  wave  is  produced  usually  by 
altering  one  or  more  of  the  polarizing  or  supply  voltages  in  an  r-f 
amplifier  or  oscillator  in  accordance  with  the  modulating  signal 
wave.  The  variation  in  the  amplitude  of  the  r-f  output  of  the 
amplifier  or  oscillator  is  proportional  to  the  successive  values  of  the 
modulating  signal  if  the  device  is  properly  adjusted. 

2.  Plate -modulated  Class  C  Amplifier. — A  Class  C  amplifier  can 
be  designed  and  operated  so  that  the  amplitude  of  the  r-f  output  is 
directly  proportional  to  the  plate-supply  voltage.  An  amplitude- 
modulated  wave  may  be  produced  by  varying  the  plate-supply 
voltage  of  such  an  amplifier  in  accordance  with  a  low-frequency 
modulating  signal. 


Fig.  2.1. — Basic  diagram  of  a  plate-modulated  Class  C  amplifier. 


A  plate-modulated  Class  C  amplifier  circuit  is  shown  in  Fig. 
2. 1.1  Capacitor  C i  tunes  the  grid  circuit  to  the  carrier  frequency, 
and  Cz  tunes  the  plate  circuit  to  the  same  frequency.  The  total 
instantaneous  plate-supply  voltage  ebb  is  the  sum  of  the  fixed  volt¬ 
age  Ebb  and  the  secondary  voltage  of  T 2,  which  is  an  iron-core 
modulation  transformer.  Capacitor  C2  serves  as  an  r-f  by-pass,  to 
keep  the  lower  side  of  the  plate  tank  circuit  at  the  same  r-f  potential 
as  the  cathode. 

The  grid  circuit  is  excited  at  the  carrier  frequency  by  the 
previous  stage  in  the  transmitter.  The  alternating  voltage  devel¬ 
oped  across  the  grid  tank  circuit  is  in  series  with  the  fixed  grid 
voltage,  Ecc ,  whose  magnitude  is  two  to  four  times  the  value  that 
would  reduce  the  plate  current  to  zero  in  the  absence  of  r-f  excita- 

1  For  simplicity,  a  neutralization  arrangement  to  prevent  self-oscillation 
that  might  occur  in  such  a  triode  amplifier  has  been  omitted  from  the  diagram. 
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tion  and  low-frequency  modulating  signal.  The  potential  of  the 
grid  varies  in  the  manner  indicated  in  Fig.  2.2a.  A  pulse  of  plate 
current  occurs  once  during  each  r-f  cycle  during  the  interval  when 
the  instantaneous  grid  voltage  is  more  positive  than  the  cutoff  value 
(ideally,  above  eb/ii),  Fig.  2.2c.  These  pulses  draw  their  power  from 
the  plate-supply  source.  The  plate  circuit  is  tuned  to  the  frequency 
of  these  pulses,  i. e. ,  to  the  carrier  frequency,  and  the  pulses  set  the 
plate  tank  circuit  into  oscillation.  In  doing  so  they  deliver  power 
to  the  tank  circuit.  The  Class  C  amplifier  is  thus  a  power-convert¬ 
ing  device1  that  takes  power  from  the  low-frequency  plate  supply 
and  converts  part  of  it  into  r-f  power  in  the  tank  circuit.  The 
part  that  is  not  converted  into  r-f  power  is  dissipated,  mostly  at 
the  plate  of  the  tube. 

When  there  is  no  modulation,  the  plate-supply  voltage  is  from 
the  d-c  source  alone,  Fig.  2.1,  so  that  the  plate-supply  voltage  ebb, 
Fig.  2.26,  has  the  steady  value  Ebb •  The  pulses  of  plate  current 
due  to  the  r-f  voltage  applied  to  the  grid  are  all  alike,  occurring  at 
the  carrier  frequency.  The  plate  tank  circuit,  tuned  to  this  fre¬ 
quency,  is  excited  into  steady  oscillation.  The  pulsating  non- 
sinusoidal  plate  current  contains  a  d-c  component,  a  component  of 
fundamental,  or  carrier,  frequency,  and  harmonics  of  the  carrier 
frequency.2  The  resistance  of  the  tank  coil  to  direct  current  is 
usually  negligible,  and  owing  to  resonance  the  impedance  of  the 
tank  circuit,  considered  as  a  parallel-resonant  circuit,  is  very  small 
at  the  harmonic  frequencies.  Since  the  tank  circuit  has  a  large 
impedance  at  the  carrier  frequency,  the  voltage  across  the  tank 
circuit  is  due  principally  to  the  fundamental-  or  carrier-frequency 
component  of  the  plate  current  and  is  practically  sinusoidal  in 
waveform.  This  voltage  is  indicated  as  eb  in  Fig.  2.1.  Since  the 
voltage  across  the  tank  circuit  is  practically  sinusoidal,  the  current 
in  either  branch  is  also  practically  sinusoidal  in  waveform. 

During  modulation,  the  total  instantaneous  plate-supply  volt¬ 
age,  e^,  Figs.  2.1  and  2.26,  swings  above  and  below  the  value  Ebb 
because  of  the  modulating  signal  voltage  ei  appearing  across  the 
secondary  of  transformer  T 2,  Fig.  2.1.  As  a  result,  the  pulses  of 
plate  current  flow  during  a  greater  or  smaller  portion  of  the  r-f 
cycle  and  increase  and  decrease  in  magnitude,  Fig.  2.2c.  With 
proper  adjustment  and  operation  of  the  modulated  Class  C  amplifier, 
the  changes  in  the  size  and  shape  of  the  pulses  cause  the  amplitude  of 

1  A  more  detailed  treatment  of  the  Class  C  amplifier  is  given  in  Chap.  XIV. 

2  See  Chap.  IX. 


(d)  CURRENT  IN  TANK  CIRCUIT 


(e)  PLATE  POTENTIAL 

Fig.  2.2.  Voltages  and  currents  in  a  plate-modulated  Class  C  amplifier. 
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the  r-f  current  in  the  tank  circuit  to  vary  in  proportion  to  the  total 
plate-supply  voltage. 

The  total  plate-supply  voltage  with  a  sinusoidal  modulating 
signal  is 

eib  =  +  Ei  sin  c oit  (2.1) 

where  the  subscript  l  as  in  Chap.  XIX  denotes  the  low,  or  modulat¬ 
ing,  frequency.  The  proportionality  between  the  amplitude  of  the 
r-f  current  and  the  plate-supply  voltage  may  be  expressed  as 

Ih  =  kebb  (2.2) 

where  k  is  the  constant  of  proportionality.  Substituting  (2.1)  into 

(2-2), 

Ih  ~  k{Ebb  T"  Ei  sin  c oit) 


which  may  be  rearranged  to  give 


h 


kEh 


(l  +  4^-  sin 
\  Ebb  ) 


(2.3) 


The  variation  in  amplitude  is  the  same  as  that  of  (2.1),  Chap.  XIX, 
and  is  the  proper  variation  for  an  amplitude-modulated  wave. 
The  factor  Ei/Ebb  appears  here  in  place  of  ma  in  (2.1),  Chap.  XIX. 
Therefore,  in  this  method  of  producing  amplitude  modulation,  the 
degree  of  modulation  is  determined  by  the  ratio  of  the  modulating 
voltage  to  the  d-c  plate-supply  voltage.  For  sinusoidal  modulation, 


ma 


Ei_ 

Ebb 


(2.4) 


With  this  substitution  (2.3)  becomes 

a  — 

In  =  kEbb(  1  +  sin  out)  (2.5) 

and  the  equation  for  the  instantaneous  r-f  current  ih  =  Ih  sin  a )ht  is 

ih  =  kEhb{  1  +  ma  sin  a nt)  sin  v>ht  (2.6) 

which  is  the  same  in  form  as  (2.1),  Chap.  XIX. 

If  the  impedance  of  the  tank  circuit  is  essentially  the  same  at 
the  carrier  and  side-band  frequencies,  the  amplitude  of  the  r-f 
voltage  across  the  tank  circuit  varies  in  the  same  manner  as  (2.5). 
The  r-f  voltage  across  the  tank  circuit  is  also  proportional  to  the 
total  plate-supply  voltage,  or 

Eh  =  k'Ebb(  1  +  wa  sin  o oit) 


(2.7) 
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where  kf  is  the  constant  of  proportionality.  From  (2.4)  it  is  seen 
that,  when  the  amplitude  of  the  secondary  voltage  of  Fig.  2.1, 
equals  the  fixed  part  of  the  plate-supply  voltage,  100  per  cent 
modulation  is  obtained.  If  Ei  exceeds  Ebb,  the  total  plate-supply 
voltage  ebb  goes  negative  during  a  part  of  each  modulation  period 
and  overmodulation  results.  While  ebb  is  negative,  there  can  be 
no  pulses  of  plate  current  to  excite  oscillations  in  the  tank  circuit. 
Assuming  Ih  to  be  proportional  to  ebb  while  ebb  is  positive,  the  over¬ 
modulated  tank-circuit  current  then  has  the  waveform  illustrated 
in  Fig.  2.2,  Chap.  XIX. 

The  voltage  eb  from  plate  to  cathode,  Fig.  2.2e,  is  the  algebraic 
sum  of  the  d-c  supply  voltage  Ebb,  the  modulation-frequency  supply 
voltage  Ei  sin  cnt,  and  the  instantaneous  value  of  the  modulated 
r-f  voltage  developed  across  the  tank  circuit.  The  maximum 
instantaneous  value  of  the  plate-supply  voltage  ebb  is  Ebb  +  Ei 
From  (2.7)  the  maximum  amplitude  of  eh  is  k'(Ebb  +  Ei).  In 
practice,  k'  is  of  the  order  of  0.9.  During  100  per  cent  modulation, 
th  =  Ehh,  and  therefore  the  voltage  from  plate  to  cathode  then 
reaches  a  maximum  value  Ebb  +  Ei  +  k'(Ebb  +  Ei),  which  is  of 
the  order  of  3.8  times  Ebb.  This  high  voltage  must  be  considered  in 
choosing  the  plate-supply  voltage  Ebb  and  in  selecting  capacitors 
and  other  elements  to  be  used  in  the  plate  circuit. 

Usually  a  network  of  some  form  is  employed  to  transfer  the  r-f 
power  developed  in  the  plate  circuit  of  the  Class  C  amplifier  to  a 
load  circuit.  The  emf  induced  in  the  secondary  of  the  output  trans¬ 
former  of  Fig.  2.1  has  essentially  the  same  waveform  as  the  tank- 
circuit  current  and  is  amplitude-modulated. 

Under  carrier  conditions  (no  modulation),  the  power  developed 
in  the  tank  circuit  is  the  carrier  power  and  is 


El  =  {kfEbby 
2Rl  2  Rl 


(2.8) 


where  RL  is  the  antiresonant  resistance  of  the  tank  circuit  at  the 
fundamental,  or  carrier,  frequency.  During  sinusoidal  modulation, 
the  power  in  a  modulated  wave  increases  by  the  factor  (1  +  ml/ 2), 
from  (4.1),  Chap.  XIX.  Then,  when  the  Class  C  amplifier  is 
sinusoidally  modulated,  the  power  delivered  to  the  load  or  tank 
circuit  increases  to 


p-  -  (‘  +  t) 


(2.9) 
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assuming  the  impedance  of  the  tank  circuit  to  be  the  same  at  the 
side-band  and  the  carrier  frequencies. 

It  is  desirable  but  not  essential  that  the  plate-supply  current 
ibb}  Fig.  2.1,  vary  in  proportion  to  ebb .  If  this  condition  obtains, 

ibb  —  k"ebb  (2.10) 

=  k"(Ebb  "I-  Ei  sin  ojii) 

where  k"  is  the  constant  of  proportionality  and  the  plate-supply 
voltage  of  (2.1)  is  assumed.  Then  with  sinusoidal  modulation  the 
plate-supply  current  will  consist  of  a  d-c  component  k"Ebb  that  is 
independent  of  the  modulation  and  a  modulating-frequency  com¬ 
ponent  whose  amplitude  k"Ei  is  proportional  to  the  amplitude  of 
the  modulating  signal.  The  average  power  from  the  d-c  source  is 
equal  to  E^l^b  and  under  the  conditions  of  (2.10)  is  k"Elb,  inde¬ 
pendent  of  the  modulation.  The  average  power  delivered  by  the 
modulating  transformer  T 2,  Fig.  2.1,  is  one-half  the  product  of  the 
amplitude  of  the  modulating  voltage  Ei  and  the  amplitude  k"Ei  of 
the  modulation-frequency  component  of  current.  Therefore,  under 
the  conditions  of  (2.10),  the  average  power  supplied  by  the  modu¬ 
lating  transformer  is  kf'Ef/ 2,  or,  from  (2.4),  knm\E\bl 2,  since 
Ei  —  maEbb .  The  total  average  power  supplied  by  the  plate- 
supply  source  is 

Pk,  =  k”E&  +  k"  ^  Ed  (2.11) 

=  k"E*  (l  +  (2.12) 

The  first  term  on  the  right  of  (2.11)  is  the  d-c  power,  and  the  second 
term  is  the  modulating  power.  Thus  during  sinusoidal  modulation 
the  source  of  the  modulating  signal  must  supply  ml/2  times  as 
much  power  as  the  d-c  source. 

The  plate-circuit  efficiency  is  the  ratio  of  power  delivered  to  the 
load  to  power  supplied  by  the  plate  supply.  Hence,  dividing  (2.9) 
by  (2.12), 

^  Pl  _  {kfy 
v  P«,  2 k"RL 

and  the  efficiency  q  is  constant.  This  means  that  the  power 
delivered  to  the  load  and  the  power  dissipated  at  the  plate  increase 
by  the  same  fractional  amount  when  the  modulation  is  increased, 
and  both  these  increases  are  supplied  from  the  modulating  trans¬ 
former  since  the  average  d-c  input  power  remains  constant. 


Sec.  3]  GRID  MODULATION  OF  A  CLASS  C  AMPLIFIER  655 

For  example,  suppose  that  the  plate  input  power  of  an  unmodu¬ 
lated  amplifier  is  1,000  watts.  If  17  =  0.75,  the  r~f  power  developed 
in  the  tank  circuit  is  750  watts.  During  sinusoidal  modulation 
with  ma  =  1,  energy  is  delivered  to  the  plate  circuit  by  the  modula¬ 
tion  transformer  at  the  average  rate  of  500  watts.  Of  this  power, 
375  watts  becomes  r-f  side-band  power.  The  total  r-f  output  power 
is  750  +  375  =  1,125  watts,  an  increase  of  50  per  cent  over  the 
unmodulated  r-f  power. 

Under  the  conditions  of  (2.10),  the  modulating  voltage  Ei  of 
frequency  fi  causes  the  plate-supply  current  to  have  a  component  of 
amplitude  k"Ei  in  phase  with  Ex.  Therefore,  the  modulating  trans¬ 
former  feeds  a  current  into  its  load,  proportional  to  and  in  phase 
with  its  secondary  voltage.  Thus  the  load  on  the  modulating  trans¬ 
former  simulates  a  resistor  whose  resistance  is  the  ratio  of  voltage  to 
current,  or  Ex/k" Since  Ei  =  maEbb,  this  ratio  may  be  expressed 
as  Ebb/k,fEbb ,  which  is  equal  to  Em/Ik,.  Hence  the  d-c  source  and 
the  modulation  transformer  both  work  into  or  have  connected  to 
them  a  load  that  is  a  resistance  equal  to  Eu/Ibb* 

Side-band  cutting  (discussed  in  Sec.  10  of  Chap.  XIX)  may  be 
encountered  if  the  Q  of  the  plate  tank  circuit  is  too  high,  the  oscil¬ 
lations  in  the  tank  circuit  not  dying  away  with  sufficient  rapidity 
when  the  plate-supply  voltage  decreases  rapidly.  These  effects 
commonly  are  not  encountered,  for  ordinarily  the  Q  of  the  plate 
tank  circuit  is  made  sufficiently  small  by  the  resistance  added  to 
the  circuit  by  the  coupled  load. 

The  advantages  of  plate  modulation  are  high  plate-circuit 
efficiency  and  ease  of  adjustment.  A  disadvantage  is  that  a  rela¬ 
tively  large  amount  of  low-frequency  power  is  required,  leading  to 
heavy,  bulky  equipment. 

When  a  screen-grid  tube  is  plate-modulated,  the  screen  voltage 
must  be  modulated  to  the  same  degree  as  the  plate-supply  voltage. 

3.  Grid  Modulation  of  a  Class  C  Amplifier. — Ideally,  the  ampli¬ 
tude  of  the  current  in  the  plate  tank  circuit  of  a  Class  C  amplifier 
can  be  made  to  vary  linearly  with  respect  to  the  grid-bias  voltage, 
the  amplitude  decreasing  as  the  magnitude  of  the  bias  voltage  is 
increased.  Therefore  an  amplitude-modulated  wave  may  be 
produced  by  applying  a  low-frequency  modulating  signal  in  series 
with  the  grid-bias  supply. 

For  grid  modulation  the  operating  conditions  are  chosen  so  that 
ideally  both  the  r-f  plate  tank  current  and  the  d-c  plate-supply  cun 
rent  vary  linearly  with  the  grid-bias  voltage.  Then,  since  the 
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average  grid  voltage  is  unchanged  by  the  modulating  voltage,  the 
average  plate  current  is  unchanged,  and  the  average  power  input 
from  the  d-c  plate  supply  is  unchanged  by  the  modulation.  Since 
the  average  r-f  power  output  increases  with  modulation  and  since 
the  average  d-c  power  input  remains  constant,  the  plate  dissipa¬ 
tion  decreases  and  the  plate-circuit  efficiency  increases  when  the 
modulating  signal  is  applied. 

The  operating  conditions  that  result  in  linear  modulation  are 
such  that,  in  the  absence  of  modulation,  the  plate-circuit  efficiency 
is  of  the  order  of  34  per  cent.  During  100  per  cent  modulation  by 
a  sinusoidal  signal,  the  r-f  output  power  increases  by  a  factor  of 
so  that  the  plate-circuit  efficiency  increases  to  approximately  51 
per  cent.  The  carrier  power,  or  the  unmodulated  output  power,  is 
about  one-fourth  as  great  as  the  carrier  power  that  the  same  tube 
could  deliver  if  plate  modulation  were  employed. 

The  main  disadvantages  of  grid  modulation  are  low  plate-circuit 
efficiency  and  the  difficulty  with  which  linear  modulation  is  obtained. 
However,  the  equipment  may  be  made  light  and  compact  since  very 
little  low-frequency  modulating  power  is  required. 

4.  Other  Methods  of  Modulation  of  a  Class  C  Amplifier. — If  a 
pentode  is  employed,  the  modulation  voltage  may  be  injected  into 
the  suppressor-grid  circuit.  The  basis  of  operation  and  the  power 
relations  are  similar  to  those  for  control-grid  modulation.  How¬ 
ever,  adjustment  of  the  amplifier  is  simpler.  Fairly  linear  modula¬ 
tion  up  to  100  per  cent  may  be  obtained. 

Modulation  may  be  effected  by  injection  of  the  modulating  signal 
in  series  with  the  screen-supply  voltage.  This  arrangement  occa¬ 
sionally  is  used  in  low-power  transmitters.  Some  power  is  required 
from  the  modulating  source,  and  100  per  cent  modulation  usually 
cannot  be  attained  with  linearity. 

Modulation  voltage  may  be  applied  also  in  the  cathode  circuit 
of  a  Class  C  amplifier  tube.  The  grid-bias  and  plate-supply  voltages 
then  are  both  altered  during  modulation.  This  is  therefore  a  com¬ 
bination  of  plate-circuit  and  grid-circuit  modulation.  The  adjust¬ 
ments  required  to  secure  linear  modulation  are  of  the  same  general 
nature  as  those  required  for  grid-circuit  modulation  alone.  The 
unmodulated,  or  carrier-component,  output  power  obtained  is 
greater  than  that  which  the  same  amplifier  tube  can  deliver  with 
ordinary  grid-circuit  modulation,  while  the  amount  of  low-frequency 
power  required  is  not  as  great  as  for  plate-circuit  modulation. 
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5.  Amplitude -modulated  Oscillator. — The  output  of  an  r-f 
oscillator  may  be  amplitude-modulated  by  any  of  the  methods  used 
with  Class  C  amplifiers,  plate  modulation  being  the  most  common 
method  employed.  Such  modulation,  however,  usually  is  accom¬ 
panied  by  unwanted  changes  in  frequency  because  of  changes  that 
occur  in  the  grid-  and  plate-polarizing  potentials.  The  modulation 
characteristics  ( i.e .,  curves  relating  the  amplitude  of  the  current  in 
the  plate  tank  circuit  to  the  modulation  voltage)  are  usually  much 
less  linear  than  those  secured  with  a  Class  C  amplifier.  Modulated 
oscillators  are  used  only  where  stability  of  frequency  and  low  dis¬ 
tortion  are  not  essential  or  where  more  stable  systems  of  modula¬ 
tion  are  not  available. 

6.  Production  of  an  Amplitude-modulated  Wave  by  Use  of  a 
Nonlinear  Impedance. — When  a  voltage  that  consists  of  one  or 


Pig.  6.1. — Circuit  containing  a  nonlinear  circuit  element. 

more  frequencies  is  impressed  on  a  circuit  which  contains  a  nonlinear 
impedance,  the  current  produced  in  the  circuit  contains  frequencies 
that  are  not  present  in  the  impressed  voltage.  This  fact  can  be 
employed  to  advantage  in  modulation,  in  detection,  and  in  fre¬ 
quency  conversion. 

For  example,  a  circuit  that  contains  a  diode  could  be  used  to 
produce  an  amplitude-modulated  wave.  In  the  circuit  of  Fig.  6.1, 
a-c  voltages  eh  and  ei  of  frequencies  fh  and  fi,  having  sinusoidal 
waveforms,  and  a  steady  direct  voltage  Em  are  applied  in  series 
across  a  diode  and  a  resistor.  The  current-voltage  characteristic 
of  the  circuit  including  the  resistance  is  represented  in  Fig.  6.2. 
Under  quiescent  conditions  the  total  applied  voltage  has  the  steady 
value  Ebb,  and  the  current  has  the  steady  value  ho. 

When  the  two  a-c  voltages  are  applied,  the  voltage  e  varies  with 
time  as  shown  in  the  lower  part  of  Fig.  6.2  and  is  given  by 

e  =  Ebb  +  Eh  sin  +  Ei  sin  mt  (6.1) 

The  corresponding  values  of  current  are  shown  at  the  right  in  Fig. 
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6.2.  Because  of  the  curvature  of  the  current-voltage  curve,  the 
high-frequency  variations  are  altered  in  amplitude  during  the 
modulation  cycle. 


Fig.  6.2. — Operation  as  a  modulator  of  a  circuit  containing  a  nonlinear  circuit 

element. 


Analysis  of  the  current  i  is  made  as  follows:  Let  eo  and  i0  repre¬ 
sent  the  deviations  of  the  applied  voltage  and  resulting  current  from 
their  quiescent  values.  Thus,  by  this  definition, 


and 


€o  —  e  —  Ebb 

(6.2) 

o 

1 

•<>> 

II 

© 

(6.3) 

From  (6.1)  and  (6.2)  the  deviation  of  the  voltage  above  and  below 
the  value  Ehb  is 

e0  =  Eh  sin  uht  +  Ei  sin  mt  (6.4) 


The  deviation  of  the  current  from  the  quiescent  value  in  the  vicinity 
of  the  Q  point  may  be  expressed  by  the  Taylor’s  series 


b  c 

i o  =  aeQ  +  2"j  ^  el  + 


(6.5) 


in  which  the  coefficients  a,  6,  c,  .  .  .  are  the  first,  second,  third, 
.  .  .  derivatives  of  the  current  with  respect  to  voltage,  evaluated 
at  the  Q  point.  The  coefficients  a  and  b  represent  the  slope  and  the 
rate  of  change  of  the  slope  of  the  current-voltage  curve  at  the 
Q  point. 
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Substitution  of  (6.4)  in  (6.5)  and  performance  of  the  indicated 
expansion  show  that  terms  in  (6.5)  of  higher  order  than  the  second 
introduce  components  which  constitute  distortion  and  are  not 
desirable.  Therefore,  for  best  results  with  this  type  of  modulation, 
the  current-voltage  curve  should  be  parabolic.  Upon  employing 
only  the  first  and  second  terms  of  (6.5),  it  is  found  that 
io  =  aSh  sin  +  aEi  sin  ant 

+  ^El-^El  cos  2wd 

+  cos  2 <o,t 

4  4 

T-  —  Eh Ei  cos  (coa  —  c oi)t  —  g  Eh$i  cos  (coa  ~b  c ci)t  (6.6) 


In  (6.6)  there  are  terms  having  the  angular  frequencies  a)h, 
o) h  —  wa  +  c a,  which  constitute  the  carrier  and  side  frequencies 
of  an  amplitude-modulated  wave.  These  terms  are 


sin  cjht  +  75-  Ei  cos  (coA  —  m)t  —  x—  Ei  cos  (o>a  +  coi)t 


A  selective  amplifier  can  be  driven  by  the  voltage  developed  across 
R  in  order  to  separate  the  carrier  and  side-band  terms  from  the  other 
terms  in  (6.6).  By  this  means,  an  amplitude-modulated  current 
can  be  produced  having  the  form 


i  =  IA(1  +  ma  sin  a nt)  sin  ioht 


(6.8) 


0  * 

where  the  degree  of  modulation  ma  is  equal  to  -  Et.  A  similar 

a 

result  can  be  obtained  by  using  a  circuit  tuned  to  the  frequency  fh  in 
place  of  R. 

7.  Triode  Square -law  Modulator. — A  Class  A  amplifier,  oper¬ 
ated  in  the  negative-grid  region  where  the  ib-ec  characteristic 
curves  are  nonlinear  may  be  used  to  produce  an  amplitude-modu¬ 
lated  wave.  Such  a  device  is  known  as  a  square-law  or  van  der 
Bijl  modulator.  The  basic  circuit  is  shown  in  Fig.  7.1.  Capacitor 
Ci  tunes  the  r-f  input  circuit  to  the  frequency  fh ;  capacitor  C2 
by-passes  the  r-f  currents  around  the  modulation  transformer  T»; 
and  capacitor  C3  tunes  the  output  circuit  to  the  frequency  fh.  The 
output  circuit  has  a  resonance  curve  that  is  broad  enough  to  include 
the  frequencies  fh  +  ft  and  fh  —  fh  The  grid-bias  voltage  Ecc  is 
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of  such  a  value  as  to  place  the  Q  point  in  the  square-law  region  of 
the  tube  characteristics. 

During  operation,  the  grid  is  always  negative,  but  its  potential 
varies  in  the  manner  of  ebb  in  Fig.  6.2.  The  corresponding  values 
of  plate  current  are  similar  to  those  in  Fig.  6.2.  Although  the 
amplitude  of  the  r-f  swing  in  grid  potential  remains  constant  during 


Fig.  7.1. — Single-tube  square-law  modulator  circuit. 


modulation,  the  amplitude  of  the  r-f  component  in  the  plate  current 
is  increased  when  the  low-frequency  voltage  across  T2,  Fig.  7.1, 
opposes  Ecc  and  is  decreased  when  it  aids  Ecc. 

8.  Balanced  Modulator. — An  arrangement  known  as  a  balanced 
modulator  is  shown  in  Fig.  8.1.  It  consists  of  two  single-tube 
modulators  connected  back  to  back  and  has  properties  of  consider¬ 


able  practical  value.  The  two  input  voltages  ei  and  e2  may  have 
any  frequencies.  The  input  voltage  e2  is  applied  to  the  two  grids 
in  the  same  phase.  The  input  voltage  Ci  is  applied  to  the  upper 
grid  180°  out  of  phase  with  the  input  voltage  ei  as  applied  to  the 
lower  grid.  Output  voltage  e3  arises  from  changes  in  the  two  plate 
currents  flowing  in  the  same  direction  through  the  primary  of  trans¬ 
former  T 3.  Output  voltage  e±  arises  from  changes  in  the  plate  cur- 
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rents  flowing  in  opposite  directions  in  the  primary  of  T 4.  The 
voltages  e3  and  e4  therefore  differ  from  each  other,  and  either  may  be 
used  as  the  output  voltage. 

By  assuming  input  voltages  of  sinusoidal  waveform  and  square- 
law  operation  of  the  tubes  as  modulators,  the  components  of  the 
output  voltages  e3  and  64  may  be  determined  by  an  analysis  similar 
to  that  used  in  Sec.  6.  The  component  frequencies  found  in  the  two 
outputs  under  various  input  conditions  are  tabulated  in  Table  8.1. 
The  first  row  in  Table  8.1  applies  when  the  circuit  is  operated  like 
a  push-pull  amplifier,  one  signal  being  applied  at  input  1.  Even 
though  each  half  of  the  circuit  is  nonlinear,  the  square-law-distortion 
output  components  do  not  appear  at  output  4.  Row  2  represents 
the  operation  of  two  amplifier  tubes  in  parallel. 

The  third  row  represents  the  fact  that  application  of  a  high- 
frequency  voltage  at  input  1  and  a  low-frequency  modulating  volt¬ 
age  at  input  2  results  in  an  amplitude-modulated  wave  at  output  4 
with  no  extraneous  frequencies.  This  represents  a  distinct  improve¬ 
ment  over  the  output  of  a  single-tube  square-law  modulator. 


Table  8.1. — Input  and  Output  Frequencies  of  a  Balanced  Square-law- 

modulator  Circuit 


Row 

ei 

e2 

«3 

d 

Remarks 

1 

WJ 

0 

2<jj 

"j 

Push-pull  amplifier 

2 

0 

0 

Two  tubes  in  parallel 

3 

1 

Wj,  2u>p  2 o3h 

“V  WA  +  “V  "h  -  wz 

e4  is  an  amplitude- mod¬ 
ulated  wave 

4 

"i 

“V  2uv  2coa 

Up  Uh  +  Up  Uh  -  OJ, 

Carrier  suppressed 

5 

« h>  ui 

0 

2 «fc.  2<Jr  “a  +  “V  wa  “  "z 

uh,  ut 

Carrier  suppressed 

The  fourth  and  fifth  rows  represent  methods  by  which  r-f  side 
bands  minus  the  carrier-frequency  component  may  be  created. 
These  properties  of  the  balanced  square-law  modulator  make  it 
very  useful  in  applications  such  as  suppressed-carrier  and  single¬ 
side-band  transmission,  speech  scrambling,  and  frequency  modula¬ 
tion  by  the  Armstrong  method. 

II.  METHODS  OF  ANGLE  MODULATION 
9.  General. — An  angle-modulated  wave  may  be  produced  by 
altering  the  frequency  of  an  oscillator  or  by  means  of  a  phase- 
shifting  network.  Transmitters  whose  output  is  a  phase-modulated 
wave  are  seldom  used  since  a  phase-modulated  wave  (defined  in 
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Sec.  6  of  Chap.  XIX)  does  not  utilize  a  given  frequency  channel  as 
effectively  as  a  frequency-modulated  wave,  as  explained  in  Sec.  8 
Chap.  XIX. 

The  frequency  of  an  r-f  oscillator  may  be  varied  by  means  of  a 
“condenser  microphone,”  Fig.  9.1.  The  capacitive  reactance  of 
the  tuned  circuit  is  altered  in  accordance  with  sound  waves  enter¬ 
ing  the  microphone.  The  frequency  of  oscillation  varies  inversely 
as  the  square  root  of  the  capacitance  of  the  circuit;  but  the  variations 
in  capacitance  are  extremely  small,  and  the  variations  in  frequency 
are  practically  proportional  to  the  successive  values  of  the  sound 
wave.  This  method  is  mechanically  and  electrically  impractical, 
but  it  illustrates  the  fundamental  principle  of  the  frequency- 

modulated  oscillator. 

The  frequency  of  an  oscilla¬ 
tor  may  be  controlled  by  a 
variable  reactance  produced  by  a 
reactance-tube  circuit  connected 
across  the  tank  circuit  of  the  os¬ 
cillator.  The  circuit,  described 
in  Sec.  10,  simulates  a  capaci¬ 
tance  or  an  inductance  whose 
magnitude  is  controlled  by  a 
low-frequency  signal  voltage  applied  to  the  reactance  tube.  In 
many  frequency-modulated  transmitters,  this  arrangement  is  used 
to  control  the  frequency  of  an  oscillator  operating  at  a 
center  frequency  considerably  below  that  of  the  output  carrier; 
the  frequency-modulated-oscillator  output  is  passed  through 
frequency-multiplying  stages,  in  which  the  center  frequency  and 
the  frequency  deviations  are  multiplied  by  the  same  factor.  With 
this  method  of  producing  frequency  modulation  the  value  of  the 
center  frequency  is  subject  to  many  influences  in  the  oscillator  and 
reactance-tube  stages  (such  as  variations  in  polarizing  or  supply 
voltages,  mechanical  movement  of  parts,  temperature  changes) 
that  lead  to  drift  or  change  of  the  center  frequency.  Center- 
frequency  stability  approaching  that  of  crystal-controlled  trans¬ 
mission  may  be  obtained,  however,  by  use  of  a  stabilization  system. 
Modulation  may  be  accomplished  also  by  use  of  a  phase-shift 
circuit  rather  than  a  reactance  tube.  The  steady  r-f  output  of  a 
crystal-controlled  oscillator  operating  at  a  frequency  considerably 
below  that  of  the  output  carrier  is  applied  to  a  phase-shift  circuit. 
The  phase  of  the  r-f  output  of  the  phase-shift  circuit  relative  to  its 


Fig.  9.1. — Condenser-microphone  meth¬ 
od  of  frequency  modulation. 
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r-f  input  is  altered  by  means  of  and  in  direct  proportion  to  low- 
frequency  voltage  applied  to  the  phase-shift  circuit.  The  output  of 
the  phase-shift  circuit  is  sent  through  frequency-multiplying  stages 
before  transmission.  If  the  low-frequency  wave  representing  the 
intelligence  were  applied  directly  to  the  phase-shift  circuit,  the 
output  of  the  transmitter  would  be  a  phase-modulated  wave. 
However,  in  these  transmitters,  the  low-frequency  wave  is  first 
passed  through  an  integrator  circuit  as  explained  in  Sec.  9  of  Chap. 
XIX.  The  output  of  the  integrator,  or  “distorter,”  circuit  has  a 
waveform  identical  with  that  of  the  phase  shifts  which  would 
accompany  a  frequency-modulated  wave  created  by  applying 
the  original  unintegrated  wave  to  a  reactance  tube  controlling  the 
frequency  of  an  oscillator.  When  the  integrated  wave  is  applied  to 
the  phase-shift  circuit,  the  phase  shifts  it  creates  are  accompanied 
by  frequency  shifts  that  are  proportional  to  the  instantaneous  value 
of  the  modulating  wave.  Hence  the  output  of  the  transmitter  is 
frequency-modulated  in  accordance  with  the  unintegrated  modulat¬ 
ing  wave.  The  integrator  circuit  has  a  1/fi  frequency-response 
characteristic.  The  integrator  may  be  an  amplifier  whose  voltage 
amplification  is  inversely  proportional  to  the  audio  frequency. 
It  may  be  an  attenuator  that  attenuates  the  audio  signal  in  propor¬ 
tion  to  the  audio  frequency. 

The  primary  advantage  of  the  frequency-modulation  systems 
that  employ  a  phase-shift  circuit  and  integration  of  the  modulating 
wave  lies  in  the  fact  that  a  separate  control  system  for  stabilization 
of  the  center  frequency  is  unnecessary  since  a  very  stable  oscillator, 
such  as  a  crystal  oscillator,  may  be  employed  as  the  source  of  the 
center  frequency.  The  primary  disadvantage  is  that,  in  the  simpler 
transmitters  of  this  type,  the  frequency  shifts  at  the  output  are 
relatively  smaller. 

The  higher  frequency  components  of  the  modulating  wave 
ordinarily  are  weak  compared  with  the  lower  frequency  components. 
In  frequency-modulation  broadcast  transmission,  the  amplitudes 
of  the  higher  frequency  audio  components  usually  are  raised,  or 
emphasized,  by  means  of  an  emphasis,  or  accentuation,  circuit. 
They  may  be  raised  considerably  without  much  danger  of  the 
frequency  swings  they  create  exceeding  the  legal  restrictions.  The 
higher  components  are  deemphasized  after  the  signal  is  detected  in 
the  receiver.  Noise  voltages  are  thus  attenuated,  and  the  signal- 
to-noise  ratio  of  the  system  is  improved.  In  the  42-  to  50-mc 
frequency-modulation  band  the  standard  emphasis  (or  preemphasis, 
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as  it  is  commonly  called)  is  in  accordance  with  the  impedance- 
frequency  characteristic  of  a  series  inductance-resistance  network 
having  a  time  constant  of  100  microsec,  Fig.  9.2a.  In  the  88-  to 
108-mcps  band  the  standard  corresponds  to  a  time  constant  of  75 
microsec,  Fig.  9.26.  The  deemphasis  in  the  receiver  corresponds  to 
the  impedance-frequency  characteristic  of  a  parallel  resistance- 
capacitance  network  having  the  same  time  constant  as  that  govern¬ 
ing  the  emphasis  in  the  transmitter. 


01 _ L-LskfeSffl _ I  _L  I  MUM  M 

100  500  1000  2000  5000  10,000  20,000 

FREQUENCY,  CPS 


Fig.  9.2. — Emphasis  curves  corresponding  to  the  impedance-frequency  character¬ 
istics  of  series  LR  circuits  having  time  constants  of  100  and  75  microsec. 


10.  Reactance -tube  Modulation  of  an  Oscillator. — A  reactance- 
tube  circuit  is  shown  in  Fig.  10.1,  attached  at  the  points  A B  to  a 
Hartley  oscillator.  The  reactance-tube  circuit  as  a  whole,  i.e., 
everything  to  the  right  of  the  points  AB ,  simulates  (in  this  case) 
a  small  capacitance  Cab  in  parallel  with  C.  The  approximate  fre¬ 
quency  of  oscillation  is  therefore 


2t  VL(C  +  CiB) 


(10.1) 


The  value  of  Cab  may  be  altered  by  the  application  of  low-frequency 
voltage  at  any  one  of  several  points  in  the  reactance-tube  circuit. 
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How  the  tube  T2  in  Fig.  10.1  simulates  a  reactance  will  now  be 
explained. 

The  r-f  voltage  E  across  the  tank  circuit  causes  a  very 
small  r-f  current  i\  in  the  voltage  divider  C\R\.  The  react¬ 
ance  of  Ci  at  the  frequency  of  oscillation  is  of  the  order  of 


Fig.  10.1. — Reactance-tube  circuit  attached  to  a  Hartley  oscillator. 


ten  times  the  resistance  of  Ri.  Therefore  Eh  the  r-f  potential 
difference  developed  across  Ri,  leads  E  by  almost  90°  and  is 
approximately 

Ei  =  jR^CxE  (10.2) 


The  grid  potential  of  the  reactance  tube  is  the  sum  of  E i  and  the 
bias  voltage  Ecc.  The  bias  voltage  ensures  Class  Ai  operation. 

The  r-f  grid  voltage  Eh  leading 
E  by  90°  causes  the  plate  current 
of  the  reactance  tube  to  have  an 
r-f  component  that  also  leads  E 
by  90°.  This  current  is  prevented 
from  flowing  through  the  plate- 
supply  system  by  the  choke  coil 
RFC 2;  it  is  in  phase  with  the  cur¬ 
rent  ic  of  the  capacitor  C  in  the 
tank  circuit,  and  the  tube  therefore 
simulates  a  capacitor  in  parallel  with  C.  Increasing  or  decreasing 
the  quadrature  component  of  the  reactance-tube  plate  current 
produces  the  same  effect  as  increasing  or  decreasing  C.  The 
magnitude  of  the  quadrature  component  may  be  altered  by  chang¬ 
ing  the  gm  of  the  tube,  for  example  by  injecting  a  modulating  signal 
voltage  at  M,  Fig.  10.1,  in  series  with  Ecc . 

The  r-f  equivalent  plate  circuit  of  the  reactance  tube  at  the 
points  A'B'  is  shown  in  Fig.  10.2  and  is  a  series  circuit  in  which 


Fig.  10.2. — Equivalent  plate  circuit 
of  a  reactance  tube. 
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the  voltage  E  and  the  equivalent  voltage  y.EY  are  in  series  with  rp. 
Then  the  r-f  part  of  the  plate  current  is 


T  _  E  +  fiEi 

i  v 

rv 

(10.3) 

From  (10.2), 

1  .  E  -f-  jfiRicoCiE 

rP 

(10.4) 

The  inphase  current  E/rv  represents  only  a  slight  dissipative  load 
on  the  tank  circuit  since  the  rp  of  a  pentode  is  high.  The  second 
term  represents  a  reactive  current  that  is  variable,  since  the  amount 
of  this  leading  current  can  be  changed  by  varying  gm. 

In  the  circuit  of  Fig.  10.1  the  total  leading  current  at  the  ter¬ 
minals  A  B  is  approximately 

jwCiE  +  jgmRicjoCiE 

which  may  be  equated  to  J^CabE.  Then 

IwCabE  —  jwCiE  +  jgJRiuCiE 

so  that 

Cab  ==  Cl  +  gmRiCi 
—  Cl  +  Crt 

(10.5) 

(10.6) 
(10.7) 

where  CRT  is  the  effective  capacitance  of  the  reactance  tube  only. 
Even  though  approximations  have  been  employed,  it  is  evident 
from  (10.6)  that  the  value  of  Cab  is  linearly  related  to  the  transcon¬ 
ductance  gm.  Over  a  limited  range,  gm  varies  linearly  with  respect 
to  the  grid-bias  voltage.  Therefore,  the  value  of  Cab  is  altered 
linearly  with  respect  to  a  low-frequency  signal  voltage  injected  at  a 
point  such  as  M.  Since  the  frequency  /  usually  is  changed  by  less 
than  0.2  per  cent,  the  frequency  deviations  are  practically  propor¬ 
tional  to  the  successive  values  of  the  modulating  signal. 

A  primary  feature  of  a  reactance-tube  circuit  is  the  network  used 
to  obtain  a  fraction  of  the  applied  r-f  voltage  that  is  shifted  in 
phase  approximately  90°.  Four  such  networks  are  shown  in  Fig. 
10.3.  Analyses  of  these  circuits  may  be  found  elsewhere.1  Two 
of  these  networks  cause  the  reactance  tube  to  simulate  a  capacitance, 
and  two  an  inductance.  An  inductance  is  simulated  when  the  r-f 
grid  voltage  lags  rather  than  leads  the  tank-circuit  voltage.  When 
the  reactance-tube  circuit  is  inductive,  the  approximate  frequency 

1  A.  Hund,  “Frequency  Modulation,”  pp.  155-174,  McGraw-Hill  Book 
Company,  Inc.,  1942. 
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of  oscillation  is 

/  = - ■  1  —  (10-8) 

2ir  J(  LahL  1  C 

where  LAb  is  the  effective  shunt  inductance  due  to  the  reactance- 
tube  circuit.  Increasing  the  gm  of  the  tube  decreases  LAB  and 
increases  the  frequency  of  oscillation. 

Low-frequency  modulation  voltage  may  also  be  applied  to  the 
screen  grid  or  to  the  suppressor  grid.  Some  multigrid  tubes  have 
two  control  grids,  to  one  of  which  the  modulating  signal  may  be 
applied. 


R  2  ^  R  i 

Fig.  10.3. — Ileactance-tube  circuits.  Crt,  or  Lrt,  is  the  effective  input  capacitance, 
or  inductance,  neglecting  the  shunting  effect  of  the  voltage-divider  network. 


A  block  diagram  of  a  transmitter  that  employs  a  reactance  tube 
is  shown  in  Fig.  10.4.  The  frequencies  given  in  this  description  are 
representative  values  for  pre-war  commercial  frequency-modulation 
broadcasting.  The  modulation  voltage  is  passed  through  an 
emphasis  or  accentuator  circuit  and  then  into  the  reactance-tube 
circuit.  The  oscillator  operates  at,  say,  5  mcps.  The  maximum 
frequency  deviation  at  the  oscillator,  produced  by  the  loudest 
modulating-voltage  input  to  the  transmitter,  may  be  8,000  cps. 
The  frequency-modulated  output  of  the  oscillator  then  is  passed 
through  frequency-multiplier  stages,  in  this  case  two  triplers. 
The  center  frequency  fh  at  the  output  is  45  mcps,  which  is  3  times  3, 
or  9  times  the  center  frequency  of  the  oscillator.  The  frequency 
deviations  are  magnified  in  the  same  ratio.  For  the  signal  of  maxi¬ 
mum  strength,  the  value  of  Af  at  the  antenna  is  9  times  8,  or  72 
kcps.  The  modulation  index  m/  then  has  the  value  8,000//*  at  the 
oscillator  and  72,000//*  at  the  antenna. 
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To  prevent  drift  of  the  center  frequency,  a  “sample”  of  the  out¬ 
put  of  the  transmitter  is  mixed  with  the  42-mcps  output  of  a  crystal- 
controlled  oscillator  and  frequency-multiplier  system.  The  output 
of  the  mixer  (frequency  converter)  is  a  frequency-modulated  wave 
having  a  center  frequency  of  3  mcps  (if  the  transmitter  is  operating 
at  its  correct  center  frequency)  and  a  maximum  frequency  devia¬ 
tion  of  72  kcps  (for  the  maximum  signal  assumed).  The  mixer  is 
followed  by  a  discriminator1  tuned  to  3  mcps.  When  the  trans¬ 
mitter  is  operating  on  its  correct  center  frequency,  the  output  of 
the  discriminator  is  an  alternating  voltage  that  is  a  reproduction 
of  the  modulating  signal.  If  the  center  frequency  of  the  trans- 
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Fig.  10.4. — Block  diagram  of  a  frequency-modulation  transmitter  employing 
reactance  tube  as  a  modulating  device. 


mitter  should  drift  upward,  the  center  frequency  of  the  mixer  out¬ 
put  becomes  greater  than  3  mcps,  and  the  output  of  the  discrimina¬ 
tor  has  a  d-c  component  in  addition  to  the  modulating-frequency 
components.  A  low-pass  filter  following  the  discriminator  passes 
only  the  d-c  component,  which  is  applied  to  the  grid  of  the  reactance 
tube  in  such  a  direction  as  to  decrease  the  center  frequency  of  the 
oscillator  to  the  correct  value.  If  the  center  frequency  of  the  trans¬ 
mitter  should  drift  down  instead  of  up,  a  frequency-correction  volt¬ 
age  of  opposite  polarity  is  developed. 

11.  Production  of  Frequency  Modulation  by  Phase  Modulation. 
A  relatively  simple  frequency-modulation  transmitter  of  the 
phase-shift  variety  is  shown  in  block-diagram  form  in  Fig.  11.1. 

1  See  Chap.  XXI,  Sec.  22,  and  Chap.  XXIII,  Sec.  12. 
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A  crystal-controlled  oscillator  drives  an  LC  circuit  tuned  to  the 
crystal  frequency.  The  LC  circuit  is  coupled  to  the  oscillator  by 
means  of  a  phase-shift  network,  which  is  essentially  a  phase¬ 
splitting  circuit;  its  output  voltage  leads  (or  lags)  its  input  voltage 
by  a  certain  number  of  degrees.  Variation  in  the  potential  applied 
to  one  or  more  vacuum  tubes  in  the  phase-shift  circuit  changes,  at  a 


Fig.  11.1. — Block  diagram  of  a  frequency-modulation  transmitter  employing  a 
phase-shift  modulator. 


low-frequency  rate,  the  value  of  the  angle  of  lead  or  lag  between  the 
input  and  output  voltages  of  the  coupling  network.  Since  the  oscil¬ 
lator  is  rigidly  controlled  by  the  crystal,  the  voltage  across  the 
LC  circuit  is  advanced  and  retarded  in  phase  at  the  low-frequency 
rate.  In  addition  to  the  phase  shifts  produced,  small  changes  in 


the  amplitude  of  the  voltage  across  the  LC  circuit  may  also  occur 
but  are  removed  by  limiting  action  in  the  subsequent  stages. 

The  phase-shift  circuit  in  the  type  of  transmitter  described 
may  have  many  forms.  The  circuit1  of  Fig.  11.2,  designed  for 
1  A.  H.  Quist,  Jr.,  Single-unit  Mobile  FM  Equipment.  FM  Mag.,  March 
and  April,  1942. 
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police  communication,  has  very  few  parts  but  illustrates  the 
principles  common  to  many  phase-shift  modulators.  VT\  is  a 
triode  employed  in  a  crystal  oscillator  whose  frequency  of  oscillation 
is  the  output  frequency  divided  by  32.  The  r-f  voltage  developed 
across  the  plate  tank  circuit  T 1  is  also  applied  to  the  voltage-divider 
circuits  R3C*>  and  R4L4.  With  the  resistance  equal  to  the  reactance 
in  these  voltage-divider  circuits,  the  r-f  voltage  applied  to  the  grid 
of  VT2  leads  the  r-f  plate  voltage  of  VTi  by  approximately  45°,  and 
the  r-f  voltage  applied  to  the  grid  of  VT 3  lags  the  r-f  plate  voltage 
of  FT1!  by  a  similar  amount.  In  the  absence  of  modulation  these 
voltages  are  equal,  and  the  vector  sum  of  the  r-f  plate  currents  of 
VT2  and  VT3  is  in  phase  with  the  r-f  plate  voltage  of  VTi.  This  is 
illustrated  in  Fig.  11.3,  where  Ip2  and  Ip3,  the 
r-f  plate  currents  of  VT2  and  VT3,  are  assumed 
to  be  in  phase  with  the  r-f  voltages  applied  to 
the  grids.  The  modulating  signal  is  applied  to 
the  cathodes  of  VT2  and  VT3j  so  that,  by 
cathode  modulation,  Ip2  and  Ip3  may  be  varied. 
When  the  modulating  signal  drives  the  cathode 
of  V T2  negative  with  respect  to  ground  potential, 
Ip 2  increases.  Simultaneously,  the  cathode  of 
VT3  is  driven  positive  with  respect  to  ground 
potential,  and  Ip3  decreases.  The  resultant  cur¬ 
rent  then  leads  Epl  of  Fig.  11.3.  When  the 
modulating  signal  reverses,  the  changes  in  plate 
current  also  reverse,  so  that  the  resultant  of 
Ip 2  and  Ip 3  lags  Ep  1.  Thus  the  r-f  current  in  the 
tank  circuit  TV  Fig.  11.2,  is  shifted  in  phase  by  an  amount  con¬ 
trolled  by  the  modulating  signal  appearing  across  the  secondary 
of  the  transformer  TV 

The  characteristics  of  the  audio-frequency  system  including 
transformer  Th  and  its  audio-frequency  load  are  designed  to  supply 
the  1/fi  characteristic  necessary  with  this  type  of  modulator. 
Some  accentuation  is  also  incorporated  into  this  circuit.  The 
requirements  as  to  fidelity  are  not  very  severe  in  police  communica¬ 
tion;  this  transmitter  and  its  associated  receiver  are  designed  for 
the  audio-frequency  band  from  500  to  3,000  cps. 

The  modulator  stage  is  followed  by  two  quadruplers,  one 
doubler,  and  a  final  power-amplifier  stage  of  conventional  construc¬ 
tion.  These  are  not  shown  in  Fig.  11.2  but  are  indicated  function¬ 
ary  in  the  block  diagram  of  Fig.  11.1. 


Radio-  frequency 
components  of  the 
grid  voltages  and 
plate  currents  of 
tubes  VT2  and  VT? 
in  Fig  11.2. 
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This  transmitter  is  designed  for  frequency  swings  of  approxi¬ 
mately  ±  15  kcps  at  modulation  peaks.  Suppose,  then,  that  the 
output  carrier  frequency  is  32  mcps  and  that  the  frequency  devia¬ 
tion  with  a  1,000-cps  sinusoidal  test  signal  is  ±12  kcps,  giving  the 
spectrum  indicated  in  Fig.  8.2a,  Chap.  XIX.  Since  the  frequency 
multiplication  is  32,  the  center  frequency  and  the  frequency  swings 
at  the  output  of  the  modulator  are  ^  of  the  output  values,  or  1  mcps 
and  ±375  cps,  respectively.  Then  at  the  output  of  the  modulator, 


Fig.  11.4.— Simplified  block  diagram  of  the  original  Armstrong  broadcast 
frequency-modulation  transmitter.  Values  of  A /  are  for  the  strongest  permissible 
modulating  signal. 

mf  =  A f/fi  =  0.375,  so  that  the  maximum  departure  in  phase  is 
0.375  radian. 

The  special  advantages  of  frequency  modulation  are  increased 
by  the  use  of  wide  frequency  swings.  The  early  Armstrong1  wide- 
swing  transmitter  for  broadcast  service  is  shown  in  block-diagram 
form  in  Fig.  11.4.  The  audio-frequency  modulating  wave  is  passed 
through  the  distorting,  or  integrating,  circuit,  where  the  1  /fi  charac¬ 
teristic  is  imparted,  then  through  the  accentuator  circuit,  and  then 
applied  as  the  modulating  signal  to  a  balanced  modulator  operating 
on  the  basis  of  row  4  of  Table  8.1.  The  output  voltage  is  passed 
1  E.  H.  Armstrong,  Proc.  I.R.E.,  24,  689,  May,  1936. 
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through  a  filter  network  to  eliminate  the  low-frequency  modulating 
signal.  The  side  bands  resulting  from  the  amplitude  modulation 
in  the  balanced  modulator  are  recombined  with  the  carrier  after 
the  carrier  has  been  shifted  90°  in  phase.  The  result  is  a  phase- 
modulated  wave  having  the  desired  frequency  swing. 

The  operation  of  this  modulator  for  a  sinusoidal  modulating  sig¬ 
nal  is  as  follows:  The  balanced  modulator  produces  the  two  side  fre¬ 
quencies  characteristic  of  amplitude  modulation.  The  carrier  and 
side-frequency  vectors  for  amplitude  modulation  have  the  relative 
positions  indicated  in  Fig.  5.1,  Chap.  XIX.  If  the  carrier  is  shifted 
in  phase  by  90°,  the  relative  positions  of  the  vectors  are  as  indicated 
in  Fig.  11.5a.  The  resultant,  or  sum,  is  a  vector  that  shifts  from 


Fig.  11.5. — Component  vectors  and  their  resultant  after  the  carrier  vector  has  been 

advanced  90°. 

one  side  to  the  other  of  the  center  position.  If  the  angle  of  this 
shift  is  small,  the  change  in  angle  can  be  made  proportional  to  the 
value  of  the  modulating  signal.  The  distortion  is  less  than  5  per 
cent  for  phase  shifts  not  exceeding  25°.  A  90°  phase  shift  in  the 
carrier-frequency  voltage  may  be  secured  by  an  untuned  r-f  trans¬ 
former  having  a  large  resistance  in  series  with  the  primary  coil. 
Some  amplitude  modulation  is  produced  in  this  phase  modulator, 
but  it  is  not  very  great  and  is  reduced  by  succeeding  Class  C  stages, 
in  which  the  output  is  fairly  independent  of  the  input  signal  when 
the  input  signal  is  sufficiently  large. 

In  order  to  develop  a  large  frequency  deviation  the  output  of 
the  modulator  is  frequency-multiplied,  converted  to  a  lower  center 
frequency,  and  multiplied  further.  The  prewar  frequency-modula¬ 
tion  broadcast  band  is  from  43  to  50  mcps.  The  legal  limit  to  the 
frequency  deviation,  or  maximum  frequency  swing,  is  75  kcps.  In 
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Fig.  11.4  the  center  frequency  and  the  frequency  deviations  are 
marked  for  an  output  carrier  frequency  of  43.2  mcps  with  a  fre¬ 
quency  deviation  of  75  kcps.  At  the  output  of  the  phase-modulator 
buffer  amplifier,  in  which  the  vector  addition  indicated  in  Fig. 
11.5  is  performed,  the  center  frequency  is  200,000  cps,  and  the 
frequency  deviation  is  24.4  cps.  At  a  modulating  frequency  of  100 
cps  the  value  of  rrif  at  the  phase  modulator  is  0.244  so  that  the 
maximum  deviation  in  phase  is  0.244  radian,  or  14°.  At  a  modu¬ 
lating  frequency  of  15,000  cps  the  corresponding  deviation  is  only 
0.00163  radian.  At  the  output  of  the  transmitter  the  maximum 
phase  deviation  is  750  radians  for  a  modulating  frequency  of  100 
cps  and  5  radians  for  a  modulating  frequency  of  15,000  cps.  The 
large  frequency  multiplication  employed  in  this  transmitter  requires 
very  careful  control  over  the  frequency  of  the  crystal-controlled 
oscillators  in  order  to  stabilize  the  center  frequency  at  the  output 
of  the  transmitter. 


CHAPTER  XXI 


DETECTION 

1.  Introduction. — The  purpose  of  a  radio  receiver  is  to  respond 
to  the  electrical  forces  due  to  currents  in  a  transmitting  antenna  in 
such  a  manner  as  to  convey  desired  information.  The  information 
may  be  a  series  of  dots  and  dashes,  as  in  telegraphy,  or  an  audio- 
jr  video-frequency  signal,  as  in  voice  or  picture  transmission.  The 
purpose  of  the  detector  circuit  in  the  radio  receiver  is  to  respond  to 
the  impressed  radio-frequency  voltage  in  such  a  way  that  a  current 
is  generated  whose  variations,  owing  to  modulation  at  the  trans¬ 
mitter,  produce  some  perceptible  effect. 

The  American  Standard  Definitions  of  Electrical  Terms  defines1 
detection  as  follows:  “Detection  is  any  process  of  operation  on  a 
modulated  signal  wave  whereby  the  signal  imparted  to  it  in  the 
modulation  process  is  obtained.”  The  word  “demodulation”  is 
also  descriptive  of  the  work  performed  by  a  detector  circuit.  The 
American  Standard  Definitions  contains  the  following  definition: 
“Demodulation  is  the  process  whereby  a  wave  resulting  from  modu¬ 
lation  is  so  operated  upon  that  a  wave  is  obtained  having  sub¬ 
stantially  the  characteristics  of  the  original  modulating  wave.” 
For  audio-  or  video-frequency  work,  detection  and  demodulation 
are  synonymous.  Detection  is  the  broader  term  and  will  be  used 
in  this  chapter. 

In  modern  practice,  detection  is  a  process  of  rectification,  pro¬ 
ducing  a  low-frequency  current  that  is  used  to  create  acoustic  or 
visual  effects.  Any  device  capable  of  rectifying  a  radio-frequency 
voltage  can  be  used  in  a  detector  circuit.  Such  devices  are  non¬ 
linear,  because  the  instantaneous  current  through  them  is  not  pro¬ 
portional  to  the  instantaneous  voltage  impressed  upon  them.  In 
high-frequency  radio,  vacuum  tubes  and  crystals  are  employed; 
for  low  radio  frequencies  such  as  are  used  for  carrier-current  teleph¬ 
ony,  copper  oxide  rectifiers  also  are  employed.  Some  rectifying 
devices  cannot  be  used  in  high-frequency  radio  applications  because 

1  American  Standard  Definitions  of  Electrical  Terms,  ASA  C42-1941, 
American  Institute  of  Electrical  Engineers,  1942. 
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their  large  dimensions  cause  them  to  have  too  much  shunting 
capacitance.  When  triodes  or  pentodes  are  used,  the  rectification 
may  take  place  in  the  grid  circuit,  the  detection  being  called  grid- 
circuit  detection,  or  in  the  plate  circuit,  the  detection  being  called 
plate-circuit  detection. 

2.  Square-law  and  Linear  Detection. — Since  a  rectifying  device 
is  nonlinear,  its  current-voltage  characteristic  must  be  curved  or 
kinked.  In  the  diode,  the  characteristic  may  be  represented  to  a 
close  approximation  by  assuming  that  for  low  plate  voltages  the 
ib-eb  characteristic  is  parabolic.  If  the  voltage  impressed  on 
the  diode  is  small,  the  rectification  is  such  that  the  increase  in  the 
average  current  is  proportional  to  the  square  of  the  amplitude  of 
the  r-f  voltage.  This  is  a  characteristic  of  square-law  detection 
and  is  the  type  of  detection  usually  encountered  when  the  r-f  voltage 
is  small. 

On  the  other  hand,  if  the  impressed  r-f  voltage  is  large,  this 
causes  the  plate  to  become  so  negative  with  respect  to  the  cathode 
that  there  is  no  plate  current  during  a  large  part  of  the  r-f  cycle. 
In  a  correctly  designed  circuit,  the  variations  of  the  average  current 
are  proportional  to  the  variations  of  amplitude  of  the  r-f  voltage. 
This  is  called  linear  detection  and  is  the  type  of  detection  usually 
encountered  when  the  r-f  voltage  is  large.  For  voltages  in  excess 
of  1  or  2  volts,  the  detection  is  usually  linear  if  the  rectifier  has  its 
cutoff  in  the  region  of  zero  voltage. 

LARGE-SIGNAL  (LINEAR)  DIODE  DETECTION 

3.  Large -signal  Rectification. — At  present,  the  diode  is  the 
most  important  rectifying  device  used  in  large-signal  detector  cir¬ 
cuits.  As  a  linear  detector,  the  diode  is  employed  as  a  rectifier  to 
prevent  the  flow  of  current  when  the  plate  potential  is  negative  with 
respect  to  the  cathode.  Actually,  there  is  a  slight  plate  current  in 
a  thermionic  diode  at  zero  and  negative  plate  potentials,  due  to 
initial  velocity  of  electron  emission  and  differences  in  contact 
potentials.  For  example,  a  microammeter  connected  between  plate 
and  cathode  of  one  6H6  diode  indicates  a  current  of  the  order  of 
100  microamperes,  there  being  no  external  batteries  or  sources  of 
emf  in  the  circuit.  This  current  at  zero  plate  voltage  varies  widely 
in  different  tubes,  owing  possibly  to  differences  in  contact  potentials. 
The  direction  of  this  current  is  the  same  as  when  the  plate  voltage 
is  positive.  However,  for  plate  potentials  more  negative  than  1  or 
2  volts,  the  current  is  negligible.  At  large  negative  plate  voltages 
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there  is  no  reverse  current  except  for  a  minute  amount  due  to  the 
ionization  of  the  residual  gas  within  the  tube.  In  any  case,  the 
rectifier  in  a  linear-detector  circuit  functions  best  when  the  reverse 
current  is  zero  and  when  the  rectifier,  in  response  to  an  impressed 
a-c  voltage,  begins  and  ceases  to  conduct  at  the  instants  when  the 
voltage  across  its  terminals  is  zero.  The  diode  will  be  assumed  to 
possess  this  property  when  used  as  a  linear  detector. 

The  object  of  linear  detection  is  to  produce  a  current  or  voltage 
whose  average  value  measured  from  the  quiescent  value  is  propor¬ 
tional  to  the  amplitude  of  the  applied  r-f  voltage.  If  the  applied 
voltage  is  amplitude-modulated,  the  object  is  to  develop  a  voltage 
whose  value  fluctuates  in  the  same  manner  as  the  amplitude  of  the 
modulated  wave. 


Fig.  3.1. — Diode  with  pure  resistance  Fig.  3.2. — Diode  with  pure  capacitance 
load.  load. 

In  certain  respects  a  rectifier  in  series  with  a  pure  resistance 
would  accomplish  these  objects.  Consider  the  circuit  of  Fig.  3.1, 
in  which  for  this  discussion  the  resistance  R  is  assumed  large  com¬ 
pared  with  the  resistance  of  the  diode  when  conducting.  Half¬ 
wave  rectification  takes  place;  in  response  to  an  unmodulated  or  a 
modulated  voltage  the  current  follows  the  instantaneous  r-f  voltage 
during  its  positive  values.  The  average  current  over  one  r-f  cycle 
is  1  /tt  times  the  peak  value  of  the  rectified  half  waves.1  With  R 
large,  and  with  an  unmodulated  voltage  impressed,  the  d-c  voltage 
across  R  is  1/V  times  the  amplitude  of  the  impressed  voltage.  If 
the  amplitude  of  the  impressed  voltage  is  increased  and  decreased 
by  modulation,  the  d-c  voltage  across  R  will  increase  and  decrease 
similarly,  yielding  the  desired  audio-  or  video-frequency  voltage. 

This  form  of  detection  apparently  is  ideal  but  actually  is  not. 
If  the  rectification  is  half-wave,  the  instantaneous  peak  voltage 
across  R  is  equal  to  the  amplitude  of  the  applied  voltage,  so  that  the 
r-f  voltage  across  R  is  greater  than  the  d-c  or  audio  voltage.  This 
r-f  voltage  would  have  to  be  filtered  out  to  prevent  its  disturbing 
the  following  amplifier  tubes  in  the  receiver. 

1  Chap.  IX,  Fig.  10.9  and  Eq.  (10.9). 
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In  practice,  the  resistor  R  is  shunted  by  capacitance  due  to  the 
detector  circuit  itself  together  with  the  input  capacitance  of  the 
devices  into  which  the  output  of  the  detector  is  fed.  If  the  r-f 
reactance  of  this  shunting  capacitance  is  appreciable  compared 
with  R,  the  action  of  the  circuit  is  completely  changed.  How 
complete  this  change  is  may  be  shown  most  dramatically  by  going 
to  the  opposite  extreme  and  considering  the  diode  load  to  be  a  pure 
capacitance,  Fig.  3.2.  Let  an  r-f  signal  voltage  e  be  applied  to  this 
circuit.  The  plate  of  the  diode  is  driven  positive  with  respect  to 
the  cathode  during  the  first  positive  half  cycle  of  e,  and  the  diode 
conducts.  The  flow  of  electrons  will  charge  the  capacitor  C  with  a 
polarity  such  that  the  plate  acquires  a  negative  bias  voltage  with 


Fig.  3.3. — Comparison  of  ec  with  the  applied  voltage  e  in  the  circuit  of  Fig.  3.2. 

respect  to  the  cathode,  and  during  the  next  positive  half  cycle  of 
applied  voltage  the  diode  will  not  conduct  until  the  positive  instan¬ 
taneous  value  of  the  applied  voltage  exceeds  the  negative  bias  volt¬ 
age  previously  developed  across  C.  During  the  time  when  the  diode 
does  conduct,  the  capacitance  C  accumulates  additional  charge  and 
biases  the  plate  still  more  negatively.  This  action  will  continue 
until  the  magnitude  of  the  voltage  to  which  the  capacitor  is  charged 
is  equal  to  the  amplitude  of  the  r-f  voltage.  Figure  3.3  illustrates 
how  the  magnitude  of  the  voltage  across  C  increases  to  the  amplitude, 
or  peak,  value  of  the  applied  r-f  voltage.  After  the  capacitor  C  is 
charged  to  the  amplitude,  or  peak,  value  of  the  applied  voltage,  the 
plate  can  no  longer  be  driven  positive  and  the  capacitor  C  can  be 
charged  no  further.  This  is  indicated  in  Fig.  3.4,  where  the  varia¬ 
tions  in  eb  are  plotted.  If  the  applied  voltage  were  removed,  the 
charge  on  C  would  remain. 

Note  that  the  capacitor  becomes  charged  t c  the  peak  value  of 
the  applied  voltage  because  there  is  no  reverse  current  in  the  diode, 
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and  not  because  of  any  particular  form  of  the  diode  n-eb  charac¬ 
teristic  during  conduction.  This  is  of  importance  in  some  linear- 
detection  circuits  and  vacuum-tube  voltmeter  circuits,  in  that  the 
peak- voltage  indication  does  not  require  a  linear  ib-eb  characteris¬ 
tic  during  conduction. 


Fig.  3.4. — Variations  in  e&  corresponding  to  conditions  of  Fig.  3.3. 


& 


4.  Diode  with  RC  Load. — If  resistance  is  in  parallel  with  the 
capacitance  C  of  Fig.  3.2,  the  result  is  the  extremely  useful  circuit 
of  Fig.  4.1.  The  capacitance  C  is  usually  large  enough  to  by-pass 
R  at  radio  frequencies  so  that  practically  all  the  impressed  r-f 
voltage  appears  across  the  diode.  Even  with  R  present,  the  tend¬ 
ency  of  the  circuit  to  charge  C  to  the  peak  value  of  the  applied  volt¬ 
age  persists.  The  capacitance  will  be  charged  to  the  peak  value  if 

the  resistance  of  the  diode  during 
the  conducting  period  is  small 
compared  with  R.  Owing  to  the 
time  constant  of  the  RC  circuit, 
the  capacitance  tends  to  hold  this 
charge,  so  that,  when  the  instan¬ 
taneous  r-f  voltage  falls  below  its 
peak  value,  the  negative  voltage 
Fig.  4.1. — Diode  with  rc  load.  built  up  across  C  causes  the  diode 

plate  to  become  negative  with 
respect  to  the  cathode  and  conduction  ceases.  This  action  is  the 
same  as  that  discussed  in  Chap.  XVII  on  Rectifiers  and  Power 
Supplies,  except  that  here  the  voltages  are  lower  and  the  frequencies 
much  higher  than  those  commonly  encountered  in  power  filter? 
and  the  resistance  of  the  rectifier  is  such  that  it  cannot  be  neglected. 
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After  the  diode  has  ceased  to  conduct,  the  capacitance  C  receives 
no  more  charge  and  discharges  through  R  until  the  next  positive 
half  cycle  of  the  r-f  voltage  again  drives  the  plate  of  the  diode  suf¬ 
ficiently  positive  to  make  the  instantaneous  (charging)  current 
through  the  diode  greater  than  the  (discharging)  current  through  R. 
This  action  is  illustrated  in  Fig.  4.2,  where  the  magnitudes  of  ec 
and  Ec  are  compared  with  the  amplitude  E  of  a  sinusoidal  applied 
voltage  e.  If  the  resistance  e&/4  of  the  diode  when  conducting  is 
small  compared  with  R  and  if  the  time  constant  of  the  RC  load  is 
large  compared  with  the  period  of  the  r-f  cycle,  the  average  voltage 
Ec  across  the  capacitance  almost  equals  the  amplitude  E  of  the 
applied  voltage.  If  these  conditions  do  not  hold,  Ec  may  be  much 


Fig.  4.2. — Showing  the  voltage  across  the  capacitor  and  the  current  in  the  diode 
with  the  RC  load  of  Fig.  4.1. 

less  than  S.  In  Fig.  4.2  the  magnitudes  of  ec  and  u  are  sketched 
for  conditions  where  the  d-c  voltage  developed  across  the  load  is 
approximately  0.8  times  the  amplitude  of  the  applied  r-f  voltage. 
There  is  current  through  the  diode  during  only  a  small  fraction  of 
the  positive  half  cycles  of  the  radio-frequency  voltage.  Each  pulse 
of  plate  current  begins  shortly  before  and  ends  shortly  after  the 
applied  high-frequency  voltage  has  its  maximum  positive  value. 

As  a  result  of  this  action  there  is  a  direct  current  in  the  circuit, 
which  must  flow  through  the  resistance  R  since  the  average  current 
through  C  must  be  zero  in  the  steady  state.  This  average  current 
equals  the  average  plate  current  I&  of  the  diode.  The  average 
voltage  across  R  and  across  C  are  identical,  so  that  Ec  =  IbR-  As 
before,  the  polarity  of  the  voltage  across  the  load  is  such  that  the 
plate  is  biased  negatively  with  respect  to  the  cathode,  and 

Eb  =  — IbR  (4.1) 

The  diode  load  is  sometimes  arranged  as  in  Fig.  4.3,  where  the 
resistor  R  is  in  shunt  with  the  diode  and  the  capacitor  C  is  in  series 
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C 


=b  e 


with  this  combination.  With  the  same  R  and  C  and  the  same  sinu¬ 
soidal  applied  voltage,  this  circuit  will  develop  the  same  average 
voltage  across  R  provided  that  the  r-f  reactance  of  C  is  negligibly 
small.  The  average  voltage  across  R  appears  also  across  C  with  the 
polarity  shown.  With  the  same  r-f  applied  voltage  and  the  same 
average  voltage  across  C ,  the  diode  has  impressed  upon  it  in  Fig. 
4.3  the  same  voltages  as  in  Fig.  4.1  and  will  conduct  identically; 
therefore,  the  average  currents  will  be  the  same  in  both  circuits. 
The  average  current  in  the  diode  and  in  the  resistor  R  (Ib  and  IR, 
Fig.  4.3)  must  be  equal  in  magnitude  since  the  average  current 
through  C  must  be  zero.  Their  directions  are  shown  in  the  diagram. 

The  arrangement  of  Fig.  4.3  is  sometimes  employed  in  radio 
M  receivers  and  in  vacuum-tube 

voltmeters.  In  transmitter 
and  oscillator  circuits  a  similar 
connection  is  often  employed 
to  obtain  grid-bias  voltage,  the 
grid  serving  as  the  rectifying 
element  and  the  average  volt¬ 
age  across  R  being  used  as  the 
grid-bias  voltage. 

The  load  on  the  driving  source  in  Fig.  4.3  is  somewhat  greater 
than  in  Fig.  4.1,  because,  in  addition  to  the  same  I2R  due  to  the 
rectified  d-c,  there  is  in  Fig.  4.3  additional  power  amounting  to 
E2/2R  watts  dissipated  in  R  due  to  the  r-f  voltage  applied  across  R 
through  the  capacitor  C.  The  input  resistance  Rin  may  be  evalu¬ 
ated  by  determining  the  total  power  dissipated.  In  Fig.  4.1,  the 
power  dissipated  in  R  due  to  direct  current  is  11R.  Neglecting  the 
power  dissipated  at  the  plate  of  the  diode  and  in  R  due  to  the  small 
r-f  current  caused  by  the  zigzag  fluctuations  in  ec  (the  r-f  “ripple” 
voltage),  the  power  input  must  equal  the  power  dissipated  in  R,  or 


Fig.  4.3. — Alternative  arrangement 
of  RC  diode  load.  Signs  indicate  polarity 
of  steady,  or  d-c,  voltages. 


E 2 

2 Rir 


-  PR  -  % 
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If  R  is  very  large,  Ec  —  E ,  and 


B.  ** 
Urn  2 


The  smaller  the  value  of  R,  the  smaller  the  value  of  Ec  and  the 
smaller  the  value  of  Rin. 

In  the  circuit  of  Fig.  4.3,  the  power  input  is  equal  to  the  dis- 
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sipation  in  R  (with  the  same  approximations  as  above),  so  that 


P 
2  Rin 


p 

2  R 


If  R  is  very  large,  Be  =  $,  and 

P  ^  P 
M7n  "  R 

Therefore, 


P 

2  R 


3  P 

2R 


If  the  applied  r-f  voltage  is  modulated,  the  tendency  to  charge 
C  to  the  peak  value  still  persists,  with  the  result  that  when  the  r-f 


Fig.  4.4. — Fluctuations  of  ec  in  the  circuit  of  Fig.  4.1  when  the  applied  r-f  voltage  is 

modulated. 


voltage  rises  during  modulation  the  d-c  voltage  developed  across  C 
also  rises.  When  the  r-f  voltage  falls  during  modulation,  the  charge 
on  C  must  diminish  sufficiently  rapidly  between  r-f  peaks  to  enable 
the  voltage  across  the  load  to  follow  the  decrease  in  the  crest  values 
of  the  r-f  voltage.  Figure  4.4  compares  the  magnitude  of  the 
instantaneous  voltage  across  the  diode  load  of  Fig.  4.1  with  the  value 
of  a  sinusoidally  modulated  applied  signal  (under  correct  conditions 
of  operation).  The  voltage  across  the  load  varies  in  synchronism 
with  the  modulation  so  that  the  circuit  produces  the  desired  audio- 
or  video-frequency  output  voltage.  This  voltage  is  usually  applied 
to  following  amplifier  stages  in  the  receiver. 

5.  Rectification  Diagram. — The  quantitative  relationships 
among  the  amplitude  of  the  applied  r-f  voltage  E,  the  average  recti- 
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fied  current  Ib,  and  the  average  anode  voltage  Eb  (which  equals  the 
average  voltage  across  the  load)  may  be  studied  by  means  of  a 
family  of  curves  obtained  as  follows:  In  the  circuit  of  Fig.  4.1  or 
4.3,  P  is  made  large  enough  to  by-pass  R  at  the  carrier  frequency  or 
to  minimize  the  fluctuations  in  the  instantaneous  voltage  across  C. 
With  the  applied  voltage  held  at  a  constant  amplitude  R  is 
varied,  causing  Ib  and  Eb  to  vary.  Ib  is  measured,  and  Eb  is  calcu¬ 
lated  from  (4.1)  or  is  measured.1  The  variations  in  Ib  and  Eb  are 
plotted,  Eb  horizontally  and  Ib  vertically,  as  in  Fig.  6.1.  One  such 
curve  is  obtained  for  each  value  of  E.  By  suitable  choice  of  $  a 
family  of  curves  is  obtained.  In  tube  handbooks,  Ib  is  described 
usually  as  “ rectified  microamperes”  and  Eb  as  “d-c  volts  developed 
by  diode.”2  With  a  fixed  value  of  decreasing  the  value  of  the 
diode-load  resistance  decreases  Eb)  the  limit  being  zero  for  zero 
resistance.  As  the  diode-load  resistance  is  increased,  the  value  of 
Eb  increases  in  the  negative  direction,  and  for  the  diode  characteris¬ 
tics  assumed  in  Sec.  3  the  upper  limit  is  Sb  —  $  when  the  load  resist¬ 
ance  is  infinite. 

The  family  of  curves  on  the  rectification  diagram  is  similar 
geometrically  to  the  family  of  ib-ec  curves  for  a  triode.  As  in 
the  triode  amplifier,  the  audio-  or  video-frequency  voltage  across 
the  diode  load  may  be  calculated  graphically  from  the  characteristic 
curves  or  analytically  from  an  equivalent  plate  circuit.  These 
methods  will  be  explained  in  turn. 

6.  Graphical  Solution. — In  amplifier  circuits,  distinction  has 
to  be  made  between  the  d-c  and  the  a-c  (audio-  or  video-frequency) 
values  of  the  load  impedance.  The  same  distinction  is  equally 
important  in  detector  circuits.  Since  an  r-f  by-pass  capacitor  C , 
Fig.  4.1,  is  an  essential  part  of  the  circuit,  it  may  also  have  appreci¬ 
able  shunting  effect  at  audio  and  video  frequencies.  However,  if 
the  r-f  carrier  frequency  is  high,  C  may  be  made  small  enough  to 

1  Since  Eb  =  ~\Ec\  is  really  a  biasing  voltage  to  the  diode,  the  RC  load 
for  purposes  of  measurement  could  be  replaced  by  a  d-c  voltage  source  of 
negligible  internal  impedance  and  adjustable  voltage,  with  the  positive  terminal 
connected  to  the  cathode.  Also,  for  purposes  of  measurement,  a  low  frequency 
could  be  used  as  the  carrier  frequency,  the  difficulties  of  measurement  at  radio 
frequencies  being  thus  avoided. 

2  RCA  Receiving  Tube  Manual,  Technical  Series  RC-14,  pp.  96,  112,  RCA 
Manufacturing  Co.,  Inc.  In  the  tube  handbooks  the  rms  r-f  voltage  is  plotted. 
Since  the  operation  of  the  circuit  is  inherently  related  to  the  amplitude  of  the 
r-f  signal,  amplitude  values  are  designated  in  Fig.  6.1  by  the  rms  voltage 
multiplied  by  y/2 . 
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act  as  an  adequate  r-f  by-pass  without  appreciably  shunting  R  in 
the  low  and  middle  range  of  audio  frequencies.  This  is  the  desir¬ 
able  condition  and  will  be  discussed. 

In  the  graphical  solution,  a  line  is  first  drawn  from  the  origin  0 
upward  to  the  left,  Fig.  6.1,  such  that  the  ratio  of  Eb  to  Ib  is  equal  to 
R  for  all  points  on  this  line.  This  line  is  the  d-c  load  line  for  the 
detector  circuit  and  corresponds  to  the  d-c  load  line  employed  in 
the  graphical  solution  of  triode  problems.1  This  line  is  the  graph 


Fig.  6.1. — Diode-rectification  diagram  showing  d-c  load  line  OBPA  and  a-f 
resistance  load  line  FCPDG.  Waveforms  of  output  a-f  current  Ii  and  a-f  voltage  Ei 
are  shown  for  the  condition  where  the  d-c  resistance  and  a-f  impedance  of  the  load 
are  equal, 

of  (4.1),  and  it  runs  upward  to  the  left  from  the  origin  because  in 
this  circuit  Ehb  is  zero  (no  polarizing  battery  used)  and  the  average 
plate  voltage  is  negative  with  respect  to  the  cathode.  The  inter¬ 
section  of  this  d-c  load  line  with  the  curve  corresponding  to  the 
amplitude  of  the  applied  r-f  voltage  determines  a  point  P  whose 
coordinates  Ib  and  Eb  are  the  direct  current  through  R  and  the  d-c 
voltage  drop  across  R .  This  point  P  might  be  termed  the  operating 
point  on  the  rectification  diagram.  In  Fig.  6.1  the  d-c  load  line  is 
shown  for  a  resistance  of  100,000  ohms,  and  the  point  P  for  a  carrier 

1  See  Chap.  XI,  Sec.  3.  Figs.  3.2  and  3.5. 
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voltage  of  20  s/ 2  volts.  The  corresponding  direct  current  in  the 
load  is  238  microamperes,  and  the  d-c  voltage  drop  across  the  load 
is  23.8  volts. 

If  the  voltage  applied  to  the  circuit  has  an  amplitude-modulated 
waveform  so  that 

e  =  E{\  +  sin  out)  sin  ud  (6.1) 

the  point  P  will  move  up  and  down  along  the  d-c  load  line,  provided 
that  at  the  frequency  of  modulation  the  impedance  of  the  load  is 
the  same  as  its  resistance  to  direct  current.1  Then  the  projection 
on  the  horizontal  of  the  point  P  as  it  moves  up  and  down  the  load 
line  traces  the  variations  in  Eb}  and  the  vertical  projection  traces 
the  variations  in  Ib.  If  the  rectification  curves  are  equally  spaced, 

the  variations  in  Eb  and  Ih  are 
proportional  to  the  variations  in 
the  amplitude  of  the  applied  r-f 
voltage.  An  audio-  or  video¬ 
frequency  voltage  appears  across 
the  load.  In  Fig.  6.1  these 
variations  are  sketched  for  a  car¬ 
rier  voltage  of  20  x/2  volts 
sinusoidally  modulated  25  per 
cent.  At  the  crest  of  the  mod¬ 
ulation  cycle,  the  applied  r-f 
voltage  has  an  amplitude  of  25  \/2  volts  and  develops  a  voltage 
across  the  load  of  —29.8  volts.  At  the  trough  of  the  modulation 
cycle,  the  applied  r-f  voltage  is  15  y/2  volts  (amplitude),  and  the 
voltage  across  the  load  is  —17.8  volts.  Under  carrier  conditions 
the  load  voltage  is  —23.8  volts.  Thus  the  voltage  developed  across 
the  load  (the  r-f  ripple  indicated  in  Fig.  4.4  being  neglected)  consists 
of  a  d-c  component  Eb  of  —23.8  volts  and  an  a-f  component  Si  of  6 
volts  amplitude.  For  these  conditions  the  d-c  and  audio-frequency 
components  of  voltage  and  current  in  the  output  are  sketched  below 
and  to  the  right  of  the  rectification  diagram  in  Fig.  6.1. 

Figure  6.2  shows  a  circuit  in  which  the  diode-load  impedance 
at  audio  frequencies  is  less  than  the  d-c  resistance.  The  resistor 
Ri  and  capacitor  C i  may  have  the  same  values  as  in  the  simple  RC 
load  of  Fig.  4.1.  The  resistor  R2  is  commonly  a  potentiometer 

1  The  point  P  in  Fig.  6.1  is  analogous  to  the  Q  point  of  Fig.  3.2,  Chap.  XI, 
and  the  points  A  and  B  in  Fig.  6.1  are  analogous  to  the  points  A  and  B  in 
Fig.  3.2,  Chap.  XI. 


Fig.  6.2. — Showing  a  diode  load 
whose  audio-frequency  impedance  is 
smaller  than  its  d-c  resistance. 
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used  for  manual  volume  control  in  a  radio  receiver.  The  capacitor 
C2  is  a  blocking  capacitor,  blocking  the  d-c  voltage  across  Ri  so 
that  only  audio-  or  video-frequency  voltage  appears  across  #2. 
The  variations  in  this  impedance  as  the  audio  frequency  varies  are 
the  same  as  those  of  the  plate-load  impedance  in  a  resistance- 
capacitance-coupled  amplifier.  C 1  is  made  large  enough  to  have  a 
low  reactance  at  the  carrier  frequency  but  usually  is  small  enough 
so  that  its  shunting  effect  at  the  lower  audio  frequencies  may  be 
neglected.  At  these  frequencies  the  coupling  capacitor  C2  has  a 
reactance  comparable  with  R2.  In  the  middle  range  of  audio 
frequencies,  the  audio-frequency  reactances  of  C 1  and  C2  may  be 
neglected,  so  that  the  effective  audio-frequency  impedance  is  a 
resistance  equal  to  Ri  and  R2  in  parallel.  At  the  higher  audio 
frequencies  the  shunting  effect  of  C 1  reduces  the  magnitude  of  the 
diode-load  impedance  and  causes  it  to  be  capacitive.  The  same 
considerations  governing  the  lower  and  upper  half-power  frequencies 
of  video-  and  audio-frequency  amplifiers  are  also  involved  in  cor¬ 
rectly  designing  the  load  impedance  of  a  detector. 

The  behavior  of  the  circuit  of  Fig.  6.2  when  the  modulation 
frequency  is  in  the  middle  range  of  audio  or  video  frequencies  may 
be  shown  readily  with  the  aid  of  the  rectification  diagram.  First, 
the  d-c  load  line  is  drawn,  Fig.  6.1,  whose  slope  corresponds  to  the 
d-c  resistance  of  the  diode  load,  R\ .  The  intersection  of  this  load 
line  with  the  curve  corresponding  to  the  r-f  carrier  voltage  estab¬ 
lishes  the  d-c  value  of  the  voltage  developed  across  the  load  in  the 
absence  of  modulation.  When  modulation  is  applied,  the  ratio  of 
audio-frequency  voltage  across  the  load  to  audio-frequency  current 
in  the  load  is  not  equal  to  R\  but  in  this  case  is  equal  to 

R\R2 

(Ri  +  R2) 

which  is  the  audio-frequency  resistance  of  Ri  and  R2  in  parallel. 
Hence  the  operating  point  will  move  along  a  line  on  the  diagram  that 
is  the  audio-frequency  load  line  and  not  the  d-c  load  line.1  This  line 
is  the  line  CD  in  Fig.  6.1,  where  R,  1  has  been  taken  as  100,000  ohms 
and  R2  has  been  taken  as  100,000  ohms.  The  a-f  resistance 

R\R2 

(Ri  +  R2) 

is  50,000  ohms.  The  line  CD  is  located  in  position  by  laying  off 
1  Sec  Chap.  XT,  Fig.  3.5,  for  the  analogous  situation  for  triode  amplifiers. 
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horizontally  to  the  left  from  the  point  P  any  convenient  value  of 
voltage,  say  10  volts.  From  the  left  extremity  of  the  line  so  located, 
measure  upward  a  distance  corresponding  to  10  volts  divided  by 
the  a-f  resistance,  in  this  case  (10/50,000)  =  200  microamperes. 
This  locates  a  point  such  as  F.  The  a-c  load  line  is  determined  by 
drawing  a  line  through  F  and  P. 

As  the  input  r-f  voltage  increases  and  decreases  during  modula¬ 
tion,  the  operating  point  moves  along  the  a-f  load  line.  The  upper 
limit  of  the  path  of  operation  is  determined  by  the  intersection  of 
the  a-f  load  line  with  the  characteristic  curve  corresponding  to 
the  maximum  value  of  the  amplitude  of  r-f  voltage.  Similarly,  the 
lower  limit  will  be  determined  by  the  minimum  amplitude  of  the 
r-f  voltage.  In  Fig.  6.1  the  upper  limit  C  and  the  lower  limit  D 
correspond  to  the  same  signal  as  before,  viz ,,  a  carrier  value  of  20  \/2 
volts  amplitude,  sinusoidally  modulated  25  per  cent.  Comparison 
of  the  line  CD  with  the  line  A  B  shows  that  for  the  same  r-f  signal 
the  amplitude  of  the  a-f  voltage  across  the  load  is  less  (5.5  volts 
compared  with  6  volts)  and  the  amplitude  of  the  a-f  current  is 
greater  (110  compared  with  60  microamperes). 

When  the  a-f  load  impedance  is  reactive,  the  path  of  operation  is 
elliptical,  similar  to  that  shown  in  Chap.  XI,  Fig.  3.6,  for  the  triode 
amplifier.  This  case  is  more  readily  treated  by  the  analytical 
method  discussed  in  Sec.  10. 

When  the  characteristic  curves  of  the  diode  detector  are  not 
equally  spaced  or  have  appreciable  curvature,  the  intercepts  along 
the  a-f  load  line  are  not  equal,  and  the  average  current  varies  with 
the  percentage  of  modulation.  This  changes  the  position  of  the 
line  CD,  usually  shifting  it  upward,  its  slope  remaining  unchanged 
and  the  average  point  P  moving  outward  along  the  d-c  load  line. 
This  effect  is  small  when  the  distortion  in  the  output  voltage  is 
small  and  has  been  neglected  for  the  small  percentage  of  modulation 
indicated  in  Fig.  6.1. 

7.  Distortion  and  Maximum  Allowable  Modulation. — With 
the  sinusoidally  modulated  voltage  given  by  (6.1)  maintained  across 
the  input  terminals,  the  audio-  or  video-frequency  output  voltage 
may  vary  from  a  sinusoidal  waveform  due  to  the  nonuniform  spacing 
of  the  characteristics  on  the  rectification  diagram.  The  character¬ 
istics  are  usually  nearer  together  for  small  than  for  large  r-f  voltages. 
Also,  the  characteristics  have  a  steeper  slope  as  the  rectified  or 
average  current  increases.  If  the  a-f  impedance  of  the  diode  load  is 
equal  to  the  d-c  resistance,  the  distortion  due  to  these  effects  is 
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small,  since  the  rectification  characteristics,  as  in  Fig.  6.1,  usually 
intersect  any  given  d-c  load  line  at  nearly  equal  intervals.  How¬ 
ever,  if  the  path  of  operation  is  along  an  a-f  resistance  line,  the  dis¬ 
tortion  caused  by  the  curvature  increases  as  the  a-f  resistance  line 
approaches  the  vertical,  i.e.j  as  the  a-f  resistance  decreases.  The 
distortion  due  to  curvature  of  the  characteristics  is  also  greater 
for  a  reactive  load  having  an  elliptical  path  of  operation. 

When  the  a-f  impedance  of  the  detector  load  is  less  than  its 
d-c  resistance,  there  is  distortion  at  high  percentages  of  modulation 
due  to  what  is  called  “clipping.”  The  current  through  the  diode 
cannot  reverse;  and  as  the  percentage  of  modulation  increases,  a 
limiting  condition  is  reached  when  the  diode  current  is  zero  during 
one  or  more  complete  r-f  cycles.  If  the  percentage  of  modulation 
were  increased  above  that  indicated  by  the  line  CD,  Fig.  6.1,  the 
path  of  operation  would  extend  up  to  the  left  of  C  and  down  to 
the  right  of  D.  The  limit  is  reached  when  the  path  of  operation 
extends  to  G  at  the  base  line  of  the  diagram.1  For  higher  percent¬ 
ages  of  modulation  the  a-c  load  line  cannot  meet  the  rectification 
characteristic  corresponding  to  the  minimum  amplitude  of  the 
impressed  r-f  voltage,  and  hence  the  rectified  current  cannot  vary 
sinusoidally. 

Similarly,  if  the  diode  load  is  reactive,  an  elliptical  path  of  opera¬ 
tion  results,  and  the  limiting  condition  is  reached  when  the  path  of 
operation  becomes  tangent  to  the  base  line  on  the  diagram.  This 
condition  is  encountered  commonly  at  high  frequencies  of  modula¬ 
tion,  where  the  capacitor  C  of  the  diode  load  of  Fig.  4.1  has  appreci¬ 
able  shunting  effect  at  the  higher  audio  or  video  frequencies.  The 
time  constant  RC  of  the  diode  load  then  is  appreciable  compared 
with  the  time  of  the  modulation  cycle,  and  the  discharging  action 
pictured  in  Fig.  4.4  cannot  take  place  rapidly  enough  to  allow  the 
average  voltage  (over  each  succeeding  r-f  cycle)  to  decrease  fast 
enough  to  follow  the  decline  in  the  envelope  of  the  modulated  wave. 

Figure  7.1  is  a  cathode-ray  oscillogram  of  the  voltage  across  an 
RC  detector  load  as  connected  in  Fig.  4.1  and  shows  the  desired 
conditions  of  operation.  Proper  charging  and  discharging  action  is 
shown  as  sketched  in  Fig.  4.4.  The  upward  trace  corresponding  to 

1  This  limit  can  be  extended  by  applying  to  the  plate  a  positive  bias  that 
varies  with  the  carrier  voltage.  See  Radionics ,  74,  21,  March,  1937,  or 
“Radiotron  Designers  Handbook,”  3d  ed.,  p.  163,  Wireless  Press  for  Amal¬ 
gamated  Wireless  Valve  Co.  Pty.  Ltd.,  distributed  in  U.S.A.  by  RCA 
Manufacturing  Co.,  Inc,,  1941,  edited  by  F.  Langford  Smith. 
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Fig.  7.1. — Cathode-ray  oscillogram  of  the  voltage  across  an  RC  load  showing 

normal  operation. 


Fig.  7.2. — Oscillogram  of  the  voltage  across  an  RC  load  having  too  large  a  time 
constant,  causing  diagonal  clipping. 
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the  charging  part  of  the  r-f  cycle  is  absent  in  the  photograph; 
because  the  high  speed  of  movement  of  the  spot  on  the  cathode-ray 
screen  caused  the  trace  to  be  so  dim  that  it  was  hardly  visible. 
The  slower  and  brighter  discharge  traces  are  clearly  shown.  The 
low-frequency  component  of  the  voltage  across  the  load  is  sinusoidal. 

Figure  7.2  shows  an  oscillogram  of  the  type  of  distortion  encoun¬ 
tered  when  the  capacitor  C  of  the  diode  load  of  Fig.  4.1  is  too  large. 
The  discharge  of  C  through  R  is  so  slow  that  the  sides  of  the  down¬ 
ward  trace  of  Fig.  7.1  are  clipped.  The  path  of  operation  on  the 
rectification  diagram  is  elliptical,  with  a  section  cut  off  by  the  base 
of  the  diagram.  Figure  7.3  shows  an  oscillogram  of  the  type  of 


Fig.  7.3. — Oscillogram  of  the  voltage  across  a  load  whose  a-f  resistance  is  consider¬ 
ably  less  than  the  d-c  resistance,  showing  bottom  clipping. 


distortion  encountered  in  a  circuit  such  as  that  of  Fig.  6.2,  in  the 
middle  range  of  audio  frequencies  at  which  the  a-f  resistance  is 
considerably  less  than  the  d-c  resistance.  The  bottom  of  the 
desired  sinusoid  is  clipped.  The  path  of  operation  on  the  rectifica¬ 
tion  diagram  is  a  line  such  as  FCPDG  in  Fig.  6.1,  with  the  modula¬ 
tion  greater  than  the  allowable  limit. 

The  diagonal  and  bottom  clipping  shown  in  Figs.  7.2  and  7.3 
results  when  the  percentage  of  modulation  of  the  applied  voltage 
exceeds  that  which  the  circuit  is  capable  of  detecting  linearly.  The 
limit  is  reached  when  the  amplitude  of  the  low-frequency  (audio- 
or  video-frequency)  component  of  the  output  current,  shown  as  It 
on  the  right  of  Fig.  6.1,  equals  the  d-c  component  The  magni¬ 
tude  of  Ii  cannot  be  greater  than  this  without  clipping  because  the 
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current  through  the  diode  cannot  reverse.  In  the  limit,  \h\  =  Ib. 
The  corresponding  a-f  and  d-c  voltages  across  the  diode  load  (across 
Ri  in  Fig.  6.1)  are 


|A|  =  \!iZt\ 

(7.1) 

and 

\Sbl\  =  \hRi\ 

(7.2) 

The  limiting  ratio  of  a-f  to  d-c  load  voltage  is 

lAl  Ml  _  \Zl\] 

\Eb,\  Mil  M]  %-T> 

(7.3) 

The  d-c  output  voltage  \Eb\  cannot  be  varied  by  a  greater  percentage 
than  that  indicated  by  (7.3)  without  clipping;  and  when  Ri  and 
Zi  are  large,1  the  input  carrier  cannot  be  modulated  to  a  greater 
percentage  than  this  because  the  envelope  will  not  be  reproduced 
in  the  output. 

Hence,  even  with  straight  and  uniformly  spaced  rectification 
characteristics,  the  diode-detector  circuit  cannot  detect  without 
clipping  when  the  modulation  exceeds  the  approximate  value 


ma 


where  \Zi\  is  the  magnitude  of  the  low-frequency  impedance  of  the 
diode  load  and  Rdc  is  its  resistance  to  the  rectified  direct  current. 
To  avoid  clipping,  the  diode  load  should  be  designed  so  that  its 
impedance  at  the  modulation  frequency  is  as  nearly  equal  to  the 
d-c  load  resistance  as  the  required  circuit  performance  will  permit. 

8.  Automatic  Volume  Control. — The  d-c  voltage  developed 
across  the  diode  load  may  be  used  to  control  the  gain  of  amplifier 
or  converter  stages  in  a  radio  receiver,  by  varying  the  bias  voltage 
on  the  grids  of  the  tubes.  Figure  8.1  is,  with  slight  changes,  part 
of  the  wiring  diagram  of  a  broadcast  receiver2  showing  a  diode 
detector,  with  automatic  volume  control  (A VC)  applied  to  the 
intermediate-frequency  amplifier  tube  preceding  the  detector. 
(In  the  receiver  from  which  this  diagram  was  taken  and  in  other 
receivers,  A  VC  voltage  is  applied  to  more  than  one  stage.)  The 
time  constant  R12C15  is  of  the  order  of  0.1  sec,  with  Ru  usually  about 
1  megohm  in  order  to  keep  the  a-f  impedance  of  the  diode  load  high. 

1  Compared  with  rd  as  defined  in  Sec.  10. 

a  See  RCA  Receiving  Tube  Manual,  Technical  Series  RC-14,  p.  204,  RCA 
Manufacturing  Co.,  Inc.,  1940;  also  Fig.  5.2,  Chap.  XXIII. 
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Ci  5  is  of  the  order  of  0.1  so  that  its  reactance  at  audio  and  radio 
frequencies  is  small  compared  with  R\2.  Very  little  a-f  or  r-f  volt¬ 
age  appears  across  C15,  the  combination  of  R12  and  C15  acting  as  a 
“filter,”  so  that  the  AVC  voltage  is  practically  pure  d-c. 

As  the  voltage  derived  from  the  receiving  antenna  increases, 
the  voltage  applied  to  the  diode  tends  to  increase,  thus  increasing 
the  d-c  voltage  across  the  diode  load  and  across  Cis.  This  d-c 
voltage  is  fed  to  the  amplifier  grids,  through  decoupling  filters  such 
as  RsClh  decreasing  the  gm  of  the  tubes  and  reducing  the  gain.  The 
result  is  that  the  voltage  applied  to  the  diode  does  not  increase  as 
much  as  the  input  voltage  to  the  receiver  and  can  be  maintained 
approximately  constant  except  when  the  input  voltage  is  very 
small. 


Sometimes  a  separate  diode  is  used  for  AVC  to  avoid  loading 
the  diode  used  for  detection,  or  to  modify  the  AVC  action.  If 
AVC  is  applied  to  amplifier  stages  following  that  to  which  the  AVC 
diode  is  connected,  it  is  possible  to  hold  the  receiver  output  voltage 
constant  or  even  to  make  it  decrease  when  the  input  signal  voltage 
exceeds  a  certain  value.  AVC  is  used  principally  to  minimize 
fluctuations  in  the  output  volume  of  a  receiver  when  the  input 
voltage  fluctuates  or  fades  or  when  the  receiver  is  tuned  from  a  weak 
station  to  a  stronger  one  without  changing  the  manual  volume 
control. 

9.  R-f  Filtering. — An  r-f  choke  coil  or  a  low-pass  a-c  filter 
circuit  may  be  inserted  between  the  detector  and  the  first  low- 
frequency-amplifier  tube  to  minimize  the  r-f  ripple  voltage  applied 
to  the  grid.  Filtering  action  may  also  be  secured  by  using  R,C 
filter  circuits  of  the  decoupling  type.  In  Fig.  8.1  the  audio-fre¬ 
quency  voltage  is  obtained  from  a  tap  on  the  diode-load  resistance, 
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i.e.}  from  the  connection  between  R u  and  Ru-  Ru  together  with 
the  distributed  capacitance  of  the  audio-frequency  circuit  acts  as  a 
filter,  reducing  the  amount  of  r-f  voltage  across  RXq.  Sometimes 
this faction  is  augmented  by  a  capacitor  added  to  the  circuit  in  the 
position  shown  dotted  in  Fig.  8.1.  Such  additions  decrease  the 
low-frequency  impedance  of  the  diode  load  and  cause  clipping  to 
occur  at  smaller  percentages  of  modulation. 

10.  Analytical  Solution,  Equivalent  Circuit. — Where  the  diode 
load  is  appreciably  reactive  at  the  modulation  frequency,  the  path 
of  operation  on  the  rectification  diagram  becomes  elliptical.  Con¬ 
structing  this  elliptical  path  on  the  rectification  diagram  is  not  easy, 
while  the  analytical  method  is  relatively  simple.  This  analytical 
method  is  practically  the  same  as  the  equivalent-plate-circuit 
method  for  amplifiers.  Comparison  of  the  rectification  diagram  in 
Fig.  6.1  with  the  family  of  plate-current-grid-voltage  curves  of  a 
triode  shows  that  they  are  geometrically  similar.  For  triodes, 
the  plate  current  can  be  expressed  as 

%  =  /(Cb,ec) 

Here,  lb  can  be  expressed  as 

h  =  /(. Eb,E)  (10.1) 

where  E  is  the  amplitude  of  the  applied  sinusoidal  r-f  voltage. 
Hence, 

dlb  =  dEb  +  d£  (10.2) 

dEb  dE 

Just  as  deb/dib  is  defined  as  the  plate  resistance  rp  of  a  triode,  so 
dEb/ dlb  can  be  defined  as  the  plate  resistance  rd  for  detection  or, 
simply,  the  detection  plate  resistance.  Then 

rd  =  ^1  (10.3) 

Mb  JE  const. 

If  lb  is  kept  constant,  (10.2)  becomes 

0  =  ^lbdSb  +  ^  dfi 

dEb  dS 

so  that 

-al  =+(g)(f) 

dE  Jjb  const.  \vE/  \dlb  / 

This  ratio  is  analogous  to  the  g  of  a  triode,  so  that  the  “detection 


Sec.  11]  EQUIVALENT  CIRCUIT  693 


amplification  factor  ^d,  ”  or  “detection  n”  may  be  defined  as 


dEb  _  dEb 

dE  _Jb  const.  d 


(10.4) 


Referring  to  Fig.  6.1,  and  considering  amplitude  values  of  the 
incremental  quantities  indicated  in  (10.2)  when  the  applied  voltage 
is  sinusoidally  modulated, 

dlb  =  h  and  dE  =  mj§ 

and 

dEb  =  ( —  dlb)  Z  l  =  — IiZi 


where  Zi  is  the  low-frequency  impedance  of  the  diode  load.  Equa¬ 
tion  (10.2)  becomes 

h  =  -  ( -tiZi)  +  -  rnj  (10.5) 

T  d  T  d 


whence 


h  = 


HdniaE 


E , 


n  + 


— r  =  - —  (10.6)  Fig.  10.1.— Equivalent  low-fre- 

Zi  Td  Z i  quency  circuit  for  linear  detection. 


where  Ei  is  the  generator  voltage  in  the  equivalent  plate  circuit 
of  Fig.  10.1.  The  audio-  or  video-frequency  voltage  across  the  load 
(across  Ci,  Fig.  6.2,  or  across  C i8,  Fig.  8.1)  is 


f'l  =  fJLd.maE 


Zi 

Td,  +  Zi 


(10.7) 


Similar  equations  hold  for  rms  values.  Equation  (10.6)  is  analo¬ 
gous  to  (9.7),  of  Chap.  XI,  and  is  the  equation  for  the  low-frequency 
current  in  the  equivalent  low-frequency  circuit  of  Fig.  10.1.  By 
means  of  this  circuit  the  audio-  or  video-frequency  voltage  across 
the  detector  load  can  be  calculated  for  any  impedance  when  the  detec¬ 
tion  amplification  factor  and  detection  plate  resistance  have  been 
evaluated.  For  the  6H6  diode,  ^  is  0.93  and  Td  is  14,000  ohms, 
approximately.  As  with  triodes  these  values  are  not  constant 
because  the  characteristic  curves  are  not  perfectly  straight  or 
perfectly  spaced. 


SMALL-SIGNAL  (SQUARE-LAW)  DIODE  DETECTION 

11.  Difference  between  Linear  and  Square-law  Diode  Detec¬ 
tion. — Linear  detection  by  a  diode-detector  circuit  requires  a  large 


694 


DETECTION 


[Chap.  XXI 


applied  voltage;  the  diode  plate  is  driven  negative  with  respect  to 
the  cathode,  and  the  diode  does  not  conduct  during  most  of  the 
r-f  cycle.  On  the  other  hand,  square-law  operation  takes  place 
when  the  driving  voltage  is  so  small  that  conduction  never  ceases 
during  the  r-f  cycle.  The  variations  in  the  plate  current  of  the 
diode  then  resemble  the  variations  in  the  plate  current  of  a  Class  A 
triode  amplifier  operated  in  a  region  where  the  tube  characteristics 


Fig.  11.1. — Current- volt  age  characteristic  of  a  diode  in  the  vicinity  of  zero  plate 
voltage,  showing  the  Q  point  of  the  diode  in  the  circuit  of  Fig.  4.1. 


are  very  curved.  In  Fig.  11.1  a  typical  diode  characteristic 
in  the  vicinity  of  zero  plate  voltage  is  sketched  to  an  expanded 
vertical  scale.  There  is  some  current  even  when  the  plate  voltage 
is  zero,  as  described  in  Sec.  3.  For  small  voltages  the  diode  acts, 
not  as  a  one-way  rectifier,  but  as  a  finite,  nonlinear  series  resistance. 
The  Q  point  on  the  ib-ei  characteristic  of  the  diode  can  be  determined 
by  the  method  outlined  in  connection  with  Fig.  3.5,  Chap.  X.  If  a 
circuit  such  as  that  of  Fig.  4.1  is  used,  there  is  no  external  source  of 
bias  voltage  and  the  d-c  load  line  is  drawn  from  the  origin  upward 

to  the  left  as  in  Fig.  11.1.  In  the  follow¬ 
ing  paragraphs,  an  external  polarizing 
source  will  be  assumed,  for  generality. 

12.  Square -law  Rectification. — Fig¬ 
ure  12.1  shows  a  circuit  in  which  a 
diode  is  connected  in  series  with  a  polar- 
^bb=^bo  izing  battery  assumed  to  have  zero  inter- 

Fig.  12.1.— Diode  detection  naj  impedance.  The  driving  source  is 

assumed  to  maintain  a  sinusoidal  volt¬ 
age  e  across  the  input  terminals.  The  diode  is  assumed  to  have  the 
nonlinear  characteristic  shown  in  Fig.  12.2.  When  the  r-f  voltage 
is  applied,  the  current  increase  during  the  positive  half  cycle  is 
greater  than  the  decrease  during  the  negative  half  cycle,  Fig.  12.2, 
with  the  result  that  the  average  current  increases.  This  increase 
is  the  useful  indication  of  the  presence  of  an  r-f  voltage. 
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If  the  high-frequency  (r-f)  applied  voltage  is 

e  =  E  sin  c cht  (12.1) 


the  current  variations  about  the  Q  point  may  be  represented  by  a 
Taylor's  series. 


IpO  — 


dib 


1  dHh 


debe  +  2\  del 


1  dHt 

3!  de? 


+  ?r.;3J«,+ 


(12.2) 


the  derivatives  being  those  at  the  Q  point.  Substitution  of  (12.1) 
in  (12.2)  and  expansion  yield  terms  that  are  d-c,  or  constant,  terms 


and  other  terms  involving  the  fundamental  radio  frequency  and  its 
harmonics.  For  purposes  of  detection,  the  d-c  or  constant  terms  are 
the  useful  terms,  accounting  for  the  increase  of  /&  over  Ib0  in  Fig. 
12.2.  Of  all  the  terms  on  the  right-hand  side  of  (12.2),  the  second 
derivative  term  contributes  the  greatest  amount  to  the  increase  in 
average  current.  The  first  and  third  derivative  terms  contribute 
nothing.  The  fourth  and  higher  derivative  terms  contribute  very 
little.  Therefore,  derivatives  higher  than  the  second  need  not  be 
considered,  and  an  ideal  case  will  be  assumed  in  which  the  higher 
order  terms  are  zero.  Then  (12.2)  becomes 
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iP o  =  J*  E  sin  wht  +  P 
deb  del 


i  ^  E2  cos  2 mt  (12.3) 
del 


The  average  increase  in  current  is  given  by  the  second  term  on  the 
right  of  (12.3).  When  denoting  this  by  Ip 0,  the  difference  between 
Ib  and  ho  in  Fig.  12.2  is 

<12-« 

the  derivative  to  be  evaluated  at  the  Q  point.  This  equation  shows 
that  the  increase  in  average  current  is  proportional  to  the  square  of 
the  amplitude  of  the  r-f  voltage.  Further,  the  increase  depends 
upon  the  second  derivative  of  the  current,  or  upon  the  curvature 
or  rate  of  change  of  the  slope  of  the  diode  characteristic.  The 
greater  the  curvature,  the  more  sensitive  the  detection. 

For  a  parabolic  characteristic,  for  example  4  =  Kel,  where  K 
is  a  constant,  the  second  derivative  d2ib/deb  =  2 K,  and  Ip0  is  inde¬ 
pendent  of  the  Q  point.  Also,  if  |A4|max  and  |A4|mm  are  denoted  as 
in  Fig.  12.2, 

J  |  A'Z'&jm-ix  j  A  ■Vinin 


If  in  practice  a  parabolic  characteristic  is  not  obtained,  the  rectify¬ 
ing  device  may  be  polarized  to  place  the  Q  point  where  the  curvature 

is  greatest. 

13.  Square-law  Detection,  By-passed 
Resistive  Load. — Some  form  of  load  must 
be  connected  in  series  with  the  diode  in 
order  to  use  the  rectified  current.  One  of 
the  simplest  and  most  useful  loads  is  a 
resistor  by-passed  for  the  radio  frequencies 
by  a  capacitor,  Fig.  13.1.  With  the  capac¬ 
itance  sufficiently  large,  practically  all 


J\AAAMr 

R  Ebb 

Fig.  13.1. — Diode  detec¬ 
tor  with  by-passed  resistive 
load. 


the  r-f  voltage  applied  to  the  circuit  is  impressed  on  the  diode. 
For  the  same  Q  point  as  in  Sec.  12,  Ebb  must  be  increased.  As  here 
indicated  in  Fig.  13.2  the  Q  point  and  the  value  of  Ebb  are  connected 
on  the  4-e6  diagram  by  the  d-c  load  line  as  explained  in  Chap.  X. 
When  the  radio-frequency  voltage  is  applied  to  the  circuit,  the  diode 
will  rectify  in  a  manner  similar  to  that  shown  in  Fig.  12.2,  but  owing 
to  the  presence  of  R  the  action  of  the  diode  tending  to  increase  the 
d-c,  or  average,  current  will  be  opposed  by  the  resistance  R.  For 
this  reason,  the  increase  in  average  current  for  the  same  impressed 
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r-f  voltage  will  be  smaller  than  in  the  unloaded  detector.  The  d-c 
load  line  and  the  line  representing  the  average  current  Ib  intersect 
at  the  A  point,  Fig.  13.2.  The  voltage  Eb  at  A  is  the  average  plate 
potential  when  the  r-f  signal  is  applied,  the  rectification  of  the 
signal  causing  the  average  plate  current  to  increase  and  the  average 
plate  voltage  to  decrease  from  the  values  at  the  Q  point.  The  a-c 


Fig.  13.2. — Current  and  voltage  in  the  circuit  of  Fig.  13.1. 


components  of  plate  voltage  fluctuate  about  the  point  A',  Fig. 
13.2,  and  the  total  voltage  impressed  on  the  diode  is 

€b  =  —  IbR  T  E  sin  t Oht  (13.1) 

=  Eb  +  E  sin  to  ht 

So  far  as  the  diode  is  concerned,  the  voltage  conditions  with 
respect  to  the  point  A'  are  the  same  as  in  Sec.  12  with  respect  to 
the  Q  point.  Therefore,  the  increase  in  average  current  measured 
from  A '  must  be  the  same  as  in  Sec.  12.  This  increase  is  given  by 
(12.4)  and  for  a  parabolic  characteristic  is  independent  of  the 
operating  point.  Therefore, 


h  -  L’  =  =  AI  (13.2) 

as  in  Fig.  13.2.  The  increase  in  average  current  resulting  from  the 
applied  r-f  voltage  is 

IpO  =  Ib  ~  IbO 


(13.3) 
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which,  after  substituting  the  value  of  Ib  from  (13.2),  becomes 

ho  =  A 1  —  (ho  —  I  a')  (13.4) 

Assuming  the  points  A'  and  Q  to  be  so  close  together  that  the 
slope  of  the  ib-eb  characteristic  may  be  considered  constant  in 
that  interval, 

ho  -  L’  =  (Eb0  -  Eh)  (13.5) 

deb 

=  -IPoR 

Tp 

where  rp  is  the  variational,  or  a-c,  plate  resistance  of  the  diode  at 
the  Q  point.  Substituting  (13.5)  and  (13.2)  in  (13.4), 


^P 

4  del  * 
rp  -f-  R 


(13.6) 


This  is  the  increase  in  current  above  the  value  at  the  Q  point  caused 
by  the  r-f  signal  of  amplitude  S. 

14.  Equivalent  Circuit. — The  numerator  of  (13.6)  has  the  dimen¬ 
sions  of  voltage  and  the  denominator  the  dimensions  of  resistance; 


Fig.  14.1. — Equivalent  circuit  for  calculating  results  of  square-law  detection. 

hence  (13.6)  is  the  equivalent  of  Ohm's  law  for  the  results  of  square- 
law  detection.  For  calculating  the  increase  in  current,  the  circuit 
of  Fig.  13.1  may  be  replaced  by  the  equivalent  circuit  of  Fig.  14.1. 
The  diode  is  replaced  by  an  equivalent  generator,  or  source,  of 
incremental  direct  current,  whose  generated  voltage  Eaen  is 


and  whose  internal  impedance  is  rp.  The  load  resistance  is  R. 
Basically  this  circuit  is  the  same  as  the  equivalent  circuits  for 
amplifiers  and  large-signal  detectors.  The  parameters  differ,  but  the 
method  of  calculation  is  the  same.  The  Equivalent  voltage  is  a 
property  of  the  tube  and  is  independent  of  the  load.  Note  that  for 
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square-law  detection  the  variational  current  resulting  from  rectifica¬ 
tion  varies  as  the  square  of  the  amplitude  of  the  r-f  voltage  across 
the  rectifier. 

16.  Square-law  Detection,  Amplitude-modulated  Signal.— It  is 

shown  in  Secs.  12  and  13  that,  when  an  unmodulated  wave  is 
impressed  upon  a  square-law  detector,  there  is  an  increase  in 
average  current  proportional  to  the  square  of  the  amplitude  of  the 
r-f  voltage.  If  the  amplitude  of  the  r-f  voltage  is  modulated,  the 
increase  in  average  current  is  also  modulated,  or  changed,  in  pro¬ 
portion  to  the  square  of  the  amplitude  of  the  r-f  voltage.  This 
modulation,  or  change,  in  the  average  current  causes  audio-  or 
video-frequency  currents  in  the  detector  output. 

Before  calculating  the  low-frequency  currents  in  the  detector 
output,  it  may  be  well  to  investigate  the  question  of  what  fre¬ 
quencies  exist  in  the  current  through  a  square-law  impedance  when 
an  amplitude-modulated  wave  is  impressed.  If  the  impressed 
voltage  is  sinusoidally  amplitude-modulated,  e  is  given  by 

e  =  [E(  1  +  ma  sin  wQ]  sin  c ont  (15-1) 

where  the  modulated  amplitude  of  the  wave  is  the  expression  within 
the  brackets.  This  wave  consists  of  three  frequencies,  as  is  shown 
by  expanding  (15.1)  to  give 

e  —  E  sin  c oht  —  ~  E  cos  (c oh  -T  ui)t  +  ^  E  cos  (o>a  —  ui)t  (15.2) 

When  the  square-law  modulator  was  discussed,  Chap.  XX,  Sec.  6, 
the  basic  equation  was  the  same  as  (12.2).  It  was  shown  that,  when 
voltages  of  more  than  one  frequency  are  impressed  on  a  square-law 
impedance,  the  first-power  term  yields  currents  having  the  same 
frequencies  as  the  input  voltages;  the  second-power  term  yields  the 
second  harmonics  of  the  input  frequencies  together  with  frequencies 
that  are  the  sum  and  difference  of  the  impressed  frequencies.  With 
this  general  principle,  it  may  be  stated  that,  in  response  to  the  three 
frequencies  of  (15.2),  the  current  through  the  unloaded  square-law 
detector,  will  have  the  input  frequencies,  the  second  harmonic 
frequencies,  and  the  sum  and  difference  frequencies  taken  two  at  a 
time,  as  tabulated  in  Table  15.1. 

In  audio-frequency  transmission,  the  modulation  is  not  sinu¬ 
soidal  or  pure-tone  modulation;  a  more  or  less  broad  band  of 
frequencies  is  involved.  The  upper  and  lower  side  bands  each 
contain  the  same  number  of  frequencies  and  the  process  of  detection 
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produces  their  second  harmonics  and  sum  and  difference  frequencies. 
The  presence  of  more  than  one  frequency  in  each  side  band  causes 
the  square-law-detector  output  to  have  frequencies  equal  to  the 
difference  between  the  side-band  frequencies  within  each  of  the 
upper  and  lower  side  bands,  so  that  new  audio  frequencies  appear 
which  are  the  sum  and  difference  of  the  original  audio  tones  in  the 
audio  signal  at  the  transmitter.  These  terms  are  not  accounted 
for  in  Table  15.1,  although  the  three  main  categories  of  the  output 
frequencies  are  clearly  indicated. 


Table  15.1. — Frequencies  Involved  in  Square-law  Detection 


Frequencies  of  a-c  output 

Source 

Input  frequencies 

0 Oh 

Carrier 

wfc  +  m 

Upper  side  band  (usb) 

C Of,  —  OJl 

Lower  side  band  (lsb) 

Second  harmonics 

2  toh 

Square  of  carrier 

2coh  -J-  2o 

Square  of  usb 

2  cor,  —  2  coi 

Square  of  lsb 

Sum  and  difference  frequencies 

2 OOf,  -f  COI 

1  Carrier  +  usb 

2m  —  coj 

Carrier  +  lsb 

2  m 

Usb  +  lsb 

m 

Usb  —  carrier 

on 

Carrier  —  lsb 

I 

1  2m 

\ 

Usb  -  lsb 

The  operation  of  the  diode  detector  without  load  may  be 
expressed  graphically  as  in  Fig.  15.1.  The  output-current  wave  is 
distorted  considerably  when  compared  with  the  input-voltage  wave 
and  contains  all  the  frequencies  of  Table  15.1.  The  low-frequency 
variation  of  the  current  is  shown  by  the  dashed  line,  and  this  fluctua¬ 
tion  is  a  sort  of  varying  average  over  each  successive  r-f  cycle. 
The  low-frequency  variation,  as  measured  from  the  quiescent  value, 
involves  a  steady  component,  similar  to  (and  slightly  greater  than) 
Ipo  of  Sec.  13,  and  the  low-frequency  components  of  angular  fre¬ 
quencies  m  and  2c a  of  Table  15.1.  The  audio  reproducing  equip¬ 
ment  responds  to  the  low-frequency  components. 

The  desired  frequency  in  the  detector  output  is  the  frequency 
with  which  the  r-f  wave  is  modulated;  the  desired  terms  in  Table 
15.1  are  the  a n  terms.  The  2m  term  cannot  be  neglected  nor  can 
it  always  be  filtered  out,  because  the  band  of  frequencies  required 
for  audio  reproduction  is  many  octaves  wide,  and  the  second  har- 
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monies  of  all  but  the  highest  tones,  or  frequencies,  fall  within  the 
band.  In  the  unloaded  detector  the  strength  of  the  on  and  2c oi  terms 
in  the  detector  output  can  be  obtained  by  substitution  of  (15.2) 
in  (12.2).  This  procedure  does  not  give  the  answer  for  the  detector 
with  load.  The  problems  of  the  loaded  and  unloaded  detector 
can  be  solved  by  using  the  principle  developed  in  Secs.  13  and  14. 
It  is  shown  in  (13.6)  that  the  incremental  current  resulting  from 


Fig.  15.1. —Operation  of  diode  square-law  detector  with  no  load,  modulated  voltage 

impressed. 


detection  is  obtained  by  dividing  the  equivalent  voltage  of  detection 
(proportional  to  the  square  of  the  amplitude  of  the  r-f  voltage)  by 
the  resistance  of  the  circuit  to  the  incremental  current.  This 
principle  may  be  extended  to  cover  the  case  where  the  amplitude  of 
the  r-f  voltage  is  modulated.  Since  the  amplitude  of  the  r-f  volt¬ 
age  is  now  the  expression  within  the  brackets  in  (15.1),  the  equiva¬ 
lent  emf  in  the  equivalent  circuit  of  Fig.  14.1  becomes 
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or, 

Equivalent  emf  =  ^  E-  +  'v*2^ 

+  j  —  EH2ma  sin  a >,<) 

-tHKt  ”,2“‘)  (153> 


The  sin  a nt  term  represents  the  combined  effects  of  the  two  on  terms 
in  Table  15.1,  and  the  cos  2 corf  term  represents  the  2w:term  of  Table 
15.1.  If  the  steady  component  of  the  equivalent  emf  is  denoted 
by  E  and  the  amplitude  of  the  on  component  of  the  equivalent  emf 
is  denoted  by  Ei  then,  from  (15.3), 


(15.4) 

(15.5) 


Similarly,  the  amplitude  of  the  second  harmonic  component  of 
the  equivalent  emf  is 


(15.6) 


Note  that  the  ratio  of  (15.5)  to  (15.6)  is  ma/ 4,  so  that  with  pure- 
resistance  load  the  percentage  of  second  harmonic  distortion  in  a 
square-law  detector  is  one-fourth  the  percentage  of  modulation. 

To  calculate  the  desired  output  current  of  angular  frequency  on} 
the  impedances  of  the  circuit  at  that  frequency  must  be  known. 
Since  the  output  current  is  an  incremental  current,  the  internal 
impedance  of  the  diode  to  that  current  will  be  rv ,  evaluated  at  the 
Q  point.  The  impedance  of  the  detector  load  will  depend  upon 
the  nature  and  connection  of  its  elements.  If  the  detector-load 
impedance  at  the  angular  frequency  on  is  denoted  by  Zi,  then  for 
the  circuit  of  Fig.  13.1,  where  R  and  C  form  the  load  impedance, 


If  the  amplitude  of  the  desired  low-frequency  output  current  is 
denoted  by  h. 
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i, - 


ri%*™ 

rp  +  Zi 


1 1 

Tv  +  Zi 


(15.7) 


Equation  (15.7)  is  merely  an  extension  of  the  equivalent  circuit  of 
Fig.  14.1  to  the  case  where  the  amplitude  of  the  r-f  voltage  is  sinu¬ 
soidally  modulated  at  the  frequency 
fi  =  coz/2rr  cps  and  is  the  equation  for  the 
equivalent  circuit  of  Fig.  15.2. 

16.  Detector -circuit  Impedances. — 

At  'radio  frequencies,  the  detector-load 
impedance  should  be  negligible  in  com¬ 
parison  with  the  plate  resistance  of  the 
diode.  Then  all  the  r-f  voltage  impressed 
on  the  circuit  appears  across  the  diode, 
and  the  detector  develops  the  greatest 
possible  low-frequency  emf.  Also,  un¬ 
wanted  r-f  voltages  across  the  load,  due 
to  any  of  the  r-f  currents  flowing  in 
the  circuit,  will  be  kept  to  a  minimum, 
secured  by  using  a  by-pass  capacitor  whose  r-f  reactance  is  small. 
The  input  impedance  to  the  square-law  detector  circuit  is  then 
approximately  equal  to  the  rv  of  the  diode  at  the  Q  point. 

At  audio  frequency,  i.e,,  at  the  frequency  of  modulation,  the 
impedance  of  the  detector  load  should  be  large  compared  with  the 
internal  resistance  rp  of  the  diode  in  order  to  have  the  low-frequency 
voltage  across  the  load  as  large  as  possible.  This  is  shown  by  the 
following  equation,  in  which  Vi  is  the  amplitude  of  the  low-fre¬ 
quency  voltage  across  the  load.  From  Fig.  15.2,  Vi  =  IiZi}  and, 
substituting  the  value  of  Ii  from  (15.7), 

(161) 

To  make  Zi  large  compared  with  rp,  the  resistance  R  and  the  low- 
frequency  reactance  of  C  in  Fig.  13.1  should  both  be  large.  The 
latter  condition  requires  a  small  capacitor.  However,  this  capacitor 
should  not  be  so  small  that  it  cannot  act  as  an  r-f  by-pass  around  R. 

The  source  supplying  the  r-f  voltage  should  have  negligible 
impedance  to  audio-frequency  currents.  This  condition  usually  is 
attained  in  practice,  since  the  diode  with  its  series  load  is  connected 
commonly  across  a  parallel  tuned  circuit  whose  coil  has  negligible 
impedance  at  low  frequencies. 


A 


Fig.  15.2. — Equivalent 
plate  circuit  for  fundamental 
audio-frequency  current  re¬ 
sulting  from  detection  of  a 
modulated  wave. 

This  condition  is  usually 


704 


DETECTION 


[Chap.  XXI 


17.  Selective  Fading. — In  voice  transmission,  the  radio  wave 
contains  many  side-band  frequencies,  of  which  the  single  pair  con¬ 
sidered  in  Table  15.1  is  an  example.  If  the  wave  at  the  terminals 
of  the  receiving  antenna  is  an  undistorted  copy  of  that  at  the  ter¬ 
minals  of  the  transmitting  antenna,  the  two  m  terms  of  Table  15.1 
are  in  phase  and  add  to  make  the  desired  audio-frequency  signal  in 
the  detector  output.1  If  ionospheric  or  atmospheric  conditions 
cause  the  transmission  of  the  radio  wave  to  have  phase  distortion, 
the  alteration  in  the  phases  of  the  side-band  frequencies  will  cause  the 
two  o ji  terms  to  be  more  or  less  out  of  phase  and  their  sum  will  vary, 
causing  the  tone  corresponding  to  coi  to  be  more  or  less  weakened. 
These  phase  shifts  occur  sporadically  and  may  cause  individual 
tones  in  the  detector  output  to  fade  out  and  in,  even  though  the 
received  wave  as  a  wdiole  remains  strong.  This  phenomenon  is 
known  as  selective  fading  and  is  responsible  for  the  peculiar  quality 
frequently  observed  in  voice  transmission  over  long  distances. 
The  same  effect  occurs  with  linear  detection,  since  phase  distortion 
in  transmission  causes  the  received  wave  to  have  an  envelope  different 
from  the  wave  at  the  transmitter. 

18.  Carrier  and  Side-band  Suppression. — The  presence  of  two 
on  terms  in  Table  15.1,  one  of  them  derived  from  the  upper  side 
band  and  carrier  and  the  other  from  the  lower  jside  band  and  carrier, 
indicates  that  both  side  bands  are  not  essential  to  the  generation 
of  the  low  frequency  in  the  detector  circuit.  One  side  band  and 
the  carrier  are  sufficient.  In  television  broadcasting,  only  one 
complete  side  band  and  the  carrier  are  transmitted  for  the  video,  or 
picture,  signal.  In  many  point-to-point  transoceanic  telephone 
installations,  one  side  band  alone  is  transmitted,  the  carrier  and 
remaining  side  band  being  suppressed  by  circuits  in  the  trans¬ 
mitter.  The  carrier  is  resupplied  at  the  receiving  station  by  a 
closely  regulated  oscillator.  Carrier  suppression  is  impractical  for 
broadcast  purposes,  because  the  close  regulation  required  for  the 
reintroduced  carrier  would  increase  unduly  the  cost  of  the  receiver. 
The  objects  of  all  side-band-  and  carrier-suppression  schemes  are 
to  reduce  the  band  width  required  for  transmission,  thus  making 
room  for  more  stations,  and  to  concentrate  a  greater  proportion 
of  the  radiated  energy  in  the  side-band  frequencies,  which  are  the 
frequencies  that  convey  the  message.  Single  side-band  transmis¬ 
sion  requires  a  minimum  band  width,  concentrates  all  the  radiated 

1  W.  L.  Everitt,  “Communication  Engineering, ”  2d  ed.,  pp.  385-387, 
McGraw-Hill  Book  Company,  Inc.,  1937. 
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power  in  the  message-carrying  frequencies,  and  in  addition  has  some 
measure  of  secrecy,  since  in  the  ordinary  receiver  the  detector 
would  produce  an  unintelligible  output  due  to  the  absence  of  the 
carrier. 

DETECTION  IN  MULTIELEMENT  TUBES 

Triodes,  tetrodes,  and  pentodes  may  be  used  as  detectors. 
When  the  rectification  takes  place  in  the  grid  circuit,  the  detection  is 
called  grid-circuit  detection;  when  the  rectification  takes  place  in 
the  plate  circuit,  the  detection  is  called  plate-circuit  detection. 

19.  Grid-circuit  Detection. — The  circuit  most  commonly  used 
for  grid-circuit  detection,  Fig.  19.1,  is  known  as  a  “grid-leak” 
detector  circuit,  the  resistor  in  the  grid  circuit  being  the  “grid 
leak,”  a  name  acquired  in  the  early  days  of  radio.  Essentially, 
the  grid  and  cathode  of  the 
tube  act  as  a  diode,  developing 
an  audio  and  a  d-c  voltage 
across  the  RC  combination  that 
acts  as  the  diode  load,  equiva¬ 
lent  in  all  respects  to  the  diode 
loads  of  Figs.  4.1  and  13.1. 

The  only  difference  is  that  the 
grid  leak  is  in  series  at  the 
anode  terminal  of  the  rectifying  element  (in  this  case  the  grid  of  a 
triode)  rather  than  at  the  cathode. 

Square-law  Detection. — When  the  applied  r-f  voltage  is  small, 
the  grid  acts  as  a  square-law  diode  detector.  The  quiescent  grid 
voltage  is  slightly  negative  and  is  determined  by  the  intersection  of 
the  ic-ec  characteristic  and  the  d-c  load  line  corresponding  to  the 
value  of  the  grid-leak  resistance,  as  in  Fig.  11. 1  for  the  diode.  When 
an  unmodulated  signal  is  impressed  on  the  grid,  the  average  grid 
current  increases  because  of  the  square-law  rectification.  This 
increased  current  causes  the  average  grid  voltage  to  shift  in  the 
negative  direction  owing  to  the  increased  voltage  drop  through  the 
external  grid  leak.  The  increased  negative  bias,  resulting  from 
rectification  in  the  grid  circuit,  decreases  the  plate  current.  In 
effect,  the  d-c  voltage  developed  across  the  grid  leak  is  amplified 
and  appears  usually  as  a  larger  voltage  across  the  plate  load. 

When  the  signal  applied  to  the  detector  is  amplitude-modulated, 
the  average  current  through  the  grid-leak  resistance  fluctuates 
in  a  manner  similar  to  that  indicated  in  Fig.  15.1.  If  Zx  is  the  audio- 


Fig.  19.1. — Grid-leak  detector  circuit. 
Ci  is  a  tuning  capacitor;  C 2  and  C3  are  r-f 
by-pass  capacitors. 
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frequency  impedance  of  the  grid-leak-grid-capacitor  combination, 
the  rms  audio-frequency  voltage  appearing  between  the  grid  and 
cathode  terminals  is  IiZi,  where  h  is  the  audio-frequency  com¬ 
ponent  of  grid  current.  The  problem  of  determining  the  voltage 
appearing  at  the  grid  as  a  result  of  detection  is  similar  to  the  problem 
of  determining  the  voltage  across  the  load  of  the  diode  detector. 
The  grid  takes  the  place  of  the  diode,  and  the  grid  leak  and  grid 
capacitor  ( Rc  and  Cc,  Fig.  19.1)  take  the  place  of  the  diode  load. 

Since  the  effect  of  the  increase  in  grid  current  due  to  rectifica¬ 
tion  is  to  increase  the  IR  drop  across  the  grid  leak,  the  average  grid 
voltage  increases  in  the  negative  direction  as  the  signal  becomes 
stronger.  The  average  plate  current  decreases.  When  the  signal 
impressed  is  an  amplitude-modulated  wave,  the  decrease  in  plate 
current  fluctuates  at  an  audio  rate  producing  an  amplified  audio¬ 
frequency  voltage  across  the  audio-frequency  load  in  the  plate 
circuit.  Owing  to  the  low  value  of  the  grid-bias  voltage,  the 
amplification  is  not  linear. 

There  is  another  secondary  effect  to  be  taken  into  account. 
Owing  to  the  r-f  voltage  impressed  on  the  grid,  there  are  r-f  com¬ 
ponents  of  plate  current.  If  the  4-cc  characteristics  are  concave 
upward,  square-law  rectification  takes  place  in  the  plate  circuit, 
tending  to  increase  the  average  plate  current.  This  tendency  is 
in  opposition  to  the  decrease  caused  by  the  negative  voltage  devel¬ 
oped  in  the  grid  circuit.  However,  the  grid-circuit  rectification 
predominates. 

Square-law  grid-circuit  detection  at  one  time  was  employed 
extensively  in  a  circuit  known  as  the  regenerative  detector  in  which 
r-f  feedback  was  used  to  obtain  r-f  amplification  and  grid-circuit 
detection  at  the  same  time.  This  circuit  was  characterized  by  a 
very  high  sensitivity  and  a  large  amount  of  a-f  distortion.  The 
development  of  satisfactory  r-f  amplifiers  has  removed  the  necessity 
in  ordinary  receivers  for  detectors  of  extreme  sensitivity,  so  that 
the  grid-leak  weak-signal  detector  has  been  displaced  by  less  sensitive 
but  more  nearly  linear  types  of  detectors,  especially  the  diode. 

Grid-leak  Power  Detector. — If  the  signal  impressed  on  the  grid- 
leak  detector  circuit  Fig.  19.1,  is  increased  to  above  1  volt,  say,  the 
grid  acts  as  a  large-signal  diode  detector,  developing  a  voltage 
across  the  grid  leak  that  tends  to  follow  the  envelope  of  the  applied 
r-f  voltage  as  in  the  diode  large-signal  detector.  The  average 
negative  grid  voltage  will  be  practically  proportional  to  the  carrier 
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amplitude,  and  the  audio-frequency  grid  voltage  (for  an  amplitude- 
modulated  wave)  will  be  practically  proportional  to  the  variations 
in  amplitude  as  indicated  by  the  envelope  of  the  applied  r-f  wave. 
The  d-c  and  audio-frequency  voltages  developed  across  the  grid 
leak  and  grid  capacitor  can  be  determined  by  ,the  methods  employed 
to  determine  the  voltage  across  the  load  of  a  large-signal  diode 
detector. 

In  the  detection  of  an  amplitude-modulated  wave  the  negative 
d-c  voltage  developed  across  the  grid  leak  acts  as  the  bias  on  the 
grid,  and  the  audio-frequency  voltage  developed  across  the  grid 
leak  acts  as  an  audio-frequency  signal  that  is  amplified  by  the  tube 
as  in  an  ordinary  audio-frequency  amplifier  stage.  The  r-f  com¬ 
ponents  of  plate  current  are  by-passed  by  a  capacitor  connected 
between  plate  and  cathode,  in  some  cases  a  filter  circuit  or  an  r-f 
choke  coil  is  interposed  between  the  plate  and  the  a-f  load  imped¬ 
ance.  Over  a  somewhat  restricted  range  of  r-f  amplitude,  the  bias 
voltage  developed  across  the  grid  leak  will  be  of  the  correct  value 
for  distortionless  audio-frequency  amplification,  and  then  the  grid- 
leak  power  detector  will  be  practically  as  good  as  a  combination 
of  a  diode  large-signal  detector  and  one  stage  of  audio-frequency 
amplification.  Outside  this  restricted  range,  the  grid-bias  voltage 
will  be  too  low  or  too  high  for  distortionless  amplification. 

20.  Plate-circuit  Detection. — Plate-circuit  detectors  are  still 
used  where  it  is  necessary  to  place  a  minimum  of  load  on  the  r-f 
source.  Their  operation,  as  in  the  previous  detector  circuits,  falls 
into  two  general  classes,  square-law  and  linear. 

Square-law  Plate  Detectors. — In  the  square-law  plate  detector, 
the  biasing  voltages  on  the  tube  electrodes  are  chosen  so  that  the 
ib-ec  characteristic  is  parabolic.  With  an  unmodulated  r-f  signal 
impressed,  the  increase  in  average  plate  current  is  proportional  to 
the  square  of  the  amplitude  of  the  r-f  voltage.  This  fact  is  often 
utilized  in  the  construction  of  vacuum-tube  voltmeters  designed  to 
measure  rms  values. 

When  the  impressed  r-f  voltage  is  amplitude-modulated,  the 
square-law  rectification  yields  currents  having  the  frequencies 
tabulated  in  Table  15.1,  and  for  a  given  percentage  of  modulation 
the  amplitude  of  the  fundamental  audio-frequency  current  is  pro¬ 
portional  to  the  square  of  the  carrier  voltage.  This  behavior  has 
been  made  use  of  in  certain  receivers  designed  for  use  in  connection 
with  radio  ranges,  to  exaggerate  the  effect  of  differences  in  signal 


DETECTION 


708 


[Chap.  XXI 


strengths  on  the  output  of  the  receiver  and  thus  to  assist  the  pilot 
in  keeping  his  ship  “on  course.” 

Linear  Plate-circuit  Detectors,  or  Biased  Detectors. — If  a  triode  or 
pentode  is  biased  to  cutoff  and  there  is  no  load  in  series  with  the 
plate,  half-wave  rectification  takes  place  in  the  plate  circuit  when 
an  r-f  voltage  is  applied  and  thus  an  average  plate  current  flows 
that  is  approximately  proportional  to  the  amplitude  of  the  r-f 
signal.  The  tube  may  be  considered  to  operate  in  Class  B;  i.e ,, 
plate  current  flows  during  one-half  the  r-f  cycle.  If  a  load  is  con¬ 
nected  in  series  with  the  plate,  there  will  be  an  average  voltage 
drop  across  the  load  that  will  cause  the  average  plate  potential  to 
decrease.  The  larger  the  signal,  the  greater  the  decrease.  For 


cutoff. 

the  triode,  the  decrease  in  average  plate  voltage  in  conjunction  with 
the  fixed  grid  bias  causes  the  plate  current  to  flow  for  a  smaller 
portion  of  the  r-f  cycle,  so  that  the  tube  operates  more  or  less  in 
Class  C.  If  the  signal  is  large  and  the  plate-load  resistance  is  large, 
the  interval  in  the  r-f  cycle  during  which  plate  current  flows  may  be 
extremely  brief,  as  in  the  large-signal  diode  detector.  For  a  pentode, 
however,  the  plate  voltage  has  relatively  little  effect  on  the  plate 
current,  so  that  the  operation  remains  Class  B. 

The  operation  of  the  linear  plate-circuit  detector,  commonly 
called  the  biased  detector,  may  be  described  by  a  rectification  dia¬ 
gram  similar  to  that  for  the  diode.  In  practice,  the  tube  is  not 
biased  exactly  at  cutoff  because  the  h-ec  characteristics  are  rounded 
off  at  the  foot.  Instead,  the  tube  is  biased  to  the  “projected” 
cutoff,  Fig.  20.1b,  or,  as  recommended  in  the  tube  manuals,  is  biased 
so  that  the  zero-signal  plate  current  has  some  stated  value.  This 
value  is  approximately  0.2  ma  for  triodes  and  varies  for  a  sharp-cut¬ 
off  pentode  depending  upon  the  plate  and  screen  voltage.  Remote- 
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cutoff  pentodes  are  not  satisfactory  as  biased  detectors  since  their 
cutoff  is  not  sharply  defined. 

A  rectification  diagram  for  a  6C5  triode  operated  as  a  biased 
detector  is  shown  in  Fig.  20.2.  The  characteristics  of  Fig.  20.2 
are  more  curved  than  those  of  Fig.  6.1,  and  their  spacing  indicates 
that  for  a  given  load  and  r-f  signal  the  triode  detector  develops  a 
voltage  approximately  (i  times  the  voltage  developed  by  the  diode 
detector.  The  curves  of  Fig.  20.2  are  not  as  equally  spaced  as  those 


Fig.  20.2. — Rectification  diagram  for  6C5  biased  detector;  Ec  =  —16.5  volts. 

of  Fig.  6.1,  so  that  the  biased  detector  has  more  distortion  than 
the  diode  detector. 

A  rectification  diagram  for  a  6J7  pentode  used  as  a  biased  detec¬ 
tor  is  shown  in  Fig.  20.3.  The  characteristics  are  practically  hori¬ 
zontal  lines  because  plate  current  is  relatively  independent  of 
plate  voltage.  The  pentode  biased  detector  is  very  sensitive  and  is 
capable  of  developing  enough  voltage  to  drive  a  power  pentode1 
without  any  intervening  audio-frequency  amplifier  stage. 

The  chief  advantages  of  the  plate-circuit  large-signal  detectors 
is  their  sensitivity  and  their  high  input  impedance  (if  the  grid  is 

1  RCA  Receiving  Tube  Manual,  Technical  Series  RC-14,  p.  114,  RC^ 
Manufacturing  Co.,  Inc.,  1940. 
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not  driven  positive).  Compared  with  the  large-signal  diode,  they 
have  greater  distortion. 

Infinite-impedance  Detector. — The  “  infinite-impedance  detector,  ” 
Fig.  20.4,  is  essentially  a  nonlinear  cathode  follower  in  which  the 
voltage  produced  by  the  rectification  process  appears  across  the 
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Fig.  20.3. — Rectification  diagram  for  a  6J7  pentode;  grid  bias  =  —3  volts,  screen 

voltage  =  +50  volts. 


cathode  resistor.  The  name  implies  that  the  input  impedance  is 
high  because  the  resistance  Rk  in  series  with  the  cathode  ensures 
that  the  grid  is  always  negative  with  respect  to  the  cathode,  even 
when  the  signal  is  large. 

A  rectification  diagram  for  a  6J5-G  tube  as  an  infinite-imped- 


Fia.  20.4. — Infinite-impedance  detector  with  potentiometer  for  manual  volume 

control. 


ance  detector  is  shown  in  Fig.  20.5.  The  data  for  such  a  diagram 
may  be  determined  by  making  Ck  very  large  and  measuring  the 
voltage  across  and  the  current  in  Rk  as  Rk  is  varied,  keeping  Ebb  and 
the  applied  r-f  voltage  constant.  The  cathode  current  is  plotted 
against  the  voltage  of  “ground”  with  respect  to  the  cathode, 
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Ek  —  — IkRk •  This  diagram  thus  drawn  resembles  and  is  used  in 
the  same  manner  as  the  rectification  diagram  for  the  diode  large- 
signal  detector.  The  load  line  APB,  Fig.  20.5,  is  drawn  for  Rk  = 
100,000  ohms  and  is  the  counterpart  of  the  line  APB,  Fig.  6.1.  The 
a-f  load  line  CPD,  Fig.  20.5,  is  the  counterpart  of  the  line  CPD, 


Fig.  20.5. — Rectification  diagram  for  a  6J5-G  tube  as  an  infinite-impedance 

detector. 

Fig.  6.1,  and  corresponds  to  an  a-f  load  resistance  of  50,000  ohms. 
The  output  voltage  of  an  infinite  impedance  detector  is  approxi¬ 
mately  the  same  as  that  for  a  diode.  The  “detection  mu,”  or  fid) 
for  Fig.  20.5  is  approximately  0.9,  and  the  rd  is  approximately 
5,000  ohms. 

If  the  low-frequency  impedance  of  the  diode  load  is  not  too  low 
compared  with  the  d-c  load  resistance,  the  foot  of  the  low-frequency 
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or,  a-f,  load  line  CD,  Fig.  20.5,  will  intersect  the  SB  =  0  curve  before 
it  intersects  the  horizontal  axis  of  the  diagram.  Under  these 
conditions  the  infinite-impedance  detector  can  detect  a  100  per  cent 
modulated  wave  without  clipping.  However,  if  the  audio-fre¬ 
quency  or  video-frequency  load  impedance  is  too  low,  clipping  can 
occur  just  as  in  the  diode  detector.  The  rectification  characteristics 
are  more  crowded  in  the  region  of  zero  carrier  voltage  than  at  the 
higher  signal  levels. 

The  infinite-impedance  detector  cannot  furnish  A  VC  voltage 
since  the  ungrounded  side  of  the  cathode  resistance  Rk  has  an 
average  positive  potential  with  respect  to  ground.  The  cathode 
terminal  of  Rk  cannot  be  grounded  because  the  power  supply  for  Ebb 
is  connected  to  the  other  terminal.  The  chief  advantages  of  the 
infiinte-impedance  detector  are  the  avoidance  of  clipping  (however, 
the  output  is  not  free  from  distortion  at  high  percentages  of  modu¬ 
lation)  and  the  high  input  impedance. 

DETECTION  OF  FREQUENCY-MODULATED  SIGNALS 

The  detector  in  a  frequency-modulation  receiver  is  usually  a 
large-signal  detector  of  the  diode  type.  Such  detectors  respond  to 
amplitude  modulation  only.  This  means  that  the  detector  must 
be  preceded  by  a  circuit  which  will  impart  to  the  signal  a  change  in 
amplitude  which  varies  in  synchronism  with  the  change  in  fre¬ 
quency.  This  circuit  is  called  a  discriminator  circuit.  The  dis¬ 
criminator  circuit  and  the  rectifying  element  or  elements  constitute 
the  detector  of  frequency  modulation. 

21.  Tuned  Circuit  as  a  Discriminator. — A  tuned  circuit  has  a 
different  response  to  different  frequencies  and  can  be  used  as  a 
discriminator,  Fig.  21.1.  The  LC  circuit  is  tuned  to  a  frequency 
above  or  below  the  carrier  frequency  of  the  frequency-modulated 
wave  to  be  detected.  As  the  frequency  swings  back  and  forth, 
the  voltage  EAB,  Fig.  21.1,  rises  and  falls,  the  amount  of  rise  and  fall 
depending  upon  the  frequency  swing  and  the  slope  of  the  fre¬ 
quency-response  curve  of  the  LC  circuit.  The  r-f  voltage  across 
A B  then  is  amplitude-modulated  as  well  as  frequency-modulated. 
The  diode  detector  responds  to  the  amplitude  modulation.  This 
circuit  is  not  completely  satisfactory  since  the  sides  of  the  resonance 
curve  are  not  straight;  the  envelop  of  the  voltage  across  A B  does 
not  vary  linearly  with  the  variations  in  the  impressed  frequency. 
This  introduces  nonlinear  distortion  into  the  detector  output. 
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Further,  the  range  over  which  the  frequency  may  swing  without 
causing  excessive  distortion  is  rather  limited. 

A  conventional  receiver  designed  for  amplitude-modulated 
waves  may  yield  an  intelligible  (but  by  no  means  perfect)  output 
in  response  to  a  frequency-modulated  signal  if  tuned  to  one  side  of 
the  carrier  frequency.  This  is  due  to  the  inherent  frequency- 
discriminating  properties  of  the  tuned  circuits  in  the  receiver. 


AMPLITUDE- 
AND  FREQUENCY- 
MODULATED 


Fig.  21.1. — Showing  the  introduction  of  amplitude  modulation  caused  by  a  tuned 
circuit  in  response  to  a  frequency-modulated  wave. 


22.  Double-tuned  Center-tapped  Discriminator  Circuit. — Many 
discriminator  circuits  may  be  designed  to  have  an  amplitude 
response  that  varies  linearly  with  changes  in  the  impressed  fre¬ 
quency.1  Figure  22.1  shows  the  type  of  detector  circuit  most 
commonly  used  in  commercial  receivers. 

1  A.  ITund,  “Frequency  Modulation, ”  pp.  195-209,  McGraw-Hill  Book 
Company,  Inc.,  1942;  J.  F.  Rider,  “Automatic  Frequency  Control  Systems,” 
pp.  20-52,  published  by  author,  1937;  F.  E.  Terman,  “Radio  Engineers’ 
Handbook,”  pp.  585-588,  654-656,  McGraw-Hill  Book  Company,  Inc.,  1943. 
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The  discriminator  part  of  the  detector  circuit  comprises  the 
tuned-primary  tuned-secondary  transformer  together  with  the 
capacitor  C  connecting  the  ungrounded  side  of  the  primary  coil  to 
the  center  tap  on  the  secondary  coil.  The  capacitors  C ,  C 3,  C±,  C5 


Fig.  22.1. — Double-tuned,  center-tapped  discriminator  circuit. 


are  large  enough  to  have  negligible  reactance  to  the  frequency- 
modulated  wave.  Both  primary  and  secondary  coils  are  tuned 
to  the  carrier  frequency. 

At  the  carrier  frequency  the  voltage  E2  is  practically  in  quadra¬ 
ture  with  the  voltage  E\.  The 
dissipation  being  assumed  to  be 
small,  the  inductance  of  the 
primary  coil  causes  the  current 
I li  to  lag  by  90°  the  voltage  E i 
developed  across  the  primary, 
Fig.  22.2.  The  emf  induced  in 
the  secondary  coil  is  —juMI x. 
The  circulating  current  J2  in  the 
secondary  is  in  phase  with  the 
induced  emf  since  the  circuit  is 
in  resonance.  The  external 
voltage  E 2  across  the  secondary 
will  be  the  voltage  drop  across 
the  capacitor  C2.  The  diode 
currents  being  neglected,  E2 
lags  by  90°  the  current  through 
the  capacitor  C2.  The  over-all  result  is  that  E2  leads  Ex  by  90°,  Fig. 
22.2. 

At  a  frequency  higher  than  the  resonant  frequency,  the  current 
IL1  still  lags  Ei  by  90°  (since  the  primary  coil  remains  inductive). 


Fig.  22.2. — Phase  relationships  in  the 
discriminator  circuit  of  Fig.  22.1.  Posi¬ 
tion  of  E 2  at  resonance  given  by  solid 
line;  at  a  higher  frequency,  by  the  dashed 
line;  at  a  lower  frequency,  by  the  dot- 
dash  line. 
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and  the  induced  emf  —joMh  remains  the  same  in  phase.  The 
magnitude  may  change;  the  purpose  of  Fig.  22.2  is  to  show  the 
phase  relationships,  the  changes  in  amplitudes  being  neglected. 
The  secondary  circuit  presents  an  inductive  reactance  to  the  induced 
emf  since  the  reactance  of  the  coil  has  increased  in  magnitude  and 
the  reactance  of  C2  has  decreased  in  magnitude.  Hence  the  current 
1 2  lags  the  induced  emf  as  shown  by  the  dashed  line,  Fig.  22.2. 
The  1 2X2  drop  across  C2  is  the  E 2  indicated  by  the  dashed  line,  Fig. 
22.2.  Hence  the  voltage  E2  now  leads  E 1  by  less  than  90°.  At  a 
frequency  less  than  the  resonant  or  carrier  frequency,  E2  will  lead 
Ei  by  more  than  90°  as  shown  by  the  dot-dash  line,  Fig.  22.2. 


Fig.  22.3. — Showing  changes  in  r-f  voltages  Em  and  Ed 2  impressed  on  diodes  1  and  2 
as  the  impressed  frequency  changes. 

The  r-f  voltage  impressed  on  diode  1,  Fig.  22.1,  is  E\  plus  half 
of  E 2,  or  Ei  plus  the  voltage  EDA.  This  addition  is  effected  by  the 
capacitor  C ,  which  places  the  center  tap  of  the  secondary  at  the 
same  r-f  potential  as  the  plate  terminal  of  the  primary  coil.  Sim¬ 
ilarly,  the  r-f  voltage  impressed  on  diode  2  is  Ei  plus  the  voltage 
Edb ,  or  Ei  minus  half  of  E 2.  The  additions  are  indicated  in  Fig. 
22.3,  where  the  r-f  voltages  impressed  on  diodes  1  and  2  are  indicated 
by  EDi  and  E  D2- 

At  resonance,  the  r-f  voltages  impressed  on  diodes  1  and  2  are 
equal.  As  a  result,  the  d-c  voltages  developed  across  the  equal 
resistors  R$  and  R±  are  equal,  and  the  output  voltage  between 
F  and  G,  Fig.  22.1  is  zero.  The  radio-frequency  choke  coil  RFC 
provides  the  d-c  return  path  for  the  rectified  currents  flowing 
through  and  R±.  R2  and  are  commonly  0.5  to  1  megohm 
each.  The  choke  coil  is  replaced  sometimes  by  a  resistor  of  about 
50,000  ohms  to  save  the  expense  of  a  coil. 
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When  the  impressed  frequency  increases  to  a  value  above  reso¬ 
nance,  the  r-f  voltage  impressed  on  diode  1  increases,  Fig.  22.36, 
and  the  rectified  voltage  across  Rs  increases,  Fig.  22.1.  Simul¬ 
taneously,  the  r-f  voltage  impressed  on  diode  2  decreases,  Fig. 
22.36,  and  the  rectified  voltage  across  R 4,  Fig.  22.1,  decreases.  The 
net  result  is  an  output  voltage  of  positive  polarity,  point  F  being 
positive  with  respect  to  ground. 

When  the  impressed  frequency  decreases  to  a  value  below  reso¬ 
nance,  the  voltage  impressed  on  diode  1  decreases  and  that  impressed 
on  diode  2  increases,  Fig.  22.3c.  The  rectified  voltage  across  Rs 
decreases,  that  across  Ra  increases,  and  there  is  a  negative  output 
voltage,  Fig.  22.1,  point  F  being  negative  with  respect  to  ground. 


Fig.  22.4. — Relationship  between  ep<?,  neglecting  r-f  ripple,  and  the  frequency  devia¬ 
tion  A /  for  the  detector  circuit  of  Fig.  22.1. 

As  the  frequency  swings  above  and  below  resonance,  the  poten¬ 
tial  of  point  F  swings  positive  and  negative  with  respect  to  ground 
G.  By  suitable  design,  the  potential  of  point  F  may  be  made  to 
vary  linearly  with  variations  in  the  input  frequency  over  a  range 
above  and  below  the  resonant  frequency,  Fig.  22.4.  The  central 
portion  of  the  curve  of  Fig.  22.4  may  be  given  an  opposite  slope  by 
reversing  the  polarity  of  the  secondary  coil  of  Fig.  22.1. 

Discriminator  circuits  are  used  not  only  in  detection  but  in 
automatic  frequency-control  systems  as  well.  The  output  voltage 
of  the  circuit  of  Fig.  22.1  may  be  used  as  a  control  voltage  to  actuate 
a  frequency-correcting  device  whose  object  is  to  maintain  that 
frequency  to  which  the  frequency-detector  circuit  has  a  null  reponse. 
Such  automatic  frequency-control  systems  are  employed  in  both 
transmitting  and  receiving  apparatus. 


CHAPTER  XXII 

TEST  INSTRUMENTS 


Test  instruments  are  used  mainly  to  cheek  the  operation  of 
equipment  and  to  locate  trouble.  They  are  portable,  or  at  least 
not  permanently  attached  to  the  equipment,  and  usually  give  a 
quick  reading  of  moderate  accuracy.  Two  general  types  of  meas¬ 
urements  are  made.  One  consists  of  the  checking  of  circuit  ele¬ 
ments  and  of  fixed  voltages  and  currents,  and  the  other  involves 
following  through  the  circuit  a  signal  that  may  be  self-generated  or 
supplied  by  an  external  generator. 

1.  Direct-current  Ammeters. — The  moving-coil  galvanometer 
forms  the  basis  for  most  direct-current  measuring  devices.  On 
the  assumption  that  it  possesses  the  necessary  ruggedness  and 
quick  response,  the  most  important  characteristic  of  a  galvanom¬ 
eter  is  its  sensitivity,  or  the  deflection  per  unit  current  through  it. 
If  the  terminals  of  the  moving  coil  are  shunted  by  a  low  resistance, 
its  current-measuring  capacity  is  increased,  as  the  current  through 
the  coil  is  then  a  fixed  fraction  of  the  total  current.  Such  an  instru¬ 
ment  is  known  as  an  ammeter.  It  is  always  placed  in  series  with 
the  conductor  through  which  the  current  flows.  Its  resistance 
must  be  small  in  comparison  with  the  rest  of  the  circuit  so  that  its 
insertion  does  not  materially  affect  the  value  of  the  current. 

Although  the  electric  circuits  of  an  ammeter  are  generally 
insulated  from  the  case,  it  is  advisable  to  insert  an  ammeter  at  a 
point  as  near  ground  potential  as  possible  in  order  to  reduce  the 
danger  of  insulation  breakdown  and  injury  to  the  operator.  This 
also  reduces  the  shunting  effect  of  the  capacitance  of  the  meter  to 
ground,  which  is  important  if  high-frequency  components  are 
present.  Owing  to  its  low  resistance  an  ammeter  and  the  equip¬ 
ment  being  tested  may  be  seriously  damaged  if  the  ammeter  is  incor¬ 
rectly  placed  in  a  circuit. 

2.  Direct-current  Voltmeters. — A  d-c  voltmeter  consists  of  a 
galvanometer  in  series  -with  a  high  resistance.  The  current  through 
it  and  its  deflection  are  proportional  to  the  impressed  voltage. 
Voltmeters  are  commonly  described  by  stating  the  ratio  of  the 
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resistance  of  the  instrument  to  its  full-scale  reading  in  volts.  This 
is  known  as  the  “ohms/volt”  ratio  of  the  instrument,  and  its 
reciprocal  is  the  current  in  amperes  required  for  full-scale  deflection. 
Voltmeters  in  common  use  have  ohms/volt  ratios  from  100  to 
25,000  corresponding  to  full-scale  currents  of  from  10  ma  to  40  ma. 

The  smaller  the  current  drain  from  the  source,  the  smaller  the 
change  in  voltage  caused  by  the  addition  of  the  voltmeter  to  the 
circuit.  For  reasonable  accuracy  it  is  necessary  that  the  volt¬ 
meter  resistance  be  large  in  comparison  with  the  internal  resistance 
of  the  equivalent  generator1  to  which  it  is  applied.  The  internal 
resistance  of  most  direct-current  power  supplies  is  small  enough  so 
that  voltmeters  with  relatively  low  ohms/volt  ratings  can  be  used 
to  measure  their  voltage.  The  working  d-c  potentials  of  tube 
electrodes,  however,  are  commonly  maintained  through  high- 
resistance  circuits.  In  measuring  such  potentials  it  is  important 
to  consider  the  effect  of  the  added  current  drain  due  to  the  meter 
in  interpreting  the  reading,  even  with  voltmeters  of  the  highest 
resistance.  The  d-c  vacuum-tube  voltmeter,  which  has  a  greatly 
increased  ohms/volt  rating,  allows  many  electrode  potentials  to  be 
measured  with  reasonable  accuracy. 

3.  Ohmmeters. — The  ohmmeter  is  a  most  versatile  and  important 
test  instrument.  Its  use  ranges  from  simple  checks  on  circuit  con- 


<a)  (b) 

Fig.  3.1. — Seriea-type  ohmmeter  circuit. 


tinuity  to  measurements  upon  inductors  and  capacitors.  It  com¬ 
pares  an  external  unknown  resistance  with  an  internal  standard. 
The  circuit  of  Fig.  3.1a  illustrates  one  form  of  the  instrument. 
With  the  probes  at  the  left  open  (infinite  resistance) ,  the  pointer  of 
the  instrument  is  mechanically  adjusted  to  the  oo  mark.  With  the 
probes  shorted  (zero  resistance),  the  full-scale  deflection  is  (elec¬ 
trically)  adjusted  to  the  zero  mark  by  means  of  the  variable  series 
resistor,  Fig.  3.16.  Any  conductor  has  a  resistance  between  these 
values  and  a  corresponding  intermediate  galvanometer  deflection. 
Changes  in  battery  resistance  and  voltage  are  compensated  to  a 

1  A  source  of  potential  may  be  regarded  as  a  generator  having  an  equivalent 
open-circuit  voltage  and  an  equivalent  internal  resistance. 
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large  extent  by  the  variable-resistance  adjustment  made  with  the 
leads  shorted.  In  other  circuits  this  zero  adjustment  may  be 
effected  by  a  variable  resistance  shunted  across  the  meter.  The 
scale  markings  of  the  instrument  are  spaced  widely  enough  to  be 
useful  only  for  a  limited  range  of  resistances  for  any  one  value  of 
circuit  resistance.  To  cover  a  wide  range  of  resistances  several 
scales  with  different  values  of  internal  series  resistances  and  galva¬ 
nometer  shunts  must  be  employed.  This  may  be  accomplished  by  a 
switching  arrangement,  Fig.  3.2a.  The  highest  resistance  that  can 
be  measured  depends  upon  the  sensitivity  of  the  galvanometer 
movement.  By  the  use  of  an  external  series  battery  and  standard 
resistor,  this  range  can  be  extended. 

_ nd 

SWITCH 

(a)  (b) 

Fig.  3.2. — (a)  Multirange  and  ( b )  shunt-type  ohmmeters. 

A  circuit  that  is  more  satisfactory  for  the  measurement  of  low 
resistances  places  the  unknown  resistance  as  a  shunt  across  the 
indicating  galvanometer,  Fig.  3.26.  Here  the  full-scale  deflection 
is  adjusted  to  <»  with  the  probes  open,  and  the  zero  adjustment,  if 
necessary,  is  made  with  the  probes  shorted. 

The  ohmmeter  should  never  be  used  on  equipment  while  the 
power  is  on.  External  voltage  across  the  unknown  resistor  not 
only  makes  the  reading  inaccurate  but  may  ruin  the  meter.  The 
power  should  be  turned  off  and  any  filter  capacitors  discharged 
before  measurements  are  made.  The  leads  should  never  be  left 
shorted  in  the  series-type  instrument,  and  the  switch  should  always 
be  left  open  in  the  shunt-type  circuit,  Fig.  3.26,  to  prevent  the  bat¬ 
tery  from  being  run  down. 

When  the  ohmmeter  of  Fig.  3.1a  is  connected  across  a  capaci¬ 
tor,  the  ballistic  throw  of  the  meter  due  to  the  charging  current 
is  proportional  to  the  capacitance.  This  measurement  is  suitable 
only  for  large  values  of  capacitance,  but  its  sensitivity  can  be 
increased  by  using  an  external  series  battery.  Comparison  with 
the  throw  obtained  from  a  known  capacitor  enables  the  reading  to 
be  interpreted. 

In  checking  equipment  it  is  seldom  that  the  magnitude  of  a 
capacitor  is  questioned.  The  information  generally  desired  is 
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whether  the  capacitor  is  open-  or  short-circuited  or  whether  its  insu¬ 
lation  resistance  is  low.  If  the  capacitance  is  large  enough,  the 
charging  kick  when  an  ohmmeter  is  applied  gives  an  indication  that 
there  is  no  open  circuit.  The  insulation  resistance  of  a  paper 
capacitor  can  be  measured  by  a  sufficiently  sensitive  ohmmeter  and 
should  seldom  be  lower  than  50  megohms.  A  simple  check  on  the 
insulation  of  a  paper  capacitor  is  to  charge  it  by  application  of  the 
ohmmeter  probes  and  then  upon  quick  reversal  of  the  probes  note 
the  extent  of  the  ballistic  throw  of  the  meter  upon  discharge.  By 
changing  the  length  of  time  between  charge  and  discharge  a  rough 
indication  is  obtained  of  the  leakage  current  through  the  capacitor. 

The  leakage  resistance  of  an  electrolytic  capacitor  is  much  lower 
than  that  of  a  paper  capacitor  and  depends  upon  the  capacitance 
and  voltage  rating.  The  resistance  value  indicated  by  an  ohmmeter 
depends  upon  the  voltage  of  its  internal  battery  and  is  useful  mainly 
for  comparative  purposes.  The  reading  obtained  depends  upon  the 
polarity  of  the  probes.  With  a  multipurpose  ohmmeter- voltmeter 
the  polarity  marked  does  not  always  agree  with  the  actual  polarity 
of  the  probe  voltage.  In  case  of  doubt,  readings  should  be  made 
with  both  probe  polarities  and  the  higher  resistance  value  taken  as 
correct. 

In  tests  on  an  inductor  or  transformer,  the  ohmmeter  gives 
immediate  information  as  to  whether  there  is  an  open-  or  short- 
circuit  or  a  low  insulation  resistance  to  ground.  It  may  also  serve 
to  give  an  indication  of  shorted  turns  if  the  winding  resistance  is 
much  lower  than  its  rated  value.  While  resistors  vary  widely 
from  the  value  indicated  ( +  10  per  cent  is  a  common  tolerance),  coils 
are  apt  to  have  a  much  smaller  variation  in  d-c  resistance,  owing 
to  their  method  of  manufacture.  A  center-tapped  winding,  how¬ 
ever,  may  have  unequal  resistances  on  either  side  of  the  tap, 
since  the  outer  part  of  a  coil  has  a  greater  length  of  wire  for  the 
same  number  of  turns. 

A  routine  check  for  trouble  may  be  expedited  by  a  rapid 
survey  of  the  resistance  to  ground  of  several  points  in  the  circuit, 
selected  on  the  basis  of  their  importance  and  accessibility.  Sus¬ 
pected  elements  then  can  be  examined  individually.  The  circuit 
diagram  must  be  kept  in  mind  in  interpreting  ohmmeter  readings, 
with  the  possibility  of  parallel  circuits  always  considered.  As 
far  as  possible,  measurements  should  be  made  from  terminal  to 
terminal  to  avoid  the  possibility  of  overlooking  a  poorly  soldered 
connection. 
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4.  Tube  Testers. — Most  common  types  of  tube  testers  check 
only  the  emission  of  the  tube,  although  provisions  are  generally 
made  to  test  for  short  circuits  or  low-resistance  leakage  paths 
between  elements.  More  expensive  instruments  give  an  indication 
of  the  control  of  the  grid  voltage  on  the  plate  current  and  thus 
serve  to  measure  something  associated  with  the  transconductance 
of  the  tube. 

Most  of  the  complexity  of  the  instrument  is  due  to  the  necessity 
for  providing  sockets  and  suitable  polarizing  voltages  (though  not 
necessarily  the  manufacturers’  recommended  operating  values)  for 
the  wide  variety  of  tubes  in  use.  Obviously,  such  rudimentary 
measurements  can  serve  mainly  to  detect  a  bad  tube  but  will  not 
ensure  the  correct  performance  of  all  the  wide  variety  of  functions 
for  which  the  tube  may  be  used.  The  final  test  is  its  functioning  in 
the  circuit,  and  the  simplest  check  is  to  replace  it  by  one  or  more 
tubes  of  presumably  correct  characteristics. 

5.  A-c  Voltmeters  and  Ammeters. — The  a-c  voltmeters  em¬ 
ployed  in  power  work  at  60  cps  find  little  use  in  communication 


Fig.  5.1.  Rectifier  units  employed  for  a-c  measurements. 


circuits  except  to  measure  power-supply  and  heater  voltages.  This 
is  due  both  to  their  low  ohms/volt  ratio  and  the  limited  range  of 
frequency  over  which  their  calibration  holds.  In  their  place, 
rectifier  voltmeters  are  commonly  used.  These  may  be  designed 
to  have  ohms/volt  ratios  of  the  order  of  1,000  and  a  constant 
sensitivity  at  frequencies  up  to  several  thousand  cycles/second. 

Such  instruments  employ  a  copper  oxide  or  similar  rectifier  unit 
or  units,  a  series  resistor,  and  a  d-c  galvanometer  movement.  The 
rectifier  unit  consists  of  a  semiconducting  layer  formed  on  a  metal 
backing  and  another  metal  plate  making  contact  with  the  surface 
of  the  semiconducting  layer,  Fig.  5.1a.  The  contact  condition 
between  the  metal  backing  and  the  semiconducting  layer  is  such 
that  current  flows  through  the  unit  in  one  direction  more  readily 
than  in  the  other.  The  thin,  partly  insulating  layer  also  forms  the 
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dielectric  of  a  capacitor  whose  capacitance  depends  upon  the  area  of 
the  plates.  At  high  frequencies  this  capacitance  in  effect  by-passes 
the  rectifying  contact,  reducing  the  rectified  direct  current  and  the 
output  reading.  By  reducing  the  area  of  the  plates  it  is  possible 
to  increase  the  frequency  range  over  which  the  response  of  the 
indicating  instrument  is  uniform.  Crystal  detectors  in  which  the 
contact  area  is  greatly  reduced  are  useful  at  very  high  radio  fre¬ 
quencies.  Rectifier-type  instruments  are  usable  down  to  very  low 
frequencies.  If  the  voltage  to  be  measured  has  a  d-c  component, 
this  must  be  removed  by  a  series  capacitor  in  the  input,  generally 
available  at  a  third  input  terminal,  Fig.  5.1c.  When  this  input  is 
used,  the  lower  frequency  limit  is  determined  by  the  ratio  of  the 
impedance  of  the  blocking  capacitor  to  that  of  the  meter  circuit. 

A  rectifier  circuit  used  for  measurement  purposes  is  shown  in 
Fig.  5.16.  During  the  half  cycle  when  the  upper  terminal  is  posi¬ 
tive,  the  galvanometer  is  partly  shorted  by  the  conducting  parallel 
rectifier  unit  so  that  a  negligible  current  flows  through  it  and  its 
blocking  series  unit.  During  the  other  half  cycle  the  series  oxide 
unit  conducts  the  current  through  the  galvanometer,  and  the 
parallel  unit  is  effectively  open.  Other  standard  rectifier  arrange¬ 
ments  are  also  used.  In  Fig.  5.  lc  a  full- wave  copper-oxide  rectifier 
circuit  is  combined  with  a  load  resistor  and  becomes  an  output 
meter,  a  device  that  absorbs  and  measures  the  power  output  of  an 
amplifier  or  oscillator.  The  amplifier  output  is  fed  into  the  load 
resistor  within  the  output  meter  and  the  power  evaluated  in  terms 
of  the  voltage  developed  across  it.  The  load  resistance  frequently 
is  variable  to  enable  the  determination  of  the  resistance  for  best 
matching  conditions.  For  one  particular  value  of  the  load  (fre¬ 
quently  600  ohms)  the  scale  of  the  instrument  may  be  calibrated 
directly  in  decibels  output  with  respect  to  a  zero-decibel  level  of 
arbitrary  value. 

A  cathode-ray  oscillograph  can  be  used  to  give  an  approximate 
measure  of  an  a-c  voltage.  The  length  of  the  vertical  trace  on  the 
screen  can  be  compared  with  one  produced  by  a  known  voltage. 
Its  particular  advantage  is  its  large  input  impedance  and  the  high 
sensitivity  obtainable  due  to  its  amplifiers.  Direct  connection  to 
the  deflecting  plates  of  a  cathode-ray  oscillograph  allows  a  simultane¬ 
ous  measurement  of  d-c  and  a-c  components  and  extends  greatly 
the  useful  frequency  range. 

In  measuring  alternating  currents  it  is  important  that  the  meter 
introduced  in  the  circuit  have  a  minimum  series  impedance  and  a 
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minimum  shunting  admittance  to  ground.  This  may  be  attained 
by  introducing  a  short,  straight,  thin  wire  in  series  with  the  circuit. 
This  wire  is  heated  by  the  alternating  current,  and  a  fine-wire 
thermocouple  attached  to  its  mid-point  generates  a  direct  voltage 
determined  by  the  heater  temperature  and  therefore  by  the  a-c 
current.  The  millivoltmeter  that  reads  the  d-c  thermocouple 
voltage  may  be  calibrated  in  rms  units  by  sending  known  d-c  or 
low-frequency  a-c  current  through  the  heater.  A  simple  instrument 
of  this  sort  combines  heater,  junction,  and  millivoltmeter  in  one 
container. 

Greater  accuracy  and  stability  can  be  obtained  if  the  heater  and 
junction  are  mounted  in  a  small  evacuated  glass  envelope.  This 
removes  the  uncertain  effects  of  heat  losses  due  to  air  and  its  motion. 
The  temperature  of  the  heater  is  increased  and  made  more  constant 
for  a  given  heating  current.  This  vacuum  thermocouple  unit 
can  be  enclosed  in  the  millivoltmeter  box  or  mounted  in  a  smaller 
external  unit  to  allow  its  insertion  directly  in  the  circuit  with  a 
minimum  length  of  leads  carrying  the  current  to  be  measured. 

When  properly  calibrated,  the  thermocouple  type  of  instrument 
gives  the  rms  value  of  the  current  for  any  waveform,  as  the  heating 
effect  varies  with  the  average  of  the  square  of  the  instantaneous 
current.  It  may  be  used  with  accuracy  at  radio  frequencies  if 
proper  precautions  are  taken.  The  reading  will  be  altered  by  the 
skin  effect  due  to  the  change  in  heater  resistance.  Therefore,  as 
the  frequency  range  is  increased,  the  diameter  of  the  wire  must  be 
decreased.  The  consequent  reduction  in  current-carrying  capacity 
makes  it  difficult  to  measure  large  currents  at  radio  frequencies  by 
thermocouple  methods. 

One  disadvantage  of  the  vacuum  thermocouple  unit  is  its  small 
overload  capacity.  The  wire  may  be  heated  in  normal  use  near  its 
safe  limit,  and  relatively  small  increases  above  this  value  may  cause 
the  couple  to  burn  out.  If  such  a  burnt-out  couple  is  part  of  a 
calibrated  meter,  the  whole  instrument  frequently  must  be  returned 
to  the  manufacturer  for  recalibration.  Therefore,  it  is  important 
to  watch  the  meter  carefully  in  making  adjustments,  particularly 
in  resonant  circuits. 

VACUUM-TUBE  VOLTMETERS 

The  combination  of  an  input  circuit  containing  one  or  more 
vacuum  tubes  with  a  conventional  galvanometer  movement  con¬ 
stitutes  a  vacuum-tube  voltmeter  (VTVM),  an  instrument  of 
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greatly  increased  input  resistance  and  sensitivity  as  compared  with 
a  simple  indicating  instrument.  A  wide  variety  of  such  circuits 
have  been  evolved  for  both  a-c  and  d-c  measurements,1  each  having 
special  features  and  limitations.  The  discussion  here  is  restricted 
to  circuits  employed  in  commonly  used  test  instruments. 

6.  D-c  Measurements. — So  long  as  the  input  grid  of  a  vacuum 
tube  is  held  negative,  the  current  drawn  by  it  is  extremely  small, 
being  due  mainly  to  leakage  over  the  surface  of  the  insulation  and 
the  collection  of  electrons  or  positive  ions  by  the  grid.  The  electron 
current  is  reduced  by  making  the  grid  sufficiently  negative,  and  the 
positive-ion  current,  due  to  ionization  of  the  residual  gas  by  the 
electron  current  to  the  plate,  may  be  decreased  by  lowering  the 


Fig.  6.1. — Simple  d-c  A'-acuum-tube  voltmeter  circuit  related  to  the  %  —  ec-charac- 
teristic  curve  of  the  tube. 

plate  voltage.  The  input  grid  resistance  of  conventional  tubes  is 
sufficiently  high  to  make  possible  d-c  vacuum-tube  voltmeters 
having  ohms/ volt  ratings  of  many  megohms.  Specially  designed 
tubes  are  available  that  yield  even  higher  values.  The  relatively 
large  change  of  plate  current  in  vacuum  tubes  for  small  changes  in 
grid  potential  (a  property  measured  by  the  transconductance  of 
the  tube)  makes  possible  an  instrument  of  great  sensitivity  while 
retaining  the  ruggedness  and  quick  response  of  the  relatively  insensi¬ 
tive  galvanometer  movement.  However,  in  low-resistance  circuits 
where  the  unusual  characteristics  of  a  vacuum-tube  voltmeter  are 
not  required,  conventional  instruments  will  be  found  more  con¬ 
venient  and  in  general  more  accurate. 

The  simple  circuit  of  Fig.  6.1a  serves  to  illustrate  some  of  the 

1  H.  J.  Reich,  “Theory  and  Application  of  Electron  Tubes,”  2d  ed.,  Chap. 
XV,  McGraw-Hill  Book  Company,  Inc.,  1944;  F.  E.  Terman,  “Radio  Engi¬ 
neers’  Handbook,”  p.  929,  McGraw-Hill  Book  Company,  Inc,,  1943;  J.  F. 
Rider.  “Vacuum  Tube  Voltmeters,”  published  by  author,  1941. 
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problems  involved  in  d-c  vacuum-tube  voltmeters.  If  the  control 
grid  is  biased  to  cutoff,  as  at  point  A,  Fig.  6.15,  a  positive  increment 
in  grid  voltage  (Aec)  produces  a  corresponding  increase  of  plate  cur¬ 
rent  (A ib).  The  resulting  voltage  scale  on  the  meter  would  not  be 
linear,  however,  owing  to  the  curved  ib-ec  characteristic.  If  the 
grid  is  biased  at  B  in  the  linear  portion  of  the  characteristic,  equal 
increments  in  grid  voltage  would  give  equal  increments  in  plate 
current,  but  they  are  superimposed  on  the  large  quiescent  plate 
current  and  cannot  be  measured  accurately. 

Several  circuits  make  it  possible  to  balance  out  the  steady 
plate  current,  so  that  a  more  sensitive  meter  can  be  used  to  measure 
only  its  changes.  In  the  circuit  of  Fig.  6.2a  a  meter  is  connected 
between  a  tap  on  the  plate  battery  and  an  adjustable  contact  on  the 
plate  resistor.  With  the  grid  input  shorted  it  is  possible  to  find  a 
point  on  the  plate  resistor  whose  potential  with  respect  to  ground  is 


Fig.  6.2.— Various  circuits  for  balancing  out  the  plate  current. 

the  same  as  that  of  the  battery  tap,  and  no  current  flows  through 
the  meter.  If  a  positive  voltage  increment  now  is  applied  to  the 
grid,  most  of  the  corresponding  increase  in  plate  current  flows 
through  the  meter  if  its  resistance  is  small  compared  with  that  of  the 
plate  resistor. 

The  initial  zero  adjustment  with  the  input  terminals  shorted 
is  characteristic  of  many  vacuum-tube  voltmeters  and  allows  the 
effect  on  the  calibration  of  variable  conditions  to  be  reduced.  In 
this  particular  circuit  moving  the  tap  on  the  high-resistance  plate 
load  may  cause  an  appreciable  change  in  calibration.  This  effect 
is  reduced  in  the  circuits  of  Figs.  6.25,  c,  where  a  tap  is  provided  on  a 
relatively  low  resistance  shunt  across  the  plate  supply.  The  result 
is  a  bridge-type  circuit  in  which  the  tube  is  one  of  the  arms,  and 
the  off-balance  current  measures  the  d-c  potential  applied  at  the 
input  to  the  grid. 

The  resulting  instruments  are  extremely  sensitive,  but  their 
input-voltage  range  is  restricted,  as  the  grid  should  not  go  positive. 
The  zero  point  also  will  be  found  to  drift  continually.  This  results 
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from  the  delicate  balance  accomplished  in  the  zero  adjustment  and 
the  fact  that  circuit  changes  other  than  those  in  grid  voltage  will 
disturb  the  balance.  Slight  changes  in  temperature,  battery  volt¬ 
age,  or  emission  contribute  to  drifts  in  the  zero. 

By  the  use  of  negative  feedback  many  of  these  dificulties  can 
be  avoided.  In  Fig.  6.3a  the  degeneration  introduced  in  the  cathode 
resistor  extends  the  range  of  input  voltage  and  makes  the  grid- 
voltage-plate-current  relation  more  nearly  linear.  It  also  makes 
the  circuit  behavior  less  dependent  upon  the  tube  und  battery 
characteristics.  In  this  circuit  the  meter  deflection  may  be  adjusted 
to  a  mid-scale  zero  when  the  grid  input  is  shorted.  Both  positive 


and  negative  input  voltages  then  may  be  read  without  reversal  of 


leads.  In  Fig.  6.3&  a  similar  circuit  balances  out  the  quiescent  plate 
current  at  zero  input  voltage.  The  same  circuit  is  copied  in  Fig. 


(a)  (b)  (c) 


Fig.  6.3. — Vacuum-tube  circuits  employing  feedback. 


6.3c  in  order  to  show  more  clearly  the  potential  relations  of  the 
various  parts.  Here  each  terminal  is  positioned  vertically  on  the 
diagram  according  to  its  electric  potential  with  respect  to  ground. 
The  bleeder  across  the  power  supply  is  grounded  neai  the  center 
by  means  of  an  adjustable  tap,  and  the  control  grid  at  the  left  is 
shorted  to  ground.  Under  these  conditions,  adjustment  of  the  tap 
on  the  bleeder  by  the  “zero  adjust”  knob  allows  the  meter  current 
to  be  made  zero.  This  requires  that  the  left  terminal  of  the  meter 
be  at  the  same  potential  as  its  right  terminal  (same  height  on  the 
diagram).  If  the  short  is  removed  and  the  grid  is  raised  in  poten¬ 
tial,  as  indicated  by  the  small  arrow,  the  cathode  potential  also 
rises  slightly  and  part  of  this  rise  is  applied  to  the  left  terminal  of 
the  meter,  producing  the  current  shown.  It  is  possible  to  adjust 
the  sensitivity  for  purposes  of  calibration  or  to  obtain  various  volt¬ 
age  scales  by  changing  the  magnitude  of  the  cathode  resistor  and 
thus  changing  the  amount  of  negative  feedback.  This  is  an  advan¬ 
tage  as  it  avoids  the  necessity  of  a  voltage  divider  in  the  input  grid 
circuit. 
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Many  circuits  have  been  suggested  in  which  the  outputs  of 
two  tubes  are  balanced  against  each  other,  with  the  grid  of  one  at 
fixed  potential  and  the  signal  applied  to  the  other.  Ideally,  many 
of  the  variables  causing  drift  and  instability  thus  would  be  canceled 
out.  The  major  difficulty  with  such  circuits  has  been  in  finding 
tubes  with  sufficiently  similar  characteristics.  The  circuit  of  Fig. 
6.4  avoids  this  difficulty  by  supplying  sufficient  negative  feedback  to 
minimize  the  effect  of  tube  differences.  The  various  electrodes  and 
terminals  are  located  vertically  on  the  diagram  in  proportion  to  their 
electric  potential,  as  in  Fig.  6.3c.  With  the  control  grid  at  the  left 
shorted  to  ground,  the  circuit  has  complete  symmetry  in  each 
branch,  and  the  plates  of  the  two  tubes  should  reach  the  same 

ZERO 


Fig.  6.4. — Diagram  of  a  balanced  d-c  vacuum-tube  voltmeter.  Vertical  position  of 
elements  indicates  their  quiescent  potentials  on  scale  at  right. 

potential.  If  current  flows  in  the  microammeter  between  them 
owing  to  unequal  voltage  drops  in  the  plate  resistor,  it  can  be 
adjusted  to  zero  by  moving  the  tap  on  the  potentiometer  at  the  top 
of  the  diagram,  which  thus  serves  as  the  “zero  adjust”  control. 
If  the  shorting  link  on  the  control  grid  be  removed  and  a  positive 
voltage  increment  applied,  as  shown,  the  plate  current  will  increase. 
This  causes  the  plate  potential  of  the  left-hand  tube  to  fall  and 
the  top  of  the  common  cathode  resistor  to  rise  in  potential.  The 
negative  bias  on  the  tube  at  the  right  thus  is  increased,  and  the 
potential  of  its  plate  rises.  Both  these  changes  in  plate  voltage 
contribute  to  a  potential  difference  across  the  meter  and  produce 
a  reading  that  can  be  calibrated  in  volts.  The  calibration  can  be 
adjusted  by  varying  the  resistance  in  series  with  the  meter. 

7.  A-c  Measurements. — An  a-c  vacuum-tube  voltmeter  could 
be  based  upon  any  circuit  that  produces  a  d-c  current  or  voltage 
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related  to  the  magnitude  of  the  a-c  input  signal.  Circuits  employ¬ 
ing  triodes  or  pentodes,  with  their  large  input  grid  impedance, 
would  appear  well  suited  for  this  purpose.  Actually,  because  of 
the  difficulty  of  providing  satisfactory  detection  over  a  range  of 
voltages  and  the  problem  of  providing  constant  polarizing  voltages 
to  maintain  calibration  in  such  circuits,  the  majority  of  commercial 
instruments  use  the  simple  diode.  It  is  employed  in  a  variety  of 
circuits. 

Linear  Diode  Rectifier  Circuit. — One  of  the  simplest  vacuum-tube 
voltmeter  circuits  is  a  series  combination  of  a  high  resistance,  a 
sensitive  d-c  meter,  and  a  diode,  Fig.  7.1a.  The  operation  of  this 
circuit  is  described  in  Chap.  XXI,  Sec.  3.  It  is  referred  to  there  as  a 
linear  detector  because,  for  sufficiently  large  signal  voltage  and  series 


Fig.  7.1. — Diode  circuits  responding  to  the  average  value  of  the  positive  loop  of 
sufficiently  large  signals. 

resistance,  the  component  of  direct  current  flowing  in  the  circuit, 
and  therefore  the  meter  deflection,  is  directly  proportional  to  the 
area  under  the  positive  loop  of  the  applied  voltage  wave.  Under 
these  conditions  of  operation  the  current  wave  closely  approximates 
the  form  of  the  positive  half  of  the  applied  voltage  wave  except  for  a 
constant  scale  factor.  The  meter  deflection  therefore  has  a  response 
proportional  to  the  average  value  of  the  positive  loop  of  the  applied 
signal.  The  large  series  resistance  makes  the  action  of  the  circuit 
approach  that  of  an  ideal  rectifier  by  reducing  the  effects  of  the 
curvature  of  the  diode  characteristic  and  of  the  initial  velocity  of 
the  electrons.  It  also  reduces  the  loading  effect  of  the  circuit  on 
the  voltage  source. 

For  an  applied  signal  of  given  waveform,  generally  a  sinusoid, 
the  meter  may  be  calibrated  to  give  its  magnitude  directly.  Such 
calibration  is  conveniently  performed  at  60  cps  against  a  conventional 
a-c  meter,  and  the  vacuum-tube  voltmeter  scale  generally  is  marked  in 
rms  units.  This  60-cps  calibration  is  accurate  for  sinusoidal  voltages 
up  to  frequencies  such  that  the  series  inductance  of  the  circuit  and 
stray  shunting  capacitances  become  effective.  Shunt  capacitance 
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across  the  high  resistance  causes  the  reading  to  increase  at  high  fre¬ 
quencies.  A  compromise  must  be  reached  between  linearity  and  mini¬ 
mum  loading  on  the  one  hand  (which  are  improved  by  high  resistance) 
and  frequency  range  on  the  other  (which  is  difficult  to  obtain  with 
large  series  resistance).  At  high  radio  frequencies  and  low  values 
of  applied  voltage  the  transit  time  of  the  electrons  in  the  diode 
approaches  the  period  of  the  signal  and  causes  a  reduction  in  the 
efficiency  of  detection.  This  defect,  as  well  as  the  shunting  capaci¬ 
tance  between  the  plate  and  cathode  of  the  diode,  may  be  reduced  by 
decreasing  the  physical  dimensions  of  the  diode. 

This  simple  series  circuit  is  seldom  used  to  measure  an  alternat¬ 
ing  voltage  superimposed  on  a  direct  voltage  component,  owing  to 
difficulty  in  interpreting  the  reading.  In  the  full-wave  rectifier 
circuit  of  Fig.  7.16  a  blocking  capacitor  is  inserted,  and  only  the 


C 


(a)  (b) 

Fig.  7.2. — Series-  and  shunt-fed  diode  circuits  that,  under  proper  conditions,  respond 
to  the  peak  value  of  the  positive  loop  of  the  signal. 

a-c  component  of  the  voltage  acts  on  the  rectifier  circuit.  The 
voltage  applied  to  the  diode  circuit  then  oscillates  about  its  average 
value  with  equal  areas  above  and  below  the  zero  axis.  During 
the  positive  and  negative  halves  of  the  cycle  equal  quantities  of 
charge  flow  through  first  one  and  then  the  other  half  of  the  resistance 
connected  across  the  meter,  producing  an  average  d-c  voltage  across 
the  meter,  but  no  net  d-c  current  in  the  generator  circuit.  The 
voltage  developed  across  the  meter  is  proportional  to  the  a\^erage 
value  of  either  half  of  the  alternating  voltage  wave. 

Series-fed  RC  Diode  Circuit . — If  a  capacitor  is  placed  across  the 
resistor  and  meter  in  Fig.  7.1a,  the  circuit  of  Fig.  7.2a  is  obtained. 
If  the  capacitance  is  sufficiently  large,  Chap.  XXI,  Sec.  4,  the 
average  potential  across  the  capacitor  is  only  slightly  less  than  the 
peak  value  of  the  positive  loop  of  the  applied  voltage  wave  for  any 
waveform.  The  series  combination  of  the  large  resistance  and  the 
microammeter  constitutes  a  voltmeter  that  is  responsive  to  the  peak 
value  of  the  applied  voltage.  The  microammeter  may  be  omitted 
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and  the  voltage  across  the  RC  combination  read  by  a  d-c  vacuum- 
tube  voltmeter. 

If  the  applied  voltage  is  sinusoidal,  the  meter  reading,  which  is 
responsive  to  the  peak  or  amplitude  value,  serves  to  establish  the 
rms  value  of  the  voltage  and  the  meter  is  generally  so  calibrated. 
The  scale  is  linear  except  in  the  low-voltage  range,  where  the  small 
difference  between  the  average  value  of  the  voltage  across  the 
capacitor  and  the  peak  value  of  the  applied  voltage  is  an  appreciable 
fraction  of  the  voltage  amplitude. 

The  highest  frequency  for  which  the  calibration  holds  is  limited 
by  much  the  same  factors  as  in  the  circuit  of  Fig.  7.1a  except  that 
the  stray  capacitance  across  the  high  resistance  is  shunted  by  the 
relatively  large  capacitance  C  and  therefore  the  resistance  R  may 
be  made  quite  large.  Despite  the  presence  of  the  by-pass  capaci¬ 
tance  C  the  resistance  of  the  circuit  is  maintained  at  a  value  of 
approximately  R/2  by  the  action  of  the  series  diode,  which  conducts 
over  only  a  small  fraction  of  the  period.  The  low-frequency  limit 
of  calibration  is  set  by  the  value  of  the  time  constant  RC,  which 
should  be  large,  say  one  hundred  times  the  period  of  the  lowest 
frequency  that  is  to  be  measured  accurately.  In  general,  this  will 
be  at  least  as  low  as  60  cps  to  enable  calibration  against  standard 
meters  by  means  of  a  sinusoidal  voltage  of  this  frequency. 

It  is  often  desirable  in  vacuum-tube  circuits  to  measure  an 
alternating  component  of  voltage  superimposed  on  a  direct  com¬ 
ponent.  As  a  blocking  capacitor  cannot  be  inserted  in  the  circuit 
of  Fig.  7.2a,  the  following  modification  is  used  more  commonly 
in  vacuum-tube  voltmeters. 

Shunt-fed  RC  Diode  Circuit. — In  the  series-fed  circuit  the  large 
resistor  R  slowly  discharges  the  capacitor  C  in  the  interval  between 
the  short  charging  pulses  that  occur  when  the  diode  is  conducting. 
If  the  resistor  and  meter,  Fig.  7.2 a,  are  removed  from  their  position 
in  parallel  with  the  capacitor  to  one  in  parallel  with  the  diode, 
the  circuit  of  Fig.  7.2 b  is  obtained.  The  operation  of  the  circuit 
so  far  as  the  capacitor  is  concerned  is  not  altered  greatly.  It  still 
charges  up  to  the  peak  of  the  applied  voltage  wave  and  then  dis¬ 
charges  (chiefly  during  the  nonconducting  period  of  the  diode) 
through  R  and  the  generator.  If  the  resistance  of  the  generator  is 
small  as  compared  with  R,  the  time  constant  of  the  circuit  is 
unchanged.  The  direct  component  of  voltage  across  R  again 
approximates  the  peak  voltage  of  the  positive  loop  of  the  applied 
signal  measured  from  its  average  value.  If  a  direct  component  of 
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voltage  is  present  in  the  signal,  it  appears  across  the  blocking 
capacitor  but  not  across  R.  The  characteristics  of  the  series-fed 
circuit  are  maintained  therefore  except  that  the  direct  component 
of  an  applied  voltage  is  ignored.  In  addition  to  the  direct  compo¬ 
nent,  an  alternating  component  of  voltage  now  exists  across  R,  which 
increases  its  losses  somewhat.  The  input  resistance  of  the  circuit 
on  the  basis  of  power  considerations  is  correspondingly  decreased 
from  its  previous  value  of  R/2  to  approximately  R/3. 1 

The  operation  of  the  circuit  is  altered  in  a  fundamental  manner 
if  the  generator  resistance  Rg  is  large  in  comparison  with  R.  If, 
as  is  customary,  the  time  constant  RC  is  large  in  comparison  with 
the  period  of  the  impressed  voltage,  the  impedance  of  C  is  small  in 
comparison  with  R  and  still  smaller  in  comparison  with  the  sum  of 
Rg  and  R .  During  the  interval  when  the  diode  is  nonconducting 
the  current  through  R}  and  therefore  the  voltage  across  it,  is  a 
faithful  reproduction  of  the  impressed  voltage.  For  even  small 
positive  values  of  voltage  across  R,  and  therefore  across  the  diode, 
the  resistance  of  the  diode  drops  from  the  very  large  value  corre¬ 
sponding  to  negative  voltages  to  values  that  are  small  in  comparison 
with  R .  The  voltage  developed  across  the  combination  of  R  and 
the  diode  has  an  extremely  small  value  during  the  positive  half  of 
the  wave  as  compared  with  the  normal  values  during  the  negative 
half.  The  effect  is  to  clip  the  positive  half  of  the  wave,  approximat¬ 
ing  the  action  of  an  ideal  series  rectifier  except  that  the  voltage 
across  the  resistor  is  a  faithful  copy  of  the  negative  portion  of  the 
applied  voltage  wave.  Therefore,  when  the  generator  resistance  is 
large  compared  with  R ,  the  direct  component  of  voltage  across  R 
is  proportional  to  the  average  value  of  the  negative  loop  of  the  volt¬ 
age  applied  to  the  rectifier  circuit,  as  opposed  to  the  peak  value  of 
the  positive  loop  obtained  by  the  same  circuit  with  negligible  series 
resistance  in  the  generator. 

It  follows  that  when  a  shunt-fed  RC  diode  vacuum-tube  volt¬ 
meter,  designed  to  respond  to  the  peak  of  an  a-c  signal,  is  used  to 
measure  the  voltage  delivered  by  a  source  whose  internal  resistance 
is  of  the  same  order  of  magnitude  as  the  resistance  R  in  the  diode 
circuit,  not  only  is  the  voltage  read  on  the  vacuum-tube  voltmeter 
reduced  by  voltage  diode  action,  but  the  response  tends  to  be  pro¬ 
portional  to  the  average  value  rather  than  the  peak  value  of  the 
signal. 


1  Chap.  XXI,  Sec.  4. 
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8.  Characteristics  of  Typical  Commercial  Vacuum-tube  Volt¬ 
meters. — In  many  commercial  vacuum-tube  voltmeters  the  signal 
is  amplified  before  being  rectified  and  measured.  This  has  the 
advantage  of  preserving  a  high  input  resistance  for  the  instrument 
and  likewise  provides  a  large  diode  voltage,  which  tends  to  make  the 
meter  scale  more  nearly  linear.  The  gain  of  the  amplifier  is  gener¬ 
ally  stabilized  by  the  application  of  sufficient  negative  feedback. 
Such  vacuum-tube  voltmeters  frequently  consist  of  a  voltage- 
divider  input  unit  whose  attenuation  should  be  independent  of 


Fig.  8.1. — Ballantine  vacuum-tube  voltmeter,  model  300 A. 

frequency,  followed  by  one  or  more  stages  of  amplification  feeding 
into  a  diode  rectifier  and  meter.  Two  such  instruments  will  be 
described.  The  simplified  diagrams  are  designed  to  illustrate  the 
operation  without  regard  to  circuit  details. 

The  Ballantine  model  300A  vacuum-tube  voltmeter,  whose  block 
diagram  is  shown  in  Fig.  8.1,  has  an  input  attenuator  consisting  of 
a  resistance- capacitance  network  whose  sections  have  equal  time 
constants  so  that  the  voltage-divider  action  is  independent  of  fre¬ 
quency  over  a  wide  range.  Rectification  occurs  in  a  shunt-fed 


FEEDBACK 

Fig.  8.2. — Hewlett-Packard  vacuum-tube  voltmeter,  model  400A. 

diode  circuit,  the  indications  of  the  instrument  being  approximately 
proportional  to  the  average  of  the  (positive)  half  of  the  applied  alter¬ 
nating  voltage  to  the  input  terminals.  The  pole  pieces  of  the  meter 
are  so  shaped  as  to  give  a  deflection  that  is  approximately  propor¬ 
tional  to  the  logarithm  of  the  current  through  it.  This  allows  a 
nearly  linear  decibel  scale  to  be  added  to  the  voltage  scale. 

In  the  Hewlett-Packard  model  400A  vacuum-tube  voltmeter 
whose  block  diagram  is  shown  in  Fig.  8.2,  the  input  voltage  is 
applied  to  a  two-step  compensated  voltage  divider  that  drives  a 
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cathode  follower  stage  having  voltage  taps  on  the  cathode  resistor. 
As  the  resistor  is  of  comparatively  low  resistance,  it  needs  little 
frequency  compensation.  The  rectification  is  accomplished  in  a 
full- wave  diode  circuit  similar  to  that  of  Fig.  7.16.  The  meter 
deflections  are  proportional  therefore  to  the  average  value  resulting 
from  full-wave  rectification  of  the  alternating  component  of  the 
applied  voltage. 

,  In  making  voltage  measurements  in  high-impedance  circuits  the 
leads  to  the  vacuum-tube  voltmeter  may  pick  up  enough  stray 
voltage  to  affect  the  reading.  Shielding  them  adds  to  the  input 
capacitance  to  ground  and  produces  additional  loading  at  high 


Fig.  8.3. — Probe-type  vacuum-tube  voltmeters:  (a)  RCA  design;  (b)  General 
Radio  Company’s  type  726A.  Later  models  of  the  General  Radio  type  726A  volt¬ 
meter  have  60  megohms  in  shunt  and  12  megohms  in  series. 

frequencies.  They  should  be  therefore  as  short  as  possible.  The 
length  of  the  high-frequency  leads  can  be  greatly  reduced  if  the 
rectifying  unit  is  brought  directly  in  contact  with  the  source  ter¬ 
minals.  This  can  be  accomplished  by  the  use  of  a  miniature  tube, 
which  can  be  mounted  in  a  probe  at  the  end  of  a  cable  that  connects 
the  tube  to  the  indicating  equipment.  The  reduced  interelectrode 
capacitances  of  such  a  small  tube  further  decreases  the  shunting 
capacitance. 

The  circuit  of  Fig.  8.3a  has  been  suggested  by  RCA.  An  acorn 
pentode  connected  as  a  triode  operates  in  a  nonlinear  region  of  its 
(triode)  characteristics.  The  no-signal  plate  current  is  balanced  out, 
and  the  meter  reads  only  the  change  of  d-c  plate  current  due  to  the 
applied  voltage.  The  r-f  current  is  confined  to  the  probe  (enclosed 
by  dashed  lines),  and  only  d-c  and  low-frequency  currents  circulate 
in  the  other  wires,  which  are  collected  in  a  shielded  cable  going  to 
the  power-supply  and  meter  cabinet.  Change  in  range  is  accom¬ 
plished  by  varying  the  feedback  in  the  cathode  circuit.  If  the  signal 
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source  generates  a  d-c  component  or  does  not  have  d-c  continuity, 
an  external  blocking  capacitor  and  grid  resistor  should  be  added. 

An  acorn  triode  connected  as  a  diode  is  used  in  the  probe  circuit 
of  Fig.  8.3 b  employed  in  the  General  Radio  type  726A  vacuum-tube 
voltmeter.  The  shunt-fed  diode-resistor  combination  functions  as 
a  peak-response  rectifier.  The  10-megohm  resistor  in  the  probe 
and  the  capacitor  in  the  control  box  serve  as  an  r-f  filter.  The 
d-c  voltage  across  this  capacitor  is  practically  equal  to  the  peak 
value  of  the  positive  loop  of  the  applied  a-c  voltage.  This  voltage 
is  read  by  a  one-tube  d-c  vacuum-tube  voltmeter  similar  to  that  of 
Fig.  6.36.  The  lower  input  lead  is  not  grounded  directly  but  is 
connected  to  ground  by  a  0.02-/xf  capacitor  in  parallel  with  a 
10-megohn  resistor.  The  case  and  shielded  cable  then  can  be 
grounded  even  when  the  lower  input  terminal  is  at  a  potential  other 
than  ground. 

9.  Interpretation  of  Vacuum-tube  Voltmeter  Reading  for  Non- 
sinusoidal  Waves. — In  the  vacuum-tube  voltmeters  described  the 
meter  deflection  in  general  is  proportional  to  the  average  or  peak 
value  of  either  the  positive  or  negative  loop  of  the  applied  wave. 
Under  some  conditions  of  operation  or  for  some  circuits  (for  example, 
that  of  Fig.  8.3a)  the  meter  response  is  not  related  in  so  simple  a 
fashion  to  the  waveform.  Indeed,  the  relation  may  be  too  compli¬ 
cated  to  describe  usefully  and  may  vary  with  the  amplitude  of  the 
impressed  voltage.  Regardless  of  the  characteristic  of  the  wave 
to  which  the  meter  responds,  the  scales  of  most  vacuum-tube 
voltmeters  are  calibrated  in  rms  volts  by  the  application  of  pure 
sinusoidal  waves  of  known  magnitudes.  For  such  instruments  it  is 
immaterial  what  property  of  the  wave  excites  the  indicating  meter 
so  long  as  the  voltage  applied  to  the  vacuum-tube  voltmeter  is 
sinusoidal  and  its  frequency  lies  within  the  proper  range. 

If  the  waveform  is  not  sinusoidal,  the  readings  in  general  do  not 
give  the  true  rms  value  of  the  wave  and  their  proper  interpretation 
requires  not  only  a  knowledge  of  the  waveform  but  also  the  exact 
specification  of  how  the  meter  reading  depends  upon  the  character¬ 
istics  of  the  wave.  Such  nonsinusoidal  waves  are  of  increasing 
importance  in  modern  electronic  circuits.  The  departure  from  a 
sinusoid  may  be  small  owing  to  the  presence  of  a  small  harmonic 
content,  or  it  may  be  great  as  in  saw-tooth  or  square  waves  or 
repeated  pulses  of  various  shapes.  If  it  is  desired  to  obtain  the  true 
rms  value  of  such  a  waveform  in  order  to  determine,  say,  the 
heating  effect  in  a  given  resistance,  it  is  necessary  to  calculate  the 
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relation  between  the  true  rms  value  and  the  scale  reading  based  on 
a  sinusoidal  calibration. 

For  instruments  whose  response  is  accurately  proportional  to 
the  average  or  peak  value  of  an  applied  wave,  it  is  possible  to  calcu¬ 
late  a  correction  factor  K  by  which  the  scale  reading  must  be 
multiplied  to  obtain  the  true  rms  value  of  a  nonsinusoidal  voltage. 


Fig.  9.1. — Various  waveforms  and  their  correction  factors  for  average-value  and 

peak-value  voltmeters. 

The  process  of  calibration  of  the  vacuum-tube  voltmeter  in  rms 
units  against  a  given  sinusoidal  voltage  may  be  thought  of  as 
equivalent  to  multiplying  the  direct-voltage  scale  of  the  d-c  meter 
by  a  calibration  factor  equal  to  the  true  rms  value  of  the  sinusoid 
divided  by  the  direct  voltage  that  it  develops  in  the  vacuum-tube- 
voltmeter  circuit.  The  meter  could  be  calibrated  as  well  directly 
in  terms  of  a  nonsinusoid  of  known  magnitude  if  it  were  desired  to 
measure  only  rms  values  of  the  nonsinusoid  in  question.  In  this 
case  the  calibration  factor  as  before  is  equal  to  the  rms  value  of 
the  nonsinusoid  divided  by  the  direct  voltage  it  produces  in  the 
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circuit.  However,  when  the  nonsinusoid  is  applied  to  an  instru¬ 
ment  calibrated  in  terms  of  a  sinusoid,  the  correction  factor  K  is 
the  ratio  of  the  calibration  factor  of  the  nonsinusoid  to  the  calibra¬ 
tion  factor  of  the  sinusoid. 

The  correction  factor  K  is  listed  for  several  waveforms  in  Fig. 
9.1.  The  true  rms  voltage  is  shown  for  each  waveform,  together 
with  the  corresponding  voltage  measured  by  average  and  peak- 
;esponding  meters. 

For  the  sinusoid  of  Fig.  9.1a  the  correction  factor  K  is  obviously 
unity  for  an  instrument  calibrated  in  terms  of  a  sinusoid.  If  the 
waveform  contains  harmonics  as  indicated  in  Fig.  9.16,  the  average 
value  may  be  either  increased  or  decreased  by  a  percentage  that  is 
small  in  comparison  with  the  per  cent  harmonic  content.  The 
peak  value  will  be  more  strongly  affected  and  may  be  increased  by  a 
per  cent  equal  to  the  per  cent  harmonic  content  if  the  phase  of  the 
harmonic  is  such  that  a  harmonic  peak  occurs  at  the  fundamental 
peak.  If  the  harmonic  peak  is  opposed  to  the  fundamental  peak, 
the  reading  may  be  reduced.  The  true  rms  value  of  the  wave  is 
increased  by  the  presence  of  the  harmonic  but  not  in  the  same  pro¬ 
portion  as  the  scale  reading.  In  general,  it  can  be  said  that  an 
average-value  instrument  is  relatively  insensitive  to  the  presence  of 
harmonics,  while  the  per  cent  error  of  a  peak-responsive  instrument 
may  be  equal  to  the  per  cent  of  the  harmonic  present.  The  phase 
of  the  harmonic  is  of  importance  in  determining  its  effect;  as  the 
phase  is  seldom  known,  a  more  exact  statement  is  not  called  for. 

For  the  square  wave  of  Fig.  9.1c  the  value  of  K  for  an  average- 
and  for  a  peak- value  instrument  is  obtained  as  the  ratio  of  the 
calibration  factor  for  a  square  wave  to  that  for  a  sinusoid  for  each 
instrument. 

For  an  average-value  instrument, 


K  = 


1/0.5 

0.707/0.318 


0.90 


For  a  peak- value  instrument, 


=  iZi 

0.707/1.0 


1.41 


The  values  for  the  triangular  wave,  Fig.  9.  Id,  can  be  checked  in 
similar  fashion. 

A  repeated  rectangular  pulse,  Fig.  9.1c,  introduces  several  new 
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features.  Its  d-c  component  is  removed  by  the  blocking  capacitors 
in  the  input  of  most  a-c  vacuum-tube  voltmeters,  and  the  voltage 
applied  to  the  rectifier  has  the  same  waveform  but  oscillates  around 
the  average-value  axis  shown  as  a  dashed  line.  This  average  value 
is  located  so  as  to  make  the  area  above  and  below  it  the  same.  The 
wave  thus  produced  has  equal  average  values  for  the  positive 
and  negative  parts,  but  the  peak  values  and  the  duration  of  the 
two  loops  differ  greatly.  The  numerical  values  in  Fig.  9.1e  are 
based  on  the  assumption  that  the  instrument  reading  is  sensitive 
only  to  the  positive  portion  of  the  loop.  Whether  this  is  or  is  not 
true  depends  upon  the  nature  of  the  detector  circuit  and  the  num¬ 
ber  of  stages  of  amplification.  On  an  average-value  instrument 
with  a  blocking  capacitor  the  reading  would  be  the  same  on  either 
peak,  or  reversing  the  input  leads  would  not  change  the  deflection. 
A  peak-responding  instrument  would  have  its  reading  affected  by 
reversal  of  the  leads.  This  is  known  as  turnover.  The  correction 
factor  of  Fig.  9.1c  is  based  on  the  rms  value  of  the  repeated  pulse, 
which  is  larger  than  the  rms  value  of  the  rectangular  wave  resulting 
from  the  removal  of  the  direct  component  of  voltage  by  the  blocking 
capacitor. 

Although  this  discussion  has  been  concerned  with  average-value 
and  peak-value  vacuum-tube  voltmeters  it  is  equally  applicable  to 
other  instruments  that  respond  to  the  average  or  the  peak  value  of  the 
applied  voltage.  If  oxide  rectifier  units  that  approach  an  average- 
value  response  are  used  to  measure  nonsinusoidal  waveforms,  the 
same  considerations  apply.  Some  instruments,  such  as  thermo¬ 
couple  meters,  dynamometer-type  meters,  certain  special  vacuum- 
tube  voltmeters,  require  no  correction,  for  by  their  nature  they 
give  an  rms  response  for  any  waveform  Avhose  appreciable  harmonic 
content  lies  within  a  suitable  frequency  range. 

10.  Signal  Generators. — In  order  to  test  the  functioning  of  many 
types  of  radio  equipment  it  is  necessary  to  impress  upon  them  a 
signal  whose  characteristics  can  be  adjusted  as  desired.  The  nature 
of  the  signal  depends  upon  the  equipment  and  the  function  being 
studied.  In  some  cases  the  signal  may  be  a  square  wave  or  other 
nonsinusoidal  wave,  but  more  frequently  it  consists  of  a  sinusoid 
of  variable  frequency  and  amplitude,  which  may  be  modulated. 

Generators  supplying  such  signals  are  used  to  check  for  faults 
in  a  receiver,  its  alignment,  or  to  measure  its  over-all  response. 
They  may  be  used  as  well  to  determine  the  characteristics  of  anten¬ 
nas  or  other  associated  equipment.  The  generators  available  differ 
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greatly  in  their  versatility  and  precision,  but  all  signal  generators 
have  as  essential  parts  an  oscillator  of  variable  frequency  and  a 
means  of  controlling  the  magnitude  of  the  output  voltage.  Pro¬ 
vision  for  modulating  the  signal  is  the  next  most  important  feature. 
If  measurements  are  to  be  made,  the  voltage  output  should  be 
known. 

The  essential  features  of  such  an  instrument  are  indicated  in  the 
functional  diagram  of  Fig.  10.1.  The  output  attenuator  generally 
consists  of  a  combination  of  fixed  steps  and  a  continuously  variable 
control.  If  a  meter  is  included,  the  voltage  applied  to  the  stepped 
attenuator  can  be  adjusted  so  that  accurately  known  output  voltages 
are  available.  More  complicated  signal  generators  have  several 
oscillators  that  may  be  fed  into  the  output,  and  several  types  of 
modulation  may  be  provided.  The  characteristics  of  each  func- 


iiG.  10.1. — Functional  circuit  of  a  signal  generator. 


tional  unit  are  discussed  below  with  these  possible  variations  in 
mind. 

Oscillator  Characteristics. — The  general  usefulness  of  a  signal 
generator  is  measured  in  part  by  the  range  of  fundamental  fre¬ 
quencies  it  covers.  Wide  range  is  usually  secured  by  changing 
coils,  each  coil  determining  a  band  within  which  the  frequency  is 
continuously  varied  by  means  of  a  variable  capacitor.  Frequently, 
an  additional  small  variable  capacitor  is  provided  by  which  the 
frequency  can  be  changed  over  a  small  range,  thus  allowing  selec¬ 
tivity  measurements  to  be  made  with  accuracy.  The  frequency  of 
the  oscillator  should  be  constant  with  time  and  independent  of 
the  load  connected  to  the  output.  These  conditions  may  be  satis¬ 
fied  in  part  by  careful  choice  of  the  oscillator  circuit  and  components 
and  by  the  use  of  a  buffer  amplifier  stage  between  the  oscillator  and 
the  output.  Occasionally  a  quartz  crystal  is  provided  to  supply 
fixed  frequencies  for  the  calibration  of  the  oscillator  or  the  equip¬ 
ment  being  tested.  When  desired,  the  crystal  fundamental  and  its 
harmonics  yield  equally  spaced  calibration  points  over  a  wide  range 
of  frequencies. 
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Modulator  Characteristics. — Provision  for  modulation  may  be 
made  at  one  or  more  fixed  frequencies  or  at  an  adjustable  frequency. 
This  modulation  frequency  may  be  generated  in  a  separate  internal 
audio  oscillator,  which  can  be  fed  to  the  output  directly  if  desired, 
or  provision  may  be  made  for  modulating  with  an  external  signal. 
If  suitable  arrangements  are  made,  this  external  signal  may  be 
adjusted  over  a  wide  frequency  range  or  may  consist  of  a  square 
wave  or  a  series  of  pulses.  It  is  desirable  that  a  minimum  of  fre¬ 
quency  modulation  should  be  produced  by  amplitude  modulation 
of  the  oscillator,  and  vice  versa.  The  amount  of  modulation  may 
be  fixed  or  varied,  and  in  the  latter  case  a  meter  may  be  provided  to 
read  the  per  cent  modulation. 

Frequency  modulation  may  be  provided  in  one  or  more  fre¬ 
quency  ranges  and  with  varying  band  widths  depending  upon  its 
use.  In  the  conventional  amplitude-modulation  receiver,  it  may 
be  used  to  check  the  i-f  alignment  or  the  operation  of  automatic 
frequency-control  circuits.  For  these  purposes  a  narrow-band 
modulation  is  satisfactory,  but  for  testing  frequency-modulation 
receivers  wide-band  frequency  modulation  is  necessary. 

Output  Characteristics. — The  output  attenuator  may  vary  from 
a  simple  potentiometer  to  an  increasingly  complex  network  as  the 
accuracy  desired  and  frequency  range  are  increased  or  as  the  out¬ 
put  voltage  is  reduced  to  very  small  values.  The  calibrating  meter 
may  be  a  thermocouple  instrument  measuring  the  current  into  the 
attenuator  or  an  a-c  vacuum-tube  voltmeter  that  reads  the  voltage 
across  it.  In  the  latter  case  the  voltmeter  is  frequently  an  average- 
value  instrument  that  is  more  or  less  unaffected  by  the  modulation. 
The  output  taps  may  be  labeled  in  volts  if  the  meter  is  adjusted  to  a 
fixed  calibration  point  or  may  indicate  a  constant  fraction  of  the 
voltmeter  reading  if  the  input  voltage  is  varied.  Where  the 
voltage  indicated  is  the  open-circuit  voltage  across  the  output  ter¬ 
minals,  the  resistance  of  the  external  load  connected  to  the  terminals 
must  be  large  in  comparison  with  the  output  impedance  of  the 
attenuator  if  the  indicated  voltage  is  to  be  interpreted  as  the  output 
voltage. 

As  the  frequency  is  increased  and  the  magnitude  of  the  desired 
output  signal  reduced  to  the  order  of  microvolts,  the  problem  of 
shielding  becomes  increasingly  important,  for  it  is  desired  that  the 
only  voltage  impressed  on  the  circuit  being  studied  be  that  across 
the  output  terminals.  The  large  currents  and  voltages  in  the 
oscillator,  unless  it  is  carefully  shielded,  may  induce  stray  voltages 
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in  the  equipment  of  the  same  order  of  magnitude  as  the  terminal 
potential.  This  difficulty  is  avoided  by  more  complete  shielding 
of  the  oscillator  and  the  use  of  a  shielded  cable  for  the  output,  it 
being  thus  possible  for  the  apparatus  under  test  to  be  removed  some 
distance  from  the  signal  generator.  To  avoid  reflections  in  the 
cable  at  high  frequencies  it  is  terminated  in  a  resistor  equal  to  its 
characteristic  resistance. 


CHAPTER  XXIII 


RADIO  RECEIVERS 

1.  General. — A  radio  or  a  television  receiver  selects  a  desired 
modulated  radio  wave  and  recovers  a  message  from  the  selected 
wave.  The  usefulness  of  a  receiver  ordinarily  is  judged  mainly 
upon  four  characteristics:  sensitivity,  the  minimum  input  signal 
required  to  produce  a  certain  output  signal;1  selectivity,  the  ability 
of  the  receiver  to  discriminate  against  disturbances  at  frequencies 
other  than  that  of  the  desired  signal;  fidelity,  the  accuracy  with 
which  the  receiver  reproduces  the  modulation  characteristics  of 
the  selected  input  wave;  signal-to-noise  ratio,  the  ratio  of  the  signal 
at  a  specified  point  in  the  receiver  to  the  disturbance  at  a  specified 
point  (usually  both  being  measured  at  the  output).  The  useful¬ 
ness  of  a  receiver  may  be  judged  by  some  other  qualities,  such  as 
radiation,  stability,  frequency  range,  AVC  action  (if  any). 

The  input  to  a  receiver  has  two  constituents:  desired-signal 
input  and  disturbance  input.  The  disturbance  input  consists  of 
electrical  effects  called  atmospheric  noise  (static)  and  man-made 
noise,  which  are  usually  nonperiodic,  and  radiation  which  has  a 
more  or  less  definite  frequency.  Likewise,  the  output  has  two  con¬ 
stituents:  signal  output  and  disturbance  output.  The  disturbance 
output  consists  of  amplified  disturbance  input  plus  disturbances 
added  by  the  receiver  itself.  The  signal-to-noise  ratio  at  the  out¬ 
put  may  be  less  than  at  the  input.  On  the  other  hand,  certain 
receivers  are  relatively  insensitive  to  certain  types  of  disturbance 
input  so  that  the  signal-to-noise  ratio  actually  may  be  improved  in 
the  passage  of  a  signal  through  the  receiver. 

Classification  of  receivers  is  difficult  since  there  are  many  dif 
ferent  bases  of  comparison.  Four  receivers  representing  basic 
types  are  described  in  the  following  four  sections.  Special  types , 
subsidiary  parts,  and  general  topics  are  discussed  in  the  remainder 
of  the  chapter. 

TYPES  NOT  EMPLOYING  FREQUENCY  CONVERSION 

2.  Regenerative  Detector  Receiver. — An  example  of  a  single¬ 
tube  regenerative  grid-leak  detector  receiver  is  shown  in  Fig.  2.1a. 

1 1.R.E.  Standards  on  Radio  Receivers,  1938. 
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The  secondary  circuit  L2C2  is  tuned  to  the  carrier  frequency  of  the 
desired  station  by  adjustment  of  C2.  Ci  is  an  antenna  trimmer 
capacitor.  The  functions  of  the  grid  leak  Ri,  grid  capacitor  C3, 
telephone  by-pass  capacitor  C 4  are  discussed  in  Chap.  XXI,  Detec¬ 
tion.  Positive  feedback,  or  regeneration ,  is  provided  by  a  coil  Lz, 
known  as  a  “  tickler.”  The  amount  of  feedback  is  adjustable.  In 
the  receiver  shown,  the  feedback  is  controlled  by  varying  the  cou¬ 
pling  between  the  tickler  and  secondary  coils.  Under  normal  condi¬ 
tions  the  circuit  oscillates  as  a  result  of  regeneration  if  the  tickler 
coupling  is  made  sufficiently  large.  For  phone  reception  the 
regeneration  is  kept  just  under  and  for  CW1  reception  just  above 


Fiq.  2.1. — (a)  Regenerative  detector  circuit  and  (b)  equivalent  circuit  for  the  r-f 

portion  of  (a). 

the  point  of  oscillation.  If  the  detector  oscillates  during  phone 
reception,  a  whistle  usually  is  heard,  the  whistle  being  a  beat  note 
of  frequency  equal  to  the  difference  between  the  frequencies  of  the 
oscillation  and  of  the  incoming  carrier.  The  signal  then  heard  in 
the  telephones  usually  is  weak  and  distorted.  However,  oscillation 
is  desired  in  CW  reception  because  the  beat  note  renders  the  CW 
signal  audible. 

An  emf  Ea  —  jcoMJa ,  Fig.  2.16,  is  induced  in  the  secondary 
circuit  by  the  antenna  system  and  is  assisted  by  an  emf  Er  =  jcoM2IP 
induced  by  regeneration.  The  secondary  current  is  therefore 


Ea  +  Er 
R 


(2.1) 


where  R  represents  the  total  dissipative  properties  of  the  tuned  cir¬ 
cuit.  The  high-frequency  voltage  developed  across  the  circuit 
and  the  strength  of  the  signal  heard  in  the  telephones  are  increased 
by  regeneration. 

Alternatively,  as  in  the  discussion  of  oscillators,  it  may  be 

1  CW  means  continuous-wave  telegraphy;  during  a  dot  or  a  dash  the  wave 
has  constant  amplitude. 
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assumed  that  a  negative  resistance  Rr  is  introduced  in  the  secondary 
circuit  through  regeneration.  On  this  basis, 


and  oscillation  is  understood  to  begin  when  Rr  becomes  equal  to  R . 
The  negative  resistance  increases  the  Q  of  the  secondary  circuit, 
since 

«  =  R^Rr  (2'3) 

and  therefore  the  selectivity  is  improved  by  regeneration.  If  the 
sharpness  of  the  response  curve  becomes  too  pronounced,  side-band 
cutting  may  occur. 

In  phone  reception,  the  signal  is  strongest  when  the  circuit 
is  very  close  to  the  point  of  oscillation.  However,  it  is  not  feasible 
to  operate  the  detector  with  the  regeneration  infinitesimally  close 
to  the  point  of  oscillation  since  a  slight  change  in  operating  condi¬ 
tions,  such  as  a  small  rise  in  plate  voltage  or  a  transient  disturbance, 
may  cause  the  circuit  to  go  into  oscillation,  and  the  circuit  usually 
remains  in  oscillation  after  such  an  initiating  change  has  dis¬ 
appeared.  When  the  receiver  is  tuned  to  a  new  frequency,  the 
regeneration  control  may  need  to  be  reset  because  the  regeneration 
and  the  conditions  for  oscillation  are  altered. 

In  a  w^ell-designed  regenerative  detector  receiver,  the  regenera¬ 
tion  control  produces  a  very  gradual  change  in  the  regeneration  and 
has  negligible  effect  upon  the  tuning.  The  regeneration  may  be 
controlled  by  a  variety  of  methods,  Fig.  2.2.  In  modern  detectors  of 
this  type  a  tetrode  or  pentode  tube  usually  is  employed,  and  the 
regeneration  then  may  be  controlled  by  variation  in  screen-grid 
voltage.  In  some  cases  the  antenna  system  is  also  tuned  to  the 
frequency  of  the  desired  station,  and  the  coupling  between  antenna 
and  secondary  circuits  is  adjustable.  Maximum  signal  strength 
and  maximum  selectivity  are  obtained  by  proper  adjustment  of 
the  coupling.  The  detector  may  be  followed  by  one  or  two  stages 
of  audio  amplification  so  as  to  operate  a  loudspeaker. 

One  serious  fault  of  this  type  of  receiver  is  that  it  radiates 
strongly  when  oscillating,  causing  “squeals”  in  near-by  receivers. 
The  regenerative  detector  receiver  was  used  widely  in  the  early  days 
of  radio  and  was  standard  for  several  decades  in  marine  radio. 
When  skillfully  operated,  this  type  of  receiver  has  good  sensitivity, 
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fair  selectivity,  reasonable  fidelity,  and  a  satisfactory  signal-to- 
noise  ratio.  It  is  simple  and  requires  little  power  for  operation. 
It  is  well  adapted  for  long-  and  medium-wave  reception  and  may  be 
used  down  to  a  wavelength  of  the  order  of  10  m. 


(a)  MOVABLE  TICKLER  (b)  LOADED  TICKLER 


— 
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(C)  VARIABLE  CAPACITOR  C 


(d )  VARIABLE  SCREEN  VOLTAGE 


Fig.  2.2. — Methods  for  control  of  regeneration. 


3.  Superregenerative  Detector  Receiver. — The  circuit  of  Fig. 
2.1a  may  be  operated  as  a  superregenerative  detector  by  causing  the 
circuit  to  be  alternately  oscillatory  and  nonoscillatory.  The 
operation  is  different  from  that  of  the  ordinary  regenerative  detec¬ 
tor,  and  the  sensitivity  of  the  circuit  as  a  detector  is  enormously 
greater. 

Superregenerative  detection  may  be  secured  by  greatly  increas¬ 
ing  the  coupling  and  introducing  a  periodic  voltage  called  a  quench 
voltage  at  the  point  P,  Fig.  2.1a,  so  that  the  total  plate-supply 
voltage  is  varied  at  the  quench-frequency  rate.  The  quench  fre¬ 
quency  fq  is  chosen  to  be  above  the  audible  range.  The  steady 
plate-supply  potential  Ehh  and  the  quench-supply  voltage  are 
adjusted  so  that  the  tube  will  oscillate  only  when  the  quench  voltage 
reinforces  the  steady  voltage  Ebb ;  the  supply  voltage  thus  provides 
conditions  that  favor  oscillation  at  intervals  that  occur  fq  times  per 
second.  In  the  absence  of  an  incoming  signal,  a  random  emf  due 
to  thermal  agitation,  shot  effect,  incoming  disturbances,  etc., 
starts  the  oscillations  at  the  beginning  of  each  interval  favorable  to 
oscillation.  Shortly  after  the  onset  of  oscillation,  the  plate-supply 
voltage  falls,  and  the  oscillations  die  away.  A  sequence  of  wave- 
trains  of  high-frequency  oscillations  thus  occurs  at  the  quench- 
frequency  rate. 
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Through  grid-circuit  rectification,  a  voltage  is  developed  across 
C3,  Fig.  2.1a,  and  the  average  grid  potential  is  negative  during  each 
group  of  oscillations,  tending  to  produce  dips  in  the  average  plate 
current  at  quench  frequency.  When  the  onset  of  oscillation  is 
controlled  by  random  voltages,  the  amplitude  and  duration  of  the 
successive  wavetrains  vary  in  a  random  manner  because  the 
initiating  emf  s  vary  in  amplitude  and  occur  at  varying  intervals 
after  the  uniformly  spaced  moments  when  conditions  become 
favorable  for  oscillation.  Consequently,  the  dips  in  plate  current 
are  not  uniform,  and  the  plate-supply  current  varies  irregularly. 
A  hissing  or  frying  sound  is  heard  in  the  headphones,  which  is 
characteristic  of  the  superregenerative  receiver  when  it  is  not  tuned 
to  a  station. 

When  an  unmodulated  high-frequency  voltage  greater  than  the 
random  voltages  exists  across  the  secondary  circuit,  this  voltage 
assumes  control  and  initiates  the  oscillations  each  time  that  con¬ 
ditions  become  favorable.  The  starting  point  of  each  wavetrain 
becomes  locked  in  with  the  unmodulated  wave.  The  successive 
wavetrains  become  practically  uniform,  so  that  the  plate-supply 
current  becomes  practically  steady.  Therefore  the  characteristic 
hiss  disappears  when  the  receiver  is  tuned  to  a  station  whose  signal 
is  not  too  weak. 

If  the  high-frequency  wave  that  controls  the  detector  is  a 
modulated  wave,  the  current  passing  through  the  headphones  varies 
in  accordance  with  the  modulation.  The  fidelity  depends  greatly 
upon  the  adjustment  of  the  various  factors  that  control  the  super¬ 
regenerative  action. 

The  quench  voltage,  or  the  quenching  effect,  may  be  obtained 
within  the  detector  itself;  the  detector  is  then  said  to  be  self- 
quenched.  If  the  quench  voltage  is  introduced  from  a  separate 
source,  the  detector  is  said  to  be  separately  quenched.  Super¬ 
regenerative  detection  may  be  obtained  by  employing  any  condition 
that  results  in  quench-frequency  variation  of  the  transconductance 
gm  between  two  limits  such  that  the  circuit  oscillates  at  an  r-f  rate 
at  quench-frequency  intervals  and  energy  in  the  tuned  circuit  due 
to  one  wavetrain  is  dissipated  before  the  next  wavetrain  begins. 

A  receiver  containing  a  separately  quenched  detector  and  one 
stage  of  audio  amplification  is  shown  in  Fig.  3.1.  The  circuit 
resembles  an  oscillator  circuit,  the  coupling  between  plate  and  grid 
being  governed  by  the  position  of  the  tap  on  coil  L2.  Tube  T2  and 
the  elements  associated  with  it  constitute  a  quench  oscillator. 
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Quench  voltage  is  developed  across  the  circuit  L4C4.  The  quench 
voltage  and  the  steady  direct  voltage  obtained  from  RA  constitute 
the  plate-supply  voltage  for  the  detector  circuit.  R2  is  an  audio¬ 
frequency  plate-load  resistor  for  the  detector  circuit.  RFC  1  has 
sufficient  reactance  to  block  the  high-frequency  currents  but  not 
the  quench-frequency  currents.  RFC2  blocks  the  quench-frequency 
currents.  Capacitor  C e  blocks  the  direct  part  of  the  detector  plate 
voltage  from  the  grid  of  the  audio  amplifier.  The  audio-frequency 
voltage  across  Re  is  amplified  by  tube  T3. 

A  separately  quenched  detector  may  be  operated  under  any  one  of 
several  possible  conditions  called  modes.1  The  mode  of  operation 
depends  upon  the  frequency,  amplitude,  and  waveform  of  the 


C,-40wif  G-j  -  25  |if 

C3-O.OOI  {if  C8-0.l|if 

C4'  R  ,-0.25  meg 
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C6-OI|tf  Rj -50,000 


R4-  50,000  RFC,- UHF  choke 

R5- 50,000  RFC2-80mh  r-f  choke 

R6-0.5meg  T,,T2-6J5  or  6G5 

Rr  2,000  V6SF5 
R$- 0.1  meg 


Fig.  3.1. — Separately  quenched  superregenerative  receiver. 


quench  voltage,  the  characteristics  of  the  tube  and  circuit,  and  the 
amplitude  of  the  incoming  signal.  In  all  cases  the  quench  fre¬ 
quency  must  be  above  the  audible  range  but  low  enough  for  a  con¬ 
siderable  number  of  high-frequency  oscillations  to  take  place  in 
each  wavetrain.  In  the  logarithmic  mode,  the  amplitude  of  each 
wavetrain  reaches  a  more  or  less  constant  value  before  decay  sets 
in.  In  this  mode  of  operation  a  strong  station  does  not  produce 
much  greater  detector  output  than  a  weak  one.  The  receiver 
behaves  as  if  it  were  equipped  with  AYC,  and  the  AVC  action  is 
more  intensive  and  rapid  than  in  the  average  superheterodyne. 
On  the  other  hand,  the  nonlinearity  responsible  for  the  AVC  effect 
causes  the  fidelity  of  the  detector  to  be  far  from  good. 

In  the  linear  mode  of  separately  quenched  operation,  quenching 
occurs  before  the  growth  of  oscillation  has  become  limited  by 


1  F.  W.  Frink,  Basic  Principles  of  Superregenerative  Reception,  Proc 
I.R.E.,  26,  76,  January,  1938;  F.  E.  Terman,  “Radio  Engineers'  Handbook,’1 
p.  662,  McGraw-Hill  Book  Company,  Inc.,  1943. 
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saturation  effects.  The  output  of  the  detector  is  related  more 
linearly  to  the  strength  of  the  input  signal.  The  fidelity  is  better 
than  in  the  logarithmic  mode,  but  the  AVC  action  is  less  pronounced. 

The  circuit  of  Fig.  3.1,  with  few  alterations,  may  be  made  to 
serve  as  a  self-quenched  detector.  The  quench  oscillator  is  turned 
off,  so  that  only  the  direct  voltage  from  R4  reaches  Rz,  and  a  capaci¬ 
tor  large  enough  to  by-pass  to  ground  the  quench-frequency 
voltage  to  be  produced  by  the  detector  is  attached  at  the  point 
where  R2  joins  the  two  chokes.  The  time  constant  of  R\C\  then  is 
increased,  primarily  by  raising  the  value  of  R\,  until  the  circuit 
operates  as  an  intermittent,  or  blocking,  oscillator,  as  described 
in  Chap.  XV,  Bee.  5.  The  tube  oscillates  intermittently  because  the 
voltage  developed  across  C\  as  a  result  of  grid-circuit  rectification 
periodically  “blocks”  the  tube,  i.e.,  reduces  the  plate  current  to 
zero  or  to  a  very  low  value.  The  circuit  is  adjusted  until  the  tube 
remains  blocked  for  periods  long  enough  for  the  oscillations  to  die 
away  completely  before  the  tube  becomes  unblocked.  The  length 
of  the  blocked  period  is  determined  largely  by  the  time  constant  of 
R1C1.  The  action  of  the  self-quenched  detector  is  largely  the  same 
as  that  of  the  separately  quenched  detector  but  is  more  complicated. 
For  example,  the  quench  frequency  becomes  a  function  of  the 
initiating  emf  and  generally  increases  with  the  amplitude  of  the 
initiating  voltage.  The  amplitude  and  duration  of  each  wavetrain 
of  oscillations  vary  when  the  controlling  wave  is  modulated.  The 
average  plate  current  varies,  and  the  modulation  characteristics 
are  thus  detected. 

The  self-quenching  effect  also  may  be  obtained  by  providing 
the  detector  tube  with  two  tuned  circuits  so  that  the  tube  can 
oscillate  simultaneously  at  two  frequencies,  the  frequency  of  the 
incoming  signal  and  the  quench  frequency. 

The  detector  tube  represents  a  load  on  the  tuned  circuit  L2C2, 
so  that  the  frequency-response  curve  is  broadened  and  the  selectivity 
is  reduced.  This  load  varies  during  each  quench  cycle,  and  for 
this  and  other  reasons  the  frequency  of  oscillation  varies  slightly 
during  each  group  of  oscillations.  Because  of  the  rise  and  fall  in 
their  amplitude,  the  groups  of  r-f  oscillations  have  a  broad  energy 
spectrum,  Chap.  XIX,  Sec.  13.  The  net  result  is  a  broad  radiation 
spectrum  that  may  have  pronounced  peaks.  Radiation  may 
be  reduced  or  eliminated  by  use  of  a  preamplifier  before  the  detector. 
The  preamplifier  isolates  the  detector  from  the  antenna  system  and 
also  improves  the  selectivity  of  the  receiver. 
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The  superregenerative  detector  is  not  satisfactory  for  CW  code 
reception  since  it  does  not  produce  a  beat  note.  The  locally 
generated  oscillations  are  broken  into  discrete  wavetrains  without 
any  definite  phase  relation  between  them,  so  that  the  necessary 
periodic  conditions  for  a  beat  tone  are  absent.  The  freedom  from 
beat  tones  or  whistles,  the  presence  and  disappearance  of  the  hiss, 
and  the  increased  sensitivity  of  the  detector  are  indications  of 
superregenerative  action. 

The  superregenerative  detector  is  relatively  insensitive  to 
disturbances  of  the  impulse  variety,  such  as  emanate  from  auto¬ 
mobile  ignition  systems.  Apparently  a  disturbance  that  occurs  at  a 
time  other  than  at  the  start  of  a  wavetrain  produces  little  effect 
upon  the  action  of  detection.  Therefore  the  signal-to- noise  ratio 
of  the  superregenerative  detector  is  especially  good  in  applications 
where  there  is  considerable  impulse  disturbance. 

The  greatest  sphere  of  usefulness  of  the  superregenerative  detec¬ 
tor  is  in  the  short-wave  and  ultra-short- wave  regions,  where 
receivers  of  more  conventional  design  do  not  operate  as  effectively. 
The  superregenerative  detector  will  operate  in  the  broadcast  band, 
but  in  this  band  other  types  of  receiver  are  more  satisfactory. 

4.  Tuned -radio -frequency  Receivers. — The  conventional  tuned- 
radio-frequency  (TRF)  receiver  includes  one  or  more  stages  of 
high-frequency  amplification  before  a  nonregenerative  detector, 
all  of  these  stages  being  tuned  to  the  frequency  of  the  incoming 
signal.  Generally,  the  high-frequency  transformers  are  single- 
tuned  (primary  untuned,  secondary  tuned),  though  in  some  cases 
double  tuning  has  been  employed  to  secure  a  band-pass  response 
characteristic. 

An  example  of  TRF  receiver  is  shown  in  Fig.  4.1.  The  first  two 
tubes  are  r-f  pentodes  of  the  remote-cutoff  (“supercontrol”)  type. 
The  following  two  are  r-f  pentodes  of  the  sharp-cutoff  type,  the 
first  serving  as  detector  and  the  second  as  a-f  voltage  amplifier. 
The  last  tube  is  a  power-amplifier  pentode.  The  three  secondary 
tuning  capacitors  are  “ganged”  on  one  shaft.  The  detector  is  of 
the  large-signal  plate-circuit  type.  Resistance  coupling  is  employed 
throughout  the  audio  system.  The  volume  is  controlled  by  use  of  a 
potentiometer  P  that  regulates  the  bias  voltage  on  the  r-f  ampli¬ 
fiers.  The  RC  filters  RiCi  and  R2C2  decouple  the  grid  circuits  of 
the  r-f  amplifiers,  C i  and  C2  serving  also  as  r-f  connections  between 
the  cathodes  and  the  coils  of  the  tuned  circuits.  The  audio-fre- 
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quency  tubes  are  self-biased.  Decoupling  filters  are  employed  in 
their  plate  circuits  to  prevent  regeneration  and  “motorboating.” 
Following  the  detector,  a  low-pass  filter  C$LCe  is  employed  to  pre¬ 
vent  the  radio-frequency  signal  from  passing  into  the  audio-fre¬ 
quency  amplifier. 

The  capacitor  C u,  which  in  some  cases  has  a  resistor  in  series 
with  it,  improves  the  matching  between  the  loudspeaker  and  the 
output  tube  and  also  reduces  the  high-frequency  part  of  the  audio 
output.  The  higher  tones  and  higher  frequency  noise  content  of 
the  audio  output  may  be  reduced  to  an  adjustable  level  by  the  use 
of  a  variable  resistor  in  series  with  Cu.  The  higher  tones,  in  them¬ 
selves,  usually  are  not  undesirable.  The  reproduction  at  the  higher 


frequencies  may  be  distorted,  or  there  may  be  considerable  noise 
at  the  higher  frequencies,  and  the  listener  may  elect  to  sacrifice  the 
high  audio  frequencies  in  order  to  eliminate  the  distortion  or  noise. 
However,  there  is  also  a  personal  element  in  the  setting  of  the  tone 
control. 

The  TRF  receiver  can  be  made  to  serve  as  a  communications 
receiver,  i.e.}  for  CW  code  reception,  by  the  addition  of  a  so-called 
“CW-oscillator”  circuit.  The  latter,  in  this  case,  is  an  oscillator 
whose  frequency  is  controlled  by  a  tuning  capacitor  ganged  with 
the  other  tuning  capacitors,  the  frequency  of  oscillation  remaining 
slightly  above  or  below  the  frequency  to  which  the  receiver  is  tuned. 
The  output  of  the  CW  oscillator  is  mixed  with  the  incoming  signal, 
usually  in  the  detector  circuit,  so  that  a  beat  tone  is  produced  when 
an  r-f  signal  is  present.  The  r-f  amplifier  stages  are  an  effective 
aid  in  isolating  the  oscillations  from  the  antenna  system  where  such 
isolation  is  desired. 
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SUPERHETERODYNE  RECEIVERS 

6.  The  Superheterodyne  Principle. — A  superheterodyne,  like 
any  other  type  of  receiver,  consists  of  three  parts,  high-frequency 
amplifier,  detector,  and  low-frequency  amplifier.  Basically,  the 
detector  and  low-frequency  amplifier  do  not  differ  from  those 
previously  described.  The  fundamental  feature  of  the  super¬ 
heterodyne  is  a  change  of  the  carrier  frequency  (frequency  conver¬ 
sion)  in  the  high-frequency  part  of  the  receiver. 

A  block  diagram  of  a  superheterodyne  is  shown  in  Fig.  5.1a. 
In  the  mixer  stage,  the  incoming  signal  is  nonlinearly  combined 
with  the  output  of  a  local  oscillator ,  and  the  mixer  delivers  to  the 


Fig.  5.1. — Block  diagram  of  (a)  superheterodyne  and  (Z>)  tuned-radio-frequency 

receiver. 


i-f  amplifier  a  wave  having  a  new,  fixed  carrier  frequency  and 
the  modulation  characteristics  of  the  selected  incoming  signal.  The 
mixer  and  local  oscillator  stages  together  constitute  the  converter 
stage.  The  i-f  amplifier  is  a  high-frequency  amplifier  having  one 
or  more  stages  and  is  permanently  tuned  to  the  carrier  frequency  of 
the  converter  output,  known  as  the  intermediate  frequency . 

An  example  of  a  communication-type  superheterodyne  is  shown 
in  Fig.  5.2.  The  preamplifier  and  i-f  amplifier  tubes  VT i  and  VT 4 
are  remote-cutoff  (“supercontrol”)  r-f  pentodes,  while  VT2  is  a 
pentagrid  mixer  tube.  These  three  tubes  are  supplied  with  AYC 
voltage  from  an  AYC  line,  a  decoupling  filter  such  as  R1C2  being 
employed  with  each  tube  to  prevent  interaction  among  them. 
VTz  serves  in  a  tuned-grid  oscillator  circuit  as  the  local  oscillator, 
for  frequency  conversion.  The  three  variable  capacitors  C 3,  C%, 
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C 30  are  ganged  so  that  the  corresponding  circuits  are  tuned  simul¬ 
taneously.  The  circuits  L\CZ  and  L2C &  are  tuned  to  the  same  fre¬ 
quency,  that  of  the  desired  incoming  signal,  while  LzC^CZo  is  tuned 
to  a  frequency  always  a  fixed  amount  above  or  below  that  of  the 
incoming  signal.  The  difference-frequency  output  of  the  converter 
stage  is  the  input  to  the  i-f  amplifier.  The  i-f  input  transformer 
circuits  L±Cn  and  LbCiZ  are  permanently  tuned  to  the  intermediate 
frequency.  The  i-f  wave  is  amplified  by  FT4  and  through  the 
permanently  tuned  i-f  output  transformer  is  applied  to  the  detector. 
The  detector  in  this  particular  example  is  a  half-wave  diode  circuit 


that  provides  AVC  voltage  in  addition  to  detecting  the  signal. 
The  triode  section  of  VT*>  and  the  pentode  VT%  are  audio-frequency 
amplifiers.  The  power  needed  by  the  tubes  is  obtained  from  the 
power  supply,  in  which  FT7?  is  a  full-wave  rectifier.  Tube  VT8 
serves  in  a  CW-oscillator  circuit,  as  described  in  Sec.  4,  except  that 
in  this  case  its  output  “beats”  with  the  fixed-frequency  i-f  wave 
rather  than  with  the  incoming  r-f  wave.  Therefore  it  is  not  neces¬ 
sary  to  vary  the  tuning  of  the  CW  oscillator. 1  A  switch  (not  shown) 
usually  is  provided  to  render  the  AYC  system  inoperative  (for 
example,  by  grounding  the  AYC  line)  when  the  CW  oscillator  is 
turned  on  because  the  CW-oscillator  signal  will  affect  the  AVC 

1  However,  an  adjustment  is  often  provided  so  that  the  operator  can  change 
or  adjust  the  pitch  of  the  beat  note. 
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voltage,  and  AYC  action  during  code  reception  may  blur  the  dots 
and  dashes  and  impair  the  signal-to-noise  ratio. 

It  may  be  seen  by  comparing  the  block  diagrams  in  Fig.  5.1 
that  the  superheterodyne  and  TRF  receivers  are  identical  from  the 
line  BB'  to  the  reproducer.  The  parts  of  the  two  receivers  lying 
between  the  lines  A  A'  and  BB'  differ  fundamentally  in  but  one 
respect :  the  i-f  amplifier  is  tuned  to  a  fixed  frequency.  In  medium- 
and  long-wave  superheterodynes  the  most  important  fact  is  that 
the  intermediate  frequency  is  fixed.  (In  some  all-wave  receivers,  the 
frequency  of  the  i-f  carrier  may  actually  be  higher  than  that  of 
the  r-f  carrier;  the  term  “intermediate/’  however,  is  still  employed.) 
In  many  ultra-short-wave  superheterodynes,  however,  the  most 
important  fact  is  that  the  intermediate  frequency  is  low  compared 
with  the  frequency  of  the  incoming  signal,  better  amplifier  character¬ 
istics  being  obtained  at  the  lower  frequency. 

An  amplifier  that  operates  at  a  fixed  frequency  can  be  aligned 
and  adjusted  more  effectively  than  an  amplifier  with  variable  tuning. 
The  i-f  amplifier  performs  almost  equally  well  no  matter  where  the 
receiver  dial  is  set.  A  superheterodyne  receiver  may  be  designed 
with  almost  any  desired  band-pass  characteristic,  and  the  width  of 
the  pass  band  may  be  adjustable.  For  high-fidelity  broadcast 
reception  a  symmetrical  response  curve  with  a  broad  and  nearly 
uniform  response  in  the  pass  band  may  be  secured  by  suitable 
design  and  coupling  of  the  i-f  transformers.  Extreme  selectivity 
for  use  in  code  reception  can  be  secured  by  means  of  a  quartz- 
crystal  filter  in  the  i-f  amplifier.  All  these  features  are  practical 
only  because  the  intermediate  frequency  is  fixed. 

The  sensitivity,  selectivity,  and  fidelity  of  a  superheterodyne 
can  be  made  better  than  the  corresponding  properties  of  a  TRF 
receiver  of  comparable  size  and  cost.  A  superheterodyne  containing 
several  h-f  amplifier  stages  is  more  stable  than  a  TRF  receiver  con¬ 
taining  the  same  number  of  h-f  stages  because  those  in  the  super¬ 
heterodyne  do  not  all  operate  at  the  same  frequency.  Also,  for 
the  same  number  of  stages,  band  switching  is  easier  than  in  a  TRF 
receiver,  for  fewer  stages  need  to  be  switched.  Further,  since  the 
tuning  of  the  i-f  part  of  the  h-f  amplifier  is  not  changed  during  the 
operation  of  the  receiver,  the  superheterodyne  is  more  likely  to 
remain  in  proper  adjustment. 

The  superheterodyne  has  some  disadvantages.  Difference- 
frequency  whistles  due  to  the  presence  of  the  local  oscillator  may 
occur  at  some  settings  of  the  tuning  dial,  whereas  a  correctly 
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operating  TRF  receiver  is  free  from  this  defect.  There  may  be 
serious  radiation  from  the  local  oscillator  in  the  frequency  con¬ 
verter.  The  converter  stage  sometimes  introduces  objectionable 
noise,  impairing  the  signal-to-noise  ratio.  The  superheterodyne  is 
subject  to  a  type  of  interference  known  as  image  interference,  dis¬ 
cussed  in  Sec.  9.  These  disadvantages,  however,  are  not  insur¬ 
mountable  and  at  the  present  time  the  superheterodyne,  on  the 
whole,  is  the  most  useful  and  versatile  type  of  receiver.  The 
superheterodyne  principle  is  usable  at  all  radio  frequencies  and  for 
all  types  of  modulation. 

6.  Superheterodyne  Frequency  Conversion. — Frequency  con¬ 
version  is  accomplished  by  a  process  knoAvn  as  heterodyning,  which 
is  nonlinear  mixing  of  a  selected  signal  and  the  output  of  a  local 
oscillator.  In  early  superheterodynes,  a  grid-leak  detector  circuit, 
Fig.  7.1a,  was  employed  as  a  mixer,  and  the  mixer  therefore  came  to 
be  known  as  the  “first”  detector  and  the  signal-recovering  stage  as 
the  “second”  detector.  This  nomenclature  implies  that  frequency 
conversion  is  detection.  However,  the  process  more  nearly  resem¬ 
bles  modulation.  Therefore,  the  terms  “converter”  and  “detec¬ 
tor”  are  employed  here  in  place  of  first  and  second  detector.  The 
converter  stage  may  employ  two  separate  tubes,  called  mixer  and 
local  oscillator  tubes.  If  a  single  tube  serves  as  both  oscillator  and 
mixer,  it  is  called  a  converter  tube. 

The  incoming  signal  voltage  ea  and  the  local  oscillator  voltage 
c0  may  be  combined  by  means  of  circuit  coupling  and  their  sum 
e  =  es  e0  applied  to  the  mixer.  In  this  case  the  mixer  may  be 
referred  to  as  a  single-input  mixer.  Examples  are  shown  in  Figs. 
7.1a  and  14.1.  Or,  mixing  may  be  accomplished  by  means  of 
electron  coupling ,  the  voltages  e8  and  eQ  appearing  separately  at  two 
grids  in  the  same  electron  stream.  Such  a  mixer  may  be  called  a 
double-input  mixer.1  Examples  are  shown  in  Figs.  7.16,  c,  d.  In 
either  type  of  circuit,  neAv  component  frequencies  are  created.  The 
component  whose  frequency  is  equal  to  the  difference  between 
oscillator  and  signal  frequencies  is  generally  selected  as  the  inter¬ 
mediate  frequency  /*.  Thus, 

fi=fo~fs  or  fi=fs~f0  (6.1) 

depending  upon  which  is  higher.  In  the  broadcast  band,  fQ  remains 
above  fs,  while  in  the  higher  frequency  bands  fa  may  be  below  fs. 

1  H.  Stockman,  Superheterodyne  Converter  Terminology,  Electronics,  16. 
144,  November,  1943. 
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The  choice  is  largely  a  matter  of  convenience  in  design.  The 
difference  in  frequency  between  f0  and  f8  usually  is  maintained  at  a 
constant  value  by  ganging  the  oscillator  and  r-f  tuning  capacitors 
so  that  they  are  all  turned  by  the  same  knob. 

The  incoming  wave,  when  modulated,  consists  of  a  number  of 
components  (side  bands  and  carrier).  In  the  process  of  frequency 
conversion,  all  the  components  are  changed  in  frequency  by  the  same 
amount.  Therefore  the  separation  in  frequency  between  the  carrier 


Fig.  6.1. — Operation  of  frequency  converters;  (a)  and  (&) :  movement  of  Q  point 
in  single-  and  double-input  converters;  ( c )  and  ( d ) :  variation  in  value  of  gm  in  single- 
and  double-input  converters. 


and  the  side  components  is  not  altered.  The  spectrum  of  the 
modulated  wave  is  unchanged  except  for  an  equal  reduction  in  the 
frequency  of  all  the  components. 

It  is  customary  and  convenient  to  base  discussions  and  analyses 
of  frequency  conversion  upon  periodic  variation  of  the  transconduct¬ 
ance  between  the  signal  grid  and  plate,  caused  by  the  local  oscillator 
voltage.  The  mixer  tube  in  the  single-input  mixer  of  Fig.  7.1a, 
has  a  plate-current-grid-voltage  characteristic  like  that  in  Fig. 
6.1a.  The  point  Q  is  determined  by  the  value  of  the  bias  voltage. 
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The  plate  potential  remains  practically  constant,  for  there  is  practi¬ 
cally  no  signal-  or  oscillator-frequency  voltage  across  the  load  (since 
it  is  tuned  to  the  frequency  fi)  and  the  voltage  developed  across  the 
load  at  the  difference  frequency  is  very  small.  Practically,  there¬ 
fore,  the  point  of  operation  remains  upon  the  curved  path  shown. 
The  sum  of  the  bias  voltage  and  eQ  determines  a  moving  Q  point, 
designated  as  Q',  about  which  the  voltage  e8  operates  with  a  rela¬ 
tively  small  amplitude.  The  magnitude  of  the  changes  in  plate 
current  produced  by  the  voltage  e8  is  governed  by  the  slope  of  the 
curve,  i.e.j  by  the  transconductance  gm  at  the  point  Q'.  The.  value 
of  gm  varies,  Fig.  6.1c,  since  the  n-ec  characteristic  is  curved. 

In  double-input  mixers  and  converters,  the  variation  in  gm  by 
the  local  oscillator  voltage  is  achieved  in  a  different  manner.  Three 
straight-line  portions  of  more  extended  characteristics  are  drawn 
in  Fig.  6.16  to  represent  the  relations  between  the  plate  current 
%  and  the  signal-grid  voltage  eC8  for  three  particular  values  of  oscil¬ 
lator-grid  potential  eco .  The  middle  characteristic  designated  by 
ecoQ  is  the  signal-grid  ib-ec  curve  upon  which  the  Q  point  is  located 
when  e0  =  0.  The  voltage  eQ  causes  the  point  Qf  to  move  up  and 
down,  for  example  between  the  upper  and  lower  characteristics 
shown  in  the  figure.  The  value  of  gm  is  given  by  the  slope  of  the 
curve  upon  which  the  point  Q'  momentarily  is  located,  and  there¬ 
fore  gm  rises  and  falls  in  value,  Fig.  6. Id,  because  the  curves  have 
unequal  slopes.  In  this  case,  frequency  conversion  is  not  dependent 
upon  curvature  in  the  individual  %-ec  characteristics. 

The  principle  of  conversion  in  single-  and  double-input  mixers 
is  essentially  the  same,  the  circuits  differing  only  in  the  methods  of 
producing  the  variation  in  gm.  For  simplicity  in  analysis,  assume 
that  gm  varies  linearly  with  the  oscillator  voltage,  so  that 

gm  —  gmQ  +  kE0  sin  uot  (6.2) 

where  gmQ  is  the  Q-point  value  of  gm  and  kS0  is  the  amplitude  of  the 
variation  gm.  The  variational  part  of  %  that  is  of  interest  in  fre¬ 
quency  conversion  may  be  expressed  under  the  previously  made 
assumptions  as 

f  =  gmE8  sin  co8t  (6.3) 

Combining  (6.2)  and  (6.3), 

i  ~  (gmQ^+  kE0  sin  o>0/)i?s  sin  oat 
=  gmQEs  sin  coat  +  kE0Ea  sin  coQt  sin  a >8t 


(6.4) 
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i  =  gmQEs  sin  wat  +  ^  ^oEs  cos  (w0  — 


—  2  E0$s  cos  (coo  “I-  <*}s)t  (6.5) 


A  component  having  the  frequency  f0  —  f8  is  present.  This  brings 
out  the  fact  that  any  device  that  produces  a  product  term  such  as 
the  second  term  on  the  right-hand  side  of  (6.4)  will  serve  as  a  fre¬ 
quency  converter.1 

The  amplitude  of  the  difference-frequency  component  in  (6.5) 
depends  directly  upon  £0;  therefore,  under  the  conditions  assumed, 
E0  should  be  as  large  as  possible  in  order  to  obtain  a  large  con¬ 
verter  output.  However,  the  derivation  no  longer  applies  rigidly 
if  the  oscillator  voltage  is  so  large  that  gm  does  not  vary  linearly 
with  e0.  If  the  circuits  under  discussion  were  being  used  as  ampli¬ 
tude  modulators,  the  gm  variation  would  have  to  remain  linear  with 
respect  to  the  modulating  voltage  (the  modulating  voltage  replac¬ 
ing  the  oscillator  voltage)  in  order  to  effect  distortion-free  modula¬ 
tion.  However,  in  frequency  conversion,  nonlinearity  between 
gm  and  eQ  is  permissible  and  in  fact  is  utilized  to  make  the  amplitude 
of  the  difference-frequency  component  appreciably  larger.2  Fre¬ 
quently  the  mixer  is  operated  in  a  manner  similar  to  Class  B  or  C 
operation  of  an  amplifier.  There  exists  an  optimum  value  for  SQ. 
When  a  remote-cutoff  r-f  pentode  is  employed  in  a  single-input 
mixer  circuit,  the  largest  practical  conversion  transeonductance 
(defined  below)  is  obtained  when  the  grid  is  biased  as  in  Fig.  6.1c 
and  is  swung  by  the  oscillator  voltage  eQ  to  the  extent  indicated. 
The  signal-grid  transconductance  of  a  pentagrid  mixer,  Fig.  7.1c, 
is  shown  as  a  function  of  oscillator-grid  potential  in  Fig.  6.  Id.  An 
oscillator-grid  swing  that  results  in  large  conversion  transconduct¬ 
ance  and  the  corresponding  values  of  gm  are  shown.  Converters 
frequently  are  operated  with  an  oscillator  voltage  lower  than  that 
which  produces  maximum  conversion  transconductance,  especially 
if  the  lower  value  improves  the  signal-to-noise  ratio  and  reduces 
interference  due  to  whistles. 

Conversion  transconductance  is  a  mixer-tube  coefficient.  It  is 
the  ratio  of  the  magnitude  of  the  i-f  carrier  component  of  the  plate 

1  H.  Stockman,  A  Treatment  of  Nonlinear  Devices  Based  upon  the  Theory 
of  Related  Linear  Functions,  J.  Applied  Phys.,  16,  645,  December,  1943. 

2  E.  W.  Herold,  The  Operation  of  Frequency  Converters  and  Mixers  for 
Superheterodyne  Reception,  Proc.  I.R.E. ,  30,  84,  February,  1942.  This 
article  also  contains  a  useful  bibliography. 
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current  to  the  magnitude  of  the  r-f  carrier  voltage  applied  to  the 
signal  grid,  with  no  load  in  the  plate  circuit  and  with  constant  plate 
voltage  and  is 


9 {r-f)  | 


for  small  amplitudes 
with  eb  const. 


(6.6) 


In  conventional  converter  circuits  and  at  medium  frequencies,  gc  is 
of  the  order  of  a  quarter  to  a  third  of  the  transconductance  of  the 
tube  when  used  as  an  amplifier. 

Conversion  gain ,  or  conversion  amplification,  is  the  ratio  of  the 
magnitude  of  the  i-f  carrier  voltage  developed  across  the  converter 
load  to  the  magnitude  of  the  applied  r-f  carrier  voltage.  Strictly, 
the  conversion  gain  is  the  limit  of  this  ratio  as  the  r-f  voltage 
becomes  smaller  and  smaller  and  may  be  written  as 


Ac  =  fed  1  (6.7) 

I  ^0  (’*“/)  I  Jfor  small  amplitudes 

The  voltage  amplification  of  a  circuit  employing  a  tube  having  a 
large  plate  resistance,  such  as  a  pentode  is  practically  equal  to  the 
product  of  the  transconductance  and  the  plate-load  impedance, 
Chap.  XIII,  Sec.  12.  Similarly,  the  conversion  gain,  or  conversion 
voltage  amplification,  of  a  converter  stage  employing  a  tube  having 
a  high  plate  resistance  is  approximately 

Ac  =  \gcZi.f\  (6.8) 


where  Zi-f  is  the  plate-load  impedance  at  the  intermediate  frequency. 

The  signal  and  oscillator  circuits  may  interact  undesirably 
because  of  coupling  between  them.  The  coupling  may  affect  the  tun¬ 
ing  of  either  circuit,  Chap.  XIV,  Sec.  20,  and  may  cause  radiation  at 
the  oscillator  frequency,  especially  if  a  preamplifier  is  not  employed. 
Also,  when  interaction  is  present,  an  extremely  strong  incoming 
signal  or  a  large  disturbance  voltage  may  alter  the  frequency  of  the 
oscillator  and  may  even  pull  the  oscillator  into  synchronism  with 
the  incoming  signal.  Interaction  arising  from  circuit  coupling  is 
certain  to  occur  in  a  single-input  mixer  but  may  also  occur  in  a 
double-input  circuit,  perhaps  through  insufficient  shielding.  In 
a  double-input  circuit,  interaction  may  result  from  space- charge 
coupling.  The  charge  on  the  signal  grid  is  affected  by  the  surround¬ 
ing  space  charge;  and  when  the  density  of  the  space  charge  is  forced 
to  vary  at  the  local-oscillator  rate,  alternating  currents  having  the 
oscillator  frequency  are  set  up  in  the  signal  circuit.  The  effects  of 
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space-charge  coupling  may  be  compensated  in  some  cases  by  a 
lumped-circuit  admittance  connected  between  the  oscillator  and 
signal  grids,  placed  inside  or  outside  the  envelope  of  the  tube. 

The  frequency  of  the  local  oscillator  should  be  as  free  as  possible 
from  drifts  due  to  temperature  variations.  The  oscillator  should 
function  with  reasonable  uniformity  over  the  entire  tuning  range. 
The  output  voltage  of  the  oscillator  should  be  practically  inde¬ 
pendent  of  variations  in  supply  voltages  and  in  the  load.  In  gen¬ 
eral,  the  amplitude  of  the  local-oscillator  voltage  employed  in 
broadcast  receivers  is  of  the  order  of  10  or  20  volts. 

In  summary,  the  desirable  characteristics  of  a  superheterodyne 
frequency-converter  stage  are  negligible  interaction;  large,  uniform, 
and  stable  oscillator  output;  high  signal-grid  input  impedance; 
high  average  mixer  plate  resistance;  large  and  uniform  conversion 
gain;  large  signal-to-noise  ratio;  good  A  VC  action;  and  good  “track¬ 
ing”  (constancy  of  difference  frequency  as  the  tuning  dial  is  turned). 
In  addition,  low  initial  cost  and  low  power  consumption  are 
desirable. 

7.  Superheterodyne  Converter  Circuits. — A  variety  of  circuits 
may  be  employed  for  frequency  conversion.  An  early  circuit 
employing  a  triode  and  three  circuits  that  employ  multigrid  tubes 
are  discussed  below.  Converters  for  use  at  short  and  ultrashort 
wavelengths,  employing  diodes  and  crystals,  are  discussed  in  Sec.  14. 

Early  Triode  Converter  Circuit. — Figure  7.1a  shows  an  early 
single-input  mixer  that  is  of  interest  because  mixers  that  employ 
circuit  coupling  are  now  used  in  modern  centimeter-wave  receivers. 
The  principal  disadvantage  of  this  type  of  converter  is  interaction. 
Also,  the  low  plate  resistance  of  the  triode  loads  (“damps”)  the 
first  i-f  transformer,  lowering  the  Q  of  the  primary  circuit,  Chap. 
VII,  Sec.  20,  and  reducing  the  selectivity.  In  addition,  feedback 
through  the  grid-plate  capacitance  affects  its  operation  adversely. 

This  type  of  converter  circuit,  when  properly  adjusted,  has 
good  sensitivity  and  conversion  gain  and  has  a  very  good  signal-to- 
noise  ratio  especially  when  fixed-bias  and  plate-circuit  rectification 
are  employed.  In  this  last  respect  the  circuit  is  preferable  to  those 
employing  multigrid  tubes. 

Pentagrid  ( Heptode )  Converter. — Local  oscillation  and  mixing  are 
both  accomplished  in  a  pentagrid-converter  tube  by  the  use  of  a 
single  electron  stream.  A  circuit  employing  a  pentagrid  converter 
is  shown  in  Fig.  7.15.  The  cathode  and  grids  1  and  2  constitute  a 
triode  oscillator,  grid  2  serving  as  a  plate.  The  rest  of  the  tube 
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is  a  tetrode.  The  oscillator  grid  (No.  1)  modulates  the  electron 
stream,  although  the  modulation  is  somewhat  reduced  by  the 
opposite  variation  in  potential  of  the  oscillator  plate  (grid  2).  The 
electrons  in  this  passage  from  cathode  to  plate  are  acted  upon  by 
the  oscillator  voltage  before  the  signal  voltage,  this  being  known  as 
inner-grid  injection.  Grids  3  and  5  tied  together  serve  as  screen 
grids.  To  avoid  grid  current,  the  signal  grid  (No.  4)  is  operated 
with  fixed  negative  bias,  usually  supplemented  by  AYC  bias.  When 
the  potential  of  the  oscillator  grid  is  high,  space  charge  builds  up 


Fig.  7.1. — Superheterodyne  mixer  and  converter  circuits. 

between  grids  3  and  4,  as  shown  at  the  right  in  the  figure.  The 
space  charge  becomes  less  dense  as  the  oscillator-grid  potential  is 
reduced  and  may  even  become  zero  when  the  oscillator  grid  is 
sufficiently  negative.  The  space  charge  serves  as  a  virtual  cathode 
for  the  tetrode  portion  of  the  tube.  The  tube  becomes  an  octode 
if  a  sixth  grid  is  added  at  the  point  marked  x.  This  results  in 
additional  screening,  increased  average  plate  resistance,  and  less 
loading  of  the  following  i-f  transformer. 

Appreciable  interaction  may  result  from  space-charge  coupling. 
In  addition,  the  “built-in”  oscillator  may  operate  improperly. 
These  effects  are  most  severe  at  ultra-high  frequencies.  Varia- 
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tions  in  space  charge  then  cause  detuning  and  other  conditions 
unfavorable  for  proper  operation.  If  the  space-charge  coupling  is 
not  properly  neutralized,  a  large  oscillator  voltage  may  cause  the 
signal  grid  to  draw  currents  causing  an  appreciable  direct  current 
through  the  AVC  filter  resistances,  upsetting  the  action  of  the  AVC 
system. 

The  sensitivity  and  the  conversion  gain  at  medium  frequencies 
are  of  the  same  order  as  in  the  triode  circuit  but  are  smaller  at  ultra- 
high  frequencies.  The  signal-to-noise  ratio  is  poorer  than  in 
the  triode  circuit  because  of  the  presence  of  so  many  grids.  The 
signal-grid  input  impedance  generally  is  much  higher  than  in  the 
triode  circuit  and  may  even  be  negative,  raising  the  Q  of  the  input 
circuit.1  The  heptode  and  octode  load  the  i-f  input  transformer 
much  less  than  a  triode.  These  tubes  are  used  widely  in  broadcast- 
band  receivers  because  of  the  economy  represented  by  combining 
the  mixing  and  oscillator  actions  in  one  envelope. 

Pentagrid  ( Heptode )  Mixer. — The  use  of  a  separate  local  oscilla¬ 
tor  is  preferable  at  higher  frequencies.  A  circuit  employing  a 
pentagrid-mixer  tube  is  shown  in  Fig.  7.1c.  The  signal  is  applied 
to  grid  1.  Grids  2  and  4,  tied  together,  serve  as  screen  grids, 
screening  the  oscillator  grid  (No.  3).  Grid  5  is  a  suppressor  grid, 
connected  to  the  cathode.  The  oscillator  voltage  acts  upon  the 
electron  stream  after  the  signal  grid,  this  being  known  as  outer-grid 
injection.  The  signal  grid  has  a  remote-cutoff  characteristic  and 
usually  is  operated  with  AVC  bias,  while  the  oscillator  grid  has  a 
sharp-cutoff  characteristic. 

Outer-grid  injection  results  in  less  space-charge  coupling  than 
inner-grid  injection,  and  therefore  interaction  is  small.  The 
conversion  gain  is  high  even  in  the  short-wave  region.  Automatic- 
volume-control  operation  is  possible  down  to  a  wavelength  of  several 
meters,  below  which  fixed  bias  is  preferred  because  AVC  voltage 
then  detunes  the  signal  circuit.  The  pentagrid  mixer,  like  the 
pentagrid  converter,  generally  has  a  poorer  signal-to-noise  ratio 
than  triode,  diode,  and  crystal  mixers. 

Triode-hexode  and  Triode-heptode  Converters. — As  shown  in  Fig. 
7.1  dy  a  triode  may  be  included  in  the  same  envelope  with  a  hexode 
or  heptode,  the  grid  of  the  triode  being  connected  internally  to 
the  hexode  or  heptode  oscillator  grid.  Either  inner-grid  or  outer- 
grid  injection  may  be  employed.  The  triode-heptode,  which 
employs  outer-grid  injection,  is  practically  free  from  interaction 

1  Ibid. 
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and  can  be  used  with  good  results  and  practically  no  radiation 
down  to  a  wavelength  of  a  few  meters.  Certain  minor  defects  of  this 
type  of  converter  tube  have  been  removed  to  some  extent  in  recent 
designs  by  the  use  of  close  electrode  spacing,  guide  electrodes,  and 
internal  shielding. 

Oscillator  Circuits . — A  separate  oscillator  generally  fulfills  the 
requirements  of  an  ideal  oscillator  better  than  the  oscillator  section 
of  a  triode-hexode  or  triode-heptode  converter  and  considerably 
better  than  the  pentagrid-converter  oscillator.  The  built-in  oscil¬ 
lator  of  the  pentagrid  converter  sometimes  exhibits  a  sort  of  motor¬ 
boating  known  as  “ flutter”  which  occurs  because  variations  in 
supply  and  signal  voltages  may  take  place  with  aiding  signs,  mak¬ 
ing  positive  feedback  possible.  Frequency  stability  is  much  more 
important  in  ultra-short-wave  converters  than  in  medium-wave 
converters,  since  a  deviation  of  1  per  cent  in  the  oscillator  frequency 
is  much  more  serious  in  the  former  than  in  the  latter.  For  this  and 
other  reasons  a  separate  oscillator  usually  is  employed  at  frequencies 
above  approximately  50  mcps. 

The  frequency  of  the  local  oscillator  may  vary  owing  to  change 
in  temperature  of  its  circuit  elements.  Temperature  drift  may  be 
reduced  by  the  use  of  temperature-compensated  capacitors  and 
similar  devices.  Variation  in  frequency  also  may  be  caused  by 
changes  in  supply  voltages,  in  the  load  on  the  oscillator,  and  in 
humidity  (the  latter  affecting  the  values  of  the  circuit  elements). 

Even  a  separate  oscillator  generally  oscillates  more  strongly 
at  one  end  of  the  tuning  range.  In  the  broadcast  range,  it  may 
fail  to  oscillate  at  the  low-frequency  end,  while  parasitic  oscilla¬ 
tions  may  occur  at  the  high-frequency  end,  producing  whistles  or 
squeals  in  the  receiver  output.  At  ultra-high  frequencies  it  is  more 
difficult  to  obtain  approximately  uniform  operation  over  a  broad 
tuning  range.  The  operation  of  a  conventional  triode  oscillator 
may  be  improved  by  altering  the  number  of  turns  on  the  feedback 
coil,  by  changing  the  feedback  coupling,  and  by  adjusting  the  grid- 
leak  and  grid-capacitor  values.  Sometimes  the  uniformity  of 
oscillator  operation  can  be  improved  by  placing  resistors  in  the  grid 
circuit  close  to  the  grid  and  in  the  feedback  circuit.  The  oscillator 
should  be  designed  so  that  it  tracks  properly. 

8.  The  Intermediate-frequency  Amplifier. — The  i-f  amplifier 
is  a  high-gain  high-frequency  amplifier  designed  to  operate  at  a 
fixed  frequency.  Its  function  is  to  amplify  the  weak  i-f  output  of  a 
converter  to  a  voltage  sufficient  to  operate  the  detector,  without 
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introducing  undesirable  frequency,  phase,  or  nonlinear  distortion. 
Circuit  diagrams  that  include  single-stage  i-f  amplifiers  are  shown 
in  Figs.  5.2  and  11.1. 

As  stated  in  Sec.  5,  the  shape  of  the  frequency-response  curve 
and  the  width  of  the  pass  band  of  the  receiver  as  a  whole  may  be 
controlled  readily  by  controlling  the  band-pass  characteristics  of 
the  i-f  amplifier.  The  i-f  transformers  may  be  designed  to  have  a 
more  or  less  well-defined  double  peak  in  their  frequency-response 
characteristics,  Chap.  VII,  Sec.  15.  This  reduces  the  possibility 
of  side-band  clipping,  improves  the  reproduction  of  the  higher  audio 
or  video  frequencies  without  loss  of  adjacent-channel  selectivity, 
and  reduces  the  stability  required  of  the  local  oscillator.  On 
the  other  hand,  the  use  of  double-peaked  transformers  increases 
the  cost  of  manufacture  and  of  alignment  and  testing.  Further¬ 
more,  the  anticipated  improvement  in  fidelity  is  not  realized  unless 
the  detector,  the  low-frequency  amplifier,  and  the  output  device 
also  have  high-fidelity  characteristics.  The  wider  the  pass  band, 
the  more  free  the  other  parts  of  the  receiver  must  be  from  nonlinear 
and  phase  distortion.  For  these  reasons,  transformers  having  a 
single-peak  frequency-response  curve  are  used  in  small  and  inexpen¬ 
sive  receivers.  Wide-band  reception  is  not  always  desirable  because 
the  background  noise  in  the  output  increases  with  the  band  width. 

9.  Image  Interference  and  Its  Reduction. — The  frequency 
response  of  a  superheterodyne  whose  r-f  input  circuit  is  tuned  to  a 


Fig.  9.1. — Image-frequency  response  in  a  converter:  (a)  intermediate  frequency  = 
175  kcps;  (6)  intermediate  frequency  =  455  kcps. 

frequency /„  of  1,000  kcps  is  indicated  in  Figs.  9.1a,  6.  First,  assume 
that  the  oscillator  frequency  f0  is  1 175  kcps  and  that  the  intermediate 
frequency  /*  is  175  kcps  (a  value  used  in  earlier  designs).  If  there 
should  be  an  incoming  transmission  at  the  frequency  fim  =  1,350 
kcps,  Fig.  9.1a,  it  will  cause  a  difference  frequency  of  1,350  —  1,175 
or  175  kcps  in  the  converter  stage  and  will  be  heard  in  the  back¬ 
ground,  perhaps  only  as  a  whistle.  Such  an  undesired  station  is 
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known  as  an  image  station  or  image ,  and  the  frequency /*m  =  /,  +  2/. 
is  known  as  the  image  frequency A  The  image  ratio  of  a  receiver  is 
the  ratio  of  the  input  required  at  the  frequency  fim  to  that  required 
at  the  frequency  f3  to  produce  output  signals  of  the  same  strength. 
The  image  ratio  must  be  high  for  image-channel  interference,  or 
image  interference,  to  be  negligible. 

To  secure  a  high  image  ratio  the  intermediate  frequency  is 
made  as  large  as  other  considerations  permit.  An  intermediate 
frequency  of  455  kcps  is  used  frequently  in  modern  broadcast 
receivers.  As  seen  in  Fig.  9.16,  the  admittance  of  the  receiver  at 
the  image  frequency  of  1,910  kcps  is  extremely  small.  However, 
an  increase  in  intermediate  frequency  generally  reduces  the  selec¬ 
tivity  and  the  stability  of  the  receiver.  Assuming  coils  of  the 
same  Q,  the  relation  Q  =  /// (//'  —  //)  indicates  that  the  half¬ 
power  band  width//'  —  //  of  the  i-f  amplifier  is  several  times  greater 
for  an  intermediate  frequency  of  455  kcps  than  for  175  kcps. 

Image  interference  also  is  reduced  by  increasing  the  r-f  input 
selectivity  of  the  receiver.  If  the  r-f  input  response  curve  is 
made  sharper,  as  indicated  by  the  dot-dash  curve  in  Fig.  9.16, 
the  image  ratio  is  increased.  However,  the  response  curve  of  the 
input  circuits  must  not  be  made  too  narrow,  for  side-band  clipping 
may  then  be  encountered.  The  selectivity  is  obtained  from  the 
circuits,  not  the  tubes,  so  that  any  practical  amount  of  preselectivity 
can  be  obtained  in  general  without  the  use  of  additional  tubes. 
The  tube  or  tubes  in  a  preamplifier  in  themselves  do  not  contribute 
to  the  image-suppression  qualities  of  a  preamplifier. 

10.  Preamplifier,  Detector,  Low-frequency  Amplifier. — The 
preamplifier  in  a  conventional  superheterodyne  is  a  one-  or  two- 
stage  amplifier  with  variable  tuning,  in  which  A  VC-controlled 
remote-cutoff  pentodes  usually  are  employed.  The  preamplifier 
may  be  included  in  the  receiver  for  one  or  more  of  the  following 
purposes: 

1.  To  eliminate  image-channel  and  similar  types  of  interference. 

2.  To  minimize  adjacent-channel  interference. 

3.  To  increase  the  signal-to-noise  ratio  of  the  receiver. 

4.  To  prevent  radiation  by  isolating  the  local  oscillator  from 
the  antenna. 

5.  To  make  the  receiver  less  dependent  upon  the  antenna 
characteristics. 

6.  To  increase  the  over-all  gain  of  the  receiver. 

1  If  fo  is  loss  than  f3j  the.  image  frequency  is  given  by  fim  =  f,  —  2/». 
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Ordinarily,  image-channel  suppression  is  a  major  function 
of  the  preamplifier.  However,  at  higher  frequencies  image 
suppression  may  not  be  required  because  there  may  be  no  radio 
signals  at  the  image  frequency.  Adjacent-channel  selectivity  is 
not  usually  the  primary  function  of  the  preamplifier  because  the 
i-f  amplifier  is  far  more  effective  in  this  respect.  Prevention  of 
radiation  may  be  of  great  importance  in  special  designs  for  military 
use  but  is  of  less  importance  in  commercial  designs,  where  radiation 
is  usually  insufficient  to  cause  noticeable  interaction  between 
neighboring  receivers.  Variation  in  the  impedance  of  the  antenna 
over  the  tuning  range  is  seldom  of  such  importance  that  it  alone 
justifies  the  introduction  of  a  preamplifier.  At  present,  the  con¬ 
tribution  of  the  preamplifier  tube  to  the  over-all  gain  of  a  receiver 
is  small  in  the  ultra-short-wave  band,  so  that  at  the  higher  radio 
frequencies  the  preamplifier  is  not  as  effective  as  at  the  loAver 
frequencies. 

The  detector  in  a  superheterodyne  receiver  may  be  of  almost  any 
type.  Except  in  small  “personal”  radios  and  similar  receivers,  a 
large-signal  detector  commonly  is  employed.  The  detector  circuit 
most  commonly  used  is  the  half-wave  diode  circuit,  since  it  distorts 
the  signal  negligibly  except  at  high  percentages  of  modulation  and 
can  also  supply  control  voltage  for  an  AVC  system,  as  in  Fig.  5.2. 

The  low-frequency  amplifier  raises  the  level  of  the  output  of 
the  detector  sufficiently  to  operate  a  loudspeaker  or  a  picture  tube. 
A  manually  operated  volume  or  gain  control,  usually  located  at 
the  input  to  the  low-frequency  amplifier,  is  required  even  in  a 
set  that  includes  a  conventional  AVC  system.  Even  though  the 
AVC  system  may  hold  constant  the  amplitude  of  the  carrier  that 
reaches  the  detector,  differences  in  the  degree  of  modulation  of  the 
various  signals  applied  to  the  detector  cause  comparatively  large 
variations  in  the  magnitude  of  its  low-frequency  output. 

11.  Automatic  Volume  Control. — Nearly  all  modern  super¬ 
heterodyne  receivers  include  either  an  automatic- volume-control 
(AVC)  system  or  a  delayed  automatic-volume-control  (DAVC) 
system,  to  keep  the  output  of  the  receiver  at  a  fairly  constant  level, 
preventing  “blasting”  of  the  loudspeaker  or  the  picture  tube. 
The  conventional  AVC  systems  maintain  a  more  or  less  constant 
i-f  carrier  input  to  the  detector  by  decreasing  the  gain  of  the  high- 
frequency  amplifier  as  the  amplitude  of  the  incoming  carrier 
increases. 

A  commonly  used  AVC  system  is  shown  in  Fig.  5.2.  Voltage 
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developed  by  rectification  across  the  detector  load  is  supplied  to 
an  A  VC  line  through  a  filter  R10C20,  which  is  intended  to  attenuate 
the  i-f  and  a-f  voltages  sufficiently  so  that  they  have  negligible 
effect  on  the  grid  bias.  The  A  VC  line  supplies  the  r-f  amplifier, 
converter,  and  i-f  amplifier  with  A  VC  bias  voltage  through  individual 
decoupling  filters,  such  as  R1C2.  The  A  VC  bias  voltage  is  additional 
to  a  more  or  less  fixed  bias  such  as  cathode  bias.  This  more  or  less 
fixed  bias  determines  a  suitable  quiescent  point  to  prevent  grid 
current  and  excessive  plate  current  in  the  absence  of  a  signal.  The 
greater  the  carrier  amplitude  of  the  i-f  wave  that  reaches  the  detec¬ 
tor,  the  greater  the  A  VC  bias  voltage  and  the  smaller  the  gain  of  the 
AVC-controlled  stages. 


Fig.  11.1, — Conventional  i-f  and  duplex-diode-pentode  stages  in  a  superheterodyne 
receiver  with  delayed  automatic  volume  control. 

Improved  A  VC  action  is  obtained  by  using  a  separate  rectifier 
coupled  by  a  capacitor  to  the  plate  of  an  i-f  amplifier,  Fig.  11.1, 
or  to  the  plate  of  the  detector.  Intermediate-frequency  and  d-c 
amplifiers  also  may  be  incorporated  in  the  A  VC  system  for  improve¬ 
ment  in  its  operation. 

The  choice  of  values  of  resistance  and  capacitance  employed  in 
an  A  VC  filter  system  is  a  matter  of  reaching  a  difficult  compromise. 
The  lowest  modulation  tones  are  difficult  to  filter  out,  and  consider¬ 
able  negative  feedback  may  occur  at  these  frequencies  in  small 
and  inexpensive  receivers,  reducing  the  already  poor  base  response. 
A  large  time  constant  causes  the  lowest  modulation  tones  to  be 
filtered  out  but  slows  down  the  AVC  action.  If  a  large  time  con¬ 
stant  is  obtained  by  use  of  large  values  of  resistance  in  the  AVC 
line,  a  very  small  amount  of  grid  current  causes  an  appreciable  drop 
across  the  resistances,  which  usually  makes  the  controlled  grids 
more  negative  and  results  in  poor  AVC  regulation.  Likewise,  the 
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use  of  large  capacitors  is  not  consistent  with  good  design.  Varia¬ 
tions  in  the  input  signal  due  to  fading  and  resetting  of  the  tuning 
dial  are  compensated  reasonably  well  in  a  broadcast  receiver  having 
an  AVC  time  constant  of  the  order  of  0.1  sec. 

Ordinary  AVC  reduces  the  sensitivity  of  a  receiver  even  when 
the  incoming  signal  is  weak,  which  is  a  disadvantage.  In  a  DA  VC 
system,  AVC  bias  voltage  is  not  developed  until  the  strength  of  the 
incoming  signal  exceeds  a  predetermined  value.  An  example  of  a 
DA  VC  system  is  shown  in  Fig.  11.1.  C  3  serves  as  coupling  capaci¬ 
tance  and  Rz  as  DAVC  diode-load  element,  while  Ri  and  C7  con¬ 
stitute  a  filter  in  the  AVC  line.  The  cathode  of  the  duplex-diode- 
pentode  is  maintained  a  few  volts  above  ground  potential  by  means 
of  cathode  bias.  A  fixed  bias  holds  the  AVC  line  a  few  volts  below 
ground  potential.  Therefore,  in  the  absence  of  an  i-f  signal,  the 
plate  voltage  of  the  DAVC  diode  is  the  sum  of  the  cathode  bias 
across  Rq  and  the  fixed  bias,  and  the  DAVC  diode  is  not  conducting. 

When  the  potential  of  the  DAVC  plate  is  swung  at  the  i-f  rate 
with  an  amplitude  that  is  small  and  is  not  sufficient  to  bring  the 
plate  up  to  the  point  of  conduction,  there  is  no  change  in  the  AVC 
line  potential.  When  the  amplitude  is  sufficient  to  cause  conduction 
of  the  diode  during  the  positive  peaks,  pulses  of  current  occur  in 
Rz  and  the  potential  of  the  AVC  line  with  respect  to  ground  is  made 
more  negative.  The  pulsating  voltage  drop  across  Rz  is  smoothed 
by  the  filter  Z?7C7.  The  critical  amplitude  (the  amplitude  at 
which  conduction  begins)  is  slightly  less  than  the  sum  of  the  cath¬ 
ode-bias  and  fixed-bias  voltages. 

When  a  receiver  is  equipped  with  either  AVC  or  DAVC,  ordinary 
fading  causes  a  rise  and  fall  in  the  level  of  the  background  noise, 
which  means  that  noise  replaces  the  signal  when  the  signal  fades. 
Selective  fading,  which  is  unequal  fading  of  the  various  frequency 
components  in  the  incoming  modulated  wave,  is  made  especially 
evident.  If  one  side  band  disappears  and  the  carrier  is  weakened, 
the  sensitivity  of  the  receiver  increases  and  the  remaining  part  of 
the  transmission  produces  a  large  and  distorted  output  signal.  The 
sensitivity  of  a  receiver  that  has  AVC  rises  when  the  receiver  is 
tuned  between  stations.  The  background  noise  may  become  very 
prominent  between  stations  unless  another  control  circuit  is 
employed  to  suppress  this  noise. 

By  extending  the  AVC  regulation  to  the  low-frequency  amplifier, 
the  output  of  a  receiver  can  be  held  at  a  fixed  level  independent 
of  the  degree  of  modulation  of  the  incoming  signal.  Generally 
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this  is  not  considered  worth  the  cost  in  broadcast  receivers.  Over¬ 
regulation,  which  may  be  undesirable,  becomes  possible  when  AVC 
is  extended  to  the  low-frequency  amplifier  or  to  any  stage  following 
that  from  which  the  AVC  system  derives  its  r-f  controlling  signal. 

12.  Automatic  Frequency  Control. — Inaccurate  tuning,  fre¬ 
quency  drift  in  the  local  oscillator,  and  error  in  alignment  may  cause 
the  frequency  applied  to  the  i-f  amplifier  to  be  incorrect.  An 
automatic-frequency-control  (AFC)  system  is  incorporated  in 
some  receivers  to  correct  the  frequency  of  the  i-f  signal.1  Such  a 
system  is  especially  valuable  in  push-button-tuned  or  remotely 
controlled  receivers.  Automatic  frequency  control  facilitates  the 


Fig.  12.1. — Automatic-frequency-control  (AFC)  system. 

tuning  by  reducing  the  accuracy  with  which  the  tuning  dial  must 
be  adjusted. 

An  example  of  an  AFC  system  is  shown  in  Fig.  12.1.  A  react¬ 
ance-tube  circuit,  Chap.  XX,  Sec.  10,  controls  the  frequency  of  the 
local  oscillator.  The  reactance  tube  (in  this  example)  simulates  a 
variable  capacitance  CRT,  connected  across  the  oscillator  tank  cir¬ 
cuit.  A  direct  control  voltage  is  applied  to  the  reactance  tube  from 
a  discriminator,  Chap.  XXI,  Sec.  22.  The  primary  and  secondary 
of  the  discriminator  transformer  are  tuned  to  the  correct  inter¬ 
mediate  frequency.  The  output  of  the  i-f  amplifier  is  applied  to 
both  the  detector  and  the  discriminator. 

1 J.  F.  Rider,  “Automatic  Frequency  Control  Systems,”  J.  F.  Rider, 
Publisher,  1937. 
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When  the  carrier  frequency  of  the  i-f  wave  has  the  correct 
value,  the  output  voltage  of  the  discriminator  is  zero.  If  the 
carrier  frequency  of  the  i-f  wave  should  be  above  the  correct  value, 
the  discriminator  develops  and  applies  to  the  reactance  tube  a  d-c 
voltage  that  in  this  example  is  positive.  The  positive  voltage 
increases  the  capacitance  simulated  by  the  reactance  tube,  thus 
lowering  the  frequency  of  the  oscillator,  and  in  turn  lowering  the 
carrier  frequency  of  the  i-f  wave  until  the  error  in  frequency  practi¬ 
cally  is  eliminated.  When  the  carrier  frequency  of  the  i-f  wave  is 
below  the  proper  value,  the  system  operates  in  the  opposite  direc¬ 
tion.  Frequency  control  is  possible  as  long  as  the  carrier  frequency 
of  the  i-f  wave  remains  within  the  more  or  less  linear  range  of 
response  of  the  discriminator.  An  AFC  system  generally  can 
correct  an  error  of  several  kilocycles  in  a  455-kcps  i-f  amplifier. 

SHORT-WAVE  RECEIVERS 

13.  General. — Unconventional  features  of  construction  are 
necessary  in  short-wave  receivers.  At  frequencies  of  the  order  of 
hundreds  of  megacycles,  tuned  sections  of  transmission  line  fre¬ 
quently  are  used  as  resonant  circuits,  while  cavity  resonators  are 
employed  at  still  higher  frequencies.  The  requirements  regarding 
wiring,  switching,  and  shielding  are  severe.  Tubes  and  tuning 
elements  must  be  wired  together  with  considerable  care  in  order  to 
avoid  undesired  admittances.  Standard  types  of  short-wave 
receivers  may  employ  the  same  types  of  tubes  found  in  medium- 
wave  receivers.  Frequently,  special  types  of  tubes,  for  example 
“ acorn”  tubes,  are  used.  Special  tubes  for  amplification,  conver¬ 
sion,  detection,  and  oscillation  have  been  developed  for  use  in  the 
more  unconventional  centimeter-wave  receivers. 

Regenerative-detector  circuits  operate  with  reduced  sensitivity 
and  selectivity  at  high  frequencies,  while  superregenerative  detec¬ 
tors,  up  to  a  certain  point,  improve  in  sensitivity  with  frequency. 
For  this  and  other  reasons  the  superregenerative  detector  frequently 
is  preferred  to  the  regenerative  detector  at  ultra-high  frequencies. 
However,  for  selectivity  or  for  some  other  reason,  a  superheterodyne 
circuit  may  be  preferred. 

Short-wave  and  ultra-short-wave  stations  generally  are  grouped 
in  frequency  bands.  Each  tuning  range  in  a  short-wave  receiver 
may  cover  two  or  more  of  these  bands,  but  in  ultra-short-wave 
receivers  a  separate  tuning  range  may  be  provided  for  each  band. 
For  tuning  within  a  given  frequency  band,  a  system  known  as 
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“band  spreading”  (mechanical,  electrical,  or  both)  has  been  devel¬ 
oped.  This  is  adequately  described  in  the  literature.  The  design 
of  tuning  systems  in  centimeter-wave  receivers  is  a  complicated 
problem  for  which  ordinary  band  spreading  is  not  an  adequate 
solution.1 

14.  Short-wave  Superheterodyne. — The  short-wave  super¬ 
heterodyne  receiver  differs  from  the  medium-  and  the  long-wave 
superheterodyne  mainly  in  the  design  of  the  frequency  converter 
and  its  associated  circuits.2  In  some  cases  two  converters  are 
employed,  the  carrier  frequency  being  changed  twice  before  detec¬ 
tion.  A  preamplifier  generally  is  not  employed  because  at  ultra- 
high  frequencies  a  preamplifier  may  have  a  power  gain  less  than 


Fig.  14.1. — Diode-mixer  circuit  for  u-h-f  operation.  Coil-capacitor  arrangements 
on  input  side  shown  merely  as  symbols. 


unity,  may  produce  more  noise  power  than  signal  power,  and  may 
not  be  required  for  image  suppression. 

Diodes  and  crystals  frequently  are  used  as  mixers  at  frequencies 
of  the  order  of  thousands  of  megacycles,  because  the  types  described 
in  Sec.  7  do  not  perform  adequately  at  these  frequencies.  Electron 
coupling  is  not  used  because  of  transit-time  effects  and  other  limita¬ 
tions.  At  progressively  higher  frequencies,  transit-time  effects 
render  first  the  triode,  then  the  diode  inefficient,  and  the  sphere  of 
usefulness  of  the  crystal  then  is  entered.  Factors  other  than 
efficiency,  however,  are  included  in  the  choice  of  mixer.  Diode 
and  crystal  mixers  have  all  the  limitations  of  circuit-coupled  mixers 

1 S.  Y.  White,  The  Precision  Tuning  Problem  in  U-h-f  Broadcasting, 
Electronics ,  16,  94,  May,  1943. 

2  E.  W'.  Herold  and  L.  M alter,  Some  Aspects  of  Radio  Reception  at 
Ultra  High  Frequency,  Proc.  I.R.E. ,  31,  423;  31,  491;  31,  567;  August,  Septem¬ 
ber,  October,  1943. 
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discussed  in  Secs.  6  and  7,  including  the  disadvantage  of  strong 
radiation. 

Diode  Mixer . — A  simple  u-h-f  diode-mixer  circuit  is  shown  in 
Fig.  14.1.  Coils  and  capacitors  are  used  merely  as  symbols  on  the 
input  side  of  the  circuit,  since  tuned  lines  and  cavity  resonators 
frequently  are  employed.  The  local-oscillator  voltage  preferably 
should  be  of  the  order  of  several  volts.  Rectification  of  the  local- 
oscillator  voltage  produces  a  bias  voltage  across  the  combination 
EC  that  may  amount  to  several  volts.  Therefore,  the  diode  con¬ 
ducts  only  during  the  positive  peaks  of  the  oscillator  voltage,  and 
its  operation  resembles  Class  C  operation  of  an  amplifier  tube. 
Contrary  to  the  practice  customary  in  respect  to  broadcast  receivers, 
the  local  oscillator  here  usually  is  operated  at  a  frequency 

fo  —  fe  ~  fi ) 

that  is,  below  that  of  the  incoming  signal,  in  order  to  obtain  greater 
stability.  Considerable  improvement  in  operation  may  be  obtained 
in  some  cases  by  employing  a  multiple  of  the  oscillator  frequency  in 
the  determination  of  the  difference  frequency;  for  example,  by  let¬ 
ting  fi  =  f s  —  3 f0.  Then  when  the  circuit  for  injection  of  the 
oscillator  voltage  is  tuned  to  the  frequency  f0,  the  impedance 
presented  by  this  circuit  to  the  signal  current  is  much  reduced, 
which  is  an  advantage.  However,  the  conversion  power  ratio  of  the 
mixer  is  also  reduced,  which  is  a  disadvantage. 

Note  that,  when  an  integral  multiple  of  the  oscillator  frequency 
is  employed  in  frequency  conversion,  the  waveform  of  the  local 
oscillator  may  be  purely  sinusoidal;1  for  nonlinearity  in  the  trans¬ 
conductance  is  the  necessary  requirement,  and  this  is  contributed 
by  the  mixing  device,  which  is  a  nonlinear  load  on  the  oscillator. 

Special  attention  must  be  given  to  impedance  matching  in  the 
design  of  a  u-h-f  converter  because  the  conversion  power  ratio  is 
of  greater  importance  than  the  conversion  gain  of  the  mixer.2 
The  conversion  gain  of  nearly  all  u-h-f  converters  is  less  than  unity. 
To  some  extent  the  attenuation  of  the  signal  may  be  compensated 
by  additional  gain  in  the  i-f  amplifier. 

Crystal  Mixer . — A  rectifier  crystal,  for  example  a  silicon-tungsten 
cartridge,  may  be  used  in  place  of  the  diode  in  a  mixer  circuit  of  the 

1  Herold,  loc.  cit. 

2  E.  G.  James  and  J.  E.  Houldin,  Diode  Frequency  Changers,  Wireless 
Engineer ,  20,  15,  January,  1943;  F.  M.  Colebrook  and  G.  H.  Aston,  Diode 
as  a  Frequency  Changer,  Wireless  Engineer ,  20,  5,  January,  1943. 
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type  shown  in  Fig.  14.1.  A  better  signal-to-noise  ratio  thus  may  be 
obtained.  The  conversion  gain,  compared  with  that  of  a  diode, 
may  be  either  greater  or  less,  depending  upon  a  number  of  factors. 
The  average  resistance  of  crystals  is  smaller  than  that  of  diodes,  so 
that  the  i-f  transformer  must  have  a  larger  step-up  ratio.  Because 
crystals  conduct  to  some  extent  in  the  “reverse”  direction,  Class  C 
operation  and  the  use  of  a  multiple  of  the  oscillator  frequency  may 
not  be  possible.  In  a  crystal  mixer,  the  maximum  conversion  power 
ratio  may  be  obtained  when  the  oscillator  voltage  is  limited  to  the 
order  of  tenths  of  a  volt.1 

Other  U-h-f  Mixers. — In  theory,  any  device  that  operates  non- 
linearly  may  be  used  for  frequency  conversion.  Several  special 
u-h-f  oscillators  have  been  developed,  and  there  are  possibilities 
for  mixing  by  using  the  oscillator  circuit,  employing  the  so-called 
“autodyne”  principle.2  These  processes  are  of  interest  because  of 
the  difficulties  in  providing  external  mixing  circuits  at  ultra-high 
frequencies. 

15.  Frequency-modulation  Receivers. — A  frequency-modula¬ 
tion  receiver  generally  is  a  superheterodyne.  In  many  cases 
receivers  are  designed  for  both  frequency-modulation  and  ampli¬ 
tude-modulation  reception.  A  block  diagram  of  a  conventional 
receiver  for  both  frequency-modulation  and  amplitude-modulation 
is  shown  in  Fig.  15.1.  Either  one  of  the  detector  systems  can  be 
switched  in  between  the  i-f  and  a-f  amplifiers.  The  frequency- 
modulation  detector  includes  a  discriminator.  Frequency-modula¬ 
tion  signals  are  passed  through  one  or  two  limiter  stages  to  remove 
any  variation  in  amplitude  that  the  modulated  wave  may  have 
acquired  in  transmission  and  reception.  The  detector  circuit 
usually  is  followed  by  a  deemphasis  circuit  to  attenuate  the  higher 
modulation  tones,  these  tones  usually  having  been  emphasized  at 
the  transmitter.  The  first  two  i-f  amplifier  stages  have  a  relatively 
broad  frequency  response.  Therefore  an  added  narrow-band  i-f 
stage  is  employed  ahead  of  the  amplitude-modulation  detector  to 
obtain  the  greater  selectivity  required  in  amplitude-modulation 
reception. 

The  primary  purpose  of  a  preamplifier,  when  used  in  a  frequency- 
modulation  receiver,  is  usually  to  increase  the  signal-to-noise  ratio. 

1  H.  Stockman,  IJHF  Converter  Analysis,  Electronics ,  18,  140,  February, 
1945. 

2  J.  F.  Rider,  “Servicing  Superheterodynes,”  3d  ed.,  pp.  90-99,  J.  F.  Rider, 
Publisher,  1942. 
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It  may  also  be  used  for  image  suppression,  although  image  inter¬ 
ference  usually  is  not  a  major  problem. 

In  a  frequency-modulation  receiver  for  operation  in  the  42  to  50 
mcps  broadcast  band,  the  converter  may  be  a  pentagrid  mixer  with 
separate  oscillator  or  a  modern  triode-hexode  or  triode-heptode. 
In  a  receiver  for  operation  at  frequencies  of  several  hundred  or  more 
megacycles/second,  tubes  of  the  acorn  type  may  be  emplo3red  in 
the  high-frequency  part  of  the  receiver. 

To  accommodate  the  side  bands  of  the  frequency-modulation 
wave,  the  i-f  amplifier  must  have  a  broad  frequency  response.  The 
required  band  width  may  range  from  30  kcps  for  police  or  similar 
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-Block  diagram  of  a  conventional  communication  receiver  for  both 
amplitude  and  frequency  modulation. 


transmissions  up  to  200  kcps  for  broadcasting.  To  achieve  the 
necessary  band  width,  the  coupling  transformers  may  be  designed  to 
have  band-pass  characteristics  and  may  be  shunted  with  resistors. 
In  some  receivers,  “staggering”  of  the  circuits  may  be  employed, 
the  frequencies  of  the  individual  circuits  being  grouped  around  the 
carrier  frequency.  Two  i-f  stages  generally  are  required  in  order 
to  amplify  the  signal  sufficiently  to  operate  the  limiter  properly. 
The  considerations  that  govern  the  choice  of  the  intermediate 
frequency  are  essentially  the  same  as  in  an  amplitude- modulation 
receiver.  In  prewar  frequency-modulation  broadcast  receivers,  the 
intermediate  frequency  is  of  the  order  of  3  to  5  mcps.  The  inter¬ 
mediate  frequency  is  still  higher  in  ultra-short-wave  frequency- 
modulation  receivers. 

Essentially,  a  frequency-modulation  limiter  stage  is  a  consider¬ 
ably  overdriven  i-f  amplifier  stage.  Its  voltage  amplification  is  of 
the  order  of  unity,  and  the  amplitude  of  its  output  is  of  the  order  of 
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10  volts.  An  r-f  pentode  with  a  sharp-cutoff  characteristic  generally 
is  employed.  Limiting  action  usually  is  achieved  by  the  use  of  a 
resistor  in  the  grid  circuit  and  reduced  plate  and  screen-grid  poten¬ 
tials.  The  bias  voltage  developed  in  the  grid  circuit  by  large  signals, 
together  with  the  reduced  polarizing  potentials,  results  in  clipping. 
Detailed  analysis  reveals  the  presence  of  a  number  of  interrelated 
effects  that  contribute  to  the  final  result.1  The  time  constant  of 
the  grid  coupling  capacitor  and  grid  resistor  should  be  small,  of  the 
order  of  a  few  microseconds,  so  that  rapid  variations  in  amplitude, 
such  as  those  characteristic  of  impulse  noise,  may  be  eliminated.2 
A  two-stage  limiter  offers  the  possibility  of  improved  limiting  action, 
partly  because  the  two  stages  can  be  given  different  time  constants. 

The  discriminator  employed  as  detector  is  of  the  types  dis¬ 
cussed  in  Sec.  12  and  in  Chap.  XXI.  The  time  constant  of  the 
deemphasis  circuit,2’3  is  100  microsec  for  the  42  to  50  mcps  broadcast 
band  and  75  microsec  for  the  88  to  108  mcps  broadcast  band. 
The  quality  of  the  a-f  amplifier  and  of  the  loudspeaker  usually  is 
higher  than  in  the  average  amplitude-modulation  short-wave 
receiver,  and  may  be  designed  to  cover  a  frequency  range  from  50 
to  15,000  cps.  The  audio  output  stages  are  usually  of  the  push-pull 
type,  and  sometimes  separate  treble  and  bass  loudspeakers  are 
employed. 

The  excellent  tone  quality  obtainable  in  frequency-modulation 
reception  may  be  achieved  in  some  cases  with  amplitude-modulation 
reception.  The  primary  advantage  of  frequency-modulation  recep¬ 
tion  lies  in  the  low  noise  level  obtained  even  under  adverse  condi¬ 
tions  of  reception.  The  low  noise  level  permits  an  extended  range 
of  loudness. 


DISTURBANCE  TO  RADIO  RECEPTION 

Disturbances  to  radio  reception  occur  as  hissing,  crackling  or 
crashing  sounds,  hum  or  whistles,  undesired  transmissions;  to  video 
reception,  as  an  imperfect  image.  The  signal  power  at  the  repro¬ 
ducer  must  exceed  appreciably  the  disturbance  power  in  order  to 
secure  satisfactory  reproduction  of  the  original  intelligence.  Impor- 

1  J.  A.  Worcester,  Jr.,  Recent  Improvements  in  Frequency  Modulation 
Receiver  Design,  RMA  Tech.  Bull.  2,  Nov.  12,  1940. 

2  A.  Hund,  “Frequency  Modulation,”  pp.  249-264,  204-225,  McGraw-Hill 
Book  Company,  Inc.,  1942. 

3  Chap.  XX,  Sec.  9. 
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tant  types  of  radio  disturbance  are  fluctuation  noise,  impulse  noise, 
and  radio-station  interference. 

16.  Fluctuation  Noise. — Random  electrical  variations  of  a 
character  that  cause  a  hiss  without  definite  pitch  in  the  loudspeaker 
are  known  as  fluctuation-noise  voltages.  These  voltages  originate 
in  tubes  and  other  circuit  elements  and  come  into  being  because 
electric  charge  exists  in  distinct  quantities  instead  of  in  a  continuum. 
Generally,  the  frequency  spectrum  of  fluctuation-noise  voltages  is 
continuous  and  has  a  height  that  in  a  given  receiver  depends  upon 
the  frequency-response  characteristics  of  the  circuits.  The  fluctua¬ 
tion-noise  voltages  of  most  interest  are  those  due  to  shot  effect 
and  to  thermal  agitation. 

Shot  Effect. — The  time  average  of  the  number  of  electrons  reach¬ 
ing  the  plate  is  subject  to  random  variations  because  emission  of 
electrons  from  the  cathode  is  not  absolutely  steady.  The  irregular¬ 
ity  in  the  plate  current  due  to  this  cause  is  known  as  shot  effect. 
When  a  tube  is  operated  at  a  plate  potential  such  that  space  charge 
is  developed,  the  space  charge  serves  as  a  reservoir  or  cushion, 
smoothing  out  the  flow  of  electrons  and  reducing  the  shot  effect. 

Thermal  Agitation . — Thermal-agitation  voltages1  are  small 
fluctuating  differences  of  potential  that  appear  between  the  ter¬ 
minals  of  a  conductor  or  circuit  owing  to  random  motion  of  electrons 
within  it,  the  motion  of  the  electrons  being  a  concomitant  of  the 
heat  energy  of  the  material.  The  effect  of  the  thermal  agitation  is 
equivalent  to  the  effect  of  an  emf  (in  series  with  the  conductor 
considered  noise-free)  given  by 

E2  =  4fcT  (R)/df  (16.1) 

Jf  1 

where  E  is  the  rms  value  of  the  fluctuating  emf  in  volts,  k  is  Boltz¬ 
mann’s  constant  (1.37  •  10~23  joules/°K),  T  is  the  absolute  tem¬ 
perature  of  the  conductor,  fi  and  /2  are  the  limits  of  the  range  of 
frequency  that  is  of  interest,  and  ( R)f  is  the  resistive  part  of  the 
impedance  of  the  conductor  at  the  frequency  /. 

The  value  of  ( R)f  for  a  parallel  tuned  circuit,  when  plotted 
against  frequency,  forms  a  peaked  curve.  The  thermal-agitation 
voltage  contributed  by  a  tuned  circuit  may  be  determined  by  inte¬ 
grating  (16.1)  over  the  relatively  narrow  band  of  frequencies  covered 
by  the  circuit. 

1  J.  B.  Johnson,  Thermal  Agitation  of  Electricity  in  Conductors,  Phys. 
Rev.,  32,  97-109,  July,  1928;  H.  Nyquist,  Thermal  Agitation  of  Electric 
Charge  in  Conductors,  Phys.  Rev.,  32,  110-113,  July,  1928. 
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When  ( R)f  is  independent  of  frequency,  (16.1)  reduces  to  the 
simpler  form 

E  =  2  VkTR(f2  -  J[)  (16.2) 

=  V5.5  •  lQ~nTR(Jt  -  fo 

This  equation  may  be  used,  for  example,  to  calculate  the  noise 
voltage  contributed  by  the  input  grid  resistor  of  an  amplifier,  the 
range  of  frequency  employed  being  the  range  of  frequency  covered 
by  the  amplifier. 

When  the  plate  current  of  a  tube  is  limited  by  space  charge, 
the  residual  noise  resulting  from  shot  effect  may  be  evaluated  by 
use  of  (16.2)  as  a  thermal  agitation  noise  in  the  plate  resistance 
rv  of  the  tube.  The  “ temperature”  of  the  plate  resistance  is  chosen 
to  yield  the  correct  value  of  the  noise. 

Other  Sources. — Additional  sources  of  fluctuation  noise  within 
a  tube  are  ionization,  leakage  currents,  minute  grid  currents,  and 
in  multielectrode  tubes  the  random  division  of  current  among  the 
various  electrodes.  This  random  division  contributes  largely  to 
the  noise  inherent  in  multielectrode  tubes. 

Fluctuations  occur  in  every  circuit  and  circuit  element  in  both 
transmitter  and  receiver,  but  the  level  of  the  signal  in  the  trans¬ 
mitter  is  usually  far  above  the  level  of  the  disturbances.  Fluctua¬ 
tion  voltages  usually  are  troublesome  only  in  the  first  stage  and 
perhaps  in  the  second  stage  of  a  sensitive  receiver  or  amplifier. 
In  these  stages  the  signal  voltage  may  be  of  the  same  order  of 
magnitude  as  the  fluctuation  voltage.  To  reduce  fluctuation  noise 
due  to  shot  effect,  the  first  tube  and  perhaps  the  second  tube  may  be 
operated  with  reduced  plate  voltage. 

17.  Impulse  Noise. — Impulse  noises  are  disturbances  of  steep- 
wavefront  character  and  may  be  either  natural  or  man-made. 
Impulse  noises  may  be  picked  up  by  the  antenna  system  in  addition 
to  the  desired  signal,  may  enter  the  receiver  directly,  or  may  enter 
it  by  way  of  the  power  line. 

Impulse  disturbances  have  very  broad  energy  spectra  of  the 
types  shown  in  Chap.  XIX,  Figs.  13.  le,  f,  g.  The  spectrum  of  the 
desired  signal  sets  a  minimum  limit  upon  the  wddth  of  the  response 
curve,  and  therefore  a  certain  amount  of  impulse  disturbance  must 
be  permitted  to  enter  the  receiver. 

Atmospheric  disturbances  (“static”)  occasionally  are  so  intense 
that,  at  long  and  medium  wavelengths,  reception  is  impossible. 
Static  usually  is  less  intense  at  medium  and  short  wavelengths  and 
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is  practically  nonexistent  above  50  to  100  mcps.  Atmospheric 
disturbances  sometimes  resemble  fluctuation  noise  instead  of 
impulse  noise.  Numerous  devices  intended  to  “eliminate’7  static, 
i.e.,  prevent  it  from  causing  any  disturbance  in  the  receiver,  have 
been  patented.  Experience  has  indicated  that  static  of  a  random 
nature  cannot  be  eliminated.  Improved  reception  has  been 
obtained,  however,  by  means  of  increased  antenna  power  at  the 
transmitter,  directional  antennas,  diversity  reception  systems,  etc. 
A  satisfactory  solution  in  some  cases  is  the  use  of  angle  modulation 
(frequency  modulation). 

Man-made  impulse  disturbances  originate  principally  from  elec¬ 
trical  appliances,  high-voltage  power  lines,  electric  railways,  auto¬ 
mobile  and  aircraft  electrical  ignition  systems,  and  the  like.  In 
many  cases  these  disturbances  can  be  suppressed  or  eliminated  at 
the  source  by  means  of  filtering  and  shielding.  Ignition  disturb¬ 
ances  may  be  very  intense  in  the  region  of  50  to  100  mcps  but,  as 
with  static,  usually  do  not  impair  reception  above  100  mcps. 
Therefore  above  100  mcps  it  usually  is  noise  originating  within  the 
receiver  that  limits  its  effectiveness.1 

Impulse  disturbances  that  enter  amplitude-modulation  receivers, 
especially  code  receivers,  sometimes  are  suppressed  by  means  of  a 
noise-limiter  circuit,  which  may  be  an  amplitude-limiting  stage 
following  the  detector,  or  a  silencer  circuit  that  shuts  off  or 
alters  the  amplification  of  the  i-f  amplifier  for  the  duration  of 
each  disturbance  impulse.2 

18.  Interference. — Unwanted  transmissions  and  whistles  heard 
in  addition  to  the  desired  transmission,  and  due  to  the  existence  of 
stations  other  than  the  desired  one,  are  referred  to  as  radio-station 
interference  or  merely  as  “interference.77  Radio-station  inter¬ 
ference  maybe  due  to  insufficiently  selective  circuits  in  the  receiver  or 
to  some  improper  action  within  the  receiver  itself.  Interference 
due  to  the  first  cause  may  be  remedied  by  increasing  the  Q  of  coils 
and  capacitors,  employing  coupled  circuits,  and  similar  means. 
This  improvement  generally  is  most  effective  if  carried  out  in  the 
i-f  amplifier,  Sec.  8.  By  use  of  a  quartz  crystal  in  the  i-f  amplifier, 
a  half-power  band  width  as  small  as  a  few  hundred  cycles/second 

1  B.  Dudley,  U.H.F.  Reception  and  Receivers,  Electronics ,  15,  51,  April, 
1942. 

2  A.R.R.L.  “Radio  Amateurs’  Handbook,”  any  recent  edition;  consult 
index  for  noise  reduction.  C.  Wasmansdorf,  Reducing  Radio  Noise,  Electronic 
Ind 3,  80,  July,  1944. 
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(suitable  only  for  code  reception)  may  be  obtained.  Where  a 
quartz  crystal  is  thus  employed,  it  is  also  possible  to  “phase  out,” 
or  reject  completely,  a  particular  interfering  CW  station.1 

The  following  types  of  radio-station  interference  result  from 
improper  action  in  a  receiver: 

1.  Cross-talk  interference.  If  a  receiver  is  tuned  to  a  station 
and  if  the  first  tube  (and  possibly  the  second)  operates  on  a 
nonlinear  portion  of  its  characteristic,  another  strong  station  may 
produce  an  emf  in  the  grid  circuit  so  that  sum  and  difference  terms 
appear  as  side  bands  of  the  carrier  of  the  desired  transmission. 
Thus  the  modulation  characteristics  of  the  undesired  station  may 
reach  the  detector.  This  is  known  as  cross-talk  interference  or 
cross-modulation  and  may  be  reduced  by  increased  selectivity  in 
the  r-f  input  circuits  and  also  by  the  use  of  “supercontrol”  tubes 
whose  ib-ec  characteristics  are  not  sharply  bent  at  any  point. 

2.  Harmonic  conversion  interference.  An  incoming  trans¬ 
mission  that  has  a  carrier  frequency  2 f0  ±  /»,  for  example,  may  result 
in  conversion  based  upon  the  second  integral  multiple  of  the  local- 
oscillator  frequency,  creating  an  i-f  signal  having  the  modulation 
characteristics  of  this  incoming  transmission. 

3.  Intermediate-frequency  separation  interference.  Two  trans¬ 
missions  whose  difference  in  frequency  equals  the  intermediate 
frequency  may  produce  an  i-f  signal. 

4.  Intermediate  frequency  subharmonic  conversion  interference. 
When  an  incoming  transmission  produces  a  strong  difference  fre¬ 
quency  of  value /i/2  or /i/3,  etc.,  the  second  or  third  harmonic  com¬ 
ponents  of  these  difference  frequencies  will  be  at  the  intermediate 
frequency  and  may  create  an  i-f  signal. 

5.  Image  interference.  This  important  type  of  interference  has 
been  discussed  in  Sec.  9.  The  four  types  of  interference  2  to  5, 
which  originate  in  the  converter,  may  be  remedied  by  increased 
selectivity  ahead  of  the  converter. 

6.  Detector  harmonic  interference.  In  some  receivers  the  detec¬ 
tor  or  the  i-f  amplifier  may  produce  components  of  frequency  2/:, 
3 /*,  4/t,  etc.,  which,  though  very  weak,  may  be  strong  in  comparison 
with  the  incoming  wave  and  may  be  picked  up  by  the  input  cir¬ 
cuits.  This  may  be  remedied  by  shielding  the  detector  circuit  and 
filtering  its  output,  thus  reducing  the  coupling  between  the  detector 

1  A.R.R.L.  “Radio  Amateurs’  Handbook,”  any  recent  edition;  consult 
index  for  crystal  filters. 
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and  the  earlier  circuits,  or  by  employing  a  detector  that  does  not 
produce  appreciable  harmonics. 

A  whistle  may  be  caused  by  the  carrier  wave  of  an  interfering 
station  through  one  of  the  processes  just  listed,  even  though  the 
modulation  of  the  interfering  station  is  too  weak  to  be  perceived. 
Whistles  may  also  be  sum  or  difference  tones  resulting  from  spurious 
or  parasitic  oscillations  in  the  receiver. 

19.  Other  Disturbances. — Residual  hum  is  the  hum  that  remains 
when  the  low-frequency  amplifier  and  power  supply  are  in  operation 
with  the  high-frequency  part  of  the  receiver  disconnected  from  the 
detector.  Residual  hum  may  be  caused  by  insufficient  filtering  in 
the  power  supply,  induction  of  hum-frequency  voltages  in  the 
amplifier,  or  leakage  between  heater  and  cathode  in  tubes.  Modula¬ 
tion  hum  results  from  modulation  of  the  carrier  in  the  r-f  or  i-f 
stages  at  the  hum  frequency. 

Mechanical  vibration  of  tubes,  coils,  capacitors,  etc.,  may  result 
in  currents  having  the  vibration  frequency  or  currents  modulated  at 
the  vibration  frequency.  This  effect  is  known  as  microphonic 
action ,  and  the  noise  as  microphonic  noise. 

20.  Radiation  from  Receivers. — As  stated  in  previous  sections, 
normal  or  abnormal  oscillations  within  a  receiver  may  be  radiated 
by  the  antenna  system.  To  reduce  the  radiation,  preamplifier 
stages  or  balanced  circuits  may  be  used  to  isolate  the  oscillations 
from  the  antenna  system. 

A  receiver  may  also  radiate  directly  or  may  radiate  by  way 
of  the  power  line.  Direct  radiation  may  be  reduced  by  shielding. 
Power-line  radiation  may  be  reduced  by  the  use  of  suitable  line 
filters  and  by  shielded  transformers. 

RECEIVER  MEASUREMENTS  AND  SERVICING 

21.  Measurement  of  Sensitivity,  Selectivity,  and  Fidelity. — The 

characteristics  of  a  medium-wave  or  a  long-wave  receiver  usually 
are  determined  by  the  use  of  a  standard-signal  generator  and  an 
output  measuring  device.  Various  techniques  of  measurement  may 
be  employed;  there  is  no  standard  method  that  is  applicable  to  all 
receivers.  The  following  techniques  are  based  upon  the  T.R.E. 
Standards  on  Radio  Receivers,  1938  and  were  formulated  to  apply 
to  receivers  of  that  date. 

For  measurement  of  sensitivity,  a  signal  that  is  amplitude- 
modulated  30  per  cent  with  a  400-cycle  tone  is  applied  to  the 
receiver.  The  amplitude  of  the  applied  signal  is  adjusted  until  a 
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specified  receiver  output  signal  is  obtained.  The  sensitivity  usually 
is  expressed  in  terms  of  the  input  signal  strength,  in  microvolts, 
required  to  produce  a  specified  output  signal. 

During  measurement  of  the  selectivity  of  a  receiver  not  equipped 
with  A  VC,  a  test  signal  is  applied  at  the  frequency  to  which  the 
receiver  is  tuned,  and  the  amplitude  of  the  applied  signal  is  adjusted 
until  a  specified  receiver  output  signal  is  obtained.  Then,  without 
readjusting  the  receiver  in  any  way,  the  signal  generator  is  detuned 
in  steps  on  both  sides  of  resonance,  and  at  each  step  the  signal  volt¬ 
age  is  readjusted  until  the  specified  receiver  output  signal  is  again 
obtained.  The  ratio 

Off-resonance  input  voltage  ~[ 

Input  voltage  at  resonance  Jat  oon8tant  output 

increases  as  the  frequency  of  the  applied  signal  departs  from 
resonance.  This  ratio  may  be  plotted  (on  a  logarithmic  scale) 
as  a  function  of  the  frequency  of  the  test  signal,  and  the  resultant 
curve  is  known  as  a  selectivity  curve. 

If  a  receiver  is  equipped  with  A  VC,  its  selectivity  may  be 
measured  with  the  AVC  system  disconnected.  For  more  rigorous 
measurement  with  the  AVC  system  in  operation,  a  so-called  “two- 
signal”  test  may  be  made  as  described  in  the  I.R.E.  standards. 

For  measurement  of  fidelity,  the  signal  generator  is  adjusted  to 
the  frequency  to  which  the  receiver  is  tuned,  the  audio  frequency  of 
modulation  of  the  test  signal  is  varied,  the  percentage  of  modula¬ 
tion  being  left  constant,  and  the  electrical  or  acoustical  output  of  the 
receiver  is  measured.  The  results  may  be  plotted  in  a  manner  simi¬ 
lar  to  that  for  the  frequency  response  of  an  amplifier. 

The  techniques  described  may  be  modified  and  extended  to 
apply  to  television,  frequency-modulation  and  other  types  of 
receiver. 

22.  Measurement  of  Signal-to -noise  Ratio. — Measurement  of 
the  disturbance  content  of  a  receiver  output  signal,  in  order  to 
determine  the  signal-to-noise  ratio,  is  difficult.  The  deflections, 
due  to  noise,  of  an  instrument  attached  across  the  receiver  output 
terminals  are  in  some  cases  difficult  to  interpret.  In  some  more 
recent  methods,  the  noise  content  is  measured  by  the  use  of  a 
specially  designed  noise  meter  connected  at  the  output  of  the  i-f 
amplifier. 

In  short-wave  receivers  it  is  possible  and  desirable  to  regard 
the  antenna  as  an  integral  part  of  the  receiving  system,  and  the 


780 


RADIO  RECEIVERS 


[Chap.  XXIII 


total  characteristics  of  the  system  then  may  be  used  to  judge  its 
usefulness.1  The  disturbance  originating  within  the  receiver  proper 
may  be  evaluated  as  an  “ equivalent  receiver-noise  emf”  at  the 
antenna  terminals,  so  that  in  effect  there  is  connected  between  the 
antenna  terminals  the  series  combination  of  the  signal-field  emf, 
the  disturbance-field  emf,  and  the  terminal  impedance  of  the 
antenna.  Then,  the  total  signal-to-noise  ratio  of  the  receiving 
system  may  be  defined  as  the  ratio  of  the  signal-field  emf  to  the 
sum  of  the  disturbance-field  emf  and  the  equivalent  receiver-noise 
emf.  Receiver  characteristics  thus  may  be  compared  on  an  absolute 
basis. 

When  noise  is  not  considered,  the  principle  of  maximum  power 
transfer  is  employed  in  matching  the  antenna  and  receiver  imped¬ 
ances.  When  noise  is  considered,  conditions  for  maximum  power 
transfer  do  not  always  coincide  with  conditions  for  maximum  signal- 
to-noise  ratio  and  a  compromise  must  be  made.  In  a  receiver  that 
operates  a  cathode-ray  tube,  for  example,  the  signal-to-noise  ratio 
may  be  just  as  important  as  the  selectivity  and  the  fidelity. 

23.  Fundamentals  of  Servicing  and  Alignment. — The  important 
step  in  servicing  an  inoperative  receiver  is  locating  the  fault  in  a 
minimum  of  time.  Experience,  alertness,  and  ingenuity  in  making 
simple  tests  are  valuable  assets.  A  wiring  diagram  or  an  instruction 
manual  may  be  valuable.  “Case  histories,”  such  as  are  published 
in  handbooks  of  troubles  found  in  particular  models,  are  helpful  in 
some  cases. 

No  fixed  rules  of  procedure  are  possible;  in  fact,  there  are 
several  schools  of  thought  as  to  the  best  procedure.  However,  in 
servicing  a  broadcast  receiver,  a  procedure  such  as  the  following 
may  be  pursued  unless  special  conditions  dictate  otherwise: 

Usually  it  is  a  waste  of  time  to  begin  by  turning  the  trimmers 
or  other  elements  having  to  do  with  the  alignment  of  the  receiver. 
The  receiver  should  be  inspected  for  visible  signs  of  electrical  or 
mechanical  defects.  Next  the  power  may  be  turned  on  while 
watching  for  smoke  or  odors  due  to  overheating  and  listening  for 
hum  or  crackles.  If  the  rectifier  has  a  glass  envelope,  the  plates  can 
be  observed  for  overheating.  Glass-envelope  tubes  can  be  observed 
for  luminescence,  indicating  gas  in  the  tubes.  The  tube  envelopes 
may  be  felt  to  see  if  they  are  warm.  The  tubes  may  be  checked  in  a 

1  E.  W.  Herold,  An  Analysis  of  the  Signal-to-noise  Ratio  of  Ultra-high- 
frequency  Receivers,  RCA  Rev.,  6,  302,  January,  1942;  D.  O.  North,  The 
Absolute  Sensitivity  of  Radio  Receivers,  RCA  Rev.,  6,  332,  January,  1942. 
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tube  checker  (done  by  many  servicemen  as  the  first  step).  If 
these  attempts  have  not  located  the  trouble,  the  customary  pro¬ 
cedure  is  to  make  dynamic  tests  with  a  signal  source,  starting  at 
the  loudspeaker  and  working  toward  the  antenna  and  listening  for 
anticipated  responses  in  the  loudspeaker.  An  experienced  service¬ 
man  frequently  can  save  time  by  identifying  correct  and  incorrect 
operation  through  the  reaction  of  the  receiver  to  simple  tests.  For 
example,  in  some  cases  removal  of  a  power-amplifier  tube  should 
result  in  a  thump  in  the  loudspeaker ;  touching  the  grid  of  a  detector 
should  result  in  a  hum  or  a  squawk.  When  the  trouble  has  been 
isolated  to  a  particular  stage,  voltmeter  and  ohmmeter  tests  may 
be  practical  for  locating  the  defective  element.  If  a  table  of  tube- 
socket  terminal  voltages  is  available,  troubles  frequently  are  located 
by  systematic  checking  of  the  various  voltages. 

Alignment  of  a  receiver  should  not  be  attempted  until  it  is  in  an 
operative  condition.  The  frequencies  at  which  alignment  is  best 
performed  and  the  procedure  to  be  followed  in  a  particular  receiver 
usually  are  specified  by  the  manufacturer.  It  is  a  good  rule  to 
follow  the  manufacturer’s  directions.  The  following  outline  gives 
an  idea  of  how  a  conventional  superheterodyne  with  a  single-peaked 
i-f  amplifier  may  be  serviced. 

The  i-f  amplifier  generally  is  aligned  first.  A  modulated  signal 
having  a  carrier  frequency  equal  to  the  specified  intermediate  fre¬ 
quency  is  applied  by  means  of  appropriate  connections  to  the  signal 
grid  of  the  mixer  (or  converter)  tube.  In  certain  cases  it  may  be 
desirable  to  disconnect  the  local  oscillator.  The  receiver  should  be 
operating  with  maximum  gain  when  aligned.  The  A  VC  system 
sometimes  is  disconnected,  or  the  test  signal  is  kept  so  weak  that  the 
AVC  system  is  ineffective.  The  i-f  transformers  are  adjusted 
repeatedly  in  turn  to  secure  maximum  receiver  output.  In  the 
receiver  shown  in  Fig.  5.2  the  adjustments  would  be  made  on  capaci¬ 
tors  C ii,  C 13,  C 17,  C 19.  The  loudspeaker  may  be  used  as  an  output 
indicator,  or  an  output  meter  may  be  connected  at  some  point  in 
the  audio  system,  usually  across  the  loudspeaker  terminals. 

Next,  the  signal  generator  is  connected  to  the  antenna  and 
ground  terminals  of  the  receiver.  The  receiver  tuning  dial  is  set  to  a 
frequency  near  the  high-frequency  end  of  a  particular  tuning  range, 
and  the  signal  generator  is  adjusted  to  this  frequency.  The  input 
voltage  being  kept  as  small  as  possible  (readjustment  being  made 
to  a  weaker  input  signal  as  the  alignment  proceeds)  the  r-f  and 
oscillator  trimmer  capacitors  (which  are  not  shown  in  Fig.  5.2  but 
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which  are  in  parallel  with  C 3,  C s,  C 30)  are  adjusted  for  maximum 
receiver  output.  Then  the  receiver  dial  is  set  near  the  low-fre¬ 
quency  end  of  the  tuning  range  under  adjustment,  and  the  signal 
generator  also  is  set  to  this  frequency.  Again  with  the  weakest 
possible  test  signal,  the  oscillator  padder  capacitor  (C 28,  Fig.  5.2) 
is  adjusted  for  maximum  receiver  output.  The  procedure  is 
repeated,  perhaps  several  times. 

For  more  precise  alignment  of  single-peaked  i-f  amplifiers  or 
for  the  alignment  of  a  receiver  having  a  broad  double-peaked  i-f 
frequency  response,  a  frequency-modulated  test  signal  may  be 
employed  and  a  cathode-ray  oscillograph  used  as  the  output- 
indicating  device.  The  patterns  seen  on  the  cathode-ray  oscil¬ 
lograph  screen  not  only  indicate  the  state  of  alignment  but  also 
may  give  information  concerning  the  shape  of  the  response  curve 
of  the  receiver  and  the  presence  of  phase  distortion,  regeneration, 
oscillation,  or  hum. 


CHAPTER  XXIV 


TIMING  CIRCUITS 

1.  General  Remarks. — A  vast  amount  of  recent  research 
directed  toward  the  practical  application  of  cathode-ray  devices 
has  led  to  the  development  of  electronic  circuits  especially  designed 
to  control  the  motion  of  an  electronic  beam  and  to  turn  it  off  and 
on  according  to  a  predetermined  schedule.  In  some  cases,  the  beam 
must  trace  an  elaborate  spiral,  radial,  or  zigzag  path  upon  the 
fluorescent  screen,  and  the  timing  of  all  parts  of  this  complex  cycle 
must  be  correct  within  one-fifth  of  a  microsecond.  Modern  tele¬ 
vision  standards,  for  example,  require  this  extreme  precision,  and 
the  methods  and  devices  originally  developed  for  television  have 
been  adopted  widely  in  radar  practice  and  copied  wherever  a  precise 
control  for  measurement  of  time  is  required. 

Radio-echo  measurements,  originally  designed  to  determine  the 
height  of  the  reflecting  layers  of  the  inosphere,  have  been  refined 
by  the  direct  influence  of  television  experience,  until  it  is  easily 
possible  to  deal  with  the  weaker  signals  and  the  shorter  time  lags 
characteristic  of  echoes  from  air-mass  boundaries  within  the  earth’s 
lower  atmosphere  (tropospheric  echoes).  As  a  radio  wave  travels 
300  m/microsec,  an  error  of  i  microsec  in  timing  an  echo  results  in 
an  error  of  30  m  in  locating  the  air-mass  boundary.  Such  precision 
is  ample  for  the  purpose  and  permits  accurate  timing  of  echoes  from 
reflectors  well  within  1  km  of  the  transmitter,  as  well  as  echoes  from 
more  distant  points. 

In  addition  to  the  precise  timing  of  an  individual  cathode-ray 
beam,  the  control  circuit  must  frequently  provide  means  for 
accurately  synchronizing  a  group  of  similar  devices.  In  order  to 
meet  such  exacting  requirements  the  electronic  network  frequently 
becomes  an  elaborate  device,  often  including  dozens  of  tubes.  In 
fact,  television  control  devices  incorporating  more  than  a  hundred 
tubes  have  been  considered  not  at  all  exceptional. 

Fortunately,  these  elaborate  circuits  may  be  analyzed  into 
simple  component  parts,  analogous  to  the  individual  machine  tools 
that  form  a  part  of  a  long  assembly  line  within  a  large  factory. 
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In  fact,  this  analogue  is  a  particularly  useful  one,  as  the  individual 
tubes  and  circuits  often  are  strung  out  in  a  long  chain  of  successive 
units.  A  synchronizing  signal,  for  example,  may  be  formed  by  a 
series  of  simple  operations,  performed  by  one  tube  after  another, 
which  clip  off  an  unnecessary  portion  of  the  waveform  here,  fit 
on  an  additional  corner  there,  square  up  the  leading  edge  of  a  pulse, 
and  then  shave  down  an  undesired  hump.  Like  a  factory  super¬ 
intendent  familiar  with  each  stage  in  the  construction  of  a  motor¬ 
car,  the  experienced  operator  can  detect  quickly  the  source  of  an 
error  in  the  resultant  waveform  and  can  make  the  necessary  cor¬ 
rection  in  the  individual  operation  that  is  at  fault.  Individual 
“ electronic  assembly  lines”  often  lead  to  a  final  assembly  line, 
where  the  carefully  fabricated  subassemblies  are  merged  together 
by  suitable  electronic  switchgear.  Like  individual  bricks  in  a  large 
and  intricate  wall,  the  components  of  the  control  circuit  are  small 
and  simple  and  are  charged  usually  with  a  single  operation  of  rather 
elementary  character.  The  apparent  complexity  is  due  to  multi¬ 
plicity  of  parts  and  tends  to  disapoear  when  the  circuit  is  reduced  to 
block-diagram  form. 

Many  of  these  individual  components  are  familiar  devices, 
such  as  amplifiers,  rectifiers,  cathode  followers,  filters,  delay  net¬ 
works,  and  all  sorts  of  sinusoidal  oscillators.  Other  components, 
such  as  discriminators,  reactance  tubes,  and  saturable  reactors, 
may  be  less  familiar.  However,  they  do  have  important  applica¬ 
tions  in  other  specialized  electronic  circuits.  In  addition,  there  is  a 
number  of  generators  of  nonsinusoidal  waves,  such  as  rectangular 
waves,  saw-tooth  waves,  and  triangular  waves,  together  with  count¬ 
ing  circuits  and  other  devices  for  frequency  division  and  multiplica¬ 
tion.  Phase  shifters,  alternators,  and  potential  dividers  are 
included.  Pulse  makers  of  all  sorts  are  appropriate.  Finally, 
electronic  switchgear  is  required  for  changing  connections  among 
groups  of  such  component  parts,  the  switching  to  be  accomplished 
with  maximum  precision  and  speed. 

2.  Simple  Relaxation  Oscillator. — As  an  elementary  example  of 
a  control  circuit,  examine  a  simple  relaxation  oscillator,  designed  to 
generate  a  saw-tooth  wave  for  the  purpose  of  providing  a  linear 
sweep  circuit  in  an  inexpensive  cathode-ray  oscilloscope. 

Figure  2.1  is  a  familiar  basic  circuit,  which  has  been  analyzed  in 
detail  in  Chap.  VI.  The  fixed  voltage  E  applied  suddenly  to  a 
circuit  containing  R  and  C  in  series  produces  an  exponential  rise  of 
charge  on  the  plates  of  the  capacitor  C.  If  a  battery  of  200  volts, 
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a  capacitor  of  0.01  /*f,  and  a  resistance  of  100,000  ohms  are  assumed, 
the  circuit  has  a  time  constant  CR  of  0.001  sec.  As  the  difference  of 
potential  between  the  plates  of  the  capacitor  is  at  all  times  propor¬ 
tional  to  the  instantaneous  charge  on  the  plates,  the  potential  ec 
of  point  A  rises  exponentially  above  the  ground  potential,  approach¬ 
ing  the  battery  voltage  asymptotically,  Fig.  2.2. 


R 

-AAAAAMr 


z^O.Olgf 


100,000  OHMS 


E  -=y 200  VOLTS 


Fig.  2.1. — Basic  circuit. 


For  example,  it  would  require  0.001  sec  for  the  potential  ec  to 
reach  126  volts  and  0.002  sec  for  it  to  reach  173  volts,  and  the 
charging  process  would  taper  off  exponentially  if  allowed  to  con¬ 
tinue  without  interruption.  Suppose,  however,  that  across  capaci¬ 
tor  C  a  switch  is  connected  which  will  close  automatically  at  the 
instant  the  potential  difference  reaches  some  predetermined  thresh¬ 
old  value.  In  particular,  this  automatic  switch  might  be  a  small 
neon  bulb,  Fig.  2.3. 1 

1  The  effect  may  be  demonstrated  with  an  ordinary  commercial  neon  bulb, 
commonly  sold  as  an  economical  night  light.  The  stabilizing  resistor  con- 
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The  evacuated  glass  bulb  N  contains  a  pair  of  electrodes  in  the 
form  of  simple  plates  or  disks  and  a  small  amount  of  neon  gas  at  low 
pressure.  Until  an  arc  is  struck,  at  a  potential  difference  of  about 
72  volts,  the  tube  may  be  regarded  as  an  open  switch,  exerting  no 
influence  on  the  normal  charging  transient  of  the  RC  circuit,  except 
by  adding  a  few  micromicrofarads  to  the  capacitance  of  capacitor  C. 

As  soon  as  the  critical  potential  of  the  tube  (say  72  volts)  is 
attained,  an  arc  suddenly  strikes  between  the  electrodes,  resulting 
in  a  characteristic  orange-red  flash  as  the  neon  gas  ionizes.  This  arc 
practically  short-circuits  the  partly  charged  capacitor  (7,  as  the 
resistance  R'  of  the  arc  and  the  external  wiring  is  always  small  in 
comparison  with  the  resistance  R,  which  forms  a  part  of  the  charging 
circuit.  In  consequence,  the  potential  of  point  A  begins  to  fall 
rapidly,  the  time  constant  R'C  of  the  discharge  path  being  much 


smaller  than  the  corresponding  time  constant  RC  of  the  charging 
circuit.  Since  the  voltage  necessary  to  maintain  an  arc  is  consider¬ 
ably  less  than  the  voltage  required  to  strike  the  arc,  the  rapid 
discharge  will  continue  until  the  potential  of  A  has  fallen  to  approxi¬ 
mately  57  volts  (a  measured  value  for  one  particular  commercial 
neon  tube,  being  used  merely  for  the  sake  of  illustration). 

At  this  point,  the  arc  suddenly  goes  out,  and  the  charging  process 
is  resumed.  In  other  words,  after  this  initial  setback,  the  voltage 
again  rises  from  57  to  72  volts,  following  the  appropriate  portion  of  a 
simple  exponential  curve,  precisely  similar  to  the  first  charging 
curve,  though  necessarily  shifted  bodily  to  the  right  on  the  time 
scale.  A  voltage  of  72  having  again  been  reached,  the  arc  is  struck 
once  more,  and  the  whole  cycle  continues  repeatedly,  Fig.  2.4. 


tained  within  the  brass  ferrule  is  not  needed  and  may  be  short-circuited  after 
drilling  a  small  hole  in  the  metal  shell. 
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The  output  voltage,  measured  from  point  A  to  ground,  is 
approximately  a  saw-tooth  wave.  More  accurately,  both  charge 
and  discharge  lines  are  sections  of  exponential  curves,  but  the  range 
of  variation  of  potential  is  so  restricted  that  the  departure  from 
linearity  is  slight.  To  express  this  in  other  terms,  the  charging 
current  changes  about  11  per  cent  during  the  charging  period. 
As  a  result,  the  potential  at  the  mid-point  of  the  charging  period  is 
64.7,  whereas  it  should  be  64.5.  In  consequence,  in  a  “linear” 
oscilloscope  sweep  with  a  total  base  line  of  4  in.  the  fluorescent  spot 
would  be  0.05  in.  beyond  its  mid-scale  position  at  the  time  when  it 
should  be  crossing  this  position. 

This  elementary  oscillator  may  be  improved  in  a  number  of 
ways,  but  before  discussing  such  improvements  this  simple  device 
will  be  used  as  an  example  to  illustrate  frequency  adjustment, 
synchronization,  frequency  division,  frequency  multiplication. 
Such  ideas  may  be  introduced  with  less  distraction  in  connection 
with  the  elementary  oscillator.  Once  accepted,  they  will  apply 
equally  well  to  the  more  elaborate  circuits  to  follow. 

3.  Frequency  Adjustment. — The  slope  of  the  exponential  charg¬ 
ing  curve,  hence  the  period  of  the  oscillation,  may  be  controlled  by 
varying  the  time  constant  of  the  charging  circuit.  In  the  simple 
oscilloscope  this  is  advantageous  since  it  permits  a  wide  and  con¬ 
tinuous  range  of  sweep  frequencies,  controllable  in  a  simple  manner. 
In  examining  the  waveform  of  a  7,450-cycle  alternating-voltage 
wave,  for  example,  the  operator  may  adjust  his  “linear”  sweep 
circuit  to  7,450  cycles,  if  he  wishes  a  detailed  view  of  1  cycle,  or  may 
use  any  convenient  submultiple,  such  as  a  1,490-cycle  sweep,  if  h? 
wishes  to  exhibit  5  cycles  of  the  alternating-voltage  wave. 

For  convenience,  the  frequency  adjustment  often  has  a  coarse 
control  (range  control)  switch,  which  changes  the  capacitor  C  in 
fixed  steps,  and  a  fine  control  knob,  which  varies  the  resistance  R 
continuously.  However,  there  is  a  practical  lower  limit  below  which 
R  may  be  reduced.  By  Ohm's  law,  it  is  evident  that  too  low  a  resist¬ 
ance  R  will  prevent  the  voltage  ec  from  ever  falling  below  57  volts 
and  hence  the  arc  will  glow  continuously,  stalling  the  oscillation. 

Any  alteration  in  the  voltage  E  will  also  change  the  slope  of  the 
charging  curve,  thus  affecting  the  frequency.  In  practice,  this 
control  ordinarily  is  not  needed  for  intentional  adjustment  of  fre¬ 
quency;  but  it  appears  nevertheless  as  a  nuisance  effect,  causing 
the  sweep  frequency  to  vary  slightly  and  to  cause  a  resultant  side- 
wise  drift  of  the  alternating- voltage  waveform  under  observation. 
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Automatic  synchronization  is  necessary  in  order  to  prevent  this 
drift. 

4.  Synchronization. — In  electronics,  “  synchronization  ”  usually 
denotes  the  injection  of  a  periodic  control  voltage  into  an  oscillator 
circuit  for  the  purpose  of  stabilizing  the  frequency.  When  this 
has  been  accomplished  successfully,  the  oscillator  is  said  to  be 
“ locked  in”  with  the  control  voltage.  In  general,  the  periodic 


R 


Fig.  4.1. — Introduction  of  control  voltage. 


control  voltage  may  have  any  sort  of  waveform,  and  the  oscillator 
may  be  sinusoidal  or  intentionally  nonsinusoidal. 

In  particular,  synchronization  may  be  illustrated  by  connecting 
a  relatively  weak  sinusoidal  voltage  in  series  with  the  neon  lamp 
just  discussed,  as  in  Fig.  4.1.  The  alternating  control  voltage  will 
be  called  “ positive”  at  the  time  when  it  tends  to  promote  the  dis¬ 
charge.  Half  a  cycle  later  it  will  tend  to  oppose  the  discharge  and 
then  will  be  called  “ negative.”  To  be  specific,  assume  a  1,490- 
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Fig.  4.2. — Synchronization  process. 


cycle  control  voltage,  of  i  volt  maximum  amplitude.  Assume, 
further,  that  the  natural  frequency  of  the  saw-tooth  oscillator  is 
slightly  higher  than  that  of  the  control  voltage,  so  that  eventually 
it  will  be  necessary  to  lengthen  each  cycle  by  a  small  amount  in 
order  to  attain  synchronization.  This  may  be  accomplished  as 
follows: 

With  the  uncontrolled  oscillator  in  operation  at  its  own  natural 
frequency,  let  the  synchronizing  voltage  be  added  suddenly  by 
closing  a  switch  (at  time  A,  Fig.  4.2).  At  the  first  instant,  the 
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relative  timing  of  the  two  cycles  is  wholly  fortuitous;  assume  that 
the  initial  phase  relationship  happens  to  be  that  represented  at 
time  A. 

If  left  to  its  own  devices,  the  next  discharge  would  begin  at 
time  C.  However,  in  this  particular  instance,  the  initial  effect 
of  the  control  voltage  is  to  shorten  the  cycle  already  in  progress, 
since  a  weak  assisting  (positive)  voltage  happens  to  be  available  at 
the  instant  when  the  discharge  is  about  to  take  place.  Alone  and 
unaided,  the  control  voltage  would  be  altogether  too  small  to 
ionize  the  gas.  Superimposed,  however,  upon  the  rising  voltage 
across  the  capacitor,  this  weak  assistance  causes  the  breakdown  to 
occur  at  time  B,  slightly  ahead  of  its  normal  schedule. 

The  discharge  is  completed  in  routine  fashion,  and  a  new  charg¬ 
ing  cycle  begins.  Being  shorter  than  the  sine-wave  cycle,  the  saw¬ 
tooth  wave  during  its  next  cycle  tends  to  meet  an  earlier  portion  of 
the  sine  wave,  and  discharge  would  begin  at  time  E  if  the  control 
voltage  did  not  interfere.  This  time,  however,  the  assisting  voltage 
is  slightly  larger,  and  in  consequence  the  discharge  actually  begins 
at  time  D ,  thus  further  speeding  the  natural  drift  of  the  relative 
position  of  the  two  waves.  On  the  next  recurrence  the  discharge 
may  take  place  on  the  leading  quarter  cycle  of  the  positive  crest 
(time  F).  At  this  point,  the  extra  compression  of  the  cycle  from  G 
to  F  is  now  becoming  less  important,  though  no  expansion  of  the 
cycle  has  yet  begun,  and  the  shift  therefore  continues. 

Eventually,  however,  the  discharge  will  pass  through  condition 
H  and  will  finally  arrive  at  condition  J,  somewhere  on  the  trailing 
side  of  the  negative  crest.  With  the  control  frequency  lower  than 
the  natural  frequency,  this  condition  J  offers  the  only  opportunity 
for  stable  operation.  For  any  charging  cycle,  terminating  on  this 
trailing  quarter  of  the  sine  wave,  the  discharge  will  be  retarded  and 
the  complete  saw-tooth  cycle  stretched.  For  some  particular  phase 
position  within  this  last  quarter  cycle  the  amount  of  stretching  will 
be  just  sufficient  to  bring  the  saw-tooth  cycle  into  exact  agreement 
with  the  control  cycle.  Relative  sliding  of  the  two  waveforms  con¬ 
tinues  until  this  exact  position  is  attained.  When  this  is  finally 
arrived  at,  the  synchronizing  transient  is  terminated  and  a  stable 
controlled  oscillation  continues  at  the  exact  frequency  of  the 
external  source. 

The  intervening  transient  may  last  for  a  few  cycles  or  a  few 
hundred  cycles,  depending  upon  the  amount  of  enforced  alteration  of 
frequency  demanded,  the  relative  strength  of  the  control  voltage, 
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the  relative  phase  of  the  discharge  encountered  at  random  when  the 
control  switch  is  thrown  (at  time  A).  It  is  evident  that  a  different 
random  choice  of  the  initial  phase  relationship  shown  in  Fig.  4.2 
would  result  in  general  in  a  shorter  transient  period. 

Requirement  of  a  greater  departure  from  the  natural  uncon¬ 
trolled  frequency  would  cause  the  discharge  point  on  the  sine  wave 
to  slide  automatically  to  a  position  of  higher  negative  voltage  so 
that  the  synchronizing  voltage  at  the  instant  of  discharge  is  larger 
in  magnitude.  If  the  departure  is  carried  to  an  extreme,  the 
amplitude  of  the  control  voltage  would  have  to  be  increased  in 
order  to  maintain  control.  If  the  natural  frequency  and  the  con¬ 
trol  frequency  agree,  the  control  voltage  might  be  reduced  to  a 
minimum.  In  any  case,  the  discharge  would  approach  the  point 
where  the  sine  wave  crosses  the  zero  axis. 


Fig.  4.3. — Possible  range  of  phase  drift  without  loss  of  synchronization. 

By  constructing  a  similar  diagram  it  may  be  shown  that  a  saw¬ 
tooth  wave  may  be  compressed,  if  the  natural  uncontrolled  frequency 
is  too  low.  The  discharge  point  slides,  during  the  synchronizing 
transient,  until  it  arrives  at  its  one  appropriate  stable  position, 
which  now  is  somewhere  on  the  leading  side  of  the  positive  crest. 
(Though  a  voltage  of  appropriate  sign  and  magnitude  exists  also  on 
the  trailing  side  of  the  positive  crest,  this  position  is  wholly  unstable, 
the  slightest  fluctuation  in  position  being  immediately  augmented 
by  the  consequent  change  in  the  duration  of  the  saw-tooth  cycle. 
On  the  stable  side  of  the  crest,  similar  fluctuations  are  self-correcting.) 

Consequently,  a  change  of  line  voltage  or  a  drift  of  temperature 
may  cause  an  automatic  shift  of  phase  of  the  discharge  time,  relative 
to  the  control  wave,  within  the  limits  indicated  in  Fig.  4.3. 

Hence,  without  changing  the  phase  of  the  control  wave,  it  is 
theoretically  possible  to  exercise  a  limited  control  over  the  phase  of 
a  sweep  circuit  simply  by  varying  the  amplitude  of  the  control 
voltage  or  the  “fine  control”  of  the  natural  frequency.  In  general, 
this  interlocking  of  adjustments  is  undesirable;  it  is  better  to  employ 
some  form  of  phase  shifter  to  slide  the  control  wave  forward  or  back¬ 
ward.  The  saw-tooth  generator  will  follow  smoothly  without  a 
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perceptible  transient  unless  the  phase  shift  is  exceptionally  sudden 
and  violent. 

When  precise  timing  is  of  great  importance,  care  must  be  taken 
not  to  interrupt  the  timing  wave,  even  for  a  few  cycles;  for  the 
resulting  drift  of  the  oscillator  will  necessitate  a  recurrence  of  the 
synchronizing  transient,  and  this  may  spoil  the  normal  operation 
for  several  cycles  after  the  control  is  resumed. 

5.  Oscilloscope  Synchronization. — In  the  preceding  section,  a 
sine  wave  is  used  as  a  specific  illustration  of  a  control  signal,  but  it  is 
evidently  quite  unnecessary  to  restrict  the  waveform  of  the  control 
voltage.  Practically,  any  systematically  recurrent  cycle  or  pulse 
would  be  acceptable  and  could  be  used  to  “lock”  the  sweep  voltage 
by  appropriate  adjustment  of  the  sweep-oscillator  circuit.  Con¬ 
sequently,  most  oscilloscopes  have  suitable  switches  on  the  control 
panel,  so  that  the  operator  may  inject  into  the  horizontal  sweep 
oscillator  a  proportionate  part  of  whatever  recurrent  voltage  he 
happens  to  be  examining.  The  signal  to  be  examined  is  connected 
in  the  normal  fashion  to  the  input  terminals  of  the  amplifier,  which 
lead  to  the  vertical  deflecting  plates.  Within  the  oscilloscope 
cabinet,  however,  a  cross-connection  may  be  established  at  will  for 
the  purpose  of  feeding  a  small  part  of  the  signal  voltage  into  the 
“linear-time-base”  saw-tooth  oscillator. 

6.  Pulse  Synchronization. — In  particular,  numerous  applica¬ 
tions  involve  the  use  of  regularly  spaced  positive  pulses,  frequently 
of  very  short  duration,  as  the  control  signal.  In  this  case,  the 
natural  frequency  of  the  uncontrolled  oscillator  should  be  adjusted 
to  a  value  slightly  lower  than  the  desired  stable  rate.  Hence,  the 
positive  pulse  will  have  an  opportunity  to  terminate  the  charging 
cycle,  trimming  the  normal  cycle  slightly  until  the  saw-tooth  wave 
matches  the  control  pulse  precisely.  If  the  leading  edge  of  the 
positive  pulse  can  be  made  nearly  vertical,  the  pulse  is  said  to  have 
a  steep  wave  front.  Such  a  pulse  will  lock  the  saw-tooth  wave 
so  positively  that  it  will  be  substantially  free  from  slight  phase 
fluctuations  arising  from  line-voltage  irregularities.  Naturally, 
due  care  must  be  taken  to  ensure  that  the  pulse  signal  itself  shall 
show  no  irregularities  and  no  interruptions. 

Pulse  synchronization  is  the  standard  method  used  in  maintain¬ 
ing  the  exceedingly  high  precision  required  in  television  sweep  cir¬ 
cuits.  Comparable  refinements  in  the  saw-tooth  generators 
intended  for  such  applications  will  be  discussed  later. 

In  principle,  it  would  be  possible  to  give  the  relaxation  oscillator 
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a  natural  frequency  slightly  above  the  desired  stable  rate,  slowing 
it  down  by  a  broad  negative  control  pulse.  Stability  of  phase 
would  require  that  this  pulse  have  a  steep  trailing  edge  with  precise 
regularity  of  recurrence.  In  practice,  this  method  has  not  found 
favor,  and  the  positive  pulse  normally  is  employed. 

7.  Frequency  Division. — Note  that  a  weak  control  signal  will 
be  ignored  by  the  oscillator  unless  and  until  the  control  signal  occurs 
at  a  time  when  a  normal  discharge  is  nearly  due.  The  weak  signal 
is  effective  only  when  it  occurs  on  top  of  a  higher  voltage  eventually 
developed  by  the  oscillator  itself,  in  its  own  good  time.  Conse¬ 
quently,  any  intermediate  pulses,  occurring  at  a  time  when  the 
capacitor  is  quite  insufficiently  charged,  will  do  no  harm.  In  fact, 
they  should  be  completely  ineffective  in  changing  frequency  or 
waveform.  For  example,  a  saw-tooth  oscillator,  having  an  uncon- 


Fig.  7.1. — Frequency  division. 


trolled  natural  frequency  of  950  cps,  should  be  “locked”  at  precisely 
1,000  cps  whether  it  be  controlled  by  1,000  by  2,000  by  7,000  pulses 
per  second.  The  use  of  a  sinusoidal  control  voltage,  of  multiple 
frequency,  is  equally  permissible,  as  the  intermediate  crests  will  be 
equally  ineffective.  The  positive  half  cycle  cannot  accelerate  the 
discharge  and  the  negative  half  cycle  cannot  retard  it  until  one  of 
these  repeated  attempts  is  made  at  a  time  when  the  discharge  is 
nearly  ready  to  fire. 

Figure  7.1  indicates  a  saw-tooth  wave,  stabilized  at  1,000  cycles 
by  a  5,000-cycle  alternating  voltage  (control  voltage  A).  Similar 
results  would  be  obtained  by  using  the  5,000-cycle  pulse  voltage  B. 
In  fact,  the  use  of  short,  sharp  pulses  offers  a  slight  advantage,  as  a 
wider  engineering  margin  is  allowed  for  possible  drift  of  synchroniz¬ 
ing-signal  amplitude  or  slow  alteration  of  circuit  “constants.”  In 
the  figure,  the  pulses  and  cycles  have  been  numbered  in  an  arbitrary 
sequence.  When  the  oscillator  is  first  connected  up  and  the  control 
signal  injected,  there  is  ordinarily  no  assurance  that  a  discharge 
will  begin  at  time  58.  In  fact,  there  is  initially  only  one  chance  in 
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five  that  this  particular  half  cycle  or  pulse  will  be  selected.  How¬ 
ever,  a  regular  recurrence  rate  is  established  soon  after  the  syn¬ 
chronizing  signal  is  first  injected;  and  having  occurred  at  some  time, 
here  called  58,  the  discharge  will  repeat  every  thousandth  of  a 
second,  returning  at  time  63,  time  68,  etc. 

Consequently,  one  may  generate  a  standard  frequency,  such  as 
50,000  cycles,  by  means  of  a  crystal  oscillator  or  equivalent  device, 
and  then  obtain  accurate  submultiples  of  this  master  frequency  by 
using  it  to  control  appropriate  oscillators  stabilized  at  the  desired 
“ subharmonic ”  frequency.  Correctly  constructed  “locking”  cir¬ 
cuits,  being  assumed,  the  percentage  accuracy  of  any  low  frequencies 
thus  obtained  should  be  as  good  as  that  of  the  standard  frequency 
from  which  they  all  are  derived. 

However,  there  is  danger  that  erratic  action  may  develop  in  the 
frequency  divider  if  one  attempts  to  use  a  frequency  ratio  larger 
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Fig.  7.2. — Erratic  frequency  division. 

than  about  10.  In  fact,  where  even  a  momentary  error  may  cause 
serious  inconvenience,  conservative  engineers  often  prefer  to  keep 
the  ratio  as  low  as  7.  The  reason  for  such  limitations  is  indicated 
in  Fig.  7.2.  Assume  that  a  2,184-cycle  control  signal  is  available 
and  that  the  operator  intends  to  divide  by  13,  thus  producing  a 
168-cycle  saw-tooth  wave.  Having  begun  one  discharge  at  time  A , 
the  oscillator,  of  its  own  accord,  would  repeat  the  discharge  at 
time  C.  With  the  aid  of  the  control  voltage,  however,  the  saw¬ 
tooth  cycle  is  shortened  and  the  discharge  correctly  tripped  at  time 
B ,  after  an  interval  of  exactly  13  cycles  of  the  control  wave.  On 
the  next  occasion,  however,  a  minor  upward  fluctuation  of  the 
charging  voltage  may  slightly  accelerate  the  charging  process.  The 
voltage  across  the  capacitor  is  then  so  near  the  breakdown  voltage 
that  it  may  accidentally  flash  over  at  the  twelfth  cycle  instead  of 
waiting  properly  for  the  thirteenth.  This  particular  sweep,  there¬ 
fore,  is  shortened  excessively.  This  momentary  error  shifts  the 
entire  saw-tooth  pattern  ahead  in  phase  and  may  necessitate  manual 
readjustment. 
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Evidently  a  steady  upward  drift  of  the  charging  voltage  soon 
would  cause  the  circuit  to  produce  an  erroneous  stable  frequency  of 
182  cps.  A  downward  drift  would  result  in  a  frequency  of  156 
cps.  Similar  confusion  would  result  from  a  fluctuation  or  a  drift 
in  the  amplitude  of  the  control  wave.  In  both  cases,  the  trouble  is 
due  to  the  fact  that  the  twelfth,  thirteenth,  and  fourteenth  crests 
are  too  near  together,  as  too  many  control  cycles  have  been  crowded 
into  one  cycle  of  the  relaxation  oscillator.  By  using  a  more  con¬ 
servative  ratio  a  wider  engineering  margin  is  allowed,  and  such  rigid 
control  of  supply  voltage,  control  amplitude,  and  circuit  tem¬ 
perature  need  not  be  required. 

8.  Frequency  Multiplication. — In  common  with  all  other  non- 
sinusoidal  generators,  any  relaxation  oscillator  may  be  used  for 
frequency  multiplication.  The  straight  sides  and  sharp  corners  of 


the  voltage  wave  indicate  that  the  output  wave  is  rich  in  harmonics 
of  high  order  and  considerable  intensity.  Therefore,  multiplication 
may  be  accomplished  by  means  of  any  sharply  resonant  circuit 
capable  of  selecting  the  desired  harmonic  and  attenuating  all  others. 
To  prevent  reaction  upon  the  oscillator,  which  might  spoil  the  wave¬ 
form  at  its  source,  the  high-Q  parallel-resonant  circuit  is  frequently 
placed  in  the  plate  circuit  of  a  buffer  amplifier,  the  control  grid 
being  driven  by  the  oscillator,  Fig.  8.1. 

A  ten-to-one  frequency  step-up  is  easily  attainable  in  one  stage, 
and  considerably  higher  ratios  sometimes  are  employed.  Fre¬ 
quently,  a  decimal  series  of  frequencies  may  be  desired.  In  any 
case,  the  multiplication  may  be  continued  in  successive  stages 
(cascade  multiplication). 

Persons  who  have  had  little  practical  experience  with  the 
Fourier  series  representation  (t.e.,  the  inevitable  existence  of  har¬ 
monics  in  any  recurrent  but  nonsinusoidal  wave)  are  frequently 
puzzled  by  the  implied  exactness  of  the  multiplication  and  ask 
whether  a  slight  detuning  of  the  resonant  circuit  would  not  cause  the 
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output  frequency  to  deviate  gradually  from  its  nominal  value. 
The  following  physical  explanation  therefore  is  offered: 

Assume  that  a  saw-tooth  oscillator  is  securely  locked  in  with 
a  precise  1,000-cycle  control  frequency.  What  happens  when  this 
oscillator  drives  a  buffer  amplifier  that  has  a  sharply  resonant  output 
circuit,  tuned  only  approximately  to  10,000  cps? 

The  high-Q  resonant  circuit  may  be  compared  to  a  massive 
pendulum  driven  by  repeated  blows  from  an  external  source.  The 
breakdown  of  the  neon  tube  or  equivalent  tripping  device  in  the 
relaxation  oscillator  suddenly  delivers  energy  to  the  tuned  circuit, 
simulating  shock  excitation.  One  single  discharge  would  produce 
in  the  tuned  circuit  a  transient  of  small  amplitude  but  long  duration. 
Most  of  the  energy  of  the  individual  transient  would  be  found  at  the 
natural  frequency  of  the  resonant  circuit,  which  would  depend  upon 
the  exact  setting  of  the  tuning  capacitor.  However,  for  a  random 
setting,  the  repeated  and  overlapping  transients  produced  by 
periodic  impacts  would  interfere  destructively  with  one  another, 
yielding  a  negligible  net  response.  Only  when  the  interval  between 
impacts  is  an  exact  multiple  of  the  period  of  oscillation  will  the 
initial  transient  be  strongly  reinforced  and  built  up.  Consequently, 
on  gradually  tuning  a  sharply  resonant  circuit,  steep  response  peaks 
should  be  obtained  at  the  exact  frequencies  of  the  harmonics  of  the 
nonsinusoidal  driving  voltage. 

The  frequency  step-up  obtained  per  stage  is  limited  only  by  the 
strength  of  the  harmonics  in  the  driving  wave  and  by  the  “resolving 
power”  of  the  resonant  circuit.  A  sharp-cornered  wave  is  rich  in 
harmonics  and  is  useful  in  this  application.  As  stated  above, 
ratios  as  high  as  10  are  obtainable  rather  easily.  Unlike  the  fre¬ 
quency-division  circuits  there  is  little  likelihood  that  the  multi¬ 
plication  circuits  will  suddenly  produce  an  incorrect  frequency  as  a 
result  of  a  minor  voltage  or  temperature  drift.  Instead,  the  output 
will  fall  off  progressively,  indicating  the  need  for  correction. 

9.  Frequency  Addition  and  Subtraction. — Note  that  frequencies 
may  be  added  and  subtracted,  i.e.,  sum  and  difference  frequencies 
may  be  obtained,  by  the  use  of  a  nonlinear  “mixer,”  which  is 
described  in  connection  with  modulation  and  frequency  conversion 
in  Chaps.  XX  and  XXIII.  Note  also  that  the  linear  “mixer,” 
to  be  described  later,  is  intended  for  an  entirely  different  purpose. 

10.  Thyratron  Sweep  Circuits. — The  general  principles  of  syn¬ 
chronization,  frequency  division  and  frequency  multiplication  have 
been  discussed  above  in  terms  of  an  elementary  form  of  relaxation 
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oscillator,  almost  as  simple  in  its  behavior  as  the  typical  doorbell, 
which  it  somewhat  resembles.  In  considering  various  improve¬ 
ments  in  the  oscillator  itself,  it  is  to  be  noted  that,  while  these 
improvements  lead  to  circuits  which  are  more  elaborate,  the  same 
general  principles  apply. 

By  employing  a  hot  cathode  in  the  discharge  tube  and  inserting 
a  grid  between  cathode  and  anode,  the  elementary  circuit  of  Fig. 
2.3  may  be  changed,  to  the  thyratron1  circuit  of  Fig.  10.1.  As  in 
the  gaseous  diode,  the  tube  operates  as  a  single-pole  single-throw 
switch,  open  during  the  charging  period  and  automatically  closed 
for  the  discharge.  As  before,  the  gas  within  the  tube  suddenly 
ionizes  when  the  voltage  across  C  attains  sufficient  magnitude. 
However,  any  increase  of  the  adjustable  negative  grid  bias  produces 
a  proportionate  increase  in  the  breakdown  voltage  of  the  tube. 


Fig.  10.1. — Relaxation  oscillator  using  gaseous  triode. 


For  moderate  negative  bias  the  grid  loses  control  as  soon  as  the  arc 
is  established.  Hence  the  arc  continues  until  the  available  plate 
voltage  drops  to  a  value  insufficient  to  maintain  ionization.  The 
net  effect  of  the  grid-bias  control  therefore  is  to  extend  and  control 
the  amplitude  range  of  the  saw-tooth  voltage,  simultaneously 
altering  the  natural  frequency. 

Any  periodic  voltage  introduced  into  the  cathode  lead  permits 
synchronization  (together  with  multiplication  or  division  if  desired) 
precisely  as  in  the  diode  circuit  previously  discussed.  But,  by 
injecting  the  control  voltage  into  the  grid  circuit,  equivalent  results 
are  obtained  with  a  considerably  weaker  synchronizing  signal. 
The  gain  of  sensitivity  is  about  10  to  1  in  a  typical  case.  Note 
particularly  that  the  circuit  continues  to  function  as  a  self-excited 
saw-tooth  oscillator  when  the  control  signal  is  suppressed  entirely. 
In  normal  operation  the  control  voltage  is  a  very  minor  ripple, 
unable  to  “fire”  the  discharge  unless  the  plate  potential  has  already 
climbed  nearly  to  the  breakdown  point.  A  positive  crest  lowers 
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the  discharge  threshold  momentarily  and  slightly  accelerates  the 
discharge.  A  negative  crest  has  the  opposite  effect.  Variations  of 
grid  potential  are  ignored  by  the  tube  until  the  capacitor  is  charged 
sufficiently. 

11.  mprovement  of  Linearity. — On  taking  advantage  of  the 
increased  range  of  potential  variation  obtainable  from  the  three- 
electrode  tube,  Fig.  10.1,  it  becomes  increasingly  apparent  that  the 
voltage  across  C  increases  exponentially  with  time.  In  general,  an 
accurately  linear  increase  would  be  preferred,  as  a  larger  fraction  of 
the  available  source  voltage  could  be  used. 

The  following  mechanical  analogue  may  be  suggestive:  Allow 
water  to  flow  through  a  small  pipe,  projecting  nearly  to  the  bottom 
of  a  cylindrical  barrel,  the  pipe  being  fed  from  a  reservoir  of  fixed 
height.  If  the  reservoir  is  high,  the  water  rises  in  the  barrel  at  a 


substantially  constant  rate,  since  the  rate  of  flow  through  the  pipe 
is  nearly  independent  of  the  rising  head  of  water  within  the  barrel. 
Without  requiring  a  high  reservoir  the  same  result  could  be  secured 
by  designing  a  valve  that  would  limit  the  flow  to  a  fixed  number  of 
quarts  per  minute,  regardless  of  the  water  pressure  exerted.  It 
could  be  agreed  that  the  difference  in  level  would  never  be  allowed 
to  fall  below  some  convenient  lower  limit  (say  5  ft  above  the  barrel 
top). 

In  the  electrical  case,  several  different  devices  are  available 
for  this  purpose.  The  symbol  X  in  Fig.  11.1  represents  any  cur¬ 
rent-limiting  device,  used  in  place  of  the  charging  resistance  R , 
Fig.  10.1,  to  determine  the  constant  rate  at  which  the  charging  cur¬ 
rent  trickles  into  capacitor  C. 

For  example,  X  might  represent  a  simple  diode,  with  a  tungsten 
filament,  the  space  current  showing  a  sharp  upper  limit,  dependent 
only  upon  cathode  temperature.  So  long  as  the  battery  voltage 
always  exceeds  the  voltage  across  C  by  a  margin  sufficient  to  utilize 
all  the  electrons  that  the  cathode  will  release,  any  variations  in  the 
potential  of  point  A  can  have  no  effect  upon  the  constant  charging 
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rate.  The  potential  therefore  rises  linearly,  discharge  finally 
occurring  just  before  the  margin  conditions  are  violated. 

More  commonly,  X  represents  a  pentode,  connected  as  indicated 
in  Fig.  11.2.  With  the  designated  bias  potentials  the  current 
through  the  two-terminal  device  is  over  a  suitably  restricted  range, 
independent  of  the  voltage  across  these  terminals. 


(a) PENTODE  CURRENT  LIMITER- BASIC  PRINCIPLE 


(bV'COMMON  BATTERY" ADAPTATION 

Fig.  11.2. —  (a)  Relaxation  oscillator  with  pentode  current  limiter;  ( b )  “common 
battery”  adaptation.  In  practice,  rectifiers  with  potential  dividers  replace  the 
batteries. 


Other  forms  of  limiter  are  available.  It  should  not  be  inferred, 
however,  that  limiters  are  universally  employed  even  in  precision 
work.  Frequently  the  designer  prefers  to  generate  the  saw-tooth 
wave  at  such  a  relatively  low  level  that  no  correction  is  needed. 
He  then  introduces  sufficient  amplification  before  applying  the  saw¬ 
tooth  wave  to  the  oscillograph.  In  the  amplifier  the  sweep  level  is 
conveniently  adjustable;  and,  by  means  of  a  phase-reversing  cir- 
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cuit,  equal  and  opposite  voltages  may  be  applied  to  the  tAvo  hori¬ 
zontal  plates  of  the  oscillograph,  thus  maintaining  balance  with 
respect  to  ground.  A  typical  amplifier  for  this  purpose  is  shown  in 
Fig.  11.3.  Cathode-bias  resistors  and  capacitors,  appropriate  to 
the  tubes  in  use,  may  be  inserted  as  usual  for  adjusting  the  grid 
bias. 

12.  Thyratron  Pulse  Circuits. — In  previous  diagrams  it  is 
implied  that  the  low  resistance  R'  includes  merely  the  arc  resistance 
plus  the  necessary  circuit  wiring. 

Suppose,  hoAvever,  that  a  few  hundred  ohms  are  deliberately 
added  in  the  cathode  circuit  of  Fig.  10.1,  Rf  now  standing  for  this 
external  resistor.  On  discharge,  the  voltage  of  capacitor  C  is  sud¬ 
denly  applied  to  this  low  resistor  in  series  with  the  still  lower 
resistance  of  the  arc.  A  sudden  pulse  of  voltage,  similar  in  shape 
to  the  current  wave  that  produces  it,  appears  across  the  resistor 
R'.  Upon  subtracting  the  small  internal  drop  in  the  ionized  tube, 
the  initial  amplitude  of  the  voltage  pulse  approaches  the  potential 
attained  by  capacitor  C.  Like  the  discharge  current,  the  pulse 
voltage  falls  nearly  exponentially  at  first,  then  drops  more  rapidly 
as  the  arc  starts  to  go  out.  As  a  result,  this  pulse  has  steep  sides 
and  a  short  duration,  in  order  of  magnitude  equal  to  the  time  con¬ 
stant  R'C. 

In  some  applications  this  pulse  may  be  desired  in  addition  to 
the  saAv-tooth  wave  produced  by  the  same  circuit.  For  example,  on 
suitable  inversion  of  polarity,  it  might  be  used  to  turn  off  the 
cathode-ray  beam  Avhile  the  oscilloscope  retrace  is  in  progress.  In 
this  case,  it  would  be  called  a  “blanking  pulse.’ 1 

In  other  cases,  the  thyratron  circuit  may  be  set  up  for  the  sole 
purpose  of  making  a  short,  sharp  pulse  of  easily  controllable  dura¬ 
tion.  For  example,  pulse  circuits  have  been  in  use  for  many  years 
in  radio-echo  experiments  conducted  at  Cruft  Laboratory.  In 
this  application  the  pulse  modulates  a  continuous- wave  radio  trans¬ 
mitter,  applying  radio-frequency  voltage  to  the  antenna  for  con¬ 
trollable  periods  ranging  from  a  few  microseconds  up  to  about 
200  microsec.  It  may  do  this  by  applying  plate  voltage  to  an 
oscillator  or  to  an  r-f  amplifier  tube,  the  tube  having  no  other  plate 
supply  than  the  pulse;  or  the  pulse  may  remove  a  grid-blocking 
voltage  that  normally  interrupts  the  r-f  circuit  at  any  convenient 
stage  in  the  amplifier.  Because  of  the  small  fraction  of  the  time 
occupied  by  the  actual  transmission,  a  large  power  output  may  be 
obtained  from  a  small  tube. 
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In  such  applications,  where  there  is  no  need  for  the  saw-tooth 
wave  and  the  interest  is  in  the  discharge  transient,  it  is  possible  to 
economize  by  simplifying  the  charging  circuit.  Accordingly,  Fig. 
10.1  may  be  converted  into  Fig.  12.1. 


60cps 

Fig.  12.1.— Thyratron  pulse  circuit  without  d-c  source. 

This  represents  a  saving  of  apparatus  and  power.  In  practical 
applications  of  Fig.  10.1,  the  voltage  E  is  usually  obtained  from  a 
“  power  pack/’  In  Fig.  12.1  this  power  pack  has  been  reduced  to  a 
simple  transformer  and  half-wave  rectifier.  No  filter  is  necessary 
or  desirable.  The  high  resistance  R  has  been  removed  entirely,  with 
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Fig.  12.2.— Performance  of  thyratron  pulse  circuit  of  Fig.  12.1, 

consequent  improvement  of  efficiency.  In  place  of  the  saw-tooth 
wave  the  cycle  shown  in  Fig.  12.2  is  obtained. 

Driven  by  transformer  T2,  the  potential  of  point  B  varies  sinu¬ 
soidally  as  indicated  in  Fig.  12.2.  At  the  crest  of  the  positive 
cycle,  B  reaches  a  level  slightly  higher  above  ground  than  the  peak 
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value  of  the  pulse  (which  is  to  be  produced  later).  For  example, 
assume  500  volts  as  the  amplitude  of  the  sine  wave  at  B.  As  the 
total  resistance  in  the  charging  circuit  is  now  low,  the  time  lag  is 
negligible  and  the  potential  of  A  rises  practically  in  step  with  B , 
remaining  slightly  lower  than  B  because  of  a  small  drop  in  voltage 
across  the  rectifier  tube.  Assume  that  point  A  has  been  lifted  485 
volts  above  ground  at  the  end  of  the  first  quarter  cycle.  Because 
oi  the  low  time  constant  of  the  charging  circuit,  transient  effects 
are  negligible,  for  the  present  purpose,  during  the  charging  period. 
Hence  all  trace  of  the  exponential  growth  has  been  lost,  together 
with  the  approximate  linearity  that  resulted  from  it.  Instead,  the 
voltage  across  capacitor  C  follows  the  applied  sinusoidal  potential 
without  significant  lag. 

As  the  B  curve  starts  downward,  at  the  beginning  of  the  second 
quarter  cycle,  the  A  curve  ceases  to  follow.  Electrons,  drained 
away  from  the  upper  plate  of  the  capacitor  during  the  first  quarter 
cycle,  cannot  be  restored,  for  there  is  no  route  for  them  to  follow. 
The  rectifier  is  a  one-way  gate,  which  now  bars  return  by  the  original 
path.  The  alternative  route  through  the  thyratron  is  not  yet  avail¬ 
able,  as  the  plate  voltage  is  insufficient  to  produce  ionization. 
Hence  the  positive  potential  of  the  upper  plate  of  the  capacitor  is 
suddenly  “ frozen,”  just  below  the  crest  value  of  the  applied  sine 
wave.  This  potential  would  remain  constant  forever  after,  if  other 
parts  of  the  circuit  did  not  eventually  intervene. 

This  intervention  usually  takes  place  during  the  third  quarter 
cycle.  An  alternating  voltage,  obtained  from  the  same  60-cycle 
source,  is  applied  through  transformer  to  the  grid  of  the  thyra¬ 
tron.  Merely  by  selecting  the  proper  polarity  of  the  secondary 
leads,  the  potential  of  G,  Fig.  12.1,  may  be  made  to  vary  in  opposite 
phase  to  the  potential  of  A.  Therefore,  during  the  charging  period 
and  the  remainder  of  the  first  half  cycle,  the  small  voltage  of  7\ 
augments  the  bias  battery,  keeping  the  grid  so  negative  that  the 
discharge  cannot  begin.  During  the  third  quarter  cycle,  however, 
F i  offers  increasing  opposition  to  the  bias  battery,  thus  facilitating 
the  discharge.  When  the  net  negative  voltage  is  brought  suf¬ 
ficiently  near  zero,  the  steady  plate  potential  is  suddenly  sufficient 
to  “fire”  the  tube,  producing  the  characteristic  exponential  pulse 
shown  at  D,  Fig.  12.2.  If  desired,  a  phase  shifter  may  be  used  to 
supply  the  control  voltage,  thus  permitting  the  pulse  to  be  moved 
through  wide  limits  and  locked  at  any  position  in  the  second,  third, 
or  fourth  quarter  of  the  cycle  determined  by  voltage  A. 
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Note  that  the  voltage  supplied  by  T\  is  no  longer  a  “synchro¬ 
nizing  voltage  ”  in  the  sense  previously  employed.  The  discharge 
is  now  completely  under  the  control  of  the  voltage  supplied  by  Ti, 
the  circuit  having  no  significant  natural  frequency.  The  altered 
function  of  this  voltage  may  be  emphasized  by  calling  it  a  “control 
voltage.” 

As  an  added  refinement,  the  output  pulse  obtained  from  the 
circuit  of  Fig.  12.1  may  be  passed  through  a  simple  filter,  as  indi¬ 
cated  in  Fig.  12.3,  before  being  used  to  modulate  a  transmitter. 
This  is  to  remove  unnecessary  side  humps  from  the  frequency  spec¬ 
trum  of  the  emitted  r-f  pulse  and  hence  to  minimize  interference 
with  other  radio  services.  A  “probability  curve”  is  an  ideal  pulse 
envelope  for  general  pulse-modulation  purposes.  Unlike  other 


L,  L2  R 
SO  [as  0.5  mh  0.0  20  OHMS 

100  M-S  2.0  mh  1.0  mh  50  OHMS 
200fxs  8.0-mh  4.0  mh  100  OHMS 


RECTIFIER 

SOURCE 


0.5  (xf 


PULSE  D 
OUTPUT  R 


Fig.  12.3. — Pulse-shaping  filter. 


functions,  this  pulse  has  a  frequency  spectrum  that  closely  resembles 
the  waveform  of  the  modulation  envelope.  In  fact,  this  frequency 
spectrum  is  also  a  “probability  curve”  (Chap.  XVIII).  There¬ 
fore,  the  side  bands  fall  off  smoothly  and  symmetrically  from  the 
carrier  wave  of  the  modulated  transmitter.  This  ideal  can  be 
approximated  very  well  in  practice  without  serious  difficulty.  Direct 
pulse  modulation  of  an  oscillator  maximizes  interference,  for  it 
tends  to  produce  a  violent  frequency  sweep  together  with  the  rise 
in  amplitude  of  the  wave. 

13.  High-vacuum  Discharge  Tubes. — To  return  now  to  the 

discharge  tube,  which  is  to  be  used  for  producing  a  saw-tooth 
wave,  would  it  be  feasible  to  substitute  a  high- vacuum  tube  in  place 
of  the  thyratron?  If  this  could  be  done,  we  could  hope  to  obtain 
the  advantage  of  somewhat  longer  life  with  greater  stability  of  the 
characteristics.  Gaseous  tubes  are  of  great  value  in  those  elec¬ 
tronic  devices  which  cannot  be  made  to  function  without  them, 
but  the  high-vacuum  tube  is  generally  preferred  when  a  choice 
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becomes  possible.  This  moderate  prejudice  is  largely  due  to  the 
fact  that  the  gas  pressure  varies  with  room  temperature  and  may 
drift  upward  or  downward  as  the  tube  ages.  Apparently  some  gas 
is  constantly  being  evolved  from  the  tube  elements  or  adsorbed  on 
the  glass  walls  and  metal  surfaces.  In  consequence,  the  operating 
characteristics  are  less  stable  than  in  a  comparable  high-vacuum 
device. 

Fundamentally,  the  discharge  tube  is  required  to  operate  as  a 
single-pole  single-throw  switch,  capable  of  changing  very  suddenly 
from  an  open  circuit  to  a  comparatively  low  resistance  element  in 
the  network.  In  the  thyratron  this  sudden  change  is  provided  by 
the  striking  of  the  arc,  which  takes  place  very  quickly  and  violently, 
even  though  the  synchronizing  signal  on  the  grid  may  be  changing 
smoothly  through  a  small  voltage  range.  If  this  same  synchroniz¬ 
ing  signal  were  applied  to  the  grid  of  a  “hard”  tube,  the  tube  would 
act  as  an  ordinary  amplifier,  the  instantaneous  resistance  changing 
smoothly  and  continuously  in  accordance  with  the  grid  modulation. 
This  would  not  produce  the  sudden  switching  action  that  is  required. 
If,  however,  a  series  of  short,  sharp,  very  powerful  positive  pulses 
could  be  delivered  to  the  grid  of  the  high-vacuum  tube,  the  circuit 
then  would  imitate  the  action  of  the  thyratron  as  a  switching  device. 

Normally,  the  tube  would  be  biased  below  cutoff  by  a  steady 
negative  potential.  Each  positive  pulse  would  overcome  this 
negative  bias  and  would  immediately  carry  the  instantaneous  grid 
voltage  so  far  into  the  positive  region  that  the  tube  would  be  able 
to  carry  a  heavy  instantaneous  current  with  comparatively  little 
plate  voltage.  The  pulses  would  have  to  be  delivered  by  a  sturdy 
and  powerful  generator,  capable  of  maintaining  the  positive  pulse 
in  spite  of  the  relatively  heavy  instantaneous  grid  current  that 
inevitably  would  result.  Steepness  of  the  leading  edge  and  the 
trailing  edge  of  the  pulse  would  be  essential  for  proper  operation. 
The  actual  duration  of  the  pulse  also  would  be  important,  for  by 
using  a  sufficiently  short  period  the  discharge  of  the  capacitor  could 
be  stopped  before  completion. 

Note  that  the  grid  of  the  high- vacuum  tube  retains  control  at 
all  times.  This  is  in  contrast  to  the  thyratron,  where  the  grid 
normally  loses  control  after  the  arc  has  been  struck,  the  termination 
of  the  discharge  awaiting  the  necessary  drop  in  plate  voltage,  as 
this  voltage  must  be  low  enough  to  allow  the  arc  to  go  out. 

If  a  high-vacuum  discharge  tube  is  used,  the  discharge-tube 
circuit  ceases  to  be  a  relaxation  oscillator.  It  does  not  execute  a 
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cycle  of  its  own  if  the  grid-voltage  control  is  withdrawn.  Hence 
the  grid  voltage  has  been  elevated  in  importance  from  the  role  of 
“synchronizing  signal”  to  that  of  “control  signal.”  At  the  same 
time,  the  specifications  in  regard  to  this  signal  and  the  source  that 
must  produce  it  have  been  greatly  stiffened.  The  substitution  of  a 
hard  tube  becomes  possible  because  these  stiffer  requirements 
may  be  met  without  serious  difficulty. 

14.  Blocking  Oscillator. — Obviously,  there  would  be  little  or  no 
advantage  secured  by  eliminating  the  gaseous  tube  from  the  dis¬ 
charge-tube  circuit  if  it  were  found  necessary  to  reinstall  it  as  an 
essential  component  of  the  pulser  circuit,  wdiich  drives  the  discharge 
tube.  Hence,  although  thyratron  circuits  are  capable  of  delivering 
short  and  powerful  pulses,  in  this  particular  application  an  equiv¬ 
alent  hard-tube  circuit  is  to  be  preferred.  The  “blocking  oscil¬ 
lator”  is  one  example  of  such  a 
device.  Other  examples,  such  as 
trigger  circuits  and  multivibra¬ 
tors,  will  be  discussed  later. 

In  the  blocking  oscillator,  a 
familiar  fault  of  oscillator  circuits 
which  is  frequently  encountered 
as  a  nuisance  effect,  is  deliberately 
exaggerated  and  converted  into  a  useful  source  of  regularly  spaced 
transients.  Intermittent  oscillation,  resulting  from  improper 
choice  of  oscillator  grid  leak  and  grid  capacitor,  is  described  in 
Chap.  XV.  The  interruption  of  oscillation  eventually  occurs  as  a 
result  of  a  negative  grid  bias  that  grows  too  large  and  is  held  too 
long.  In  the  so-called  blocking  oscillator  this  interruption  is  made 
to  occur  very  quickly,  so  that  the  “oscillation”  ceases  before  com¬ 
pleting  a  single  cycle. 

The  circuit  resembles  the  familiar  tuned-grid  oscillator  circuit. 
However,  the  regenerative  feedback  is  abnormally  strong,  close 
coupling  from  plate  circuit  to  grid  circuit  being  obtained  by  means 
of  a  step-up  transformer  with  an  iron  core.  The  usual  tank-circuit 
tuning  capacitor  is  omitted,  though  the  secondary  of  the  transformer 
necessarily  has  distributed  capacitance,  Fig.  14.1,  which  determines 
a  natural  frequency. 

In  descriptions  of  the  blocking  oscillator,  it  is  often  implied  that 
the  pulse  emitted  by  the  oscillator  is  the  first  positive  half  cycle  of 
what  would  ordinarily  be  a  continuous  oscillation,  the  remainder  of 
the  wavetrain  being  immediately  suppressed,  as  the  grid  becomes 


Fig.  14.1. — Blocking  oscillator. 
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biased  beyond  cutoff.  Careful  examination  of  waveforms  in  the 
laboratory  reveals  that  the  action  is  not  quite  so  simple  as  this 
elementary  explanation  implies.  As  an  example  of  the  utility  of 
the  cathode-ray  oscilloscope  in  quickly  unraveling  an  apparently 
intricate  circuit  problem,  these  waveforms  will  be  discussed  in  some 
detail. 

On  viewing  the  pulses  displayed  on  an  oscilloscope  screen, 
several  apparent  anomalies  appear.  In  place  of  the  rounded  and 
approximately  sinusoidal  pulse  implied  by  the  conventional  explana¬ 
tion,  it  is  often  apparent  that  the  plate-current  pulse,  Fig.  14.2, 
can  be  extremely  angular,  having  steep  sides,  sharp  corners,  a 
downward-slanting  top,  and  appreciable  width.  As  expected,  the 
secondary  voltage  e2  rises  very  rapidly  as  the  primary  current  % 


1 

e2 

/ 

TIME— 

/ 

Fig.  14.2. — Pulse  waveform. 


rises.  However,  after  the  ib  curve  has  attained  its  peak  value  and 
definitely  is  slanting  downward,  the  e2  curve  continues  to  rise  for 
an  appreciable  period.  Finally,  the  slope  of  the  falling  ih  curve 
changes  abruptly,  and  a  rapid  drop  of  e2  ensues. 

The  necessary  explanation  may  be  phrased  in  two  different  ways, 
both  of  which  are  useful.  Begin  by  considering  the  behavior  of  the 
magnetic  field  in  the  transformer  core.  In  analyzing  the  transient 
interactions  of  vacuum-tube  devices  in  general,  it  is  frequently 
desirable  to  provide  a  clear  and  definite  starting  point  for  the 
discussion.  This  can  be  done  best  by  assuming  that  the  plate  power 
supply  has  been  turned  off  for  a  long  period  and  is  suddenly  restored. 

At  zero  time,  therefore,  the  plate  current  suddenly  begins.  The 
initial  rise  of  plate  current  in  the  primary  coil  induces  a  voltage  in 
the  secondary  coil  that  is  applied  to  the  grid.  Being  connected  in 
regenerative  fashion,  the  induced  grid  voltage  is  positive  and  con¬ 
sequently  accelerates  the  plate-current  flow.  This,  in  turn,  induces 
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a  higher  secondary  voltage,  which  produces  a  still  higher  current, 
etc.  The  cumulative  process  would  continue  indefinitely  were  it 
not  for  the  ceiling  imposed  by  cathode  emission  or,  more  commonly, 
by  Ohm’s  law.  Even  if  the  plate  of  the  tube  were  short-circuited 
directly  to  the  cathode,  the  current  could  not  rise  above  the  limiting 
value  determined  by  the  power-supply  voltage  and  the  resistance 
of  the  external  plate  circuit. 

Having  quickly  attained  its  ceiling  value,  the  plate  current 
suddenly  stops  rising.  At  first  glance,  one  might  expect  that  this 
would  immediately  withdraw  the  source  of  the  positive  grid  voltage 
and  that  in  consequence  the  plate  current  would  instantly  drop. 
However,  as  mentioned  above,  the  positive  secondary  voltage  con¬ 
tinues  to  rise,  and  the  plate  current  remains  high  for  a  definite 
interval.  (During  this  interval  the  current  is  not  constant  but 
decreases  at  a  moderate  rate.) 

The  explanation  hinges  on  the  fact  that  the  magnetic  flux  in 
the  transformer  core  does  not  at  once  attain  the  equilibrium  value, 
which  would  be  computed  from  a  knowledge  of  the  magnetomotive 
force  due  to  primary  current  alone.  Instead,  by  Lenz’s  law,  one 
must  expect  a  counter  magnetomotive  force  as  long  as  secondary 
current  continues  to  flow.  As  this  secondary  current  dies  away, 
the  primary  current  remaining  large,  the  magnetic  flux  continues 
to  increase.  An  increasing  proportion  of  the  high  primary  magneto¬ 
motive  force  becomes  available  to  overcome  the  reluctance  of  the 
core.  Finally,  the  demagnetizing  force  vanishes,  and  the  flux  is 
momentarily  in  equilibrium  with  the  primary  current  alone. 

The  secondary  current  is  made  up  of  two  parts,  an  internal  por¬ 
tion  due  to  distributed  capacitance  of  secondary  winding,  and  a  more 
important  external  current  that  flows  through  the  tube  and  through 
the  grid  capacitor.  This  external  current  is  mainly  due  to  the  elec¬ 
trons  rapidly  acquired  by  the  positive  grid.  Initially  the  grid 
capacitor  was  uncharged,  and  hence  the  entire  positive  secondary 
voltage  e2  was  available  on  the  grid.  As  the  electron  current  con¬ 
tinues  to  flow,  an  increasing  proportion  of  the  large  positive 
voltage  e%  is  expended  in  maintaining  the  ever  larger  charge  on  the 
grid  capacitor.  During  this  period  the  electrons  are  accumulating 
on  the  grid  capacitor  much  faster  than  the  grid  resistor  can  allow 
them  to  leak  away. 

The  grid  voltage  ec  is  that  fraction  of  the  very  large  positive 
voltage  e2  which  remains  after  subtracting  the  capacitor  voltage 
drop  eq,  Fig.  14.1.  Though  this  fraction  decreases  rapidly  from  its 
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initial  value  of  unity,  this  does  not  result  in  an  equally  rapid  fall  of 
the  actual  grid  voltage  ec.  Instead,  the  continued  rise  of  the  second¬ 
ary  voltage  e2  supplies  most  of  the  growing  capacitor  voltage  eq, 
with  a  relatively  minor  decrease  in  the  initially  large  positive  voltage 
ec.  However,  the  slight  resultant  decline  in  ec  does  cause  and 
explain  the  slight  drop  in  ih  noted  as  the  short  charging  transient 
progresses. 

The  charging  current  of  the  grid  capacitor  does  not  vary  ex¬ 
ponentially,  since  the  source  voltage  e2  is  not  constant  and  the  grid- 
to-cathode  resistance  of  the  tube  is  nonlinear.  Experimentally, 
for  common  circuit  adjustments,  the  charging  current  falls  almost 
linearly,  intersecting  the  zero  axis  abruptly,  Fig.  14.3.  This  abrupt 
termination  of  the  charging  transient  is  desirable.  As  the  flux 


\ 
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momentarily  attains  equilibrium  with  %  and  therefore  stops  increas¬ 
ing,  the  high  positive  voltage  e2  is  suddenly  withdrawn.  For 
an  instant  this  leaves  only  the  reverse  voltage  eq  in  the  external 
grid  circuit.  This  fact,  by  itself,  would  be  sufficient  to  cause  the 
grid  to  assume  a  negative  potential  considerably  beyond  cutoff  and 
to  retain  a  negative  potential  until  the  charge  has  had  time  to  leak 
away.  This  action  is  reinforced  considerably  by  the  coincident 
collapse  of  the  magnetic  flux,  which  supplies  an  additional  reverse 
voltage,  driving  the  grid  still  further  into  the  negative  region. 
The  collapse  of  flux  is  retarded  by  the  secondary  current  of  the 
discharge  transient,  and  the  induced  negative  voltage  therefore 
also  persists  for  an  extended  time.  The  whole  time  scale  of  the 
discharge  is  sluggish,  because  the  discharge  current,  driven  by  eq 
and  the  reversed  e2,  now  has  to  pass  through  the  high-resistance 
grid-leak  resistor  R.  Hence  the  tube  retains  a  negative  bias  beyond 
cutoff,  for  a  period  which  depends  largely  upon  the  time  constant 
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CR .  This  period  may  readily  be  made  large  in  comparison  with 
the  duration  of  the  charging  transient. 

The  same  explanation,  just  presented  in  terms  of  magnetomotive 
force  and  flux,  also  may  be  expressed  in  terms  of  mutual  inductance 
M  and  self-inductance  L2.  Such  terms  may  be  considered  as  an 
abbreviated  notation,  or  “  shorthand/’  that  offers  the  advantage  of 
mathematical  compactness  but  permits  some  loss  of  contact  with 
the  underlying  physical  phenomena.  Occasionally  it  is  desirable 


Fig.  14.4. — Analysis  of  secondary  voltage  wave. 


to  dig  underneath  this  convenient  superstructure,  as  has  been 
attempted  in  the  preceding  paragraphs. 

In  order  to  apply  the  inductance  concepts,  begin  with  the 
observed  oscillograms  of  u  and  iq,  Fig.  14.3. 

The  voltage  e2  may  be  obtained  from 

71  r  dl'b  J  di2 

e*  =  MTt~uTt 

fn  this  expression,  i2  properly  should  include  the  combined  currents 
necessary  to  charge  all  elements  of  the  distributed  capacitance  of 
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the  coil  and  wiring.  In  practice,  however,  these  internal  currents 
appear  to  be  relatively  small  in  comparison  with  iq,  which  may  be 
observed  and  measured  conveniently  in  the  external  circuit.  Repre¬ 
sentation  of  i2  by  iq  leads  to  an  adequate  interpretation  of  the  volt¬ 
age  waveforms  actually  observed. 

Hence 


Therefore  the  waveform  of  e2  may  be  predicted  graphically  by 
determining  the  slopes  of  the  curves  of  Fig.  14.3  and  then  summing 
the  two  components  of  e2  as  indicated  in  Fig.  14.4. 

The  computed  wave  e2  agrees  with  the  corresponding  measured 
wave  e2,  Fig.  14.2.  The  drop  in  potential  across  C  also  may  be 
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Fig.  14.5. — Analysis  of  grid  pulse. 


obtained  experimentally  and  is  shown  in  Fig.  14.5a.  Upon  deduct¬ 
ing  this  graphically  from  e2,  Fig.  14.56  results,  which  represents  the 
predicted  wave  ec.  This  computation  is  verified  also  by  experiment. 

16.  Saw-tooth  Voltage  System. — By  the  term  “ system”  is 
meant  an  assembly  of  component  devices,  all  working  together  to 
produce  a  desired  result. 

An  incidental  advantage  of  the  blocking  oscillator  lies  in  the 
fact  that  it  may  be  coupled  to  a  u discharge  tube”  in  a  particularly 
simple  and  effective  fashion,  Fig.  15.1. 

The  grids  and  cathodes  of  the  two  triodes  may  be  joined  directly, 
no  other  grid  connection  being  necessary  in  the  discharge  tube.  The 
positive  side  of  the  ec  cycle,  Fig.  14.56,  agrees  very  well  with  the 
specifications  for  the  positive  control  pulse  (short,  sharp,  powerful) 
that  is  to  actuate  the  switching  tube.  The  slight  variation  in 
amplitude  during  the  existence  of  the  positive  pulse  merely  affects 
the  exact  shape  of  the  retrace  line,  which  is  of  little  consequence  so 
long  as  the  retrace  is  concluded  speedily. 
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The  waveform  of  the  negative  side  of  the  ec  cycle  is  immaterial 
until  the  potential  finally  rises  to  the  cutoff  value.  Preferably, 
the  two  tubes  should  have  similar  characteristics,  so  that  the  dis¬ 
charge  tube  is  released  from  cutoff  just  as  the  corresponding  release 
occurs  in  the  pulser  tube.  The  halves  of  a  twin  triode  are  often 
used  for  this  reason,  forming  a  compact  and  economical  system.  By 
producing  a  sharp  positive  pulse  of  considerable  amplitude,  while 
carrying  the  load  represented  by  its  own  grid  current,  the  pulser 
has  already  demonstrated  its  ability  to  “ stand  up”  under  load. 
The  addition  of  the  second  grid  is  equivalent  merely  to  an  alteration 
in  the  design  details  of  the  original  triode  and  does  not  alter  the 
general  nature  of  the  cycle  just  discussed. 

As  usual,  the  desired  saw-tooth  voltage  wave  appears  directly 
at  the  terminals  of  the  capacitor  <7,  Fig.  15.1.  Connection  to  the 


oscillograph  or  other  load  circuit  is  made  preferably  through  a 
“buffer”  amplifier,  which  is  another  element  in  the  complete  system. 

16.  Saw-tooth  Current  Wave. — As  explained  in  more  detail  in 
Chap.  XII,  Sec.  6,  the  sweep  coils  of  a  magnetically  deflected  oscil¬ 
lograph  require  a  peculiar  alternating  voltage  wave,  which  is  neither 
saw-tooth  nor  rectangular,  but  a  definite  mixture  of  the  two.  This 
voltage  must  be  supplied  in  order  that  the  current  wave  shall  be  of 
simple  saw-tooth  form. 

Fortunately,  a  very  slight  modification  of  Fig.  15.1  will  yield 
an  excellent  approximation  to  the  desired  voltage  wave.  In  Fig. 
16.1,  a  high  resistance  R  limits  the  charging  current  as  usual; 
resistance  R'  stands  for  a  few  ohms  of  resistance  in  the  external 
wiring,  but  resistance  R "  is  a  new  low-resistance  element  inserted 
in  series  with  C.  Unlike  Fig.  11.2a,  both  R"  and  C  are  now  to 
be  included  between  output  terminals.  Again  the  output  voltage 
will  be  delivered  through  a  linear  amplifier.  At  the  frequencies 
concerned,  one  may  consider  that  the  amplifier  draws  no  current 
from  the  output  leads  shunted  across  the  CR"  coupling  element. 
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The  amplifier  merely  transmits  and  amplifies  the  voltage  wave, 
delivering  it  through  a  power-amplifier  stage,  which  then  drives 
the  deflecting  coil  as  a  load,  Fig.  16.2. 

Assuming  that  a  positive  grid-voltage  control  pulse  has  just 
terminated,  consider  the  subsequent  variations  in  the  potential  of 
point  A,  Fig,  16.1.  At  the  beginning  of  the  new  charging  cycle, 
point  A  is  positive  with  respect  to  ground,  the  potential  of  A  being 
made  up  of  two  parts.  The  larger  part  is  due  to  the  fact  that  the 
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Fig.  16.1. — Voltage  source  for  magnetic  deflection  in  a  cathode-ray  oscillograph. 

capacitor  C  was  not  completely  discharged  by  the  grid  pulse  just 
ended.  The  discharge  was  of  limited  duration  and  was  suddenly 
cut  off  while  the  capacitor  still  retained  a  considerable  charge.  To 
be  specific,  assume  that  the  potential  of  the  upper  plate  of  capacitor 
C  is  40  volts  above  that  of  the  lower  plate  as  the  new  charging  cycle 
begins. 

In  addition,  a  small  potential  difference  exists  across  the  cou¬ 
pling  resistor  R"y  the  upper  terminal  of  this  resistor  being  positive 


DEFLECTING  COIL 

Fig.  16.2. — Block  diagram  of  circuit  for  producing  magnetic  deflection. 

with  respect  to  ground.  Assume  this  potential  difference  to  be 
approximately  0.5  volt.  It  is  due  to  the  charging  current  ic,  say 
450  microamperes,  flowing  through  the  coupling  resistor  toward  the 
lower  terminal.  Upon  adding  this  small  positive  voltage  to  the 
40  volts  across  the  capacitor  C,  the  total  output  voltage,  measured 
at  point  Ay  is  40.5  volts. 

During  the  first  1/18,000  sec  following  removal  of  the  positive 
pulse  the  potential  difference  between  the  plates  of  a  OTOl-^f 
capacitor  C  would  rise  linearly  from  40  to  65  volts  if  the  charging 
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current  were  to  remain  constant.  Actually,  the  current  falls  off 
by  about  10  per  cent  because  of  the  increasing  opposition  offered 
by  the  capacitor  C.  If  the  resulting  slight  departure  from  linearity 
is  unacceptable,  it  may  be  reduced  by  increasing  the  applied  volt¬ 
age  E  and  the  resistor  R  in  proportion.  To  the  degree  of  approxima¬ 
tion  that  the  voltage  rise  may  be  regarded  as  linear,  the  icR"  voltage 
may  be  regarded  as  0.5  volt  during  the  entire  charging  period. 

Suddenly  a  new  control  pulse  arrives  on  the  grid.  The  direction 
of  the  current  through  C  and  R"  reverses  instantly  at  the  moment 
that  the  low-resistance  discharge  path  first  becomes  available. 
Assume  that  the  initial  value  of  discharge  current  is  about  20  times 
as  large  as  the  charging  current,  say  9  milliamperes.  This  would 
correspond  to  a  tube  resistance  of  approximately  6,100  ohms 
(including  R',  but  not  including  R ")  while  the  tube  is  in  the  conduct¬ 
ing  state.  As  a  result  of  the  sudden  reversal  of  current  in  R", 
the  potential  of  point  A  immediately  drops  10.5  volts.  Of  this 
amount,  0.5  volt  drop  may  be  ascribed  to  the  loss  of  the  small 
charging  current,  while  the  remaining  10  volts  is  due  to  the  new 
discharge  current  id,  flowing  upward  from  the  lower  terminal  of 
the  coupling  resistor  R 

Even  though  the  resistance  in  series  with  C  is  comparatively 
low,  the  difference  of  potential  across  C  cannot  change  instantly. 
Hence  the  initial  drop  in  the  output  voltage  measured  at  A  is 
entirely  due  to  the  reversal  of  current  through  R This  vertical 
drop  of  10.5  volts  is  immediately  followed  by  a  steep  downward 
slope ,  as  the  increment  of  about  25  volts,  slowly  gained  by  the 
capacitor  during  charge,  is  completely  lost  during  the  swift  discharge. 

If  it  could  be  assumed  that  the  discharge  current  remained  con¬ 
stant,  this  additional  loss  of  potential  would  occur  linearly  and 
would  carry  the  potential  of  point  A  down  to  30  volts.  Just  before 
termination  of  discharge,  the  lower  plate  of  capacitor  C  would  be 
10  volts  below  ground  potential,  the  upper  plate  being  30  volts 
above  ground.  Sudden  removal  of  positive  voltage  from  the  grid 
(as  the  control  pulse  snaps  off)  instantly  lifts  the  lower  plate  of  C 
from  —10  volts  to  +0.5  volt  as  the  charging  process  is  resumed. 
This  brings  the  potential  of  A  back  to  its  starting  point  at  40.5 
volts.  The  entire  cycle  then  repeats  as  indicated  in  Fig.  16.3. 
It  should  be  understood  that  the  numerical  values  calculated  are 
introduced  solely  by  way  of  explanation.  Widely  different  values 
may  be  used  successfully. 

The  voltage  waveform  obtained  is  a  combination  of  a  rectangular 
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wave  with  a  saw-tooth  wave  and  agrees  precisely  with  the  specifica¬ 
tions  (Chap.  XII,  Sec.  6)  for  driving  a  saw-tooth  current  wave  in  a 
load  circuit  containing  self-inductance  and  resistance.  This  wave¬ 
form  may  be  described  as  “a  peak  riding  upon  a  saw  tooth”  and 
sometimes  is  called  a  “trapezoidal”  voltage  wave.  The  relative 
proportions  of  peak  and  saw  tooth  may  be  altered  conveniently  by 
making  R"  continuously  variable.  The  operator  adjusts  the  peaking 
resistor  Rn  until  satisfied  with  the  linearity  of  the  resultant  current 
sweep.  In  practice,  it  is  not  necessary  that  the  discharge  current 
remain  approximately  constant.  If  the  tube  resistance  were 
unchanged  during  the  time  occupied  by  the  control  pulse,  the  cur¬ 
rent  would  follow  a  portion  of  an  exponential  decay  curve.  Actu¬ 
ally,  the  control  pulse  often  does  not  have  an  accurate  flat  top,  and 


Fig.  16.3. — Rectangular  voltage  plus  saw-tooth  voltage. 


the  discharge  current  follows  no  simple  mathematical  function. 
However,  this  departure  from  the  simple  theory  as  presented  merely 
alters  the  exact  shape  of  the  strong  negative  pulse  added  to  the  saw¬ 
tooth  wave,  Fig.  16.3.  This  alteration,  in  turn,  produces  a  depar¬ 
ture  from  linearity  in  the  retrace  portion  of  the  saw-tooth  current 
curve.  Considerable  nonlinearity  of  retrace  is  ordinarily  accept¬ 
able  as  long  as  the  sweep  portion  of  the  saw-tooth  cycle  remains 
approximately  linear  and  the  retrace  is  completed  on  schedule. 

Therefore,  the  purpose  of  peaking  resistor  Rft  is  to  add  to  the 
voltage  saw-tooth  wave  a  short,  sharp  negative  peak  of  controllable 
amplitude.  The  exact  shape  of  this  peak  is  of  secondary  concern. 
The  mere  existence  of  the  peak  provides  the  necessary  assistance 
in  reversing  very  quickly  the  current  in  the  deflection  coils  of  the 
oscillograph  at  the  end  of  the  linear  sweep,  thus  preventing  inter¬ 
ference  with  the  next  cycle. 

17.  Clippers. — In  order  to  understand  the  function  of  a  “clip¬ 
per,”  let  it  be  assumed  that  on  a  long  strip  of  paper  an  accurate 


814 


TIMING  CIRCUITS 


[Chap.  XXIV 


curve  has  been  constructed  which  represents  instantaneous  values 
of  a  current  or  a  voltage,  plotted  as  a  function  of  time.  The  time 
axis  runs  lengthwise  along  the  strip.  The  waveform  thus  con¬ 
structed  may  have  any  shape  that  can  be  produced  in  an  electrical 
network  or  picked  up  by  an  antenna.  It  is  not  even  necessary 
that  the  variation  shall  be  periodic.  With  a  pair  of  scissors,  this 
strip  of  paper  is  sliced  into  two  (or  more)  ribbons  of  fixed  width, 
the  cutting  line  running  exactly  parallel  to  the  time  axis.  If  pre¬ 
ferred,  the  ribbons  may  be  of  quite  dissimilar  width,  as  the  cut  may 
be  made  at  any  level  selected  on  the  positive  or  the  negative  side 
of  the  zero  axis. 

After  slicing,  one  of  the  ribbons  ordinarily  is  retained  and  used. 
The  upper  strip  or  the  lower  strip  may  be  discarded  at  will.  In 
some  cases,  two  separated  portions  of  the  original  wave  are  usefully 
employed  but  are  routed  to  different  destinations  after  being  cut 
apart. 

This  perfect  “shearing”  action  represents  an  ideal,  which  the 
practical  clipper  approaches  rather  closely.  Obviously,  an  ordinary 
half-wave  rectifier  may  be  regarded  as  a  special  application  of  a 
clipper.  In  this  case,  the  “electronic  shears”  cut  directly  along 
the  zero  axis  itself.  Different  types  of  rectifiers  differ  in  the  degree 
to  which  they  approximate  the  ideal  behavior  suggested.  Any 
of  the  rectifiers  may  be  used  as  a  component  in  the  generalized 
clipper  circuits  represented  in  Fig.  17.1. 

In  Fig.  17.1,  a  sinusoidal  input-voltage  wave  is  used  arbitrarily 
as  an  illustration,  but  it  will  be  apparent  that  no  restrictions  need 
be  placed  upon  the  waveform.  The  input  is  applied  at  terminals 
1-2.  Resistor  R  has  a  resistance  that  is  high  in  comparison  with 
the  low  internal  resistance  presented  by  the  rectifier  unit  Avhile 
conducting.  Voltage  output  terminals  3-4  often  feed  into  a  buffer 
amplifier,  which  draws  a  negligible  input  current  in  the  frequency 
range  involved.  In  any  event,  the  impedance  of  the  load  circuit 
should  be  high  in  comparison  with  R.  The  battery  E  stands  for 
any  source  of  d-c  bias  potential.  In  most  cases,  this  will  be  some 
fraction  of  a  voltage  derived  from  a  rectifier  and  filter,  used  in 
common  by  various  elements  of  the  control  circuit.  Line  2-4  is 
often  grounded,  for  convenience  elsewhere  in  the  circuit. 

In  Fig.  17.1a  the  rectifier  cannot  conduct  until  the  potential 
of  point  1,  measured  with  respect  to  line  2-4,  becomes  larger  than 
+  10  volts.  For  all  negative  values  on  the  input- voltage  wave  and 
for  all  positive  values  smaller  than  10  volts,  the  plate  of  the  rectifier 
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is  at  a  lower  potential  than  the  cathode.  Under  this  condition, 
electrons  cannot  cross  the  tube,  and  the  shunt  circuit  might  just 
as  well  be  absent.  As  the  load  circuit  3-4  draws  little  or  no  current 
from  the  source,  the  series  resistor  R  has  little  or  no  effect  during  this 
portion  of  the  cycle.  Hence  the  output  potential  at  point  3  accu¬ 
rately  reproduces  all  the  variations  of  input  potential,  until  the  input 
potential  rises  above  the  bias  voltage.  At  this  point,  the  rectifier 
suddenly  ceases  to  be  an  open  circuit  and  becomes  instead  a  con¬ 
ducting  element.  In  the  allowed  direction  of  conduction  the 
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Fig.  17.1. — Diode  clipper  circuits. 


resistance  of  this  element  is  low  in  comparison  with  the  resistance 
of  the  series  resistor  R.  Hence  the  output  voltage  suddenly  ceases 
to  follow  any  further  increase  that  may  be  applied  to  the  input 
terminals.  Instead,  such  further  increments  in  input  voltage  are 
absorbed  almost  entirely  by  the  resistor  R ,  producing  a  current 
through  R  and  through  the  bias  source  E}  without  appreciable 
voltage  rise  across  the  rectifier.  The  shunt  current  flows  in  such 
a  direction  as  to  carry  energy  from  the  input  terminals  1-2  toward 
the  bias  battery  or  equivalent  d-c  source,  part  of  this  energy  being 
dissipated  en  route  in  the  resistor  R .  The  remainder  is  used  in 
charging  the  bias  battery  E,  or  reducing  the  total  load  on  the 
equivalent  power  pack.  Under  ideal  conditions,  the  voltage  output 


816 


TIMING  CIRCUITS 


[Chap.  XXIV 


terminals  3-4  require  no  energy  flow.  The  current  in  the  shunt 
circuit  ceases  as  soon  as  the  input  voltage  drops  to  the  bias  value. 
As  a  result,  the  dotted  portion  of  the  output-voltage  wave,  Fig. 
17.1a,  is  completely  suppressed,  and  the  solid  line  represents  the 
waveform  obtainable  at  terminals  3-4. 

By  reversing  the  rectifier  or  the  battery  or  both,  the  three 
other  circuits  shown  in  Fig.  17.1  are  obtained.  The  output  wave¬ 
forms  are  exhibited  in  the  figure.  All  four  of  these  combinations 
are  of  equal  interest  and  value,  and  the  reader  should  satisfy  him¬ 
self,  in  detail,  that  all  the  output  waveforms  presented  in  Fig.  17.1 
are  correct.  Discussions  similar  to  the  above  apply  equally  well 
to  Figs.  17.16,  c,  d. 

With  the  general  purpose  of  clipping  in  mind,  it  becomes  evident 
that  an  individual  experimenter  could  devise  readily  a  number  of 
other  electronic  devices  yielding  waveforms  similar  to  those  pre- 
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Fig.  17.2. — Saturated-triode  clipper  circuit. 


sented  in  Fig.  17.1.  For  example,  the  dotted  curves,  previously 
discarded,  could  be  clipped  off  and  used  if  an  output  voltage  were 
measured  across  R .  Two  or  more  shunt  rectifiers,  similar  to  Figs. 
17.1a,  6,  could  be  used  in  conjunction  with  the  same  series  resistor 
R ,  in  order  to  remove  the  top  and  bottom  of  a  wave  at  the  same  time. 
An  example  of  this  sort  appears  in  Fig.  18.2.  Various  combina¬ 
tions  of  series  rectifiers  would  be  appropriate.  Clipping  and  ampli¬ 
fication  often  could  be  combined  in  triode,  tetrode,  and  pentode 
circuits. 

A  few  additional  examples  will  suffice.  For  example,  one  may 
assume  that  the  signal  to  be  clipped  is  applied  directly  to  the  grid 
of  a  tungsten-filament  triode,  the  filament  temperature  being 
adjusted  so  that  saturation  effects  appear  within  the  available  range 
of  operation,  Fig.  17.2. 

In  this  case  the  upswing  of  plate  current  terminates  abruptly 
when  all  electrons  emitted  by  the  cathode  are  acquired  by  the  plate 
circuit.  Below  this  limiting  current  the  grid  retains  control,  and  a 
linear  response  may  be  obtained.  On  striking  the  ceiling  imposed 
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by  filament-temperature  limitation,  the  plate-current  wave  suddenly 
flattens  out,  and  a  similar  intentional  distortion  appears  in  the  out¬ 
put  voltage.  The  resultant  clipping  action  may  be  varied  by  alter¬ 
ing  the  grid  bias,  the  amplitude  of  the  input  wave,  the  filament 
temperature. 

By  using  an  input  wave  of  sufficient  amplitude,  the  current  wave 
can  be  confined  by  a  floor  as  well  as  by  a  ceiling.  The  instantaneous 
plate  current  cannot  be  less  than  zero.  By  selecting  a  tube  in  which 
cutoff  occurs  abruptly,  this  limitation  may  also  be  made  to  occur 
without  serious  departure  from  linearity  in  the  transmitted  portion 
of  the  cycle.  For  this  purpose  the  triode  should  not  have  a  remote- 
cutoff  (variable-mu)  characteristic.  Though  it  is  theoretically 
possible  to  cut  off  the  top  and  the  bottom  of  a  wave  with  a  single 
triode,  this  economy  is  not  followed  widely  in  practice,  as  it  results 
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Fig.  17.3. — Triode  clipper  circuit  in  which  the  grid  acts  as  a  diode  clipper. 


in  a  too  critical  juggling  of  wave  amplitude  and  bias  potential. 
Naturally,  the  use  of  the  floor  type  of  limitation  (lower  bend  of  the 
characteristic  curve)  is  not  dependent  upon  use  of  a  tungsten- 
filament  tube. 

It  is  frequently  desirable  to  imitate  the  ceiling  type  of  plate- 
current  limitation,  typified  by  the  saturable  triode,  without  actually 
having  to  employ  this  rather  old-fashioned  device,  seldom  con¬ 
veniently  available.  One  expedient  is  to  use  the  circuit  of  Fig. 
17.3,  with  an  ordinary  oxide-cathode  triode,  showing  no  actual 
saturation  effects  within  the  operating  range.  In  effect,  this  is  a 
repetition  of  the  diode  circuit  of  Fig.  17.1a,  incorporated  as  a 
component  part  of  the  triode  diagram.  Grid  current  starts  to  flow 
as  soon  as  the  net  grid-to-cathode  potential  exceeds  zero,  and 
effectively  prevents  the  grid  voltage  from  rising  any  higher.  The 
resistance  of  the  grid  resistor  R  is  large  in  comparison  with  the 
grid-to-cathode  internal  resistance  of  the  tube.  Because  of  grid- 
circuit  rectification,  the  voltage  actually  appearing  on  the  grid  is 
clipped  by  the  external  resistor,  no  distortion  of  the  plate-circuit 
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characteristic  being  required.  As  usual,  the  clipping  level  is 
determined  by  the  bias  battery. 

As  the  function  of  the  resistor  R  is  to  produce  a  large  voltage 
drop  when  a  small  current  suddenly  flows,  it  is  evident  that  a  high- 
reactance  element  can  be  used  as  a  substitute.  For  example,  in 
Fig.  17.4  a  series  capacitor  C  is  substituted  for  R.  The  capacitance 
of  C  is  so  small  that  the  grid  current  charges  it  very  quickly,  thus 
keeping  the  grid  potential  from  ever  rising  appreciably  above  the 
net  cathode  potential.  A  low-resistance  grid  leak  R'  allows  this 
charge  to  escape  quickly  when  the  source  voltage  starts  to  decrease. 

By  comparing  this  circuit  with  other  electronic  circuits  employ¬ 
ing  a  grid-leak  and  capacitor  combination  it  is  evident  that  circuit 
configuration  alone  is  seldom  a  reliable  indication  of  the  purpose  of  a 
particular  circuit.  In  studying  an  actual  piece  of  equipment  one 
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Fig.  17.4. — Clipper  circuit  using  capacitance  as  a  series  element. 


must  learn  by  experience  to  give  adequate  consideration  to  circuit 
constants,  and  especially  to  time  constants.  In  a  normal  oscilla¬ 
tor  circuit,  for  example,  the  grid  capacitor  usually  has  a  negligible 
effect  upon  a  single  alternating- voltage  cycle,  the  capacitor  voltage 
changing  very  slowly  in  accordance  with  desired  slow  adjustments 
of  the  average  amplitude.  The  capacitor  provides  an  adjustable 
d-c  bias  potential  only.  In  certain  detector  circuits  the  same  con¬ 
figuration  appears,  the  capacitor  voltage  following  the  modulation 
cycle,  though  not  the  carrier-wave  cycle.  In  the  blocking  oscil¬ 
lator,  the  series  capacitor  responds  much  more  rapidly  and  may 
reduce,  by  50  per  cent  or  more,  the  positive-pulse  voltage  induced 
in  the  transformer  secondary  and  transmitted  through  the  blocking 
capacitor  to  the  grid.  In  Fig.  17.4  the  capacitor  C  might  be  referred 
to  also  as  a  blocking  capacitor,  but  it  responds  still  more  rapidly, 
being  able  to  charge  and  discharge  so  quickly  as  to  suppress  almost 
entirely  the  net  positive  voltage,  without  appreciable  distortion  of 
the  remainder  of  the  cycle.  All  these  divergent  functions  are 
provided  by  the  same  basic  grid-leak  and  g^id-capacitor  wiring 
plan,  the  important  distinctions  occurring  largely  as  a  result  of 
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alterations  in  the  RC  time  constant,  considered  with  respect  to 
the  period  of  the  alternating-voltage  cycle.  Still  another  function, 
the  production  of  sharp  pulses,  is  discussed  in  Sec.  21. 

As  a  final  example  of  the  “ ceiling”  type  of  plate-current  limi¬ 
tation,  note  that  pentode  tubes  may  be  made  to  show  a  sharply 
defined  limiting  action,  the  plate  current  varying  linearly  with 
control-grid  voltage  as  long  as  the  instantaneous  grid  voltage  stays 
below  a  definite  margin.  Above  this  critical  point  the  plate  cur¬ 
rent  remains  practically  constant,  regardless  of  further  increases  in 
instantaneous  grid  potential.  The  location  of  the  critical  point 
depends  upon  the  exact  values  of  all  electrode  potentials  and  may  be 
determined  readily  from  the  static  characteristics  of  a  particular 
tube.  Hence  a  pentode  amplifier  with  an  apparently  normal  circuit 
configuration  may  serve  as  an  excellent  clipper  if  the  bias  potentials 
are  selected  with  this  end  in  view.  The  same  effect  frequently 
occurs  accidentally. 

As  sharp  cutoff  effects  may  also  be  obtained  with  appropriate 
pentodes  and  tetrodes,  the  “floor”  type  of  clipper  likewise  may 
appear  in  the  configuration  of  a  normal  amplifier  stage,  careful 
attention  to  bias  and  amplitude  values  being  necessary  in  order  to 
discover  that  the  designer  or  manufacturer  has  incorporated  the 
clipping  action  at  this  stage  in  a  circuit  chain.  A  special  application 
of  pentode  clippers  is  shown  in  Fig.  18.3. 

18.  Rectangular-wave  Generators. — Rectangular-wave  genera¬ 
tors  (also  referred  to  as  square-wave  generators)  are  designed  to 
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Fig.  18.1. — Square  waveform. 

produce  an  angular  waveform  such  as  that  indicated  in  Fig.  18.1. 
Shall  this  waveform  be  referred  to  as  an  alternating  voltage  or  cur¬ 
rent  of  10  units  amplitude,  shall  it  be  referred  to  as  a  series  of  pulses 
of  20  units  positive  amplitude,  or  of  20  units  negative  amplitude? 
The  terminology  depends  upon  whether  a  base  line  is  inserted  at 
the  axis  of  symmetry,  or  at  the  bottom,  or  at  the  top  of  the  figure. 
In  some  applications  this  is  a  matter  of  importance.  In  other  cases 
it  is  a  matter  of  indifference,  the  load  circuit  responding  only  to  the 
variations  in  potential  without  regard  to  possible  bias  values.  The 
term  “square  wave”  refers  only  to  the  “squareness”  of  the  corners 
and  does  not  imply  any  particular  relationship  between  amplitude 
and  duration. 
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Such  waveforms  are  utilized  for  a  wide  variety  of  purposes. 
They  are  sometimes  used  in  performing  standard  tests  upon 
amplifiers  and  other  circuit  elements.  In  this  case  defects  in  har¬ 
monic  phase  or  amplitude  response  appear  as  characteristic  devia¬ 
tions  from  the  simple  rectangular  input.  As  discussed  later,  they 
are  used  in  operating  electronic  SAvitches,  throAving  tAvo  or  more 
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Fig.  18.2. — Elementary  rectangular-wave  source. 


patterns  on  a  cathode-ray  screen  in  rapid  succession,  or  making 
periodic  changes  in  a  vacuum-tube  network.  They  are  often 
developed  as  a  preliminary  step  in  the  production  of  short,  sharp 
pulses,  the  pulses  being  generated  in  a  network  driven  by  a  rectangu¬ 
lar  alternating  voltage. 

In  some  cases  the  required  rectangular  voltage  is  generated 
directly  by  trigger  circuits,  having  an  appropriate  intermittent  cycle. 
Such  trigger  circuits,  including  multivibrators,  will  be  discussed  in 
Secs.  27  and  28. 


In  other  cases  the  application  permits  an  approximation,  the 
rectangular  wave  being  obtained  by  generating  a  sine  A\rave  of 
appropriate  frequency  and  then  clipping  off  the  positive  and  nega¬ 
tive  crests.  Where  necessary,  the  approximation  can  be  made 
exceedingly  good  by  using  a  sinusoidal  input  voltage  of  large  ampli¬ 
tude  and  clipping  both  sides  close  to  the  zero  axis.  If  desired,  the 
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approximation  may  be  attained  in  successive  stages,  the  output  of 
the  first  pair  of  clippers  being  amplified  linearly  and  then  run 
through  a  second  pair  of  clippers.  This  cascade  action  avoids  the 
use  of  excessively  high  input  voltages,  otherwise  necessary  in  order 
to  obtain  an  equally  good  rectangular  wave. 

Figure  18.2  illustrates  an  elementary  rectangular-wave  source, 
based  upon  the  diode  clippers  of  Fig.  17.1.  Figure  18.3  shows  a 
practical  laboratory  instrument  using  pentode  tubes  as  clippers. 

19.  Damping  Tubes. — When  pulse  currents  are  driven  through 
large  inductances,  as  in  transformer  circuits,  oscillograph  deflection 
coils,  and  relay  windings,  occasionally  the  distributed  capacitance 
and  wiring  capacitance  of  the  circuit  cause  an  undesired  backswing 
and  may  lead  to  a  damped  train  of  oscillations.  The  circuit  could 
be  made  aperiodic  by  appropriate  network  design,  but  this  often 
would  involve  resistance  loadings  considered  excessively  large 
for  the  application  in  mind.  By  using  a  rectifier  that  conducts 
only  during  the  backswing,  the  reverse  voltage  may  be  highly 
damped  without  affecting  the  main  operation.  In  a  sense  this  is 
merely  a  special  case  of  clipping,  but  the  problem  is  sufficiently 
important  to  merit  special  mention.  The  situation  may  be  pre¬ 
sented  in  greater  detail  by  quoting  an  example. 

Assume  that  an  available  thyratron  pulse  generator,  of  ample 
current  rating,  can  deliver  a  pulse  of  2,000  volts  amplitude,  repeated 
60  times  per  second.  The  operator  would  like  to  use  this  periodic 
pulse  generator  as  the  only  power  source  in  the  plate  circuit  of  an 
otherwise  conventional  Hartley  oscillator  circuit.  The  oscillator 
and  associated  antenna  are  to  emit  radio-frequency  waves  for  a 
small  fraction  of  each  successive  period,  the  remainder  of  the  period 
being  available  for  the  reception  of  echoes  from  the  ionosphere  or 
troposphere.  Taking  advantage  of  the  small  fraction  of  the  time 
actually  used  in  transmission,  a  low-power  transmitting  tube 
often  may  be  used  at  the  highest  voltage  that  its  insulation  will 
withstand.  The  operator  wishes  to  step  up  the  voltage  of  the  plate 
supply  well  above  the  available  2,000  volts  but  cannot  raise  the 
voltage  at  its  source.  Can  he  employ  a  transformer  successfully 
between  the  pulses  and  the  oscillator? 

Given  sufficient  time,  money,  and  patience,  he  may  build  or 
purchase  a  special  pulse  transformer  to  do  the  job.  This  will 
require  special  attention  to  reduction  of  distributed  capacitance 
and  special  care  to  the  minimization  of  core  losses  at  high  harmonic 
frequencies.  Meanwhile,  a  standard  60-cycle  transformer,  of 
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appropriate  voltage  ratio,  is  immediately  available  on  the  laboratory 
shelf.  Some  wastage  of  energy  and  some  distortion  of  pulse  form 
would  be  freely  permitted  in  order  to  save  time.  What  other 
attendent  disadvantages  would  be  encountered  if  the  standard 
transformer  were  employed? 

On  driving  a  conventional  transformer,  with  a  unidirectional 
pulse  applied  to  the  primary,  distributed  capacitance  causes  an 
oscillation  as  indicated  in  Fig.  19.1. 

At  least  as  a  temporary  expedient,  the  first  positive  half  cycle  of 
the  oscillation  would  be  wholly  acceptable  as  a  voltage  pulse  of 
adequate  amplitude  and  duration.  No  direct  objection  need  be 
raised  in  this  instance  to  the  backswing  that  immediately  follows  it, 
since  the  oscillator,  serving  as  a  load,  can  respond  only  to  positive 
plate  potential.  However,  the  second  positive  half  cycle,  and  all 
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Fig.  19.1. — Transformer  with  a  pulse  input  to  the  primary. 

the  positive  half-cycles  to  follow,  are  sure  to  be  confused  with  the 
echo  pattern.  A  “fake”  echo  of  this  sort,  originating  in  a  pulsed 
transmitter  or  receiver,  is  a  familiar  nuisance  in  ionospheric  research 
laboratories  and  is  introduced  to  initiates  as  “Benny.” 

By  damping  the  backswing  sufficiently,  the  remainder  of  the 
wavetrain  may  also  be  eliminated,  including  all  the  spurious  echoes. 
This  follows  because,  after  the  expiration  of  the  primary  pulse,  the 
remaining  transient  is  entirely  due  to  stored  energy.  If  this  can 
be  dissipated  harmlessly  during  the  backswing,  it  is  obviously  no 
longer  available  for  producing  supplementary  positive  half  cycles. 
In  dealing  exclusively  with  stored  energy  the  damping  tube  may  be 
distinguished  from  the  general  run  of  clipper  tubes,  previously  dis¬ 
cussed.  Figure  19.2  presents  a  wiring  diagram  showing  how  a 
damping  tube  could  be  attached  to  the  transformer  circuit  discussed 
above. 

During  the  first  positive  half  cycle  of  the  transformer  transient 
the  oscillator  starts  in  normal  fashion  and  has  time  to  emit  several 
hundred  or  several  thousand  r-f  cycles  before  the  plate  supply  is 
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withdrawn.  During  this  period  the  oscillator  draws  power  con¬ 
tinuously  from  the  transformer  and  also  causes  some  wastage  of 
power  in  the  transformer  windings.  However,  it  acts  as  a  medium- 
impedance  load,  rather  than  as  a  short  circuit,  and  a  considerable 
amount  of  energy  remains  stored  in  the  transformer  fields  when 
the  oscillator  is  turned  off.  Normally,  this  would  have  to  be  dis¬ 
sipated  largely  by  the  additional  periods  of  undesired  operation 
of  the  oscillator.  In  contrast,  the  addition  of  the  damping  tube 
practically  short-circuits  the  transformer  during  the  reverse  half 
cycle,  without  interfering  in  any  way  with  the  initial  pulse.  The 
stored  energy  is  wasted  harmlessly  in  the  internal  resistance  of 
the  transformer  and  in  the  low  resistance  of  the  damping  tube. 
Such  a  tube  may  be  described  as  a  “one-way  short  circuit.” 

The  negative  damping  current  being  several  times  as  large  as 
the  positive  load  current,  the  resistance  of  the  transformer  circuit 


Fig.  19.2. — Pulsed  oscillator. 


may  be  deliberately  increased  by  an  external  resistor  of  a  few 
hundred  ohms  without  serious  interference  with  the  oscillator  cir¬ 
cuit.  This  possible  economy  decreases  the  current  rating  demanded 
of  the  damping  tube  and  may  extend  its  useful  life. 

20.  Clamping  Tubes. — In  Sec.  18  reference  is  made  to  the  inser¬ 
tion  of  a  base  line,  or  zero  line,  from  which  instantaneous  voltages  or 
currents  are  to  be  measured.  Sometimes  this  is  merely  for  con¬ 
venience  in  description.  In  other  circumstances  the  location  of  the 
zero  level  is  of  considerable  physical  importance,  the  load  circuit 
responding  to  the  steady  component,  as  well  as  the  alternating 
component,  of  the  input  signal.  In  a  normal  amplifier  chain,  which 
has  a  low-frequency  cutoff  (at  15  cps,  for  example)  this  steady 
component  is  lost  or  altered  at  every  stage  in  the  amplifier  chain, 
since  it  is  not  passed  through  any  coupling  transformer  or  through 
any  coupling  capacitor.  Where  transformers  are  employed,  this 
defect  may  be  remedied  immediately  by  inserting  a  suitable  bias  bat¬ 
tery,  or  equivalent  d-c  source,  in  series  with  the  secondary  side  of 
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the  circuit.  This  is  a  common  practice  in  transformer-coupled 
oscillograph  amplifiers,  the  insertion  and  control  of  the  appropriate 
X  and  Y  steady  components  determining  the  location  of  the  pattern 
upon  the  fluorescent  screen.  However,  where  coupling  capacitors 
are  employed,  this  simple  remedy  does  not  necessarily  suffice,  since 
transient  disturbances  often  cause  slow  drifts  in  the  steady  com¬ 
ponent  of  the  output,  with  resultant  annoyance  or  complete  failure 
of  the  system.  As  its  name  implies,  the  “clamping  tube”  is  a 
tool  designed  to  “clamp”  the  axis  of  the  output  signal  quickly  and 
securely  to  the  desired  zero  level  or  to  some  definite  positive  or 
negative  level,  fixed  with  respect  to  a  base  line.  Frequently  the 
device  has  been  called  a  “d-c  restorer.”  However,  the  latter  name 
does  not  do  full  justice  to  its  capabilities,  since  the  clamping  level 
on  the  output  side  of  the  coupled  circuit  may  be  designed  to  be  quite 
different  from  the  steady  component  of  the  input  signal. 


Fig.  20.1. — Slow  drift  of  output  level  without  clamping  tube. 


Figure  20.1  shows  a  particular  example  of  the  defect  that  is  to 
be  cured.  Assume,  for  example,  that  the  input  signal  consists  of  a 
rectangular  voltage  wave,  superimposed  upon  a  steady  voltage 
which  is  equal  in  magnitude  to  the  50-volt  amplitude  of  the  alternat¬ 
ing  voltage. 

The  input  signal  is  applied  suddenly  at  time  A,  the  capacitor 
C  being  initially  uncharged.  Since  C  is  designed  to  be  a  coupling 
capacitor,  the  time  constant  CR  will  be  large  in  comparison  with 
the  period  of  the  applied  alternating  voltage.  Hence  the  sudden 
jumps  of  +100  and  —100  volts  are  faithfully  reproduced  at  the 
output  terminals  3-4,  the  charge  on  capacitor  C  being  unable  to 
change  appreciably  during  such  sudden  transitions.  However,  as 
the  signal  continues  for  a  number  of  cycles,  the  steady  component 
of  the  input  signal  gradually  builds  up  a  steady  charge  upon  the 
plates  of  C,  this  charge  starting  from  zero  and  approaching  50 
volts  asymptotically.  Hence  the  axis  of  symmetry  of  the  output 
wave  will  drift  sluggishly  down  to  zero,  having  started  at  +50  volts. 
Eventually,  therefore,  the  steady  component  of  the  input  signal  is 
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lost,  though  it  remains,  as  a  transient  voltage,  long  enough  to  cause 
an  exceedingly  annoying  drift  of  a  cathode-ray  oscillograph  pattern 
or  other  output  device.  The  final  level  attained  may  be  shifted  by 
insertion  of  a  bias  battery,  but  the  slow  transient  persists  and  may 
be  highly  detrimental.  A  remedy  is  suggested  by  Fig.  20.2. 

Insertion  of  the  diode,  Fig.  20.2,  practically  short-circuits  the 
high  resistance  R  during  the  first  half  cycle  of  the  input  wave. 
Instead  of  charging  slowly  to  a  potential  of  50  volts,  capacitor  C 
very  rapidly  charges  to  the  full  100  volts,  acquiring  practically  the 
entire  charge  before  the  first  half  cycle  is  well  advanced.  Hence 
the  sharp  initial  rise  of  potential,  at  output  terminal  3,  is  followed  by 
an  immediate  return  to  the  zero  axis.  During  the  remainder  of  the 
first  half  cycle  the  output  voltage  remains  zero.  At  the  end  of  the 
first  half  cycle  the  voltage  at  point  1  suddenly  drops  by  100  volts, 
thus  carrying  the  potential  of  point  3  downward  by  an  equal 
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Fig.  20.2. — Rapid  attainment  of  steady  output  level  with  clamping  tube. 


amount,  to  a  level  100  volts  below  zero.  Since  the  diode  is  now 
inoperative,  the  capacitor  C  wTould  remain  fully  charged  were  it 
not  for  a  very  small  discharge  current  through  the  high  resistance  R. 
Since  the  time  constant  CR  is  large  in  comparison  with  the  period 
T  of  the  alternating-voltage  wave,  this  results  in  a  very  slight  rise 
in  potential  during  the  second  half  cycle  (say  from  — 100  to  —  99 
volts).  At  the  beginning  of  the  next  half  cycle,  the  100-volt  jump 
in  input  potential  suddenly  lifts  the  output  potential  to  a  point 
slightly  above  zero  (say  1  volt  positive),  whence  it  immediately 
returns  to  zero  as  the  diode  momentarily  conducts.  Thereafter, 
the  output  cycle  continues  to  be  an  acceptable  reproduction  of  the 
alternating  component  of  the  input  cycle,  the  top  of  the  alternating- 
voltage  wave  being  clamped  to* the  zero  axis. 

Parenthetically,  one  may  note  that  this  automatic  “self-biasing” 
action  is  inherent  in  the  familiar  multistage  amplifier  employing 
grid-leak  and  capacitor  coupling.  In  this  case  the  “diode”  is 
the  grid-cathode  portion  of  each  driven  amplifier  tube,  the  negative 
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grid  bias  being  adjusted  quickly  and  automatically  so  that  the  grid 
potential  never  crosses  the  zero  axis  by  any  significant  amount. 
The  rectangular  wave  of  Fig.  20.2  is  used  merely  by  way  of  illustra¬ 
tion.  The  clamping  action  is  not  dependent  upon  the  shape  of  the 
individual  cycle,  though  very  rapid  decreases  of  amplitude  will  not 
be  followed  immediately  by  the  corresponding  decrease  of  effective 
negative  bias. 

In  Fig.  20.2  one  may  note  that  the  clamping  action  has  resulted 
in  a  50-volt  negative  bias,  attained  immediately.  Hence,  by  adding 
an  equal  and  opposite  positive  bias,  obtained  from  a  battery  or 
equivalent  source,  one  may  secure  without  delay  the  zero-bias 
condition  that  is  approached  so  slowly  in  Fig.  20.1. 

One  way  of  accomplishing  this  is  illustrated  in  Fig.  20.3.  Here 
the  positive  bias  is  inserted  in  series  with  the  diode,  which  is  there- 


INPUT  VOLTAGE  OUTPUT  VOLTAGE 

Fig.  20.3. — Attainment  of  zero-bias  condition  without  delay.  Top  of  wave  clamped 

at  +50- volt  level. 

fore  inoperative  until  point  3  rises  above  the  +  50-volt  level.  As  a 
result  of  the  first  violent  surge  of  current  through  the  diode,  the 
capacitor  C  assumes  a  50-volt  charge,  which  it  retains  thereafter. 
Variation  of  the  battery  voltage  permits  location  of  the  clamping 
level  at  any  value  from  0  to  + 100  volts.  By  reversing  the  battery, 
the  top  of  the  wave  may  be  clamped  at  any  desired  negative  level. 
Values  of  cathode  bias  higher  than  +100  volts  would  make  the 
diode  inoperative.  (However,  if  the  nature  of  the  circuit  permits 
insertion  of  additional  bias  directly  in  output  lead  4  or  lead  3,  the 
displacement  of  the  axis  may  be  extended  indefinitely.)  Adoption 
of  the  +  100-volt  cathode  bias  would  result  in  true  “d-c  restorer  ” 
action,  the  output  wave  having  the  same  zero  level  as  the  input 
wave. 

Reversal  of  the  diode,  Fig.  20.4,*  results  in  clamping  the  bottom 
of  the  alternating-voltage  wave  at  an  output  level  determined  by 
the  bias  battery  or  equivalent  bias  source.  In  the  position  indi¬ 
cated,  the  bias  is  immediately  effective  in  clamping  the  wave  if  the 
plate  is  held  at  any  potential  within  the  range  of  the  input  signal  or 
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at  any  positive  potential  above  this  range.  In  the  illustrative 
example,  negative  plate  potentials  between  0  and  —  50  volts  would 
be  partly  effective,  as  the  downward  drift  shown  in  Fig.  20.1  would 
be  halted  before  completion.  However,  immediate  stabilization 
could  be  had  by  inserting  the  negative  bias  directly  in  the  output 
lead,  Fig.  20.5. 

In  certain  applications,  “  synchronous  clamping  ”  is  desired. 
This  term  implies  that  the  cathode-ray  spot,  for  example,  is  to  be 


Fig.  20.4. — Bottom  of  wave  clamped  at  + 50-volt  level. 


brought  exactly  to  a  prescribed  starting  line  (voltage  level)  at  the 
beginning  of  each  cycle  but  that  the  clamping  action  is  then  to  be 
suddenly  released,  permitting  full  freedom  of  voltage  variation 
during  the  greater  part  of  the  cycle.  At  the  end  of  each  cycle, 
clamping  is  to  be  restored.  This  requirement  is  easily  met  by 
adding  a  control  grid  between  the  cathode  and  anode  of  the  clamping 
tube.  Normal  grid  potentials  do  not  interfere  with  the  clamping 
action  described  above.  However,  sudden  application  of  a  suf- 
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Fig.  20.5. — Bottom  of  wave  clamped  at  -25-volt  level. 


ficiently  negative  grid  potential  will  prevent  current  flow  through 
the  clamping  tube,  thus  effectively  removing  it  from  the  circuit. 
Such  synchronous  control  requires  a  rectangular  “keying  signal” 
similar  to  that  described  in  Sec.  24,  Keyers,  or  Electronic  Switches, 
and  need  not  be  discussed  further  at  this  point. 

21.  “Differentiators,”  or  “Peakers.”— In  Sec.  18,  reference  is 
made  to  the  production  of  short,  sharp  pulses  by  means  of  a  network 
driven  by  a  rectangular  voltage  wave.  The  simplest  and  most 
common  form  of  network  used  for  this  purpose  is  illustrated  in 
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Fig.  21.1.  A  capacitor  and  resistor  are  connected  in  series  across 
the  voltage  source,  the  output  voltage  being  measured  across  the 
resistor.  The  circuit  may  be  regarded  as  an  elementary  high-pass 
filter. 

The  behavior  of  this  elementary  circuit  is  studied  in  Chap.  VI. 
So  far  as  the  output  voltage  is  concerned,  the  excitation  of  an  RC 
transient  by  means  of  a  rectangular  voltage  wave  is  equivalent  to  a 
switching  process  in  which  a  battery  is  repeatedly  introduced  into 
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Fig.  21.1. — “Differentiator”  with  various  time  constants. 


the  circuit  and  repeatedly  suppressed,  without  interrupting  the 
path  available  for  current  flow.  As  usual,  the  charge  and  discharge 
currents  begin  suddenly  and  die  away  exponentially,  the  rapidity  of 
the  exponential  decay  being  determined  by  the  time  constant  RC . 
The  impedance  of  the  load  circuit  is  assumed  to  be  very  high,  unless 
it  can  be  included  in  the  resistance  R.  The  output  voltage  is  at  all 
times  proportional  to  the  current  flowing  in  the  resistance  R.  The 
initial  amplitude  of  each  output  pulse  is  exactly  equal  to  the  total 
change  of  voltage  occurring  suddenly  at  the  input  terminals.  It 


Sec.  21] 


“DIFFERENTIATORS”  OR  “ PE  AKERS ” 


829 


is  assumed  that  the  input  wave  has  accurately  vertical  sides  and 
square  corners,  the  amplitude  of  the  output  pulse  is  independent  of 
C  and  R.  Hence,  as  indicated  in  Fig.  21.1,  the  exponential  output 
pulse  can  be  made  thinner  and  thinner  (in  time  duration  and  in 
total  charge  conveyed)  as  the  time  constant  CR  is  progressively 
decreased. 

Finally,  the  output  pulse,  plotted  by  an  oscillograph  on  the 
original  time  scale,  becomes  so  thin  that  its  actual  exponential 
character  is  no  longer  obvious.  Instead,  it  has  the  appearance  of  a 
vertical  pulse  of  negligible  duration,  the  rise  and  fall  being  practi¬ 
cally  coincident  on  a  time  scale  appropriate  to  the  original  input 
wave.  Even  in  this  limiting  case,  the  pulse  retains  a  definite 
finite  amplitude  and  hence  cannot  be  referred  to  correctly  as  the 
mathematical  derivative  of  the  rectangular  voltage  wave.  Never¬ 
theless,  the  general  resemblance  of  the  pulse  to  the  corresponding 
derivative  is  rather  striking,  particularly  as  the  appropriate  reversals 
of  direction  are  obtained  at  the  correct  positions.  In  any  event, 
this  similarity  has  led  to  extensive  engineering  use  of  the  word 
“differentiator”  as  a  suggestive  name  for  the  circuit  indicated  in 
Fig.  21.1.  Recently  an  alternative  name,  “peaker,”  has  been 
proposed  as  a  substitute.  Though  it  conveys  a  correct  idea  of 
the  general  purpose  of  this  circuit,  the  name  has  become  associated 
also  with  at  least  two  other  devices  used  in  closely  associated  elec¬ 
tronic  fields.  (For  example,  in  the  terminology  of  well-known 
manufacturers,  “peaker”  denotes  a  particular  stage  in  a  video 
amplifier  designed  to  emphasize  high-frequency  components.) 
The  reader  is  advised  to  study  the  R C  circuit  and  ignore  the  nomen¬ 
clature.  This  is  the  intended  significance  of  the  quotation  marks 
enclosing  the  titles  of  Secs.  21  and  22. 

The  assumption  that  the  pulse  height  is  independent  of  RC 
naturally  fails  when  the  time  constant  becomes  small  enough  to 
bring  out  any  departure  from  accurate  “squareness”  in  the  original 
rectangular  alternating  voltage.  If  pulses  with  a  time  constant 
of  1  microsec  or  less  are  to  be  produced,  the  rise  and  fall  of  the 
rectangular  wave  evidently  must  retain  their  steep  and  angular 
character  when  viewed  with  an  oscillograph  capable  of  resolving 
such  small  intervals  of  time. 

In  Fig.  21.1  a  symmetrical  rectangular  wave  is  used  arbitrarily 
as  an  illustration,  and  as  a  result  the  positive  and  negative  pulses 
are  uniformly  spaced.  This  is  not  a  necessary  condition,  as  the 
periods  A  and  B,  Fig.  21.1,  could  have  been  made  quite  unequal. 
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The  output  pulse  depends  in  spacing,  polarity,  and  magnitude 
upon  the  corresponding  jump  in  potential  of  the  input  wave.  It 
depends  in  duration  upon  the  RC  value  of  the  circuit. 

As  indicated  in  Fig.  21.2,  unequal  positive  and  negative  pulses 
can  be  produced  by  a  slanting  input  wave.  Pulses  of  either  polarity 
may  be  suppressed  by  a  clipper  without  difficulty. 

INPUT 
WAVE 


OUTPUT 

WAVE 


Fig.  21.2. — Pulses  of  unequal  spacing  and  height. 

22.  “Integrators.” — Here,  again,  the  established  terminology  is 
suggestive  but  is  not  to  be  taken  too  literally.  In  a  sense  the 
“integrator”  is  the  reverse  of  the  differentiator,  the  R  and  C  ele¬ 
ments  exchanging  roles  and  forming  an  elementary  low-pass  filter. 
The  name  also  suggests  that  emphasis  is  now  to  be  placed  on  the 
cumulative  storage  of  charge  in  the  capacitor  C ,  rather  than  on  the 
instantaneous  response  of  the  current  through  R.  However,  unless 
the  time  constant  RC  is  extremely  large  compared  with  the  period  of 
the  square  wave,  the  output  voltage  is  not  the  mathematical  integral 
of  the  input  voltage.  The  true  integral  would  be  a  triangular  wave. 

As  with  the  differentiator,  or  peaker,  the  theory  of  the  integrator 
is  completely  covered  in  Chap.  VI.  In  fact,  the  two  circuits  are 
identical  except  for  the  position  of  the  output  leads.  As  indicated 
in  Fig.  22.1,  the  output  wave  is  made  up  of  exponential  arcs, 
approaching  a  rectangular  form  as  the  time  constant  RC  is  progres¬ 
sively  decreased.  However,  contrary  to  the  conventional  practice 
in  using  a  differentiator  circuit,  applications  involving  the  inte¬ 
grator  usually  require  a  time  constant  at  least  comparable  in  mag¬ 
nitude  with  the  interval  A  or  B.  Ordinarily,  it  is  the  relatively 
sluggish  response  of  the  integrator  that  is  needed  and  is  brought  out 
by  the  detailed  design. 

For  example,  the  integrator  is  frequently  called  upon  to  respond 
to  a  pulse  signal  of  long  duration,  purposely  ignoring  short  pulses 
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and  other  high-frequency  components  that  may  precede  the  proper 
operating  signal.  An  integrator  and  a  differentiator,  fed  in  parallel 
by  mixed  pulses,  systematically  route  the  long  pulses  to  one  destina¬ 
tion  and  the  short  pulses  to  another.  In  other  applications  the 
integrator  serves  as  a  delay  mechanism,  holding  back  a  signal  or 
creating  a  definitely  measured  pause  while  awaiting  the  beginning 
or  the  completion  of  some  other  operation.  Integrators  and  clippers 
often  appear  in  combination,  no  response  whatever  being  obtained 
from  the  clipper  until  the  output  wave  from  the  integrator  eventu¬ 
ally  climbs  above  the  threshold  of  the  clipper.  The  delay  may  be 
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Fig.  22.1. — “Integrator"  with  various  time  constants. 

adjusted  with  high  precision  by  altering  the  time  constant  RC  or  by 
altering  the  threshold  voltage. 

23.  Saturable-core  Reactors.1 — Networks  involving  saturable- 
core  reactors  may  be  used  in  place  of  differentiators  for  producing 
short,  sharp  periodic  pulses.  The  network  is  somewhat  more 
elaborate,  but  the  required  input  is  an  ordinary  sine  wave  rather 
than  a  rectangular  wave.  The  resultant  pulse  is  symmetrical  and, 
in  uniformity  of  frequency  spectrum,  is  better  than  the  nonsym- 
metrical  exponential  pulse  obtained  from  the  differentiator.  Special 
coil  construction  is  required,  and  the  pulse  duration  cannot  be 
adjusted  so  easily. 

Students  are  often  able  to  grasp  the  action  of  the  device  readily 

1  E.  Peterson,  J.  M.  Manley,  and  L.  R.  Wrathall,  Magnetic  Generation 
of  a  Group  of  Harmonics,  Bell  System  Tech.  J.  16,  437,  1937. 
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by  first  considering  a  comparable  problem  in  mechanics.  Assume 
that  a  torsion  pendulum  has  been  built,  Fig.  23.1,  similar  to  the 
balance  wheel  of  a  watch  or  alarm  clock,  though  it  may  have  been 
constructed  on  a  much  larger  scale.  A  large  flywheel  rotates  slowly 
on  a  shaft  to  which  it  is  rigidly  attached.  As  it  rotates,  it  winds  up  a 
strong  spiral  spring.  Rotation,  back  and  forth  at  the  natural 
frequency  determined  by  the  heavy  flywheel  and  the  spring,  is 
maintained  by  an  appropriate  periodic  torque. 

Building  up  by  resonance,  the  inertia  and  elastic  forces  involved 
may  become  very  large.  The  moving  shaft  terminates  in  a  flange 
plate,  or  coupling  plate,  moving  with  the  shaft  and  rigidly  keyed  to 
it.  Facing  directly  against  this  moving  plate,  but  not  attached  to 
it,  is  a  similar  flange  forming  the  other  part  of  the  coupling.  This  is 


Fig.  23.1. — Mechanical  analogue  of  saturable-reactor  circuit. 


keyed  to  a  second  shaft,  for  the  moment  stationary,  mounted  in 
bearings  that  line  it  up  with  shaft  1.  The  second  shaft  carries  a 
still  heavier  flywheel,  rigidly  attached. 

At  the  flange  plates  stands  an  ancient  “ Maxwell’s  demon,” 
long  known  to  physicists  and  recently  brought  to  popular  attention 
in  new  guise  as  a  “gremlin.”  Watching  his  opportunity  eagerly  as 
the  moving  flange  slows  down  toward  a  stop,  our  little  friend  deftly 
slips  a  small  coupling  pin  through  opposing  holes  in  the  flange 
plates  just  as  the  relative  motion  ceases.  At  this  point  the  spring 
is  fully  wound  and  is  exerting  its  maximum  torque.  Normally,  this 
torque  would  be  entirely  available  for  accelerating  wheel  1.  For 
the  moment,  however,  the  same  torque  must  be  divided  between 
wheel  1  and  the  new  wheel  just  added  to  the  system.  If  this  condi¬ 
tion  persisted,  the  system  would  be  thrown  completely  off  resonance. 
However,  while  attempting  to  accelerate  wheel  2  the  small  coupling 
pin  promptly  shears  off,  resulting  only  in  the  transfer  of  a  momentary 
torque  impulse  to  shaft  2.  Wheel  1  then  continues  its  normal 
course,  and  the  operation  is  repeated  every  half  cycle. 
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The  momentary  tampering  by  the  gremlin  has  little  net  effect 
on  the  damping  or  the  period  of  the  moving  system,  since  the  actual 
energy  transfer  may  be  made  very  small.  However,  by  making 
wheel  2  rather  large,  the  successive  positive  and  negative  torque 
impulses  may  be  made  to  approach  the  full  torque  exerted  by  the 
powerfully  wound  spring  at  the  peaks  of  its  winding  cycle.  Trans¬ 
lated  into  electrical  terms,  Fig.  23.2  results. 

Capacitor  C i  and  coil  Li  form  an  ordinary  series-resonant  sys¬ 
tem  tuned  approximately  to  the  frequency  of  the  sinusoidal  source- 
voltage  e.  During  most  of  the  cycle  the  effect  of  inductor  L2  is 
negligible.  The  winding  of  L2  contains  a  considerable  number  of 
turns  upon  a  permalloy  core  designed  to  saturate  at  low  field 
intensity.  The  resonant  alternating  current  has  an  amplitude  far 
above  the  saturation  level,  and  hence  the  flux  in  general  does  not 
alter  materially  as  the  sinusoidal  current  rises  or  falls  through 
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Fig.  23.2. — Saturable-reactor  circuit. 


a  small  portion  of  a  cycle.  In  other  words,  the  self-inductance  L2 
is  constant  and  relatively  small  at  the  current  levels  prevailing 
most  of  the  time.  Hence,  the  small  inductance  L2  is  not  much  larger 
than  the  inductance  possessed  by  the  windings  alone,  with  the 
permalloy  core  removed. 

As  the  cycle  progresses,  however,  the  alternating  current  must 
eventually  pass  through  zero.  Remaining  unchanged  until  the 
current  has  nearly  ceased  to  flow,  the  flux  in  L2  must  first  drop 
almost  instantly  from  its  saturation  value  to  zero  and  must  then 
build  up  with  equal  rapidity  to  a  similar  saturation  level  in  the 
reverse  direction.  This  causes  a  violent  pulse  of  voltage  to  appear 
across  the  coil  L2  every  time  the  resonant  current  passes  through 
zero.  In  effect,  the  coil  has  suddenly  assumed  a  different  value  of 
self-inductance  L2'  which  may  be  considerably  larger  even  than  that 
of  the  fixed  inductor  L±.  This  high  inductance  is  retained  for  a 
brief  interval  only,  during  which  the  flux  jumps  from  one  saturation 
condition  to  the  opposite  saturation  condition. 

The  momentary  pulse  voltage  appearing  across  L2  is  made 
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possible  by  the  existence  of  a  very  high  sinusoidal  voltage  built  up 
across  the  capacitor  C  by  series  resonance.  Normally,  this  is 
opposed  by  an  equal  and  opposite  sinusoidal  voltage  at  the  ter¬ 
minals  of  the  inductor  Lh  which  constitutes  the  only  appreciable 
inductance  in  the  series-resonant  circuit.  Sudden  insertion  of 
the  high  inductance  L2  forces  a  temporary  redistribution  of  the  total 
inductance  voltage,  the  coil  L2  suddenly  demanding  the  lion’s 
share,  instead  of  the  customary  mouse’s  ration.  This  momentary 
redistribution  takes  place  without  any  important  alteration  in  the 
total  inductive  voltage  or  the  sinusoidal  capacitive  voltage,  which 
continues  to  balance  it.  A  slight  jog  necessarily  appears  in  the 
current  wave  as  its  slope  changes  for  an  instant.  The  sinusoidal 


Fig,  23.3. — Voltage  pulse. 


cycle  as  a  whole  is  little  affected  by  the  sudden  insertion  and 
immediate  withdrawal  of  additional  electrical  inertia.  (The 
mechanical  analogue  is  not  offered  as  an  exact  counterpart  of  the 
electric  circuit,  though  the  essential  similarity  is  evident.) 

Figure  23.3  represents  the  waveform  obtainable  at  the  output 
terminals  3-4.  As  usual,  the  load  circuit  should  be  a  high-imped¬ 
ance  device  drawing  little  or  no  current  at  the  frequencies  concerned. 
The  sharp  pulses  may  be  detached  from  the  sine  wave  by  any 
appropriate  clipper,  and  the  pulses  of  either  polarity  may  be  sup¬ 
pressed  if  desired. 

The  circuit  finds  obvious  applications  in  the  production  of  syn¬ 
chronizing  signals,  the  modulation  of  pulse  transmitters  for  echo 
experiments,  the  production  of  electronic  time  scales  upon  all  sorts 
of  oscillograph  patterns.  It  has  been  applied  also  commercially 
to  the  generation  of  harmonics.  For  this  purpose,  such  sharp 
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symmetrical  pulses  have  the  advantage  of  notable  uniformity  of 
harmonic  content.  For  example,  using  a  fundamental  frequency 
of  4  kc,  the  sixteenth  to  the  twenty-seventh  harmonics  have  been 
selected  by  appropriate  filters  and  used  as  the  equally  spaced  car¬ 
riers  in  a  multichannel  system  of  carrier-current  telephony.  At 
their  source,  the  12  harmonics  in  this  series  differed  less  than  0.2  db. 
In  this  application  the  odd  harmonics  were  obtained  directly  from 
the  output  terminals  3-4.  The  even  harmonics  were  obtained 
through  a  copper-oxide  rectifier  bridge.  Filtering  was  facilitated 
by  this  separation  of  odd-harmonic  and  even-harmonic  sources, 

24.  Keyers,  or  Electronic  Switches. — In  elaborate  control  net¬ 
works,  it  is  frequently  necessary  to  insert  a  voltage  source,  or  to 
remove  one,  or  to  substitute  one  source  for  another,  the  changes  and 
substitutions  being  made  periodically  in  accordance  with  a  definite 
plan.  The  changes  must  be  made  very  swiftly,  and  the  timing 
must  be  correct,  often  within  a  fraction  of  a  microsecond.  Usually 
the  switching  device  must  be  synchronized  with  each  voltage  source, 
making  the  necessary  alteration  at  a  carefully  predetermined  point 
in  each  voltage  or  current  cycle.  A  familiar  example  occurs  when 
two  or  more  patterns  are  to  be  observed,  apparently  simultaneously, 
upon  a  single  cathode-ray  oscillograph  screen.  The  control  leads 
of  the  oscillograph  are  transferred  rapidly  from  one  test  position  to 
another,  while  a  simultaneous  alteration  of  bias  changes  the  vertical 
location  upon  the  screen.  The  cycle  of  observation  is  repeated  so 
swiftly  that  each  pattern  appears  to  be  present  continuously. 

In  other  cases,  one  particular  portion  of  an  observed  oscillograph 
pattern  is  to  be  lifted  bodily  from  the  pattern  as  a  whole  and  spread 
out  for  detailed  examination  upon  an  expanded  time  scale.  A 
high-speed  switching  mechanism  selects  the  desired  portion  of  each 
successive  wave.  For  example,  one  may  wish  to  examine  the 
double-refraction  splitting  of  one  echo  selected  from  an  ionospheric 
reflection  pattern.  In  television  practice,  the  composite  synchroniz¬ 
ing  signal  represents  the  combined  output  of  a  number  of  generators, 
each  having  control  of  the  output  channel  for  an  allotted  number  of 
microseconds  during  each  sixtieth  of  a  second.  In  certain  types  of 
prewar  directive  devices,  built  for  Coast  Guard  use,  a  single  receiv¬ 
ing  set  produced  two  different  records  upon  a  common  oscillograph 
screen,  the  receiver  input  being  shifted  rapidly  back  and  forth 
between  two  directional  antennas.  Exact  balance  of  these  “split- 
beam  7 '  patterns  produced  a  sharp  indication  of  direction.  In 
ionospheric  practice,  elliptical  polarizations  long  have  been  exain- 


836 


TIMING  CIRCUITS 


[Chap.  XXIV 


ined  by  switching  antenna  connections  smoothly,  thus  effectively 
creating  a  “ virtual”  antenna  that  rotates  at  high  speed.  Certain 
modern  direction  finders  utilize  a  similar  technique. 

Some  of  these  results  conceivably  could  be  secured  by  mechanical 
switches,  commutators,  or  relays.  Others  are  ruled  out  from  the 
start  by  the  microsecond  precision  required.  In  all  cases,  there  is 
a  natural  trend  toward  purely  electronic  operation,  with  no  old- 
fashioned  mechanical  movements  whatever.  As  with  the  clipper, 
it  is  important  to  understand  clearly  the  function  of  the  device 
rather  than  to  concentrate  upon  any  one  specific  instrument  for 
performing  the  operation.  The  basic  requirements  are  so  simple 
that  they  may  be  satisfied  in  various  ways. 

To  open  and  close  an  electronic  switch  one  might  naturally 
consider  the  possibility  of  suddenly  interrupting  and  later  reestab- 


Fig.  24.1. — Keying  a  signal  “out.” 


fishing  the  electron  stream  in  a  normal  amplifier  tube.  Evidently 
this  could  be  done  by  suddenly  applying  a  blocking  voltage  to  the 
control  grid,  to  the  plate,  or  to  any  intermediate  grid  of  a  multi¬ 
electrode  tube.  In  practice,  the  “ keying  tube”  is  usually  a  tetrode 
or  pentode,  and  the  blocking  voltage  often  is  applied  to  the  screen 
grid,  Fig.  24.1. 

Voltage  source  1  provides  a  continuous  signal  of  any  desired 
waveform,  present  at  all  times  upon  the  control  grid  of  the  keying 
tube.  If  the  screen  bias  is  normal,  the  “switch”  is  normally  closed, 
the  input  signal  being  amplified  in  the  usual  manner.  In  this  case 
the  “keying  signal”  will  be  a  negative  rectangular  pulse,  which  sud¬ 
denly  drops  the  screen  potential  below  the  cutoff  point,  keeping  the 
tube  inoperative  for  the  duration  of  the  pulse,  as  indicated  in  Fig. 
24.1.  Under  such  circumstances,  voltage  source  1  is  said  to  be 
“keyed  out,”  leaving  a  blank  space,  of  the  desired  length,  in  the 
output  wave. 

Simultaneously,  a  second  keying  tube  might  “key  in”  a  signal 
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from  voltage  source  2.  Here,  a  signal  of  the  correct  waveform  is 
always  present  on  the  control  grid,  as  if  knocking  for  admission  at  a 
closed  door  or  gate.  The  gate  is  finally  jerked  open  by  the  keying 
signal,  a  positive  rectangular  pulse  that  suddenly  lifts  the  screen 
potential  to  an  operative  condition.  Having  been  open  for  the 
allotted  period  the  gate  then  is  suddenly  closed.  The  output  exists 
only  for  the  duration  of  the  rectangular  pulse.  Evidently  the 
same  pulse  generator  can  provide  both  keying  signals,  applying 
opposite  polarity  to  the  two  keying  tubes. 

Although  the  keying  signals  usually  encountered  are  rectangular 
pulses,  occasional  applications  require  a  gradual  transition  from  the 
inoperative  to  the  operative  condition,  and  vice  versa.  Hence, 
sine  waves,  triangular  waves,  saw-tooth  waves,  clipped  sine  waves, 
and  various  other  pulse  forms  may  be  used  in  special  cases.  In 


effect,  these  pulses  vary  the  amplification  of  the  keying  tube  at  a 
predetermined  rate.  In  rather  exceptional  cases,  a  remote-cutoff 
tube  may  be  used  in  order  to  accentuate  such  gradual  transitional 
effects.  More  commonly,  the  transition  must  occur  instantly, 
steepness  and  precise  timing  of  the  keying  signal  being  of  major 
importance.  Voltage  sources  and  keying  signals  usually  have  a 
common  origin  in  some  master  oscillator  from  which  all  other 
signals  are  derived  or  controlled.  Thus  the  required  synchroniza¬ 
tion  is  obtainable,  by  means  to  be  discussed  later. 

25.  “Mixer”  Tubes,  or  Adding  Tubes. — Again  the  quotation 
marks  in  the  title  indicate  that  the  established  terminology  should 
not  be  presented  without  a  Avord  or  two  of  caution.  In  discussing 
superheterodyne  receivers,  the  term  “mixer”  ordinarily  refers  to  a 
deliberately  nonlinear  or  modulating  device  that  accepts  approxi¬ 
mately  sinusoidal  input  voltages  of  two  or  more  frequencies  and 
yields  a  complex  output  wave  that  includes  sum  and  difference 
frequencies.  However,  in  the  description  of  timing  circuits,  the 
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term  usually  refers  to  a  linear  device  that  accepts  two  or  more  input 
voltages  of  completely  arbitrary  waveform,  yielding  an  output  that 
should  be  a  simple  algebraic  summation  of  all  such  input  waves. 
The  function  of  such  mixers  might  be  described  less  ambiguously  by 
the  designation  “adding  tubes,”  though  this  terminology  has  not 
received  general  recognition. 

In  contrast  to  arrays  of  keying  tubes ,  which  combine  several 
input  signals  in  an  orderly  time  sequence ,  these  adding  tubes  are  to 
combine  such  input  signals  as  if  they  were  plotted  continuously  on 
the  same  strip  of  graph  paper,  the  output  of  the  group  of  mixers  being 
equal  at  all  times  to  the  instantaneous  sum  of  these  individual  ordi¬ 
nates.  As  in  the  study  of  keying  tubes  and  clippers,  however,  it  is 
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Fig.  25.1. — A  simple  form  of  “adding-tube”  circuit. 


more  profitable  to  concentrate  upon  an  understanding  of  the  pre¬ 
scribed  function  of  the  device  than  to  concentrate  upon  any  indi¬ 
vidual  circuit  designated  as  a  mixer. 

For  example,  Fig.  25.1  shows  a  pair  of  identical  triodes,  the 
grids  being  driven  separately  by  two  different  component  voltages 
that  are  to  be  combined  by  the  mixer.  The  plate  currents  of  the 
two  tubes  are  supplied  in  parallel  from  a  common  d-c  source  through 
a  common  coupling  resistor  R .  Hence,  if  it  is  assumed  that  each 
triode  is  operated  properly  as  a  linear  amplifier,  a  variation  in  either 
grid  potential  produces  a  proportionate  output  voltage  across  R. 
Simultaneous  variations  occurring  at  each  grid  produce  an  output 
voltage  linearly  proportional  to  their  sum.  The  auxiliary  resistors 
Ri  and  Rz  are  a  practical  convenience,  though  not  a  fundamental 
part  of  the  triode  circuit.  If  these  resistors  were  made  zero,  the 
output  circuit,  seen  from  either  tube,  would  have  an  inconveniently 
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low  resistance,  enhancing  the  difficulty  of  obtaining  adequate  linear¬ 
ity.  This  becomes  evident  when  it  is  noted  that  the  equivalent 
load  circuit,  driven  by  tube  1,  would  include  the  variational  plate 
resistance  of  tube  2,  shunted  by  the  resistor  R.  Hence  the  effective 
load  upon  each  triode  would  be  represented  by  a  resistance,  neces¬ 
sarily  smaller  than  its  own  internal  effective  resistance.  This 
undesirable  design  condition  is  easily  removed  by  the  introduction 
of  the  additional  resistors  Ri  and  R2  into  the  network.  Conven¬ 
tional  amplifier  design  governs  all  other  details.  Naturally,  an  inver¬ 
sion  of  waveform  takes  place  as  in  other  simple  resistance-coupled 
amplifiers.  Obviously,  twin  triodes  could  be  used  advantageously. 
Pentodes  or  tetrodes  are  often  employed  in  an  appropriate 
amplifier  circuit.  In  using  pentodes  the  auxiliary  resistors  Ri 
and  R2  are  not  required;  because  of  the  high  internal  resistance  of 
such  tubes,  the  common  resistor  R  is  a  relatively  small  part  of  the 
total  resistance  of  the  circuit.  Adequate  linearity  is  obtained  easily. 

26.  Simple  Applications  and  Combinations. — Before  examining 
more  elaborate  components  such  as  trigger  circuits  and  multi¬ 
vibrators,  frequently  incorporated  in  a  complete  timing  circuit, 
consider  a  few  common  “one-finger”  exercises,  chosen  in  order  to 
illustrate  methods  of  assembling  the  familiar  single-tube  components 
already  discussed.  The  circuit  problems  quoted  below  are  well 
known  in  the  art.  The  solutions  presented  are  by  no  means  original 
or  unique.  The  orderly  step-by-step  method  of  procedure  having 
once  been  grasped,  alternative  solutions  may  be  devised  readily, 
some  of  which  may  offer  special  advantages  in  respect  to  economy  of 
tubes,  precision  of  timing,  or  ease  and  stability  of  adjustment. 
The  particular  solutions  quoted  are  selected  to  illustrate  a  variety 
of  functions  of  numerous  simple  components. 

Problem  1 . — Having  available  a  stable  sinusoidal  timing  voltage  of  frequency 
15,750  cps,  produce  an  uninterrupted  series  of  rectangular  pulses,  each  of 
10  microsec  duration,  repeated  regularly  at  the  rate  of  15,750  pulses  per 
second.  Such  pulses  might  be  designated  as  “blanking  pulses”  and  used  in 
turning  off  the  beam  of  a  cathode-ray  tube,  in  order  to  eliminate  a  horizontal 
retrace  line. 

Solution  (for  practice,  sketch  the  waveforms  and  a  block  diagram,  step  by 
step,  as  the  description  proceeds) : 

a.  By  an  amplifier  or  attenuator,  adjust  the  amplitude  of  the  timing  wave 
to  a  convenient  standard  value,  say  50  volts. 

b.  By  means  of  a  clipper,  cut  off  and  retain  the  upper  12  per  cent  of  the 
positive  half  cycle,  discarding  the  remainder  of  the  timing  wave,  cutting  at  the 
+44- volt  level,  for  example. 
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c.  Amplify  the  resultant  6-volt  curved-top  pulses,  using  a  net  gain  of  20, 
so  that  the  pulses  are  stretched  vertically  to  an  amplitude  of  120  volts,  without 
alteration  of  their  duration.  In  consequence,  the  pulse  voltage  rises  from  the 
zero  level  to  the  2-volt  level  in  approximately  0.04  microsec. 

d.  Clip  the  amplified  pulses  at  the  +2-volt  level,  discarding  the  curved  top 
and  retaining  a  nearly  rectangular  pulse  of  9.9  microsec  duration,  measured 
along  the  flat  top.  The  base  of  the  pulse  has  a  duration  of  10  microsec. 
The  amplitude  may  be  adjusted  at  will  by  further  amplification  or  attenuation. 

Problem  2. — Having  available  the  15,750-cycle  rectangular  pulse,  super¬ 
impose  on  each  pulse  a  pulse  of  similar  amplitude  but  of  much  shorter  duration, 
each  short  pulse  being  placed  1  microsec  after  the  start  of  the  corresponding 
rectangular  blanking  pulse.  The  short  pulses  may  be  designated  as  “  syn¬ 
chronizing  pulses  ”  and  will  be  used  ultimately  in  tripping  the  discharge  circuit 
of  a  saw-tooth  sweep  circuit  such  as  the  simple  relaxation  oscillator.  En  route 
to  this  destination,  which  may  be  in  a  television  receiver  far  away,  the  syn¬ 
chronizing  pulses  may  ride  alone  on  the  top  of  the  blanking  pulses,  thus  avoid¬ 
ing  the  necessity  for  an  extra  wire  or  radio  channel.  Near  their  mutual 
destination  the  two  pulses  eventually  may  be  sheared  apart  by  a  clipper  and 
thence  routed  separately  to  the  saw-tooth  generator  and  to  the  beam-control 
electrode  of  a  cathode-ray  tube. 

Solution  (continue  the  sketches  of  waveforms  and  block  diagram) : 

a.  Having  passed  the  rectangular  blanking  pulse  through  a  buffer  amplifier 
in  order  to  prevent  excessive  loading  of  the  circuits  discussed  in  Prob.  1,  apply 
the  resultant  rectangular  pulse  to  an  integrator  circuit.  Across  the  capacitor 
of  the  integrator  the  resultant  output  pulse  is  made  up  of  exponential  arcs,  as 
indicated  in  Fig.  22.1.  In  consequence,  the  leading  edge  of  the  pulse  no  longer 
rises  so  steeply. 

b.  Clip  the  exponential  pulse  at  an  adjustable  positive  level,  adjusted  so 
that  the  clipping  threshold  is  not  reached  until  the  exponential  rise  has 
continued  for  1  microsec.  Discard  that  portion  of  the  exponential  pulse 
below  the  threshold  level,  and  retain  the  portion  above.  The  remaining  pulse 
now  begins  after  the  desired  1-microsec  time  delay,  the  beginning  of  the 
original  rectangular  pulse  being  taken  as  a  convenient  reference  time.  How¬ 
ever,  the  delayed  pulse  does  not  have  yet  the  desired  steepness  or  short  dura¬ 
tion.  Hence,  “pulse  sharpening”  is  next  in  order  and  will  require  several 
steps,  as  follows: 

c.  Amplify  the  remaining  portion  of  the  exponential  pulse  so  that  it  is 
stretched  vertically  to  an  amplitude  of  100  volts  or  more.  In  consequence, 
the  rise  in  voltage,  though  exponential,  brings  the  voltage  from  zero  to  the 
+2- volt  level  in  a  small  fraction  of  a  microsecond  and  may  be  regarded  as 
substantially  vertical  over  this  limited  range. 

d.  Clip  this  amplified  pulse  at  any  convenient  low  threshold  such  as  +2 
volts,  thus  producing  a  flat-topped  pulse,  of  low  amplitude,  having  a  very  steep 
leading  edge,  this  edge  being  delayed  1  microsec  with  respect  to  the  refer¬ 
ence  time.  The  pulse  does  not  meet  yet  the  specifications,  as  it  is  too  long. 
Since  it  is  to  be  shortened  in  the  next  operation,  the  exact  present  position  and 
steepness  of  the  trailing  edge  will  be  of  no  ultimate  consequence. 

e.  Apply  the  flat-topped  pulse  to  a  differentiator,  or  peaker,  circuit,  the 
time  constant.  RC  sec,  being  small  enough  to  produce  a  short,  sharp  positive 
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pulse  that  begins  1  microsec  after  the  reference  time  and  thus  meets  the 
specifications  for  the  synchronizing  pulse.  In  addition,  however,  the  trailing 
edge  of  the  applied  flat-topped  pulse  necessarily  produces  a  negative  output 
pulse,  having  an  area  equal  to  the  area  of  the  desired  positive  pulse,  though 
usually  of  somewhat  different  amplitude  and  shape.  This  undesired  negative 
pulse  is  to  be  removed  in  operation  /. 

/.  Pass  the  sharp  pulses  through  a  clipper  circuit,  slicing  the  wave  at  the 
zero  axis.  The  negative  pulses  are  to  be  discarded,  and  the  short,  sharp  posi¬ 
tive  pulses  retained.  If  necessary,  the  amplitude  of  the  positive  pulses  may  be 
adjusted  by  an  attenuator  or  linear  amplifier. 

g.  Finally,  the  synchronizing  pulses,  completed  in  operation  /,  are  to  be 
fitted  in  their  assigned  positions  on  top  of  the  rectangular  blanking  pulses, 
which  are  still  available  at  the  buffer  amplifier  mentioned  in  operation  a. 
Hence  the  voltages,  picked  up  from  these  two  positions  in  the  circuit  chain, 
may  be  combined  in  a  mixer,  or  adding,  circuit,  thus  completing  this  series  of 
operations. 

Problem  3. — Having  available  the  15,750-cycle  rectangular  pulse,  produce 
a  series  of  rectangular  pulses  of  identical  frequency  but  of  12  microsec 
duration,  each  of  the  new  pulses  beginning  at  the  same  time  as  the  corresponding 
10-microsec  pulse.  In  other  words,  a  “pulse  stretcher’7  is  desirable  that 
can  extend  the  duration  of  rectangular  pulses  without  altering  their  steepness 
or  the  precise  timing  of  their  leading  edges.  In  conventional  television  practice, 
for  example,  the  blanking  pulses  sent  to  the  receivers  are  slightly  longer  than 
the  blanking  pulses  used  at  the  transmitter,  just  as  the  negatives  used  in 
ordinary  photographic  printing  are  slightly  larger  than  the  printing  mask  and 
the  resultant  contact  print.  In  each  case,  this  slight  margin,  or  tolerance, 
simplifies  adjustment  and  ensures  a  picture  with  sharp  and  clean  edges. 

Solution  (continue  the  sketches  of  waveforms  and  block  diagram) : 

a.  As  a  first  step,  a  delayed  pulse  is  desired,  the  leading  and  the  trailing 
edge  each  being  moved  backward  in  time.  This  can  be  accomplished  by  an 


Fig.  26.1. — Delay  circuit. 


integrator  and  subsequent  clippers,  precisely  as  in  Prob.  2.  To  avoid  mere 
repetition,  however,  an  alternative  method  yielding  similar  results  may  be 
employed.  On  this  occasion,  therefore,  the  original  rectangular  pulses  are 
applied  to  the  input  terminals  of  a  “delay  circuit,”  or  “lag  line,”  Fig.  26.1. 
This  is  a  ladder  network  consisting  of  series  inductors  and  shunt  capacitors, 
or  it  may  consist  of  series  resistors  and  shunt  capacitors.  Usually  two,  three, 
or  four  sections  suffice  for  delaying  a  rectangular  pulse.  Although  each  section 
of  the  artificial  line  does  introduce  a  small  time  delay  as  desired,  the  device 
also  functions  as  a  low-pass  filter,  which  practically  eliminates  all  harmonics 
of  the  input  signal  above  the  cutoff  frequency.  Such  filter  action  might,  there¬ 
fore,  spoil  the  waveform  of  the  rectangular  pulses.  In  practice,  however,  a 
satisfactory  engineering  compromise  is  feasible.  The  pulse  repetition  frequency 
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seldom  exceeds  20,000  cycles.  Even  in  this  extreme  case,  harmonics  as  high 
as  the  fifteenth  may  be  preserved  in  the  delayed  pulse  if  the  cutoff  frequency  be 
set  at  300,000  cycles  or  more.  Using  coils  and  capacitors  of  the  order  of  1,000 
/xh  and  1,000  nnf,  this  requirement  may  be  met  while  introducing  a  time  lag  of 
approximately  1  microsec  per  section.  Use  of  an  RC  ladder  network  would 
also  be  satisfactory  from  the  time-lag  standpoint.  Greater  attenuation  would 
result,  but  this  may  be  offset  by  amplification. 

b.  By  means  of  a  linear  mixer  circuit,  add  the  delayed  rectangular  pulses 
to  the  original  rectangular  pulses,  the  two  input  voltages  being  adjusted  to 
equal  amplitudes.  The  resultant  pulse  now  has  the  prescribed  length  and 
correct  timing,  but  it  does  not  have  a  continuous,  flat  top.  Instead,  it  has  a 
stepwise  waveform,  similar  to  the  profile  of  a  tall  building  with  equal  architec¬ 
tural  setbacks  at  front  and  rear.  In  the  period  of  overlap,  while  both  input 
pulses  are  controlling  the  mixer,  the  output  pulses  necessarily  have  a  double 
amplitude. 

c.  By  means  of  a  clipper,  trim  off  the  unnecessary  superstructure,  thus 
leaving  the  desired  extended  rectangular  pulse,  which  begins  simultaneously 
with  the  original  rectangular  pulse  but  does  not  end  until  the  delayed  pulse 
terminates.  To  provide  a  convenient  engineering  tolerance,  the  threshold  is 
to  be  adjusted  so  that  the  clipper  will  shave  off  a  small  portion  of  the  top  of  the 
single-amplitude  part  of  the  stepwise  pulse  and  therefore  will  completely  and 
clearly  remove  the  double-amplitude  projection.  Any  slight  loss  of  amplitude 
incurred  in  providing  this  margin  may  be  restored  by  further  amplification  or 
may  be  allowed  for  in  setting  the  gain  controls  previously  encountered. 

The  common  exercises  just  quoted  are  sufficient  to  indicate  the 
step-by-step  arrangement  that  characterizes  a  typical  timing 
circuit.  Though  the  individual  steps  are  simple  and  familiar,  they 
may  be  very  numerous,  and  in  the  aggregate  they  necessarily  will 
require  a  multiplicity  of  tubes.  To  a  considerable  extent  the  num¬ 
ber  of  tubes  may  be  held  within  bounds  by  frequent  recourse  to 
twin  triodes  and  twin  diodes.  At  the  relatively  low  frequencies 
concerned,  shielding  problems  are  not  difficult.  As  practical 
applications  of  such  elaborate  circuits  become  increasingly  num¬ 
erous,  it  is  possible  that  manufacturers  may  eventually  include  still 
larger  numbers  of  electronic  units  within  a  single  glass  envelope, 
with  resulting  advantages  in  compactness  and  efficient  use  of  power. 

27.  Trigger  Circuits. — Trigger  circuits  are  electron-tube  net¬ 
works  that  possess  two  or  more  stable  operating  conditions,  to 
which  the  network  will  automatically  return  after  experiencing 
minor  disturbances  of  internal  or  external  origin.  Thus  ordinary 
noise  voltages,  of  moderate  amplitude,  have  no  resultant  effect 
upon  the  network.  However,  a  sufficiently  strong  transient  volt¬ 
age,  deliberately  introduced  from  an  external  source,  may  momen¬ 
tarily  drive  the  circuit  so  far  as  to  lift  it  over  the  boundary  of  a 
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particular  state  of  equilibrium;  whereupon  all  the  currents  and  volt¬ 
ages  slide  rapidly  toward  a  new  set  of  stable-equilibrium  values. 
In  many  cases  the  circuit  is  permitted  initially  to  select  at  random 
any  one  of  its  stable  conditions,  the  chance  decision  being  made 
immediately  after  the  circuit  is  completed  with  all  the  power  sup¬ 
plies  in  place.  Thereafter,  the  successive  transitions  from  one  stable 
condition  to  the  next  take  place  in  a  regular  predetermined  sequence, 
each  operation  altering  the  pattern  of  steady  potentials  and  cur¬ 
rents  in  such  a  way  as  to  determine  the  location  and  nature  of  the 
next  event.  However,  the  timing  of  the  next  transition  depends 
entirely  upon  the  external  control,  any  consistent  and  stable  set  of 
currents  and  voltages  being  held  for  an  unlimited  time  while  awaiting 
the  next  triggering  impulse  from  the  external  source.  In  con¬ 
sequence,  operation  in  proper  sequence  is  not  dependent  upon  avail¬ 
ability  of  evenly  spaced  driving  pulses.  In  fact,  in  some  applications 
great  irregularity  in  the  arrival  of  these  control  impulses  is 
expected.  Large  fluctuations  in  amplitude  of  control  signals  may 
also  be  tolerated  without  disadvantage  so  long  as  the  amplitude 
never  drops  below  a  definite  minimum  level.  Such  circuits  may  be 
compared  to  a  mechanical  ratchet  and  pawl  mechanism  and  may 
be  used  for  similar  purposes.  Their  major  advantage  in  compari¬ 
son  with  a  mechanical-ratchet  relay  lies  in  the  high  speeds  obtain¬ 
able  without  error.  Two  driving  pulses,  spaced  10  microsec 
apart,  may  be  accepted  as  separate  events  and  may  be  made  to 
produce  the  intended  full  sequence  of  operation.  This  is  about 
1,000  times  faster  than  the  standard  speeds  of  comparable  electro¬ 
mechanical  devices.  Still  higher  resolving  power  can  be  obtained 
by  careful  design  but  ordinarily  is  not  needed. 

These  general  principles  may  be  illustrated  by  considering  in 
some  detail  the  operation  of  the  Eccles- Jordan1  trigger  circuit, 
sometimes  graphically  referred  to  as  a  “ flip-flop”  circuit.  Several 
other  basic  circuits  have  been  invented  and  employed,  but  the 
Eccles- Jordan  circuit  is  the  oldest  basic  design  and  is  widely  used 
at  present.  Like  the  Wheatstone  bridge,  it  may  be  regarded  as  a 
prototype  and  as  a  very  rich  source  of  ideas,  numerous  modified 
and  specialized  circuits  having  been  derived  from  it.  In  fact,  the 
same  diamond-shaped  pattern  made  familiar  by  the  Wheatstone 
bridge  appears  also  in  this  basic  trigger  circuit,  Fig.  27.1,  and  in 
many  of  its  offspring.  In  this  case,  two  similar  vacuum  tubes 

1  W.  H.  Eccles  and  F.  W.  Jordan,  A  Trigger  Relay  Utilizing  Three-elec 
trode  Thermionic  Vacuum  Tubes,  Radio  Rev.,  1, 143,  1919. 
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form  adjacent  sides  of  the  rhombic  pattern,  their  external  plate¬ 
load  resistors  completing  the  four-sided  net.  The  Wheatstone 
bridge  analogy  must  not  be  pursued  too  far,  however,  as  the  cross 
connection  of  the  grids  deliberately  prevents  establishment  of  a 
stable  balanced  condition  of  equal  or  nearly  equal  currents  flowing 
in  the  symmetrical  branches  of  the  net.  In  order  to  demonstrate 
this  intentional  instability  a  complete  cycle  of  operation  may  be 
traced  as  follows: 

Assume,  as  usual,  that  the  plate  power  source  has  been  dis¬ 
connected  from  the  circuit,  that  sufficient  time  has  elapsed  so  that 
all  transients  have  died  away,  and  that  the  plate  power  supply  is 
then  suddenly  restored.  In  view  of  the  obvious  symmetry  of  the 
circuit,  with  completely  similar  tubes  and  resistors  at  all  correspond- 


Fig.  27.1. — Trigger  circuit:  unstable  equal-current  condition. 

ing  positions  on  the  left  and  right  sides  of  Fig.  27.1,  the  trial  assump¬ 
tion  may  be  made  that  equal  currents  flow  through  each  tube  and 
its  associated  circuits,  determining  a  common  value,  say  +100 
volts,  for  the  plate-to-cathode  potential  of  each  tube.  In  fact,  this 
would  be  a  possible  and  a  natural  equilibrium  condition  at  the 
instant  when  the  power  supply  is  restored.  This  balance  can  endure 
but  a  moment,  however,  as  it  is  violently  unstable.  Minor  random 
fluctuations  are  continually  occurring  because  of  “hiss  noise.”  At 
frequent  and  irregular  intervals,  additional  “noise  voltages”  are 
generated  by  positive  ions,  leakage  fluctuations,  etc.  Immediately 
after  the  power  supply  is  connected,  some  chance  fluctuation  will 
cause  a  minor  unbalanced  variation  in  the  current  of  the  left  tube 
or  the  right  tube.  To  be  specific,  let  us  assume  that  the  current 
of  the  left-hand  tube  happens  to  increase  momentarily.  Because 
of  the  cross  connection  of  the  grid  circuits,  this  slight  initial  varia¬ 
tion  sets  off  a  rapidly  cumulative  process,  which  immediately 
exaggerates  the  first  minor  change.  The  slight  initial  increase  of 
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current  flowing  through  the  left-hand  plate-load  resistor  produces  a 
minor  drop  in  the  corresponding  plate  voltage,  bringing  it,  say,  0.1 
volt  below  the  100  volts  previously  mentioned. 

Note  that  the  400,000-ohm  and  100,000-ohm  resistors  form  a 
pair  of  potential  dividers,  Fig.  27.2.  Consider  these  dividers,  shown 
separately  in  the  figure  for  special  emphasis.  By  means  of  a  battery 
or  any  equivalent  low-resistance  d-c  source,  the  lower  terminal  of 
the  potential  divider  is  held  securely  at  a  fixed  potential,  say  —20 
volts.  The  upper  terminal  is  attached  to  the  plate  of  the  left-hand 
triode. 

A  slight  reduction  in  the  grid  current  flowing  through  the 
400,000-ohm  resistor  being  neglected,  a  momentary  reduction  of  0.1 
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Fig.  27.2. — Potential-divider  action  of  the  coupling  circuits  of  Fig.  27.1. 

volt  in  the  potential  of  the  left-hand  plate  produces  a  proportionate 
0.02-volt  reduction  in  the  potential  of  the  right-hand  grid.  The 
momentary  lowering  of  this  grid  potential  raises  the  right-hand  plate 
voltage,  say  by  0.15  volt.  In  turn,  approximately  one-fifth  of  this 
rise  is  passed  back  to  the  left-hand  grid.  If  the  resultant  0.03-volt 
rise  should  happen  to  be  just  sufficient  to  sustain  the  original 
increase  in  the  plate  current  of  the  left-hand  tube,  then  the  system 
would  be  in  neutral  equilibrium  and  the  initial  accidental  change 
would  be  self-perpetuating.  In  practice,  however,  the  design  of 
the  circuit  is  such  that  the  reaction  provides  an  “overpayment.’ 7 
The  initial  current  increase  is  not  merely  sustained  but  is  aug¬ 
mented.  The  action  being  cumulative,  the  system  immediately 
“runs  away”  in  a  violent  and  very  rapid  transient,  which  sends  the 
left-hand  plate  current  rocketing  upward  toward  a  maximum,  while 
the  right-hand  plate  current  drops  quickly  toward  zero.  These 
rapid  changes  stop  wherever  the  reaction,  described  above,  ceases 
to  produce  the  overpayment.  As  in  the  case  of  the  blocking  oscil- 
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lator,  there  is  a  ceiling,  imposed  by  Ohm’s  law,  above  which  the 
plate  current  cannot  increase.  In  Fig.  27.1,  for  example,  the  200- 
volt  battery  could  not  deliver  more  than  4  ma  through  the  50,000- 
ohm  load  resistor,  even  with  the  tube  short-circuited.  As  the 
current  approaches  this  value,  the  chain  of  events  described  yields 
progressively  smaller  increments  in  the  potential  of  the  left-hand 
grid.  Eventually,  the  final  increment  of  grid  voltage  is  barely 
able  to  sustain  the  corresponding  increment  in  plate  current, 
with  no  margin  for  further  increase. 

Let  it  be  assumed  arbitrarily  that  this  condition  is  fulfilled  when 
the  current  drawn  by  the  left-hand  tube  has  increased  to  about 
3  ma,  Fig.  27.3.  At  this  point,  all  changes  of  current  and  voltage 
cease  suddenly,  the  system  having  reached  a  new  equilibrium. 


Fig.  27.3. — Trigger  circuit:  stable  terminus  condition. 


Unlike  the  unstable  equilibrium,  characterized  by  momentary 
equality  of  current  flow,  this  new  equilibrium  condition  is  com¬ 
pletely  stable  with  respect  to  small  variations  in  voltage  or  current. 
This  important  point  may  be  explained  as  follows: 

Let  the  total  current  flowing  in  the  left-hand  load  resistor 
be  3  ma,  equal  to  the  sum  of  2.86  ma  of  plate  current  and  0.14  ma 
of  current  in  the  potential  divider.  Allowing  for  150  volts  drop 
in  the  50,000-ohm  external  resistor,  the  plate  of  the  left-hand 
tube  is  only  50  volts  above  ground  or  cathode  potential.  The 
entire  difference  of  potential  across  the  first  potential  divider 
is  therefore  70  volts,  one-fifth  of  which,  14  volts,  appears  across 
the  100,000-ohm  lower  section  of  the  divider.  Consequently, 
the  grid  of  the  right-hand  tube  is  held  at  a  potential  of  —6  volts, 
this  being  14  volts  above  the  —20  level.  This  grid  voltage  is 
sufficiently  negative  to  ensure  that  the  plate  current  of  the  right- 
hand  tube  will  be  very  small  if  not  actually  zero.  In  other  words, 
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the  right-hand  tube  is  biased  near  the  cutoff  level,  in  some  cases 
below  the  cutoff  level.  Consequently,  the  right-hand  plate 
potential  has  risen  nearly  to  the  level  of  the  plate-supply  volt¬ 
age.  The  drop  in  voltage  may  be  due  to  the  current  drain  of 
the  potential  divider  alone  and  may  therefore  be  as  low  as  20  volts. 
The  potential  of  the  right-hand  plate  is  approximately  180  volts 
above  ground.  Hence  the  voltage  across  the  second  potential 
divider  extends  from  +180  to  —20.  If  the  grid  current  of  the  left- 
hand  tube  could  be  neglected,  this  grid  would  be  held  at  40  volts 
above  the  —20  level,  a  net  potential  of  +20  volts.  Though  this 
highly  positive  value  is  reduced  nearly  to  zero  by  the  actual  grid 
current  superimposed  upon  the  network,  the  grid  potential  remains 
slightly  positive,  being  high  enough  to  permit  the  2.86  ma  to 
flow  through  the  tube  with  an  internal  voltage  drop  as  low  as  50 
volts.  Hence  the  entire  system  of  highly  unequal  currents  and 
unequal  voltages  is  now  self-consistent  and  self-perpetuating, 
there  being  no  unbalanced  voltages  tending  to  produce  or  assist  any 
further  change. 

Moderate  fluctuations  of  voltage  or  current  now  can  be  tolerated 
and  will  provoke  no  significant  reaction  from  the  circuit.  For 
example,  a  minor  decrease  below  the  assumed  2.86  ma  in  the 
left-hand  tube  merely  restores  proportionate  parts  of  those  same 
unbalanced  voltages  which  originally  brought  the  circuit  to  the 
“terminus”  condition  at  the  end  of  its  rapid  transient  sweep. 
The  unbalance  being  dependent  upon  the  instantaneous  values  of  the 
currents  and  voltages  and  not  upon  their  time  derivatives,  the  cir¬ 
cuit  immediately  drops  back  to  the  same  terminus  condition.  On 
the  other  hand,  any  momentary  increase  above  the  assumed  2.86- 
ma  equilibrium  is  unfruitful,  the  alteration  of  grid  voltages  being 
insufficient  to  maintain  the  momentary  increase.  Hence  the 
circuit  again  drops  back  to  normal  and  is  stable  with  respect  to 
minor  fluctuations  of  arbitrary  direction,  location,  and  character. 

There  is,  however,  another  equally  good  condition  of  stable 
equilibrium,  in  which  the  two  tubes  simple  interchange  their  roles. 
Starting  from  the  equal-current  condition,  the  unstable  “seesaw” 
circuit  could  have  tipped  just  as  readily  in  the  opposite  direction 
and  would  have  done  so  if  the  initial  accidental  variations  had  hap¬ 
pened  to  produce  a  momentary  decrease  of  the  left-hand  tube  cur¬ 
rent  or  a  momentary  increase  of  the  right-hand  tube  current. 
When  the  plate  power  supply  is  first  connected,  the  selection  of  one 
of  the  two  possible  stable  conditions  is  purely  a  matter  of  chance. 
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The  chance  decision,  having  quickly  been  made  the  corresponding 
pattern  of  steady  currents  and  potentials  should  be  held  indefinitely, 
until  finally  terminated  by  removal  of  power  supply  or  by  a  sufficient 
disturbance  deliberately  introduced  from  an  external  source. 

At  regular  or  irregular  intervals  the  flip-flop  circuit  is  to  be  driven 
back  and  forth  from  one  stable  condition  to  the  other,  but  every 
reversal  is  to  occur  under  the  complete  control  of  some  external 
device.  As  soon  as  the  control  voltage  ceases,  the  circuit  becomes 
quiescent  and  remains  in  the  condition  determined  by  the  last 
reversal. 

The  process  of  forcing  these  sudden  transitions  from  one  stable 
condition  to  another  is  called  “triggering.”  In  the  simple  Eccles- 
Jordan  circuit,  triggering  may  be  accomplished  in  a  number  of  dif¬ 
ferent  ways,  but  in  all  cases  the  triggering  voltage  temporarily 
forces  a  reduction  in  the  great  inequality  of  the  two  plate  currents. 
If  this  inequality  can  be  reduced  to  zero  and  then  reversed  in  sign 
(by  any  marginal  amount,  however  small),  the  triggering  is  suc¬ 
cessful;  the  circuit  automatically  proceeds  further  and  arrives  at 
the  opposite  terminus  condition.  However,  if  the  triggering  volt¬ 
age  is  not  quite  strong  enough  to  drive  the  inequality  to  zero,  the 
triggering  is  ineffective;  the  circuit  flops  back  into  its  previous  stable 
condition,  just  as  a  ladder,  slowly  lifted  from  the  ground  toward  a 
vertical  position  but  released  before  the  vertical  position  is  quite 
attained,  will  drop  back  to  its  previous  horizontal  position. 

An  elementary  but  rather  impractical  method  for  triggering 
the  circuit  may  be  developed  by  forcing  additional  currents  through 
the  load  resistors,  the  additional  currents  being  controlled  by  some 
external  device.  For  example,  an  external  battery  with  negative 
terminal  connected  to  point  B  and  positive  terminal  to  point  A , 
Fig.  27.3,  sends  current  through  the  network  in  such  a  direction  as 
to  reduce  the  inequality  of  plate  potentials  and  the  consequent 
inequality  of  grid  potentials  and  tube  currents.  Progressively 
increasing  the  battery  voltage  forces  the  entire  system  nearer  and 
nearer  to  the  equal-current  condition.  On  finally  passing  through 
this  unstable  equilibrium  position,  the  system  suddenly  reacts 
violently  as  it  snaps  over  into  the  alternate  terminus  condition. 
Triggering  has  been  accomplished  by  brute-force  methods.  A 
complete  circuit  of  this  plate-driven  type  has  been  described  by 
Stevenson  and  Getting  and  employed  in  cosmic-ray  research. 
The  main  disadvantage  is  the  necessity  for  using  amplifier  tubes  in 
parallel  with  each  tube  of  every  trigger-circuit  pair.  As  a  complete 
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control  circuit  often  employs  many  trigger-circuit  components,  the 
array  becomes  needlessly  cumbersome. 

In  using  triodes  in  an  Eccles- Jordan  circuit,  provision  for  trig¬ 
gering  often  is  made  by  attaching  small  coupling  capacitors  (say 
25  /i/if)  to  each  grid,  Fig.  27.4.  Assume  that  a  negative  pulse, 
derived  from  an  external  source,  causes  a  sudden  and  temporary 
drop  in  the  potential  of  terminal  1.  Because  of  the  resistance  in 
series  with  the  capacitor  CA,  any  charge  on  the  plate  of  this  capacitor 
cannot  be  altered  instantly.  Hence  the  drop  in  the  potential  of 
point  1  produces  a  corresponding  drop  in  potential  at  1',  no  altera¬ 
tion  in  the  potential  difference  between  the  plates  of  the  capacitor 
being  possible  in  this  first  important  instant.  If  grid  1'  happens  to 
be  blocked  below  cutoff,  the  tube  does  not  respond,  the  negative 


Fig.  27.4. — Separate  triggering  controls. 

pulse  being  disregarded.  However,  if  tube  A  has  been  carrying  the 
heavy  current,  the  sudden  reduction  of  the  positive  potential  of  its 
grid  causes  a  sudden  and  violent  drop  in  current  accompanied  by  a 
simultaneous  rise  in  the  current  of  tube  B.  If  the  instantaneous 
current  values  meet  and  pass,  the  circuit  triggers,  flipping  over  to 
the  opposite  terminus  condition.  If  the  reduction  of  current  A 
and  the  consequent  rise  of  current  B  are  insufficient,  the  circuit 
fails  to  trip,  the  effect  of  the  triggering  pulse  being  too  weak.  Note 
that  insufficient  pulse  strength  at  1'  may  be  due  to  insufficient 
pulse  amplitude  at  the  source  or  to  lack  of  steepness  of  the  pulse 
wave  front.  A  sloping  wave  front  necessarily  permits  a  portion  of 
the  available  voltage  to  be  expended  in  the  series  element  CA,  with 
a  decreased  pulse  available  for  use  at  1'.  The  capacitor  CA  might 
be  made  larger,  were  it  not  for  the  fact  that  its  twin  CB  ties  the  grid 
2'  to  the  inactive  potential  source  2.  This  is  a  disadvantage,  as  an 
alteration  in  the  charge  of  CB  must  accompany  the  desired  rapid 
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rise  in  potential  of  2'.  Too  large  a  value  of  capacitance  decreases 
the  sensitivity  by  limiting  the  suddenness  of  the  rise  of  current  in 
the  plate  resistor  connected  to  point  B.  The  best  compromise  is 
obtained  by  making  the  triggering  pulses  as  sharp  as  may  be  feasible 
(say  a  0.1-microsec  wave  front)  and  then  reducing  the  coupling 
capacitance  until  the  sensitivity  is  a  maximum  (say  25  /z/xf).  In 
general,  decreased  steepness  of  wave  front  necessitates  an  increased 
pulse  amplitude  with  larger  coupling  capacitors. 

Assuming  that  negative  pulses  only  are  received  from  an  external 
source,  the  circuit  of  Fig.  27.4  will  respond  to  the  first  negative 
pulse,  of  sufficient  strength,  arriving  at  terminal  1.  Having 
switched  the  main  current  over  to  path  B ,  the  circuit  then  dis¬ 
regards  any  additional  negative  pulses  imposed  at  point  1,  while 


Fig.  27.5. — Single  triggering  control. 


awaiting  the  occurrence  of  the  next  negative  pulse  applied  at  point 
B.  When  this  arrives,  the  circuit  switches  back  to  the  condition 
of  Fig.  27.4. 

In  many  applications,  the  points  2  and  1  are  joined  together, 
pulses  from  a  single  external  channel  being  applied  simultaneously 
to  each  coupling  capacitor,  Fig.  27.5.  Addition  of  “  commutating 
capacitors  ”  CA  and  CB'  prevents  the  circuit  from  stalling  when  equal 
negative  pulses  are  applied  simultaneously  to  coupling  capacitors 
CA  and  CB.  For  example,  suppose  that  tube  A  is  conducting. 
Application  of  a  negative  pulse  at  the  common  input  terminal 
causes  a  sharp  drop  of  plate  current  through  tube  A.  The  resultant 
sudden  rise  of  plate  voltage  transferred  through  CA  to  the  grid  of 
tube  B  overpowers  the  negative  pulse,  of  external  origin,  that  is 
applied  through  CB  to  the  grid  of  tube  B.  The  first  pulse  flips  the 
main  current  over  from  A  to  B,  the  next  pulse  flops  it  back,  and  the 
operation  proceeds  at  a  regular  or  an  irregular  rate,  dependent 
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entirely  upon  the  spacing  imposed  by  the  pulse  source.  The  size 
of  Ca  and  CB'  is  not  critical.  Usually  they  are  twice  as  large  as 
CA  and  CB. 

Positive  pulses,  interspersed  with  negative  pulses,  will  cause 
additional  reversals  of  the  current  values,  if  the  positive  pulses  are 
sufficiently  powerful.  In  this  case,  it  is  the  blocked  grid  that 
responds  strongly,  the  conducting  tube  being  relatively  insensitive 
to  a  momentary  further  increase  in  its  positive  grid  potential. 
The  pulse  amplitude  required  for  positive  triggering  is  ordinarily 
somewhat  greater  than  that  required  for  negative  triggering.  The 
difference  in  sensitivity  is  not  adequate  for  dependable  discrimina¬ 
tion  of  polarity,  however.  Hence,  when  operation  is  to  be  con- 


Fig.  27.6. — One  method  of  obtaining  an  output  voltage. 

trolled  by  negative  pulses  only,  it  is  customary  to  trim  off  with  a 
conventional  clipper  any  positive  pulses  that  might  otherwise  cause 
erratic  operation. 

Output  voltage  may  be  obtained  by  attaching  a  coupling  capaci¬ 
tor  to  any  point  whose  potential  varies  with  time.  Sometimes  a 
coupling  resistor,  say  1,000  ohms,  is  inserted  in  the  cathode  circuit. 
In  this  case,  a  rectangular  voltage  output  is  obtained,  proportional 
to  the  corresponding  tube  current.  A  similar  wave  may  be  obtained 
by  connecting  a  large  coupling  capacitor  C0  to  point  A  or  to  point 
B,  Fig.  27.6,  in  which  case  the  potential  falls  sharply  as  the  corre¬ 
sponding  tube  current  rises.  If  the  time  constant  C0Ro  be  large  in 
comparison  with  the  longest  expected  interval  between  pulses, 
the  output  voltage  will  be  approximately  rectangular.  Preferably 
the  trigger  circuit  should  be  followed  by  a  buffer  amplifier. 

To  go  to  the  opposite  extreme  in  design,  the  time  constant  C0Ro 
may  be  made  very  short  in  comparison  with  the  smallest  expected 
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pulse  interval.  The  output  circuit  thus  becomes  a  differentiator, 
or  peaker,  yielding  a  sharp  positive  pulse  when  the  current  at  B 
falls,  followed  by  a  sharp  negative  pulse  when  the  current  rises. 
Thus,  for  every  pair  of  negative  pulses  arriving  at  the  input  ter- 
minals,  two  pulses  appear  at  the  output  position,  but  only  one 
of  these  output  pulses  is  negative.  Hence,  regardless  of  possible 
regularity  or  irregularity  in  the  spacing  of  the  input  pulses,  every 
trigger-circuit  pair  may  be  employed  to  cause  a  reduction  by  a 
factor  of  two  in  the  number  of  negative  pulses  routed  through  the 
device.  Several  applications  are  based  upon  the  operation  of  such 
trigger-circuit  pairs  in  cascade,  constituting  a  linear  chain  in  which 
each  trigger-circuit  stage  is  driven  by  the  preceding  stage.  The 
buffer  amplifiers  between  stages  also  function  as  clippers,  disposing 
of  the  unneeded  positive  pulses. 

Used  as  a  counter  of  cosmic  rays  or  other  irregular  events, 
t  he  circuit  greatly  reduces  errors  due  to  the  occasional  occurrence  of 
nearly  simultaneous  pulses.  Being  able  to  respond  approximately 
1,000  times  as  fast  as  a  good  mechanical  relay,  the  circuit  may  be 
made  to  trigger  twice  when  driven  by  two  pulses  spaced  10  micro¬ 
sec  apart.  If  the  number  of  pulses  is  scaled  down  by  a  factor 
of  2  at  each  stage  in  the  cascade  system,  the  cosmic-ray  counts  may 
be  delivered  finally  in  batches  of  16,  or  32,  or  64,  to  a  relatively  crude 
mechanical  recorder,  the  statistical  probability  of  overhurrying  the 
mechanical  ratchet  being  reduced  to  any  desired  extent. 

Note  that  such  a  chain,  made  up  of  5  trigger-circuit  pairs,  may 
be  regarded  as  a  single  electronic  network  having  32  (that  is,  25) 
different  stable  combinations  of  current  and  voltage,  each  different 
combination  extending  over  the  entire  10  trigger  tubes  of  the  sys¬ 
tem  and  their  auxiliary  buffer  amplifiers.  In  fact,  these  32  dif¬ 
ferent  combinations  may  be  exhibited  readily  by  incandescent 
lamps,  neon  bulbs,  meters,  or  any  other  devices  that  will  indicate 
at  a  glance  whether  the  left  tube  or  the  right  tube  of  any  pair  is 
carrying  the  main  current.  Hence,  whenever  the  system  is  quies¬ 
cent  between  counts,  the  pattern  of  lights  indicates  the  exact 
number  of  counts  received  since  the  last  batch  of  32  was  delivered 
to  the  mechanical  recorder.  Each  of  these  32  patterns  also  pre¬ 
determines  the  location  and  the  extent  of  the  changes  that  will 
take  place  whenever  the  next  input  pulse  arrives.  Hence,  each  of 
the  32  patterns  is  occupied  in  a  regular  sequence  even  though  the 
sudden  transitions  may  occur  at  a  wholly  irregular  rate  completely 
determined  by  the  timing  of  the  input  pulses. 
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An  important  special  case  arises  when  the  input  pulses  are 
regularly  spaced,  being  derived,  for  example,  from  a  local  oscillator. 
The  counting  chain  now  functions  as  a  reliable  frequency  reducer. 
Unlike  other  frequency  reducers,  it  has  no  natural,  or  preferred, 
frequency  of  its  own  and  is  therefore  able  to  follow  variations  in 
the  frequency  of  the  control  oscillator  without  error  even  though 
these  variations  may  occur  very  rapidly.  The  chain  may  be  com¬ 
pared  to  a  reduction  gear  train  in  which  the  input  shaft  speed  is 
arbitrary  and  may  be  allowed  to  vary  quickly  from  a  full  stop  to  a 
speed  of  100,000  cps.  Some  other  types  of  frequency-reducing 
device,  such  as  the  multivibrator,  are  designed  for  some  particular 
set  of  input  and  output  frequencies.  Very  minor  deviations  of 
input  frequency  are  tolerated  provided  that  they  occur  smoothly, 
but  major  alterations  of  shaft  speed  are  not  acceptable.  The 
fact  that  each  pair  of  trigger  tubes  divides  by  2  and  only  by  2  is  an 
obvious  limitation,  though  this  very  feature  promotes  reliability  of 
operation.  Simple  linear  chains  of  trigger  pairs  must  divide  by 
powers  of  2,  such  as  2,  4,  8,  16,  32,  etc. 

If  a  considerable  investment  in  tubes  is  warranted  for  a  special 
application,  this  limitation  may  be  removed.  In  place  of  the  linear 
chain  we  may  construct  a  circular  chain,  each  link  in  the  system 
consisting  of  a  pair  of  trigger  tubes.  The  chain  forms  a  closed  ring, 
completely  symmetrical,  having  no  beginning  or  end.  The  control 
grid  of  the  left-hand  tube  of  every  pair  is  connected  through  a  small 
coupling  capacitor  to  a  common  input  terminal.  Negative  pulses 
from  an  external  source  are  transmitted  by  these  capacitors  simul¬ 
taneously  to  the  left-hand  tube  in  each  trigger  pair.  However,  in 
all  pairs  except  oney  the  left-hand  tube  is  carrying  no  current  and 
hence  is  insensitive.  The  single  sensitive  pair  responds  by  the  usual 
exchange  of  currents,  thereby  desensitizing  itself,  while  at  the  same 
time  it  produces  a  negative  pulse  upon  the  right-hand  grid  of  the 
next  pair  in  sequence.  The  consequent  reversal  of  this  adjacent  pair 
completes  the  transient  response  initiated  by  arrival  of  one  negative 
pulse  at  the  common  input  terminal.  While  awaiting  the  arrival 
of  the  next  control  pulse,  the  entire  ring  circuit  remains  in  a  stable, 
quiescent  condition,  with  one  pair  sensitive  and  all  other  pairs 
insensitive.  If  an  indicating  lamp  is  placed  in  every  left-hand 
plate  circuit  of  a  10-pair  ring,  the  light  rotates  stepwise  around  the 
circle,  requiring  10  input  pulses  for  each  round  trip.  Output  volt¬ 
age,  derived  from  cathode,  grid,  or  plate  of  an  arbitrary  pair,  has 
the  desired  tenfold  reduction  in  frequency.  The  circuit  has  10 
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stable-equilibrium  conditions  and  occupies  each  in  sequence.  Any 
other  integer  may  be  chosen,  and  a  cascade  connection  is  entirely 
feasible.  This  electronic  ratchet  may  be  used  also  as  an  electronic 
commutator  with  an  arbitrary  number  of  evenly  spaced  brushes. 
For  example,  a  3-pair  ring  may  be  used  as  a  3-position  electronic 
switch,  throwing  3  separate  patterns  on  an  oscillograph  screen  in 
rapid  succession,  each  pattern  occupying  exactly  %  of  each  com¬ 
plete  ring  cycle.  As  in  the  conventional  2-position  electronic 
switch,  the  relative  sizes  and  positions  of  the  3  patterns  may  be 
altered  at  will. 

Trigger-circuit  systems  of  the  Eccles-Jordan  type  by  no  means 
are  limited  to  triode  tubes.  Using  pentode  tubes,  for  example,  the 
suppressor  grids  may  be  resistance-coupled  to  the  opposite  plates, 
as  in  the  triode  circuits  previously  described.  Appropriate  grid-bias 
voltages  and  grid-leak  resistances  determine  a  pair  of  stable  ter¬ 
minus  conditions,  either  of  which  may  be  occupied.  Used  in  this 
manner,  the  suppressors  may  be  referred  to  as  “holding”  grids. 
In  contrast,  the  control  grids  become  “tripping”  or  “triggering” 
grids,  charged  only  with  the  function  of  cutting  off  the  electron 
stream  on  arrival  of  a  negative  pulse  of  external  origin,  thus  causing 
transition  from  one  terminus  condition  to  the  other.  (Positive 
pulses  could  also  be  employed,  the  nonconducting  tube  being 
sensitive.)  This  separation  of  the  functions  of  tripping  and  holding 
is  a  real  advantage,  increasing  the  sensitivity.  The  holding  grids 
can  respond  readily,  being  free  of  attachments  to  external  circuits. 
The  pulse  source  affects  the  electron  stream  directly,  controlling 
a  grid  used  for  no  other  purpose.  Other  combinations  of  grids  may 
be  utilized,  maintaining  the  same  desirable  separation  of  purpose. 
To  the  same  end,  some  improvement  in  the  sensitivity  of  the  triode 
circuit  is  occasionally  sought  by  the  use  of  small  copper-oxide 
rectifiers1  in  place  of  the  input  coupling  capacitors  CA  and  CB  of 
Fig.  27.5.  In  this  case,  it  is  intended  that  the  external  circuit  shall 
trigger  the  sensitive  grid  without  interfering  with  the  resulting 
transient.  Use  of  a  pentode  is  in  general  a  better  solution. 

Special  applications,  not  concerned  with  frequency  reduction, 
are  too  numerous  to  mention.  Brief  reference  to  one  such  applica¬ 
tion  may  serve  as  an  illustration  of  the  versatility  of  the  device. 
For  example,  one  may  wish  to  construct  a  phasemeter  capable  of 
operating  within  2-degree  accuracy  at  all  frequencies  up  to  10,000 
cycles.  The  meter  shall  respond  quickly  so  as  to  follow  rapid 

1  W.  B.  Lewis,  Proc.  Cambridge  Phil,  Soc.,  33,  549,  1937. 
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alterations  of  phase,  shall  be  independent  of  amplitude  within 
reasonable  limits,  shall  record  phase  changes  graphically  when 
desired.  The  problem  is  solved  as  follows:1 

Given  two  approximately  sinusoidal  voltages  whose  relative 
phase  angle  is  to  be  determined.  Using  amplifiers  or  attenuators, 
bring  their  amplitudes  to  the  same  order  of  magnitude,  equality 
being  unnecessary.  By  successive  clipping,  previously  described 
in  Sec.  17,  square  these  voltage  waves;  then  differentiate  the  result¬ 
ant  rectangular  waves;  clip  off  the  positive  peaks.  Sharp  negative 
peaks  now  mark  the  positions  on  each  time  axis  at  which  each 
of  the  original  sine  waves  passed  through  zero,  headed  downward. 
Couple  one  of  these  pulse  sources  to  the  left-hand  grid  of  a  trigger- 
circuit  pair.  Couple  the  other  pulse  source  to  the  right-hand  grid. 
If  the  original  voltage  waves  happen  to  differ  in  phase  by  exactly 
180°,  the  main  current  will  flow  for  equal  intervals  of  time  in  each 
tube.  In  general,  this  is  not  the  case,  and  the  operating  periods 
are  therefore  unequal.  As  the  current  waves  within  the  trigger 
circuit  are  rectangular,  a  d-c  meter  connected  in  the  proper  cathode 
lead  reads  an  average  current  linearly  proportional  to  the  phase 
angle.  Accuracy  is  satisfactory,  except  near  0  and  360°.  This  is 
not  a  limitation,  however,  as  an  inverter  stage  readily  shifts  one  of 
the  voltages  180°  whenever  desired.  The  same  inverter  permits 
immediate  self-calibration  of  the  phasemeter,  a  single  voltage  source 
being  compared  with  its  own  inverse  wave,  separated  by  the  known 
180°.  Phase  fluctuations  may  be  followed  as  swiftly  as  the  d-c 
meter  will  permit.  A  recording  ammeter  may  be  used  when 
required.  The  method  has  been  extended2  to  the  comparison  of 
radio-frequency  voltages  and  has  been  employed  successfully  in 
determining  angles  of  arrival  of  incident  radio  waves.  Two  r-f 
voltages,  picked  up  by  spaced  antennas,  produce  audio-frequency 
voltages  by  beating  with  a  common  local  oscillator.  The  original 
phase  differences  are  preserved  in  the  beat  notes  and  can  then  be 
accurately  measured. 

Similar  special  applications  include  frequency  meters  and  various 
devices  for  measuring  mechanical  speed  by  means  of  photocells, 
magnetic  pickups,  and  the  like. 

28.  Multivibrators. — The  ordinary  sinusoidal  oscillator  may 
be  regarded  usefully  as  a  self-driven  amplifier,  often  of  the  Class  C 
type.  In  similar  fashion,  the  multivibrator  may  be  treated  as  a 

1  J.  E.  Shepherd  and  F.  M.  Wiener,  unpublished  Cruft  theses. 

2  Joseph  Keary,  unpublished  Cruft  thesis. 
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self-tripping  trigger  circuit,  closely  related  to  the  basic  Eccles- 
Jordan  device.  This  relationship  is  emphasized  by  drawing  the 
multivibrator  circuit  in  the  symmetrical  pattern  of  Fig.  28.1. 
The  coupling  capacitors  CA'  and  CB'  have  replaced  completely  the 
coupling  resistors  of  the  Eccles-Jordan  circuit;  the  grid-bias  power 
source  is  removed;  no  other  modifications  are  required.  The 


Fig.  28. 1  .' — Basic  multivibrator  circuit.  The  numbered  arrows  indicate  the  sequence 
of  changes  in  potential  as  described  in  the  second  paragraph  of  Sec.  28. 

multivibrator  may  be  given  quite  a  different  appearance  by  drawing 
it  in  the  form  of  a  two-stage  resistance-coupled  amplifier  with  feed¬ 
back,  Fig.  28.2.  Note  that  these  two  configurations  are  in  fact 
identical.  This  basic  multivibrator  circuit  will  be  described  as  a 
“symmetrical  multivibrator.”  The  previous  discussion  of  trigger 
circuits,  Sec.  27,  now  will  be  extended  to  include  this  self-triggering 
function. 

In  particular,  the  discussion  of  the  violent  instability  of  the 
equal-current  condition  applies  also  to  the  multivibrator.  On 


Fig.  28.2. — Basic  multivibrator  circuit. 

suddenly  completing  the  power  circuit  after  a  period  of  inactivity, 
approximately  equal  currents  might  flow  for  an  instant  through  the 
two  tubes  in  their  completely  symmetrical  circuits.  However,  a 
chance  fluctuation  may  cause  a  very  slight  increase  in  the  current  of 
the  left-hand  tube.  The  resultant  drop  in  voltage  at  point  A ,  Fig. 
28.1,  depresses  the  potential  of  the  opposite  grid,  the  potential 
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difference  across  CA  remaining  fixed  for  the  moment.  The  decrease 
in  current  through  the  right-hand  plate-load  resistor  causes  a  rise  in 
potential  at  B,  and  this  in  turn  draws  the  left-hand  grid  upward. 
Therefore  the  initial  current  increase  is  augmented.  The  electronic 
seesaw  mechanism  is  in  full  swing,  driving  the  currents  in  opposite 
directions  from  the  equal-current  condition.  Current  in  the  left- 
hand  tube  approaches  the  ceiling  imposed  by  Ohm’s  law.  Current 
in  the  right-hand  tube  immediately  drops  to  zero.  Flow  of  grid  cur¬ 
rent  causes  a  rapid  adjustment  of  the  potential  difference  across  CB ' 
limiting  the  rise  of  potential  at  the  left  grid.  In  contrast,  the  charge 
upon  the  plates  of  CA  cannot  change  rapidly.  Therefore  the  right- 
hand  grid  is  driven  far  below  cutoff,  blocking  the  tube  for  a  con¬ 
siderable  time.  Thus  far  the  action  parallels  the  corresponding 
trigger-circuit  behavior. 

A  new  feature  now  appears.  In  the  Eccles- Jordan  circuit  the 
terminus  condition  is  a  stable,  quiescent  state,  retained  indefinitely 
until  interrupted  by  external  force.  In  the  multivibrator  this 
quiescent  condition  is  impossible.  The  grids  are  connected  to  the 
cathodes  by  the  grid  resistors;  they  are  connected  to  other  points  in 
the  circuit  by  capacitors  only.  Given  time  enough  for  the  capaci¬ 
tors  to  charge  and  discharge,  the  grid  potentials  cannot  be  held 
steady  at  any  value  other  than  zero.  As  the  left-hand  grid  voltage 
drifts  downward  toward  zero,  the  corresponding  current  decays 
gradually  from  its  high  initial  value.  Meanwhile,  the  right-hand 
grid  gradually  rises  toward  zero  from  a  value  far  below.  In  so 
doing  it  eventually  crosses  the  “  cutoff  ”  threshold.  This  constitutes 
the  act  of  pulling  the  trigger  and  releasing  the  next  violent  phase 
of  the  transient.  The  first  weak  trickle  of  electrons  reestablishing 
the  current  flow  through  the  right-hand  tube  loads  the  right-hand 
plate  resistor  slightly  and  lowers  the  voltage  of  point  B.  Acting 
through  coupling  capacitor  CV,  this  hastens  the  downward  drift 
of  the  left-hand  grid  voltage  and  plate  current.  In  turn,  this 
speeds  the  rise  of  potential  at  point  A.  Through  coupling  capacitor 
CA',  this  accelerates  the  upward  drift  of  grid  voltage  already  in 
progress  at  the  right-hand  tube.  All  these  actions  being  strongly 
cumulative,  all  slow  drifts  of  current  and  voltage  are  suddenly 
converted  into  powerful  and  almost  instantaneous  drives.  All 
waveform  traces  turn  through  sharp  corners  and  become  approxi¬ 
mately  vertical,  Fig.  28.3.  The  right-hand  tube  suddenly  draws 
maximum  current,  while  the  left-hand  tube  becomes  blocked,  with  a 
generous  margin  of  blocking  voltage  to  spare.  The  relatively 
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slow  drifting  process  then  resumes,  and  this  margin  is  gradually 
cut  down  until  it  vanishes.  At  this  time,  the  left-hand  grid  triggers 
the  entire  circuit,  and  the  two  tubes  again  exchange  roles  suddenly. 

Evidently  the  crucial  factor  in  determining  the  duration  of  such 
a  cycle  is  the  rate  at  which  the  grid  of  the  blocked  tube  drifts  back 
toward  the  cutoff  threshold.  Control  of  the  next  triggering  opera¬ 
tion  is  handed  back  and  forth  from  one  tube  to  the  other,  control 
always  residing  in  the  tube  that  is  blocked  at  the  moment.  As 
the  individual  tubes  exert  separate  control  over  the  “halves”  of 
the  cycle,  it  follows  that  these  halves  are  not  necessarily  equal. 


PLATE 
CURRENT 
TUBE  A 


PLATE  ■ — 
CURRENT 
TUBE  B 

GRID  VOLTAGE  | 

r^. _  i 

ZERO  LEVEL 

TUBE  A _ 

■  _  .  i 

i  _  _  i 

CUTOFF  LEVEL 

ZERO  LEVEL 
CUTOFF  LEVEL 

Fig.  28.3. — Multivibrator  waveforms  in  the  circuit  of  Fig.  28.1. 

In  fact,  in  many  specialized  circuits  advantages  are  obtained  by 
deliberately  making  the  two  portions  of  the  cycle  unequal,  some¬ 
times  by  a  large  ratio  such  as  100  to  1.  Such  circuits  may  be 
referred  to  as  “unbalanced  multivibrators.”  Further  specializa¬ 
tion  sometimes  leads  to  a  difference  of  configuration  as  well  as  a 
difference  of  constants  between  the  left  and  right  side  of  the  multi¬ 
vibrator.  Such  “asymmetrical  multivibrators”  follow  the  general 
cycle  of  operations  described  in  spite  of  their  apparent  dissimilarity. 
Hybrid  combinations  of  a  trigger  circuit  and  a  multivibrator  are 
also  of  interest.  In  such  a  circuit  the  coupling  capacitor  CB  might 
be  removed  and  replaced  by  a  coupling  resistor  RB,  the  coupling 
capacitor  CY  remaining  in  place,  Fig.  28.4.  In  this  case,  the  cir¬ 
cuit  returns  automatically  to  a  single-terminus  condition,  executing 
one  complete  cycle  whenever  triggered  by  an  outside  pulse.  Similar 
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action  results  when  a  negative  bias,  sufficient  to  maintain  cutoff, 
is  introduced  in  one  grid  circuit  of  an  otherwise  conventional  multi¬ 
vibrator  (circuit  derived  from  Fig.  28.4  by  replacing  RB  with  CV). 

In  specialized  multivibrators,  as  in  the  basic  symmetrical  cir¬ 
cuit,  the  time  constant  of  each  blocked  grid  is  of  major  importance. 
Each  time  constant  is  a  product  CR,  where  C  is  a  coupling  capaci¬ 
tance  such  as  Ca,  Fig.  28.1,  and  R  is  determined  chiefly  by  the  grid- 
leak  resistor  Ra,  attached  to  the  same  grid.  In  fact,  the  simple 
expression 

T  -  Ca'Ra'  +  Cb'Rb' 

is  a  crude  approximation  for  the  duration  of  one  complete  cycle  of 
the  multivibrator  (reciprocal  of  the  natural  frequency).  It  should 


Fig.  28.4. — Hybrid  of  multivibrator  and  trigger  circuit. 


be  emphasized,  however,  that  this  approximation  gives  the  order  of 
magnitude  only  and  may  be  readily  in  error  by  as  much  as  50  per 
cent.  Improved  approximations  are  available  though  an  exact 
solution  is  difficult  because  of  the  grossly  nonlinear  operation  of 
the  tube. 

Multivibrators  are  relaxation  oscillators,  similar  in  general 
principle  to  the  relaxation  oscillator  first  discussed,  Sec.  2,  except 
that  the  critical  potentials  are  determined  by  high- vacuum  tubes 
rather  than  by  gaseous  devices.  All  previous  remarks  relative  to 
synchronization  and  frequency  reduction  apply  here.  Though  the 
multivibrator  has  a  natural  frequency  of  its  own  and  will  operate 
periodically  without  any  assistance  from  outside  sources,  yet  a 
fine  adjustment  of  the  operating  frequency  may  be  secured  by  syn¬ 
chronization.  To  this  end  a  voltage  having  precisely  the  desired 
frequency  or  any  low-order  harmonic  of  the  desired  frequency  is 
fed  in  to  the  oscillator  circuit.  The  synchronizing  signal  then 
determines  the  exact  'period ,  while  the  multivibrator  unit  determines 
the  waveform  of  the  resultant  cycle  of  operation.  Many  different 


860 


TIMING  CIRCUITS 


[Chap.  XXIV 


types  of  input  coupling  are  in  use.  In  fact,  it  would  be  difficult  to 
inject  a  periodic  voltage  into  a  multivibrator  circuit  in  any  fashion 
without  causing  the  device  to  “lock  in”  at  some  related  frequency. 
For  greatest  sensitivity  the  synchronizing  signal  is  usually  injected 
in  a  grid  circuit.  A  weak  positive  voltage  can  cause  the  grid  to 
become  unblocked  slightly  ahead  of  its  natural  uncontrolled 
schedule.  If  a  weak  negative  voltage  is  present  just  before  the 
crucial  moment,  the  action  is  delayed  slightly.  Weak  voltages 
received  at  other  times  in  the  cycle  are  disregarded,  the  grid  being 
in  an  unresponsive  condition. 

If  the  circuit  is  to  divide  frequency  by  an  even  number,  the 
synchronizing  signal  may  be  fed  symmetrically  to  the  two  grids, 


Fig.  28.5. — Injection  of  synchronizing  signal  for  division  by  an  even  number. 


Fig.  28.5.  For  example,  in  dividing  by  6,  the  third  cycle  of  the 
input  wave  may  trip  the  left-hand  grid,  and  then  the  sixth  cycle  of 
the  input  wave  trips  the  right-hand  grid  in  similar  fashion.  When 
dividing  by  an  odd  number,  such  as  5,  the  designer  may  first  decide 
whether  exact  equality  of  the  halves  of  the  cycle  is  of  any  impor¬ 
tance.  If  not,  he  may  inject  the  synchronizing  voltage  on  one  grid 
only,  using  every  fifth  cycle  to  trip  the  left-hand  tube.  The  length 
of  the  cycle  as  a  whole  is  exactly  correct;  but  the  return  stroke  is 
unassisted,  and  the  halves  are  not  quite  equal.  Sometimes  a 
deliberate  inequality,  such  as  3  to  2,  is  planned  for  the  two  portions 
of  the  cycle.  In  this  case  the  configuration  of  Fig.  28.5  may  be 
retained,  the  signal  is  applied  in  similar  fashion  to  each  grid,  but  the 
time  constants  of  the  two  grids  differ  in  the  correct  proportion. 

If  equality  of  the  halves  is  desired,  in  addition  to  correction  of 
the  cycle  as  a  whole,  then  the  odd-harmonic  synchronizing  signal 
should  be  fed  to  the  two  grids  in  opposite  phase,  Fig.  28.6.  For 
example,  input  cycle  may  assist  the  right-hand  grid  across  its 
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cutoff  threshold,  cycle  5  renders  similar  service  to  the  left-hand 
grid,  cycle  7\  again  assists  the  right-hand  grid,  etc.,  for  a  net  fivefold 
reduction  of  frequency. 

Like  the  basic  trigger  circuits,  multivibrators  are  often  employed 
in  cascade  for  the  purpose  of  obtaining  a  large  over-all  reduction  of 
frequency.  Buffer  amplifiers  are  often  used  as  coupling  devices 
between  successive  multivibrator  pairs.  Unlike  the  linear  array  of 
trigger  circuits,  the  linear  array  of  multivibrators  is  not  limited  to 
division  by  powers  of  2  but  may  divide  by  any  small  whole  number 
(say  from  1  to  9)  at  each  stage  in  the  cascade  circuit. 

For  example,  assume  that  one  has  a  sine  wave  or  a  series  of 
pulses  of  frequency  13,230  cps  and  wishes  to  derive  a  frequency  of 


Fig.  28.6. — Injection  of  synchronizing  signal  for  division  by  an  odd  number. 

60  cycles,  securely  locked  in  a  fixed  phase  relationship  to  the 
13,230-cycle  source.  The  desired  reduction  rate  is  2/441.  The 
solution  is  obtained  by  first  multiplying  the  source  frequency  by  2, 
using  any  conventional  frequency-doubling  device.  The  resulting 
26,460-cycle  voltage  then  is  divided  by  7.  This  is  accomplished 
by  injecting  the  26,460-cycle  synchronizing  voltage  on  one  grid  of  a 
multivibrator  pair.  This  multivibrator  is  designed  mathematically 
and  if  necessary  adjusted  experimentally  so  that  its  natural  uncon¬ 
trolled  oscillation  is  in  the  neighborhood  of  3,800  cps.  Being 
considerably  nearer  to  the  seventh  subharmonic  of  26,460  than 
it  is  to  the  sixth  or  eighth  subharmonic,  application  of  moderate 
synchronizing  voltage  causes  this  multivibrator  to  snap  into  har¬ 
monic  relationship  at  exactly  3,780  cps.  (Excessive  amplitude  of 
synchronizing  voltage  would  allow  every  sixth  cycle  to  pull  the 
trigger  instead  of  waiting  properly  for  the  seventh.  However,  the 
available  engineering  margin  is  sufficient,  and  the  excess  amplitude 
can  be  adequately  guarded  against.) 


862 


TIMING  CIRCUITS 


[Chap.  XXIV 


The  3,780-cycle  voltage  just  derived  is  passed  through  a  buffer 
amplifier  and  then  is  used  to  synchronize  the  next  multivibrator 
pair.  This  second  pair  resembles  the  first  except  that  the  coupling 
capacitances  CY  and  CBf ,  Fig.  28.1,  are  larger  and  the  grid  resist¬ 
ances  Ra  and  Rb  are  also  larger.  The  natural  uncontrolled  fre¬ 
quency  as  an  independent  relaxation  oscillator  is  approximately 
500  cps.  Consequently,  with  proper  amplitude  of  synchronizing 
voltage,  the  multivibrator  snaps  into  synchronism  at  exactly  one- 
seventh  of  3,780  cycles,  having  shifted  to  precisely  540  cps.  The 
further  reduction  to  60  cycles  may  be  obtained  in  a  single  jump, 
reducing  by  a  factor  of  9,  or  it  may  be  obtained  in  two  stages, 
reducing  by  3  and  again  by  3.  Though  more  expensive,  the  latter 
choice  offers  a  greater  margin  for  security  of  the  system  as  a  whole 
against  possible  error  due  to  voltage  amplitude  of  drift.  For  this 
reason,  it  is  adopted  often  in  television  control  systems,  where 
even  a  momentary  error  could  cause  considerable  embarrassment 
and  trouble.  Reduction  by  larger  jumps  would  be  permissible  in 
applications  where  less  dependence  need  be  placed  upon  security. 

In  addition  to  their  very  common  use  as  elements  in  a  frequency- 
reduction  chain,  multivibrators  are  also  employed  as  frequency 
multipliers.  For  example  a  50-kc  multivibrator,  accurately  syn¬ 
chronized  by  a  50-kc  crystal  oscillator,  may  be  used  as  the  source  of  a 
series  of  harmonics,  evenly  spaced  50  kcps  apart,  and  extending 
far  into  the  high-frequency  radio  spectrum.  This  application 
results  from  the  rich  harmonic  content  that  is  indicated  by  the 
extremely  angular  waveform  of  the  device.  In  ordinary  multiplica¬ 
tion  the  frequency  ratios  are  integers  but  are  not  limited  to  small 
numbers.  Ratios  of  100  or  more  are  obtainable  rather  easily. 
Such  harmonic  series  are  very  useful  in  the  calibration  of  receiving 
sets,  wavemeters,  signal  generators,  etc.  Intermediate  settings 
may  be  obtained  by  switching  on  a  10-kc  multivibrator,  synchro¬ 
nized  by  the  same  crystal  oscillator.  A  further  reduction  by  a  factor 
of  10  (usually  in  two  stages)  permits  generation  of  a  precision  1,000- 
cycle  wave.  This  may  be  used  to  drive  an  electric  clock,  verifying 
the  average  precision  of  the  entire  system.  Additional  verification 
is  available  by  checking  known  high-frequency  harmonics  against 
the  calibration  signals  radiated  by  the  Bureau  of  Standards.  Frac¬ 
tional  frequency  multiplication  may  be  obtained  by  matching  any 
known  harmonic  of  a  variable-frequency  oscillator  against  a  dif¬ 
ferent  known  harmonic  of  the  standard  multivibrator. 

Since  the  plate  current  is  practically  the  same  as  the  cathode 
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current,  an  approximately  rectangular  output  voltage  may  be 
obtained  from  the  multivibrator  by  using  cathode-resistor  output 
coupling.  The  missing  upper  right-hand  corner  of  the  rectangle, 
indicated  by  the  dotted  line  at  the  top  of  Fig.  28.3,  is  sometimes 
negligible  and  frequently  unobjectionable.  Such  voltage  waves 
are  useful  in  determining  the  response  of  amplifiers,  in  electronic 
switching  of  cathode-ray  tube  patterns,  in  driving  differentiators 
as  pulse  makers,  and  in  numerous  other  applications.  Somewhat 
similar  output  voltage  also  may  be  derived  by  coupling  to  the  plate 
of  either  tube,  though  here  the  capacitor-charging  transients  fur¬ 
ther  modify  the  voltage  pattern. 

Unbalanced  multivibrators  with  cathode-resistor  output  or 
with  plate-circuit  output  can  furnish  a  short,  sharp,  and  approxi¬ 
mately  rectangular  voltage  pulse.  Since  this  may  be  made  to 
occupy  any  reasonable  fraction  of  the  cycle,  it  is  particularly  useful 
in  the  operation  of  keying  tubes.  In  this  application  the  unbal¬ 
anced  multivibrator  is  usually  the  final  stage  of  a  cascade  frequency- 
reducing  chain.  The  preceding  stages  lock  the  low-frequency 
keying  pulse  securely  in  any  desired  phase  or  time  relationship  with 
the  higher  frequency  signal  that  is  to  be  keyed  in  or  keyed  out. 

Asymmetrical  (unbalanced)  multivibrators  may  do  certain 
specialized  jobs  such  as  the  production  of  a  saw-tooth  wave  within 
the  multivibrator  circuit.  Hybrid  multivibrator  triggers  are  useful 
in  single-sweep  and  delayed-sweep  applications  such  as  recording 
the  transients  in  a  transmission  line  following  a  lightning  stroke, 
observing  double-refraction  effects  in  a  limited  portion  of  an  iono¬ 
spheric  sweep  pattern,  etc. 

Increased  precision  of  multivibrator  frequency  control  may 
be  secured  by  connecting  one  or  both  grid  resistors  to  a  moderately 
high  positive-bias  source  instead  of  connecting  the  grid  resistors 
to  the  cathode  (as  in  the  conventional  multivibrator  circuit) .  This 
causes  the  graph  of  the  grid  potential  of  a  tube  returning  from  its 
blocked  condition  to  intersect  the  cutoff  line  at  a  steeper  slope  than 
would  otherwise  be  obtained,  thus  improving  the  accuracy  of  tim¬ 
ing.  Minor  frequency  adjustments  may  be  made  by  changing  the 
positive  bias. 
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I.  EXPONENTIALS  AND  LOGARITHMS 

1.  Extension  of  the  Notation  of  Exponents. — In  the  usual  nota¬ 
tion  23  means  the  product  of  three  numbers  each  equal  to  2,  and  in 
general  am ,  where  m  is  a  positive  integer,  means  the  product  of  m 
numbers  each  equal  to  a .  The  fundamental  rule  holds: 

am  ■  an  =  am+n  (1.1) 

Successive  extensions  of  the  notation  am  now  will  be  made  such 
that  rule  (1.1)  will  always  hold. 

(1)  a~m  means  for  example,  2-3  =  i  =  g 

(2)  a0  means  1;  for  example,  2°  =  1,  and  10°  =  1,  •  •  • 

(3)  a1/q  means  a )  for  example,  31  means 

S/3  =  VP732  =  1.316 

If  q  is  an  even  number,  a  should  be  positive  for  a1/q  to  be  real. 

(4)  ap/q  means  for  example,  2?  means 

(V2)3  =  (1.414)3  =  2.828 
Thus,  if  m  is  any  rational  number,  positive,  negative,  zero,  and  a 
is  a  positive  number,  the  meaning  of  am  is  clear. 

2.  Logarithms  to  the  Base  2. — Consider  the  geometrical  progres¬ 
sion  of  ratio  2, 

•  •  ■  i  i  i  1  2  4  8  •  •  •  (2.1) 

or 

•  •  •  2~3  2-2  2-1  2°  21  22  23  •  •  *  (2.2) 
and  the  arithmetical  progression  of  the  exponents  of  2, 

■  *  *  -3  -2  -1  0  1  2  3  •  •  •  (2.3) 

3,  say,  is  called  the  logarithm  of  8  to  the  base  2.  Any  positive  num¬ 
ber,  not  only  those  of  the  progression  (2.1),  has  a  logarithm  to  the 
base  2.  For  example, 

(2)5  =  ^/§2  =  3.174 
865 
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hence, 

log2  (3.174)  =  |  =  1.667 

In  general, 

log2  (x)  =  y  means  2y  =  x  (2.4) 

3.  Common  or  Decimal  Logarithms. — Common  or  decimal 
logarithms  are  to  the  base  10;  they  are  based  on  the  geometrical 
progression 

•  •  •  xk  TS  1  10  100  1,000  •  •  • 

or 

•  •  •  10-3  10-2  10-1  10°  101  102  103  •  •  • 

and  the  arithmetical  progression 

*•*-3-2-10123** 

Thus  —3,  say,  is  the  common  logarithm  of  0.001;  and,  in  general, 
y  =  logio  x  means  10y  =  x  (3.1) 

4.  Definition  of  the  Number  e. — All  curves  y  =  ax,  where  a  is 

a  positive  number,  have  the  same 
general  shape,  Fig.  4.1.  They  all 
pass  through  the  point  x  —  0, 
y  =  1 .  For  x  positive  they  increase 
rapidly,  the  faster  the  larger  a  is; 
for  x  negative  they  approach  zero 
rapidly,  the  faster  the  larger  a  is. 
Note  that  ax  is  always  positive .  At 
point  (0,1)  the  slope  of  y  =  2X 
(dashed  line)  is  0.693,  and  the  slope 
of  y  ~  10*  (solid  line)  is  2.30. 
There  is  therefore  a  certain  number 
e,  between  2  and  10,  such  that  the 
slope  of  y  =  ex  at  (0,1)  is  unity. 
This  important  number  is 

Fig.  4.1.— Graphs  of  the  exponential 

functions  2X  and  IO*.  €  =  2.71828  *  *  *  (4.1) 

5.  Natural,  or  Napierian,  Logarithms. — Logarithms  to  the 
base  e  are  called  natural,  or  Napierian,  logarithms. 

loge  x  —  y  means  ev  =  x  (5.1) 

The  symbol  In  x  is  sometimes  used  instead  of  logf  x. 
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The  graphs  for  y  =  logio  x  and  y  =  log2  x  are  given  in  Fig.  5.1. 
Note  that,  since  a£  is  always  positive,  a  negative  number  has  no 
logarithm. 


Fig.  5.1. — Graphs  of  the  logarithmic  functions  log2  x  and  logio  x. 


6.  Use 

of  Logarithms.- 

-If  X! 

=  logo  yi,  X2  =  logo  2/2, 

then 

y  i  =  y 2 

=  ax»,  and 

2/i2/2  = 

axuix*  = 

:  a(aji+a;») 

(6.1) 

also, 

2/i  =  = 

(ax  i)  ( a~ 

■ x2 )  =  a(x*“**) 

(6.2) 

2/2  ax* 

Rules:  1.  Logarithm  of  product  —  sum  of  logarithms. 

2.  Logarithm  of  quotient  =  difference  of  logarithms. 

This  is  true  whatever  the  base  a. 

If  a  product  consists  of  n  factors  each  equal  to  x,  then,  from  rule 

1, 

log0  Or71)  =  n  logo  x  (6.3) 

Because  of  the  generalizations  in  Sec.  1,  this  rule  is  equally  true  if 
n  is  any  rational  number,  positive,  negative,  zero.  ( x  must  be 
positive  in  every  case.) 

7.  To  Find  the  Common  Logarithm  of  a  Number. — This  given 
number  must  be  positive;  negative  numbers  have  no  logarithm. 

1.  If  the  given  number  N  lies  between  1  and  10;  Say  N  =  6.73. 
Disregarding  the  decimal  point,  opposite  the  number  673  the 
logarithm  table  or  slide  rule  gives  828.  This  will  be  the  decimal 
part  of  the  logarithm  you  seek.  The  logarithm  must  lie  between 
0  and  1 ;  hence,  log  6.73  =  0.828. 

2.  If  the  given  number  N  is  greater  than  10:  Write  it  as  the  product 
of  a  power  of  10  and  a  number  larger  than  1  and  smaller  than  10. 
Say  N  =  673,  then  N  =  102  ■  6.73,  and  log  673  =  2.828. 
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3.  If  the  given  number  N  is  smaller  than  unity :  Write  it  as  the 
product  of  a  negative  power  of  10  and  a  number  larger  than  1  and 
smaller  than  10.  Say  N  =  0.0673,  then  N  =  10-2  •  6.73,  and 
log  0.0673  =  —  2  +  0.828.  This  may  also  be  written  as  8.828  —  10 
or  as  —1.172.  Note  that,  in  this  last  form,  the  decimal  part  of 
the  logarithm  does  not  consist  of  the  figures  given  by  the  logarithm 
table  or  slide  rule. 

8.  To  Find  the  Natural  Logarithm  of  a  Number. — Here  the 
decimal  point  must  not  be  disregarded,  because  multiplying  or 
dividing  a  given  number  by  a  power  of  10  alters  altogether  its 
natural  logarithm. 

From  a  table  of  natural  logarithms  (or  of  the  exponential  func¬ 
tion  ex,  which  amounts  to  the  same  thing),  read  the  required 
number.  For  example, 

log€  67.3  =  4.21  log£  0.0673  =  -2.70 

If  no  table  of  natural  logarithms  is  at  hand,  first  find  the  common 
logarithm  of  the  number,  then  multiply  it  by 

loge  10  =  2.30258 

For  example, 

logio  67.3  =  1.828,  hence  loge  67.3  —  4.21 

log™  0.0673  =  -1.172,  hence  loge  0.0673  =  -2.70 

To  prove  the  above  rule,  write 

y  =  10*1  =  e*2 

Taking  common  logarithms, 

Xi  =  x2  logio  €  =  (x2)  0.43429  (8.1) 

Taking  natural  logarithms, 

x2  =  zi  logt  10  =  (xi)  2.30258  (8.2) 

The  following  are  convenient  approximate  values  of  powers  of 
e  (within  1  per  cent): 

c 2  =  7.4  e3  =  20  e4  =  55  e5  =  150 

e6  =  400  c7  =  1,100 

9.  Decreasing  Exponential  Function. — The  function 


(9.1) 
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can  be  represented  by  a  graph,  Fig.  9.1.  This  is  the  image  of  the 
graph  of  2*  Fig.  4.1,  reflected  in  the  y  axis. 

An  important  example  of  such  a  function  is  the  power  along  a 
nonresonant  transmission  line  as  a  function  of  the  distance  from  the 
generator.  Because  of  losses  along  the  line,  the  power  at  the  end 
of  a  line  100  miles  long  may  be 
only  for  example,  of  the  input 
power.  Then  the  power  at  the 
end  of  a  line  200  miles  long  will  be 
i  of  this,  or  i  of  the  input  power, 
etc.  The  plot  of  power  against  dis¬ 
tance  will  be  a  decreasing  exponen¬ 
tial  curve. 

10.  Power  Ratios. — When  the 
power  along  a  telephone  line  is 
getting  too  low,  it  may  be  boosted 
by  an  amplifier.  Consider  a  line 
OCy  with  amplifiers  at  A  and  B; 
a  diagram  representing  the  varia- 
tions  in  power  along  this  line  is  FlG'  9J  2_!lponent:al 

given  in  Fig.  10.1.  The  input 

power  Pi  is  1  watt.  The  problem  is  to  calculate  the  output  power 
P0  at  C,  having  the  following  data: 

Ratio  of  power  along  the  section  of  line  OA,  Pi/ Pi  =  12.6. 

Amplification  of  power  by  the  amplifier  at  A,  Pi /Pi  —  17.4. 

Ratio  of  power  along  the  section  of  line  AB,  P\/P2  =  85.1. 


Fig.  10.1. — Power  along  a  line  with  two  amplifiers,  one  at  A  and  the  other  at  B. 

Amplification  of  power  by  the  amplifier  at  B ,  P2/P2  =  60.3. 
Ratio  of  power  along  the  section  of  line  BC ,  P2/P0  =  9.77. 

The  output  power  P0  is 

(17.4)  (60.3) 

0  *  (12.6)(85.1)(9.77) 
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This  is  a  typical  case  for  using  logarithms  (or  a  slide  rule,  on  which 
the  spacing  of  the  numbers  is  determined  by  their  logarithms). 
The  logarithms  to  the  base  10  are 

log  12.6  =  1.10  log  17.4  =  1.24  log  85.1  =  1.93 
log  60.3  =  1.78  log  9.77  =  0.99 

Therefore, 

logO  =  -1.10  +  1.24  -  1.93  +  1.78  -  0.99  =  -1.00 

F  o 

and 

Pz  =  O.lPo,  or  0.1  watt 

Thus  to  every  section  of  line  a  negative  number  may  be  attached, 
and  to  every  amplifier  a  'positive  number,  which  will  be  in  every  case 
the  logarithm  of  the  ratio  of  the  output  power  to  the  input  power. 
The  magnitude  of  each  negative  number  is  called  the  loss  of  the 
specific  section  of  line;  each  positive  number  is  called  the  gain  of 


P‘r— —— A - - A _ .  * 


LINE  SECTION 

•  i 

AMPLIFIER 

LINE  SECTION 

a 

AMPLIFIER 

r? 

LINE  SECTION 

NO .  1 

N0.1 

NO.  2 

N0.2  ' 

NO. 3 

ll.Odb  +I2.4db  -ll.Jdb  +R8db  -9.9  db 

Fig.  10.2. — Block  diagram  of  the  line  of  Fig.  10.1. 


the  specific  amplifier.  To  obtain  the  total  gain  or  loss  of  the  whole 
line  OC .  add  all  these  numbers  algebraically. 

In  this  application,  the  common  logarithms  are  said  to  be 
counted  in  bels,  as,  for  example,  —1.10  bel,  1.24  bel,  etc.  The  bel 
being  too  large  a  unit,  the  practical  unit  is  the  decibel ,  which  is  0. 1 
bel.  In  the  above  example  the  loss  of  the  section  of  line  OA  is 
11.0  db,  the  loss  of  section  AB  is  19.3  db,  the  loss  of  section  BC  is 
9.9  db.  The  gain  of  the  amplifier  A  is  12.4  db,  and  the  gain  of  the 
amplifier  B  is  17.8  db.  The  block  diagram  of  the  whole  line  is 
given  in  Fig.  10.2.  In  general,  the  gain  G  in  decibels  is  defined,  for 
any  network,  by 

g=l0o.iG  or  (?db  =  10  log  (10.1) 

where  P»  and  P0  are  the  input  and  output  power,  respectively,  of 
the  network.  In  words,  “P0  is  G  db  higher  than  Pt  ”  if  G  is  positive 
or  “G  db  lower  than  Pt”  if  G  is  negative.  The  diagram  of  Fig.  10.3, 
in  which  powers  are  plotted  vertically  on  a  logarithmic  scale,  illus- 
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trates  this  figurative  way  of  speaking.  It  also  shows  that  a  ter¬ 
minal  amplifier,  with  a  gain  of  10  db,  would  restore  the  original 
power  level. 

It  is  apparent  that  the  decibel  measures  only  power  ratios  and 
is  therefore  independent  of  the  magnitude  of  the  powers  involved. 
It  is  possible  to  specify  as  zero  level  any  convenient  power  level, 
in  which  case  the  magnitude  of  a  power  may  be  expressed  in  terms 
of  decibels  without  ambiguity. 


Fig.  10.3. — Power  levels  along  a  line  on  a  logarithmic  scale. 


11.  Voltage  and  Current  Ratios. — Voltage  ratios  often  have 
to  be  calculated.  Let  E i  and  E 2  be  voltages,  and  assume  that  E\ 
is  applied  to  a  resistor  of  R  ohms  and  E2  to  another  resistor  also  of 
R  ohms.  The  currents  in  the  resistors  will  be 

j  _  El  J  _  -®2  /i  i  -t\ 

ii  'ft*  ~  a  ulij 

If  Piy  P2  are  the  powers  dissipated, 


According  to  rule  (6.3), 

log  (ft)  = 2  log  (ft)  = 2  log  (£) 

therefore,  from  (10.1), 

Gib  =  20  log  0?)  =  20  log  0)  (11.3) 

Formulas  (11.3)  can  be  applied  strictly  only  when  the  voltages 
Eh  E2  are  applied  to  resistances  of  the  same  value.  However,  they 
are  also  used,  irrespective  of  the  resistance  values,  when  voltage 
ratios  are  the  only  quantities  of  importance,  for  example,  in  voltage 
amplifiers. 
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12.  Nepers  and  Conversion  Factors. — Natural,  ornapierian,  loga¬ 
rithms  are  sometimes  used  for  computing  voltage,  or  current,  ratios. 
Two  voltages,  or  currents,  are  said  to  differ  by  one  neper  when  one 
of  them  is  e  times  as  large  as  the  other  (e  =  2.718) .  If 

I5  =  T  =  (12.1) 


ln(S)  =  ln(r:) 


(12.2) 


This  neper  is  scarcely  ever  used  except  in  calculating  voltage, 
or  current,  ratios  along  transmission  lines.  If  the  voltage  ER  at  the 
receiving  end  of  a  nonresonant  line  is  less  than  the  voltage  Es  at 
the  sending  end,  and  ER  =  ES€~a,  the  line  is  said  to  have  an  attenua¬ 
tion  of  a  nepers. 

Decibels  and  nepers  are  pure  numerics  based  on  power  ratio  and 
voltage  ratio,  respectively.  When  two  voltages,  or  currents,  are 
applied  to  the  same  resistance,  there  is  a  conversion  rule  relating 
decibels  and  nepers,  as  follows:  Let  D  db  correspond  to  N  nepers. 
From  (10.1)  and  (12.1), 


(12.4) 


(12.5) 


jrx  =  (10)oao  =  [jfrj  =  *2N  (12-3) 

Taking  common  logarithms, 

OAD  =  2 N  log10  c  =  0.8686N 

D  =  8.686N  (12.4) 

The  neper  is  therefore  a  larger  unit  than  the  decibel. 

N  1  neper  =  8.686  db  (12.5) 

A  1  db  =  0.115  neper  (12.6) 

_30°/  n*  VECTORS  and  complex  algebra 

/  13.  Definition. — The  vectors  here 

W  L _ considered  serve  as  geometrical  repre¬ 

sentation  for  any  physical  quantity 
that  has  both  magnitude  and  direction 
$  in  a  plane .  For  example,  displace- 

FlG-re1pr^X°a  veTo“  fr0m  a  Point  0  to  a  Point  A  ^ 

be  “2  miles”  in  the  direction  “North 
30°  East,”  Fig.  13.1,  or  a  force  on  a  fixed  point  0  may  be  “2  pounds” 
“upward,  30°  to  the  right.”  Lines  such  as  OA,  having  length  and 
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direction,  can  also  be  used  to  represent  the  magnitude  and  phase  of 
alternating  voltages  and  currents  (Chap.  I). 

14.  Addition  of  Vectors. — The  vector  sum  of  two  vectors  V\ 
and  V2  is  obtained  by  moving  first  along  the  vector  Fi,  from  0 
to  A,  Fig.  14.1,  then  moving  from  A  to  B,  a  distance  equal  to  the 
magnitude  of  V2,  in  a  direction  parallel  to  V2.  Calling  FBum  the 
vector  OB,  FBum  =  Fi  +  V2.  The  result  would  have  been  the  same 
had  the  motion  been  first  along  V 2,  from  0  to  C ,  then  from  C  to  B , 


Fig.  14.1. — Addition  of  two  Fig.  14.2. — Addition  of  three  vectors, 

vectors. 


a  “ vector  displacement”  equal  to  Fi,  in  magnitude  and  direction. 
Adding  two  vectors  is  the  same  as  obtaining  the  resultant  of  two 
forces  by  the  parallelogram  rule. 

In  order  to  add  three  or  more  vectors  Fi,  V2)  F3,  Fig.  14.2,  move 
first  from  0  to  A  along  F i,  then  from  A  to  B  ,  a  vector  displacement 
equal  to  V 2,  then  from  B  to  C,  a  vector  displacement  equal  to  F3 . 
The  final  result,  the  vector  FBum,  or  OC,  is  independent  of  the  order 
in  which  the  vectors  Fi,  F2,  F3  are  taken. 


Fig.  15.1. — Components  of  a  vector. 


16.  Components  of  a  Vector. — A  vector  F  is  the  sum  of  the  two 
vectors  Vx  and  Vy  that  are  its  projections  on  the  usual  rectangular 
axes  Ox,  Oy,  Fig.  15.1. 

The  two  vectors  X\  and  yx  of  magnitude  1,  directed  in  the  positive 
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direction  on  Ox,  Oy,  are  called  unit  vectors.  For  the  example  in 
Fig.  15.1, 

V  =  4zi  +  2yi  (15.1) 

which  expresses  that  the  displacement  V  is  equivalent  to  moving 
four  units  to  the  right  and  two  units  upward.  In  general,  if  a 
and  b  are  two  numbers,  positive,  negative,  zero,  then,  for  any 
vector  V  in  the  plane, 

V  =  axi  +  byi  (15.2) 

From  the  parallelogram  rule,  the  sum  of  two  vectors  given  by 

Vi  =  ax  i  +  byi  V2  =  cx  i  +  dyi 
is 

Vz  =  V i  F 2  =  (a  +  c)x i  +  (b  +  d)yi  (15.3) 

16.  Complex  Quantities. — The  equation  x2  +  1  =  0  has  no 
root,  in  the  sense  that  no  number  x  exists  (positive,  negative,  zero) 
whose  square  is  —1.  Adopting  j  as  the  symbol  for  \/—  1, 

j2  =  - 1  (16.1) 

the  imaginary  roots  of  x2  +  1  =0  are  ±j.  Note  that  j  is  not  a 
number. 

An  expression  such  as  a  +  jb  is  called  a  complex  quantity. 
The  real  part  is  a ;  the  imaginary  part  is  jb. 

Complex  numbers  and  in  general  an  expression  containing  j 
can  be  treated  by  the  ordinary  rules  of  algebra;  whenever  j2  occurs, 
replace  it  by  —1.  For  example, 

2j(l  -  j3)  (2  +  j)  =  2j(2  -5 j  -  3 j2)  =  2j(5  -  5j)  =  10  +  jlO 

Complicated  expressions  containing  j  can  be  reduced,  therefore,  to 
the  simple  form  a  +  jb. 

17.  Geometrical  Representation  of  Complex  Numbers. — Let 

and  z2  be  two  complex  numbers. 

Z\  =  a  +  jb  z2  =  c  +  jd 

Upon  applying  the  ordinary  rules  of  algebra,  the  sum  z3  of  these 
two  complex  numbers  is 

23  =  Zi  +  #2  =  (a  +  c)  +  j(b  +  d)  (17.1) 

The  resemblance  of  (17.1)  to  (15.3)  is  striking;  it  has  become 
common  practice  to  represent  geometrically  the  number  1  by  the 


Sec.  19]  MULTIPLICATION  OF  COMPLEX  NUMBERS 


875 


horizontal  unit  vector  x\  and  the  symbol  j  by  the  vertical  unit 
vector  2/1.  A  complex  number  a  +  jb  is  represented  geometrically 
by  the  vector  V  —  axi  +  by i,  Fig.  15.1.  The  sum  z3  of  two  com¬ 
plex  numbers  Zi  and  z2  is  represented  geometrically  in  Fig.  17.1. 


Fig.  17.1. — Addition  of  complex  numbers. 

18.  Relations  between  the  Two  Definitions  of  a  Complex 
Number. — A  complex  number  and  the  vector  that  is  its  geometrical 
representation  can  be  defined  in  two  different  ways, 

1.  By  its  rectangular  components,  a  and  jb. 

2.  By  its  magnitude  M  and  the  angle  0,  measured  positively 
(counterclockwise)  from  Ox. 

In  the  first  case, 

z  =  a+jb  (18.1) 

In  the  second  case, 

2  =  \z\,/9  (18.2) 


The  complex  number  z  is  said  to  be  represented  in  the  complex, 
or  rectangular,  form  (18.1)  and  in  the  polar  form  (18.2). 

From  Fig.  18.1,  the  relations 


M  «  Va2  +  b 2 

(18.3) 

n  a 

cos  6  =  M 

(18.4) 

sm  9  =  yj 

M 

(18.5) 

tan  0  =  - 
a 

(18.6) 

b 

2 _ 

0 

Fig 

i  « 

.  18.1. — Definition  of  a  vector, 

complex  number,  by  (a,  b)  or  by  (M,  0). 


determine  M  and  6  when  a  and  b  are  given.  If  M  and  9  are  given,  a 
and  b  are  determined  by 


a  =  M  cos  9  (18.7) 

b  =  M  sin  9  (18.8) 

19.  Multiplication  of  Complex  Numbers. — To  obtain  the  product 
of  two  complex  numbers,  apply  the  ordinary  rules  of  algebra,  and 
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replace,;2  by  —  1,  (16.1).  In  the  general  case, 

z3  =  ziz2  =  (a  +  jb)(c  +  jd) 
=  ac  +  jad  +  jbc  +  j2bd 
=  (ac  —  bd)  +  j(ad  +  be) 

The  square  of  the  magnitude  of  z3  is 


(ac  -  bd)2  +  (ad  +  be)2  =  (a2  +  b2)(c2  +  d2) 
and  the  angle  of  z3  is  given  by 


tan  03 


ad  +  be 


ac  —  bd 
tan  0i  +  tan  02 
1  —  tan  0i  tan  0: 


(b/a)  +  (d/e) 
1  —  (bd/ac) 


—  tan  (0i  -(-  02) 


In  polar  form  (19.1)  is  equivalent  to 

(Mi/0i)  (M2/O2)  —  M\Mi/ 0i  -j~  02 


(19.1) 


(19.2) 

(19.3) 


(19.4) 


or  the  magnitude  of  the  product  of  two  complex  numbers  is  the 
'product  of  the  magnitudes  of  the  components;  the  angle  of  the 
product  is  the  sum  of  the  angles  of  the  components,  Fig.  19.1. 


Fig.  19.1. — Product  23  of  two  complex  quantity  z\  and  22. 

This  algebraic  result  carries  with  it  a  rule  for  the  multiplication 
of  the  two  vectors  Fi  and  V2  that  represent  geometrically  Zi  and 
z2,  viz.,  multiply  the  magnitudes  of  the  two  vectors,  and  add  their 
angles,  Fig.  19.1.  Note  that  the  “product  of  two  vectors”  thus 
obtained  is  neither  the  “scalar  product  (A  •  B)  ”  nor  the  “vector 
product  (A  X  B)  ”  used  in  electromagnetic  theory.  The  vectors 
that  geometrically  represent  complex  numbers  and  the  vectors 
that  represent  the  electromagnetic  field  are  essentially  different 
and  obey  different  rules.  The  vectors  that  correspond  to  complex 
numbers  are  used  in  the  vector  diagrams  of  a-c  theory.  For 
example,  in  the  generalized  Ohm’s  law  E  =  ZI,  if  Z  =  jlO,  the 
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vector  E  will  have  ten  times  the  magnitude  of  I  and  will  lead  7 
by  90°  (counterclockwise). 

If  a  complex  quantity  Z\  =  a  +  jb  =  1/0  has  a  magnitude  1 
and  an  angle  0,  multiplying  any  complex  quantity  z2  by  Z\  will 
have  the  effect  geometrically  of  rotating  the  vector  representing 
z2  through  the  angle  0  counterclockwise  without  changing  its 


Fig.  19.2. — Product  z-i'  of  a  complex  Fig.  19.3. — Product  jzz  of  a  complex 
quantity  zi  and  zi  =  1  /6^  quantity  zz  and  j. 


magnitude,  Fig.  19.2.  For  this  reason,  complex  quantities  of 
magnitude  1  sometimes  are  called  rotators  or  phasors . 

In  particular,  multiplying  a  complex  quantity  by  j  has  geo¬ 
metrically  the  effect  of  rotating  it  90°  counterclockwise,  Fig.  19.3. 
Multiplying  by  —  j  or  1/j  has  the  effect  of  a  clockwise  rotation  of 
90°. 


20.  Conjugate  Complex  Numbers.— Consider  the  quadratic 
equation  with  real  coefficients,  y 


x2  -  Qx  +  13  =  0 

(20.1) 

The  two  roots  of  the  quadratic 

ax 2  +  bx  +  c  =  0 

(20.2) 

are  given  by 

—  b±  Vb*  —  4ac 

sy  - 

(20.3) 

2a 

-3 


Whenever  the  quantity  b 2  —  4 ac  is  nega-  Fig.  20.1.— -Example  of  con  - 

tive,  the  two  roots  will  be  Complex  num-  jugate  complex  numbers. 

bers  with  the  same  real  part  and  opposite  imaginary  parts;  for 
example,  in  (20.1), 


x  = 


6  ±  V-16 
2 


3  ±j2 


(20.4) 


The  representative  vectors  Ox h  Ox2  in  Fig.  20.1  are  images  of 
each  other  with  respect  to  the  Ox  axis.  Each  of  two  such  complex 
quantities  is  said  to  be  the  conjugate  of  the  other. 
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The  sum  of  two  conjugate  complex  numbers  a  ±  jb  is  always  a 
real  number  2a;  their  difference  is  always  a  pure  imaginary  number 
2 jb;  their  product  is  always  a  positive  real  number, 

(a  +  jb)(a  -  jb)  =  a2  -  jV  =  a2  +  62  (20.5) 

21.  Ratio  of  Two  Complex  Numbers. — 1.  If  the  complex  num¬ 
bers  Zi,  z2  are  given  in  polar  form, 


Mi/0i  Mi 


(21.1) 


i.e.j  magnitude  of  ratio  =  ratio  of  magnitudes;  angle  of  ratio  = 
algebraic  difference  of  angles. 

2.  If  zi,  z2  are  given  in  rectangular  form,  multiply  numerator 
and  denominator  by  the  conjugate  of  the  denominator.  Thus, 


a  +  jb  _  (a  +  jb)(c  -  jd)  __  ac  +  bd  .be  -  ad  ( 
c  +  jd  (c  +  jd)(c  -  jd)  c2  +  d2  ^  3  c2  +  d2 


22.  Square  Root  of  Complex  Number. — If  the  complex  number 
z  is  given  in  rectangular  form,  first  express  z  in  polar  form  by  the 
method  of  Sec.  18.  Let  z  =  \z\[0;  then, 


VWe  =  \/R  / ^  and  also  = 


+  180°  (22.1) 


Magnitude  of  square  root  =  square  root  of  magnitude  of  original 

complex  number;  angle  of  square 
root  =  one-half  the  angle  of  original 
complex  number  and  also  =  one-half 
this  angle  plus  180°,  Fig.  22.1.  This 
gives  two  opposite  values  for  the  square 
root,  just  as  a/4  =  ±2. 

ni.  DIFFERENTIATION 

23.  Derivative. — If  a  quantity  x 
Fia.  22.1— Square  root  of  a  varies  with  time,  the  rate  of  change  of 
complex  number.  this  quantity  with  respect  to  time  is 

measured  by  tan  a,  the  slope  of  the  tangent  to  the  graph  of  the 
function  x(t),  Fig.  23.1.  It  is  practically  equal  to  the  ratio 
where  At  is  a  small  interval  of  time,  and  rigorously  is  the  limit  of 
Ax/ At,  when  At  diminishes  to  zero,  provided  that  there  is  such  a 
limit.  It  is  denoted  by 
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tan  a  or  or  x\t)  or  Dtx  (23.1) 

As  a  function  of  t ,  dx/dt  is  called  the  derivative  of  the  function  z(£)- 
dx  and  dt  (variable  quantities  approaching  zero)  are  called  the 
differentials  of  x  and  of  t. 

Example . — -Let  y  be  a  function  of  x,  say  y  =  x2  (parabolic).  To  find  the 
derivative  of  y{x)  at  point  x  —  s0,  y  —  yo  =  sj, 

(x0  +  Ax )2 
xl  +  2xo  Ax  +  (A*)2 
(2s0  +  Ax)  Ax 

2x0  +  Ax 

The  slope  of  a  straight  line  MM Fig.  23.2,  passing  through  the  point  M 
and  cutting  the  parabola  at  another  point  M'  to  the  right  of  M ,  is  2x0  plus  a 


y0  +  Ay  = 

Ay  = 
Ay  = 
Ax 


Fig.  23.1. — Derivative  of  a  Fig.  23.2. — Illustrating  the  derivative 
function.  of  y  =  x 2. 


positive  quantity  As.  The  slope  of  a  straight  line  cutting  the  parabola  at  M 
and  at  another  point  M "  to  the  left  of  M  is  2x0  plus  a  negative  quantity  ( —  As). 
The  slope  of  the  tangent  at  M ,  that  is,  of  a  straight  line  passing  through  M  and 
cutting  the  parabola  neither  to  the  right  nor  to  the  left,  is  exactly  2s0.  Thus, 
the  derivative  of  s2  is  2s. 


24.  Derivatives  of  Important  Functions. — By  this  process  the 
derivatives  of  the  following  important  functions  are  found  (in  the 
following,  a  is  a  constant,  z  is  a  variable) : 


Function 
a 
x 
x 2 
x» 


Derivative 

0 

1 


2x 

nx n~1 


(24.1) 

(24.2) 

(24.3) 

(24.4) 
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y/x 

1 

2  V* 

(24.5) 

€x 

(24.6) 

ax 

(log,  a)(ax) 

(24.7) 1 

l0ge  X 

1 

x 

(24.8) 

sin  x 

cos  X 

(24.9) 

cos  X 

—  sin  x 

(24.10) 

tan  x 

— 4—  =  1  +  tan2  x 
cos2  X 

(24.11) 

sin-1  x 

1 

a/1  —  x2 

(24.12) 

cos-1  X 

-1 

VI  -  *2 

(24.13) 

tan-1  x 

1 

1  +  X2 

(24.14) 

25.  Useful  Rules  for  Differentiation. — The  process  of  obtaining 
the  derivative  is  called  differentiation.  The  derivatives  of  many 
other  functions  may  be  obtained  from  derivatives  of  the  functions 
of  Sec.  24  by  applying  the  following  rules  in  which  u ,  v  denote  func¬ 
tions  of  x}  and  a  is  a  constant: 


(25.1) 

(25.2) 

(25.3) 

(25.4) 

(25.5) 

(25.6) 

(25.7) 


1  Note  from  (24.6)  and  (24.7)  that  the  number  e  is  such  that  the  derivative 
of  ex  is  the  function  itself,  which  is  not  true  for  any  other  positive  number  (such 
as  2  or  10)  raised  to  the  power  x.  This  justifies  the  way  in  which  e  was  intro¬ 
duced  in  Sec.  4. 
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26.  Examples. — The  useful  rule  (25.7)  of  which  (25.5)  and 
(25.6j  are  particular  cases,  gives  the  derivative  of  a  function  of  a 
function  of  x;  that  is,  of  f(u),  where  f(u)  is  a  function  of  u  and  u 
is  a  function  of  x.  For  example,  to  obtain  the  derivative  of  cos  cox , 
put  u  =  cox;  then 


d(cos  cox)  _  d( cos  u)  du 
dx  du  dx 


sin  u  co 


(26.1) 


Example  of  application  of  rule  (25.3):  To  find  the  derivative  of 

y  =  t~ax  COS  COX,  put  €~ax  —  u}  COS  COX  =  V, 


d(t 


c  cos  cox)  _  d(uv)  _ 
dx  dx 


dv  .  du 

uTx  +  vTx 


(26.2) 


=  e~ax(  —  co  sin  cox)  +  cos  cox(  —  ae~ax) 
—  —  €  ax{co  sin  cox  +  a  cos  cox) 


27.  Maxima  and  Minima. — Since  from  (23.1)  the  derivative  of  a 
function  is  equal  to  the  slope,  tan  a ,  of  its  graph,  it  is  plain  that 
wherever  a  function  has  a  flat  maximum  or  minimum  the  derivative 
of  this  function  must  be  zero.  For  example,  sin  x  is  maximum  for 
x  =  90°,  450°,  •  •  •  ,  minimum  for  x  =  —90°,  270°,  •  •  •  .  For 
these  particular  values  of  x ,  cos  x  is  zero. 

However,  the  derivative  may  be  zero  and  the  function  have 
neither  a  maximum  nor  a  minimum.  For  example,  y  =  xz  for 
x  =  0.  A  general  method  for  finding  where  a  function  is  maximum 
or  minimum  is  therefore  to  find  the  values  of  the  variable  for  which 
the  derivative  is  zero  and  to  check  what  the  function  does  for  these 
values.  For  example,  a  quadratic  function  y  =  ax 2  +  bx  +  c  has 
for  its  derivative  y'  ~  2 ax  +  b.  For  x  =  — b/2a ,  y'  =  0,  and  y 
is  maximum  if  a  <  0,  minimum  if  a  >  0. 

28.  Derivatives  of  Higher  Order. — The  derivative  of  a  func¬ 
tion  y  =  f(x)  is  again  a  function  of  x ,  which  in  turn  can  be  dif¬ 
ferentiated  with  respect  to  x.  The  second  derivative  of  f(x)  is 


d  dy 
dx  dx 


or 


d*y 
dx 2 


or 


f'(x) 


or 


a 


(28.1) 


The  derivative  of  (28.1)  is  the  third  derivative  of  f{x). 

or  fm(x)  or  Dxxxx  (28.2) 


d  d2y 
dx  dx2 


or 


d*y 

dxz 


etc. 
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For  example,  if 

y  =  sin  x 

then 

f(y)  =  cosx 

}"{y)  =  -  sin  X 
S'" (y)  =  —  cos  x 
f""{y)  =  Sin  X 

Also,  if 

z  =  cos  x 

then 

f(z)  =  —  sin  x 
f"(z)  =  —  cos  x 
f"(z)  =  sin  z 
/""(z)  =  cos  x 

After  four  differentiations  the  original  function  returns.  This  is 
true  only  of  the  two  functions  sin  x  and  cos  x  and  linear  combina¬ 
tions  thereof,  as  A  sin  x  +  B  cos  x. 

IV.  INTEGRATION 

29.  Definition. — Integration  is  the  reverse  process  of  differentia¬ 
tion.  For  example,  2x  is  the  derivative  of  x2;  hence  x2  is  the  indef¬ 
inite  integral ,  or  primitive ,  of  2x.  Since  the  derivative  of  a  constant 
is  zero,  then  x2  +  C,  where  C  is  a  constant,  is  also  the  indefinite 

integral  of  2x .  The  integration  con¬ 
stant  C  is  from  this  point  of  view 
undetermined,  hence  the  name 
“indefinite  integral.” 

30.  Definite  Integral  as  Area. 
Consider  the  area  A  bounded  by 
the  graph  of  y  —  f(x),  the  axis  Ox, 
the  ordinates  x  —  a  and  x  =  b, 
Fig.  30.1.  Dividing  the  interval 
Orb  in  a  great  number  of  small 
intervals  of  length  Ax,  and  calling 
yo,  y i,  2/2,  .  .  .  the  successive  ordinates  of  the  curve,  an  approximate 
value  for  A  is  the  sum  of  all  the  rectangles, 

A  =  i/o  Ax  +  2/1  Ax  +  2/2  Ax  +  yz  Ax  +  •  •  • 

The  limit  of  this  sum  when  Ax  — *  0  is  the  area  A . 

A  =  lim  (2/0  Ax  +  2/1  Ax  +  *  •  •),  x  varying  from  a  to  b.  This 

Ax— »0 


Fig.  30.1. — Definite  integral  as  an 
area. 


(28.3) 


(28.4) 
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A  =  J*  y  dx  =  J*  f(x)  dx  (30.1) 

and  is  called  a  definite  integrat.  The  integral  sign  /  was  originally 
S  and  stands  for  “sum”  or,  rather,  “limit  of  sum.” 

31.  Definite  Integral  Related  to  Primitive  Function. — If  x  is 
increased  by  Ax  and  A  by  AA,  Fig.  30.1,  an  approximate  value  of 
AA  is  ybAXj  where  yi  is  the  ordinate  f(b)  for  x  =  b.  Then, 

A  A  . 

■n  =  2/t 

and 

is,(^)=(SL=^=/(6)  (3li) 

Since  the  derivative  of  A(x)  is  y  or  f(x),  A(x)  is  the  indefinite 
integral  of  f(x);  A(x)  =  F(x)  +  C,  where  F{x)  is  a  primitive  func¬ 
tion  of  f(x).  Now 


A  = 


/: 


dA  , 

—r~  dx 
dx 


dA  =  Ab  —  Aa 


(31.2) 


or  the  area  A  between  the  ordinates  x  —  a  and  x  =  b  is  the  dif¬ 
ference  of  the  values  of  A  ( x )  for  x  —  b  and  x  =  a, 


A  =  [F(6)  +  C]  -  [F(a)  +  C]  =  F(b)  -  F(a)  (31.3) 


In  this  expression  for  the  area 


A  by  the  integral  Jb  f(x)  dx,  the 


integration  constant  C  has  disappeared  and  hence  the  name 
“definite  integral.” 

32.  Example. — The  straight  line  OP,  Fig.  32.1,  has  for  its  equa¬ 
tion  y  =  mx.  To  find  the  area  of  the  triangle  OQP. 

Primitive  of  mx  =  +  C  y 

Area  OPQ  = 

-(t  +  °L-t  «“>  ~o 


which  agrees  with  the  usual  rule  ibh 
(b  —  a,  h  =  ma). 


Fig.  32.1. — Integral  of  the 
function  y  =  mx. 


If  y  is  the  voltage  E  across  a  capacitor  of  capacitance  C, 
E  =  Q/C.  The  energy  stored  in  the  capacitor  equals 
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(32.2) 


an  important  result. 

33.  Second  Example. — Given  the  parabola  y  =  \/2 px,  to  find 
the  area  limited  by  the  arc  OB  of  the  parabola,  the  axis  y  =  0  and 
the  ordinate  A B  ( OA  =  a),  Fig.  33.1. 

The  derivative  of  xn  is  nxn~l ;  therefore  the  derivative  of  x  y/x 
or  x*  is  fz*  or  f  s/x;  hence  the  indef¬ 
inite  integral  of  s/ 2*px  is  §  \/2p  +  C. 

Therefore, 

Area  OAB  =  [|  \/2'px*  + 

=  §  \/2p  a  sfa 
=  §  \/2pa  a  =  ffta  (33.1) 


Fig.  33.1. — Area  of  sector  of  a 
parabola. 


In  words,  “area  OAB  is  two-thirds  of 
the  rectangle  OABC’ ’ 

34.  Indefinite  Integrals  of  Important  Functions. — These  are 
obtained  very  simply  from  the  list  of  derivatives,  Sec.  24. 


Function 

Indefinite  Integral 

1 

x  +  C 

(34.1) 

X 

2+C 

(34.2) 

xn+1  _ 

xn 

i  +  c 

n  +  1 

(34.3) 

1 

\/x 

2  y/x  +  C 

(34.4) 

yfx 

%x  y/x  +  C 

(34.5) 

1 

X 

log.  x  +  C 

(34.6) 

e*  +  C 

(34.7) 

eax 

-  +  C 

a 

(34.8) 

COS  X 

sin  x  +  C 

(34.9) 

sin  x 

—  cos  x  +  C 

(34.10) 

COS  0)X 

-  sin  wx  +  C 

0) 

(34.11) 

sin  o)X 

—  -  cos  u>x  +  C 

0) 

(34.12) 
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V.  SERIES  DEVELOPMENTS  AND  APPROXIMATION  FORMULAS 

35.  Polynomial  in  x\  x  Large.-— Consider  a  polynomial  in  xy 

2/  =  5  +  3x-2x2  +  x3  (35.1) 

The  values  of  y  for  x  =  1,  10,  100,  1,000  are 

7  835  980,305  998,003,005  (35.2) 

For  x  —  10,000, 

y  =  999,800,030,005 

If  y  is  a  physical  quantity  obtained  from  laboratory  measure¬ 
ments  and  if  the  precision  of  the  measurements  is  of  the  order  of 
0.1  per  cent,  only  three  significant  figures  should  be  retained  in 
the  numbers  and  the  following  figures  should  be  discarded  as  mean¬ 
ingless.  The  values  of  yf  (3.52),  should  be  written  as 

7.00  835  980  •  10s  998  •  106  1,000  •  109 

This  last  value  is  that  of  x3,  and  it  is  seen  that  in  this  case  terms  of 
lower  degree  than  x3  contribute  nothing  to  the  result. 

When  x  is  sufficiently  large,  a  polynomial  in  x  is  approximately 
equal  to  its  term  of  highest  degree,  or  equivalent  to  it;  in  symbols, 

y  «  x3  or  y  =  x3  (35.3) 

when  x  is  very  large  with  respect  to  1  (indicated  by  x  >  >  1). 

36.  Polynomial  in  x]  x  Small. — Again  consider  the  polynomial 
of  Sec.  35, 

y  —  5  +  3x  —  2x2  +  x3  (36.1) 

The  values  of  y  for  x  —  1,  0.1,  0.01,  0.001  are 

7  5.281  5.029801  5.002998001 

and,  for  x  =  0, 

y  =  5.000  •  *  * 

If  the  precision  of  the  measurements  is  of  the  order  of  0.1  per 
cent,  these  numbers  should  be  written 

7.00  5.28  5.03  5.00  5.00 

All  terms  of  the  polynomial  other  than  the  first  contribute  nothing 
to  the  last  two  results. 

When  x  is  sufficiently  small,  a  polynomial  in  x  is  approximately 
equal  to  its  term  of  lowest  degree;  in  symbols, 

y  ~  5  or  y  =  5  (36.2) 

when  x  is  very  small  with  respect  to  1  (indicated  by  x  <  <  1). 
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37.  Series  Developments. — Consider  the  expression  1/(1  —  x)\ 
since 

1  =  (1  -  x)(l  +  x  +  x*  +  *■  +  •  *  •)  (37.1) 

then 

y  =  -L-  =  l+  x  +  x2  +  x*+---  (37.2) 

-L  X 

The  expression  at  the  right  of  (37.2),  which  contains  an  infinite 
number  of  terms,  is  the  series  development  of  1/(1  —  x).  It  is  valid 
whenever  the  absolute  value  of  x  is  less  than  unity.  If,  for  example, 
x  =  0.1, 

^  J-Q  Y  =  1  +  0.1  +  0.01  +  0.001  +  0.0001  +  •  •  •  (37.3) 

which  is  merely  the  usual  decimal  expansion  of^  =  1.1111  •  •  • 
Suppose  x  and  y  are  physical  quantities,  measured  with  a  pre¬ 
cision  of  0.1  per  cent.  For  x  =  0.1,  0.01,  0.001,  the  values  of  y  are 

1.1111  .  .  .  1.010101  .  .  .  1.001001001  .  .  . 

or,  retaining  only  three  significant  figures, 

1.11  1.01  1.00 

If  x  is  small  enough,  the  infinite  series  development  (37.2) 
is  equivalent  to  its  first  term  (the  same  rule  as  for  a  polynomial). 
However,  if  x}  while  small,  is  large  enough  to  be  retained  in  the 
expression  1  —  x,  as  for  example  x  =  0.01,  it  should  also  be  retained 
in  the  series  development,  but  x2  and  higher  powers  may  be  dis¬ 
carded.  Then 


- -  =  1  +  x  when  x  <  <  1 

1  —  x 

This  is  an  approximation  formula  of  frequent  use. 
Also, 

rr—r — -  —  1  —  x  when  x  <  <  1 
1  +  x 


(37.4) 


(37.5) 


If  x  were  larger,  say  x  =  0.1,  then  x  and  x2  should  be  retained, 
xz  and  higher  powers  discarded. 

38.  Binomial  Theorem. — The  following  development  is  called 
the  binomial  theorem: 
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(a  +  b)n  =  an  +  mn~1b  +  .  2  ^  an 

+  n(WT.12(W3~  -)^8+  • 

n(n  -  1)  •••(»-  p  +  1) 


+ 


a»-p5l>  + 


(38.1) 


where  p!  or  p|  (factorial  p)  stands  for  the  product  (1-2-3  •  •  •  p). 

If  n  is  a  positive  integer,  the  formula  contains  only  n  +  1  terms. 
Thus, 

(a  +  6) 2  =  a2  +  2  ab  +  62  (38.2) 

(a  +  6) 3  =  a3  +  3a26  +  3a62  +  63  (38.3) 

etc. 

If  n  is  a  positive  or  negative  real  number  but  not  a  positive 
integer,  the  right-hand  member  contains  an  infinite  number  of 
terms  and  is  the  series  development  of  (o  +  b)n .  Examples: 

For  n  =  —  1, 


(a  +  b)~ 1  =  a"1  +  (  —  l)a-26  + 


(-D( 


—  a_362 


=  a-1  —  ar2b  +  arzb 2  —  a_463  +  -  •  •  (38.4) 

For  n  — 

(a  +  b)i  =  a*  +  io-»6  +  a-W 


*(-*)(-*) 

1-2-3 


=  a*  +  -  ia~*62  +  *a~563  - 


(38.5) 


This  development  is  valid  whenever  the  absolute  value  of  ( b/a )  is 
less  than  unity. 

39.  Square  Root  of  Numbers  Near  Unity. — Replace  a  by  1  and 

b  by  x  in  (38.5).  Then, 

Vl+x  =  1  +  ix  -  w  +  A*3  -  •  •  •  (39.1) 

which  is  the  series  development  of  y/'l  +  x.  If  x  is  very  small 
with  regard  to  1,  the  very  useful  approximation  formula  (39.2) 
results, 

VT+~Z  =1+|  when  x  <  <  1 


(39.2) 


888 


REVIEW  OF  MATHEMATICS 


[App.  A 


Examples : 


1.004  =  1.002 


V3.606  =  60 


=  60.05 


40.  Taylor’s  Series. — The  above  series  are  particular  cases  of 
the  very  general  Taylor’ s  series  development.  Let  curve  C,  Fig. 
y  40.1,  be  the  graph  of  y  =  fix). 

Taylor’s  formula  states  that, 
..  yt'''  starting  at  point  M  on  the 

(C)_^r  i  curve,  the  value  of  fix)  can  be 

|  ,  found  at  a  neighboring  point 

|  ]  M',  for  a  neighboring  value  of 

- 1 - L - >x  x,  say  x0  +  h,  provided  that 

0  P  P  ,  the  values  of  the  function  fix) 

„  ,  and  of  its  first  and  subsequent 

Fig.  40.1. — Illustrating  Taylor’s  series.  .  . 

derivatives  are  known  for 
x  =  x0 .  The  more  of  these  derivatives  which  are  known,  the  more 
precise  will  be  the  result  for  a  given  value  of  h. 

Taylor’s  formula  is 


fix o  +  h)  -  /(*„)  +  f'(xo)h  +  f"(xo)  ^ 


+  /"'(*«)  5!  + 


(40.1) 


fix  o)  is  the  slope  of  the  tangent  to  C  at  point  M.  Ending  Taylor’s 
formula  with  its  second  term  is  equivalent  to  simulating  curve  C 
by  its  tangent  at  M.  In  so  doing  an  error  is  committed,  and  in 
rigorous  work  an  upper  limit  of  this  error  should  be  known.  The 
following  formula  is  exact: 

h2 

fix o  +  h)  =  /(so)  +  fix0)h  +  f'ixo  +  Oh)  2  (40.2) 

h2 

The  error,  or  “remainder”  R,  is  equal  to  f'ixo  +  Oh)  where 

6  lies  between  zero  and  unity,  but  is  otherwise  unknown.  When  0 
varies  from  0  to  1,  the  point  of  abscissa  (z0  +  eh)  travels  from  M 
to  M'  on  curve  C;  therefore,  if  a  positive  number  K  can  be  found 
such  that  |/"(x)|  is  always  smaller  than  K  on  arc  MM',  the  error  in 
using  the  approximation  formula 

fix  o  +  /12)  =  fix  0)  +  fixo)h 
will  be  smaller  than  Kh2/2. 


(40.3) 
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f"(x o)  is  the  rate  of  change  of  the  slope  of  curve  C,  taken  at 
point  M.  If  f"(x o)  is  positive,  curve  C  gets  steeper  when  M 
moves  to  the  right,  or  C  is  concave  upward  (as  in  Fig.  40.1).  If 
/"(so)  is  negative,  C  is  concave  downward.  Taylor’s  formula 
ended  with  its  third  term  is 

Jj  2  7,3 

f(xo  +  h)=  Kxo)  +  f'(x0)h  +  /"(so)  ^  +  /"'(Xo  +  eh)  -g-  (40.4) 

If  curve  C  represented  the  position  of  a  car  on  a  road  as  a  func¬ 
tion  of  time  x  —  /(/)  and  the  axes  were  marked  ( Ot,Ox )  instead  of 
(Oz,Oi/),  /'(20)  would  be  the  speed  of  the  car  at  time  t0,  and/" (4)  its 
acceleration  at  the  same  instant. 

f"(x o)  is  the  rate  of  change  of  j"{x)  at  point  x  =  x0;  if  it  is 
positive,  curve  C  is  flatter  at  the  left  of  M  and  is  more  curved  at 
the  right  of  M .  The  higher  derivatives  have  no  obvious  geometrical 
meaning. 

The  detector  action  of  a  diode  depends  essentially  on  the  /"(s) 
of  its  characteristic.  The  determination  of  the  current  amplitude 
in  an  oscillator  depends  upon  /'"(s) .  Higher  derivatives  are  seldom 
needed  in  radio.1 

41.  Maclaurin’s  Series. — When  xq  =  0,  Taylor’s  series  has  a 
slightly  simplified  form.  Writing  x  for  hf 

fix)  =  m  +f'(0)x+f"(0)  J  +  /'"( 0)  |  +  •  •  ■  +  B  (41.1) 

which  is  called  Maclaurin’s  series  and  is  frequently  used. 

42.  Useful  Series  Developments. — The  derivative  of  ex  is 
e®,  (24.6),  and  all  the  successive  derivatives  of  €xare  For  x  =  0 
all  are  1,  and  Maclaurin’s  formula  for  ex  is 

«*=l+*+|-‘  +  ^+  ...  (42.1) 

which  is  the  series  development  of  ex. 

For  x  =  0  the  successive  derivatives  of  sin  x  take  the  values 
1,  0,  —  1,  0,  1,  0,  •  *  •  .  Maclaurin’s  formula  for  sin  x  is  therefore 

✓>•3  ~5  a*7 

sinx  =  x-  ^  +  ^-  ^+  *  •  •  (42.2) 

1  See,  however,  Chaffee,  “Theory  of  Thermionic  Vacuum  Tubes,”  p.  483, 
McGraw-Hill  Book  Company,  Inc.,  1933. 
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(every  other  term  is  missing  in  this  development).  Similarly, 

cosz=l-g  +  f-;-f-;+...  (42.3) 

These  three  developments  are  valid  for  all  values  of  x,  large  or  small. 

These  developments  give  the  following  useful  approximation 
formulas  when  x  <  <  1 : 

e"  =  1  +  x  (42.4) 

sin  x  =  x  (42.5) 

cos  x  =  1  —  (42.6) 

tan  x  «  x  (42.7) 

43.  Approximation  Rules  for  Impedance. — An  impedance  Z  is 
the  complex  sum  of  a  resistance  and  a  reactance;  Z  =  R  +  jX 
(Chap.  I).  Its  magnitude  is  \Z\  =  \/R2  +  X 2.  Hence, 

If 

R  >  10X,  \Z\  =  R  (43.1) 

If 

|X|  >  10 R,  \Z\  =  \X\  (43.2) 

to  an  approximation  better  than  0.5  per  cent,  (39.2). 

The  angle  of  Z  is  given  by  tan  6  —  X/R ;  hence,  from  (42.7), 

If 


R  >  10X, 

0  =  ~  radians 

K 

(43.3) 

|X|  >  10 R, 

1*1=5-* 

(43.4) 

where  <f>  ==  R/\X\  radians.  The  angle  <f>  is  the  complement  of  the 
angle  B . 

If  the  small  reactance  of  Z,  neglected  in  (43.1),  is  desired,  it 
may  be  found  from 

X  =  R  tan  6  =  R6  (43.5) 

with  6  in  radians.  Similarly,  the  small  resistance  of  Z,  neglected 
in  (43.2),  is  found  from 

«- Sir,  -  w  *“♦■*■  !*!♦ 

where  0  is  the  complement  of  |0|. 


(43.6) 
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These  approximations  are  very  important  in  practice.  For 
example,  if  a  capacitor  C  is  shunted  by  a  resistor  R ,  the  combina¬ 
tion  will  behave  practically  as  a  resistor  for  frequencies  so  low  that 


m  >  ios 


or 


£0 


1 

lOCfl 


and  practically  as  a  capacitor  for  frequencies  so  high  that 

p  ^  10  10 
R  >  50  or  “  >  CR 

44.  Euler’s  Identity. — It  can  be  shown  that  the  developments 
of  Sec.  42  are  valid  when  x  takes  any  constant  value,  real  or  com¬ 
plex.  This  being  assumed,  replace  x  by  j9  in  (42.1),  and 


The  real  part  of  P6  is  the  series  development  (42.3)  of  cos  0,  and  the 
imaginary  part  is  the  development  (42.2)  of  sin  0.  Equation  (44.1) 
takes  the  remarkable  form 

c?6  =  cos  $  +  j  sin  0  (44.2) 

sometimes  called  Euler’s  identity , 

Fig.  44.1. 

Since  cos2  $  +  sin2  $  —  1,  the 
complex  number  tie  has  unity  for 
modulus  and  6  for  argument.  For 
this  reason,  elB  is  sometimes  called  a 
rotator  or  phasor,  Sec.  19. 

Any  complex  number,  therefore, 
may  be  expressed  by  the  equivalent  forms 

z  =  &  +  jb  =  p  cos  $  +  jp  sin  0  =  p  P6  (44.3) 

In  the  last  expression  the  angle  9  of  the  complex  number  appears 
in  the  exponent  of  the  napierian  base  e.  The  magnitude  p  of  2 
may  also  be  expressed  as  a  power  of  e,  as  p  =  tm.  Then 

z  =  a  +  jb  =  pe>6  =  6meid  =  em+i6  (44.4) 

In  communication  theory  a  complex  quantity  similar  to  that  in 


Fig.  44.1. — Illustration  of  Euler’s 
identity. 
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(44.4)  is  often  encountered.  This  quantity  is 


a— 


C 


(44.5) 


where  a  is  usually  positive,  while  (3  may  be  either  positive  or  nega¬ 
tive.  The  magnitude  of  this  quantity  is 
<r“,  which  is  less  than  unity,  and  its  phase 
angle  is  — /3.  If  a  vector  V  is  multiplied 
by  this  complex  quantity,  the  product 
ye-a-;0  _  y e-a~j$  }las  a  magnitude  Ve~a, 
which  is  smaller  than  7,  and  has  a  phase 
angle  —(3  with  respect  to  V.  These  rela¬ 
tionships  are  indicated  in  Fig.  44.2,  for  /3 
positive. 

45.  Natural  Logarithm  of  (1  +  x). — Integration  can  sometimes 
be  used  to  obtain  the  series  development  of  a  given  function.  For 
example,  let 

y  =  loge  (1  +  x) 

then 

dy  = _ 1_ 

dx 


Fig.  44.2. — Relation  be¬ 
tween  V  and  Fe-Q!e-J0. 


=  1  —  X  +  X2  —  X3  +  X4  — 


1  +  X 

Integrating  term  by  term,  using  (34.3), 

2  /y»3 

y  =  C  +  x  -  - 2+3'  —  *4  + 


(45.1) 


For  x  =  0,  log£  (1  +  x)  =  loge  1  =  0;  hence,  the  integration  con¬ 
stant  C  must  be  zero,  and 


0*2  /y*3  /y.4 

loge  (1  +  x)  =  X  —  2'+3"~4'  + 


(45.2) 


This  series  is  valid  whenever  the  absolute  value  of  x  is  less  than 
unity. 

When  x  is  so  small  that  x  <<  1  (x  very  small  compared  with 
unity),  (45.2)  gives  the  approximation  formula 

loge  (1  +  x)  =  x  (45.3) 


VI.  LINEAR  DIFFERENTIAL  EQUATIONS  WITH  CONSTANT 
COEFFICIENTS:  FIRST  ORDER 

46.  Definitions. — A  relation  between  an  unknown  function  y 
of  a  variable  x  and  its  derivatives  with  respect  to  x  is  called  a  dif¬ 
ferential  equation.  This  relation  may  include  known  functions  of 
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x,  say  f(x),  ....  The  following  four  types  of  equations 

are  sufficient  for  solving  many  circuit  problems. 

A  Tx  +  By  =  0  (46-1) 

A  dfx  +  By  =  f{x)  (46.2) 

Aw-  +  Bt  +  c«-°  (46'3) 

AZ +  bt,  +  c>-™  <«■« 


These  are  all  linear  because  y ,  dy/dx,  d2y/dx 2  appear  only  in 
the  first  degree  (like  y  and  x  in  the  ordinary  equation  of  a  straight 
line,  y  =  mx  +  p).  The  phrase  with  constant  coefficients  is  added 
because  the  coefficients  A,  B,  C  of  y,  y ',  y"  on  the  left-hand  side 
are  all  constants.  On  the  right-hand  side  is  f(x),  a  known  function 
of  x}  which  may  be  identically  zero  but  y  must  not  appear.  Equa¬ 
tions  (46.1)  and  (46.3)  are  said  to  be  without  second  member ,  (46.2) 
and  (46.4)  with  second  member.  Equations  (46.1)  and  (46.2)  are  of 
the  first  order ,  because  that  is  the  order  of  the  highest  derivative 
present;  (46.3)  and  (46.4)  are  of  the  second  order. 

The  reason  why  linear  differential  equations  with  constant 
coefficients  are  the  kind  ordinarily  encountered  in  circuit  theory 
is  that  the  final  equations  of  an  electric  network,  transmission  line, 
antenna,  however  complicated,  always  arise  from  combinations  of 
the  four  fundamental  equations 

e  »=  L  ^  e  —  Ri  q  =  Ce  i  — 

dt  dt 

relative  to  an  inductance,  a  resistance,  a  capacitance.  These 
equations  are  all  linear,  the  coefficients  being  practically  constant 
in  many  applications. 

47.  Superposition  Principle. — A  fundamental  property  of  all 
linear  differential  equations  with  constant  coefficients,  of  whatever 
order,  is  the  superposition  principle.  Its  mathematical  meaning  is 
the  following: 

Consider  a  linear  differential  equation  with  a  second  member, 
(46.4)  for  example, 

a2’+bs+c«-^ 


(47.1) 
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Consider  two  other  differential  equations  with  the  same  left-hand 
terms  as  (47.1),  but  one  having  a  different,  known  function  on  the 
right-hand  side, 

AZ&  +  B<Tx  +  Cy  =  0(a:)  (47-2) 

and  the  other  having  the  sum  of  f(x)  and  on  the  right-hand 
side, 

A  S  +  B  Tx  +  Cy  =  f{x)  +  (47-3) 

Let  y i(x)  be  a  solution  of  (47.1)  and  2/2(2)  a  solution  of  (47.2). 
This  means  that 

A2i  +  ^  <47-4> 

AJ^  +  B%!  +  °Ul  "  A(x)  <47  5) 

Consider  now  the  function  of  x,  2/1(2)  +  2/2(2),  and  add  the  relations 
(47.4)  and  (47.5).  Then 

A  d2{y'dA  ^  +  B  diVl  +  ^  +  C(yx  +  m)  =  f(x)  +  *(x)  (47.6) 

or  the  sum  2/1  +  2/2  is  a  solution  of  (47.3)  of  which  the  right-hand 
side  is  the  sum  f(x)  + 


(a)  (b)  (a)+(b) 

Fig.  47.1. — Illustrating  the  principle  of  superposition. 

The  electrical  meaning  of  the  superposition  principle  is  that,  in  a 
circuit  containing  constant  values  of  resistance,  inductance,  capaci¬ 
tance,  the  current  caused  by  several  emffs  acting  simultaneously  is 
equal  to  the  sum  of  the  currents  caused  by  each  emf  acting  alone. 
For  example,  let  each  of  the  currents  ih  z2,  .  .  .  ,  n  in  the  network 
of  Fig.  47.1a  be  known  when  the  constant  emf  E  is  applied  in  branch 
6,  Next,  let  each  of  the  currents  j  1,  j2f  .  .  .  ,  je  in  the  same  net- 
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work,  Fig.  47.16,  be  known  when  an  alternating  emf  e  is  inserted  in 
branch  2.  The  superposition  principle  states  that  if  both  the  emf’s 
are  applied  simultaneously,  or  superposed ,  as  in  the  figure  marked 
a  +  6,  the  resulting  current  in  branch  1  is  i\  +  jh  the  current  in 
branch  2  is  i2  +  ji,  etc. 

48.  Example  of  First-order  Equation. — The  simplest  example 
of  a  linear  differential  equation  of  the  first  order  is 

'4fu> 

an  equation  with  second  member.  Its  general  solution  is 

y  =  F(z)  +  C  (48.2) 


where  F(x)  is  any  primitive  function  of  f(x)  and  C  is  the  integration 


constant,  Sec.  29. 

49.  Second  Example  of  First- 
order  Equation. — As  the  next  example, 
consider 

E  "  »  -  0  <"• » 


an  equation  without  second  member. 

Suppose  that,  for  x  —  0,  y  =  C. 
By  (49.1),  dy/dx  =  C  for  x  =  0. 
Taking  the  derivatives  of  both  sides  of 
(49.1), 


d2y  dy 
dx2  dx 


(49.2) 


whence  the  second  derivative  of  y , 
and  (for  the  same  reason)  all  the  de¬ 
rivatives  of  y,  of  all  orders,  are  equal 


y 


Fig.  49.1. — Graphs  of  three  dis¬ 
tinct  integrals  of  equation  (49.1). 


to  C  for  x  =  0.  Therefore,  from  Maclaurin’s  formula  (41.1), 


2/  =  C  +  Cx  +  C^  +  c|^  +  .  .  . 


(49.3) 


=ni+*+i i+3-;+ 


The  series  in  the  brackets  is  the  development  (42.1)  of  ex.  There¬ 
fore, 


V  =  Ce 


(49.4) 
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Equation  (49.4)  represents  an  infinite  number  of  functions,  any 
one  of  which  is  obtained  by  giving  C  a  definite  numerical  value.  In 
the  plane  ( Oxfiy )  these  functions,  the  integrals  of  (49.1),  are 
represented  by  an  infinity  of  curves,  each  characterized  by  a  definite 
value  of  C.  C  is  the  integration  constant ,  or  parameter .  Figure 
49. 1  shows  curves  for  the  function  y  =  Cex  for  three  values  of  C. 

Another  way  of  defining  a  particular  curve  of  the  C  family  is 
to  specify  that,  for  x  =  Xo,  y  =  yQ.  (xo,yo)  are  called  initial  condi¬ 
tions .  For  example,  if,  for  x0  =  1,  y0  =  1.359  =  £(2.718),  C  must 
be  0.5  and  y  —  0.5  ex.  Usually  x0  is  taken  equal  to  zero. 

60.  First-order  Equation  without  Second  Member. — The  gen¬ 
eral  type  of  the  linear  differential  equation  of  the  first  order,  with 
constant  coefficients,  without  second  member,  is 

ATx  +  By  =  0  (5(U) 

Assume  a  solution  of  the  type  y  =  epx ,  where  p  is  an  unknown 
constant.  Then 


Apepx  +  Bepx  =  ( Ap  +  B)epx  =  0 

Since  tpx  cannot  be  zero,  Sec.  4, 

Ap  +  B  =  0  or  p  =  —  -j 

This  is  called  the  auxiliary  equation. 

The  general  solution  of  (50.1)  is 

y  =  Ce~Bx/A  (50.2) 

which  contains  one  arbitrary  parameter  (7.  The  value  of  C  is 
determined  in  each  physical  problem  by  the  initial  conditions 
(*0,2/0)  • 

61.  General  First-order  Equation  with  Second  Member. — The 

general  type  of  the  linear  differential  equation  of  the  first  order, 
with  second  member,  is 

Afx  +  By  =  *(*)  (51.1) 

Its  general  solution  is  the  sum  of  two  functions: 

1.  One  particular  solution,  yP(x)>  of  (51.1). 

2.  The  general  solution  of  (51.1)  without  second  member,  that 
is,  (50.1);  this  general  solution  is  (50.2),  and  contains  one  arbitrary 
parameter  C. 
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Thus  the  general  solution  of  (51.1)  is 

y  =  yp(x)  +  Ce~Bx/A  (51.2) 

The  first  function  yP(x)  is  called  a  'particular  integral  (P.I.)  of 

(51.1)  and  is,  in  electrical  problems,  the  steady-state  solution  of 

(51.1) ;  the  second  function  is  called  the  complementary  function 
(C.F.)  or  the  transient  solution. 

The  terms  “steady  state”  and  “transient”  are  used  because,  in 
most  network  problems,  A  and  B  are  positive  constants  and  the  vari¬ 
able  x  is  time.  The  complementary  function  Ce~Bx/A  is  equal  to  C  for 
xx—  0  and  diminishes  to  zero  exponentially;  it  becomes  negligibly 
small  after  a  certain  interval  of  time  (say  x  =  7A/B ,  when  the 
exponential  becomes  e-7  =  0.001),  and  there  remains  only  the 
steady-state  solution  yP{x). 

Types  of  functions  that  are  commonly  encountered  as  second 
member  4>(x)  of  (51.1)  are  a  constant  or  a  sinusoidal  function  of  x 
(d-c  or  a-c  voltage). 

1.  If  4>(x)  =  m,  a  constant,  yv  —  m/B ,  also  a  constant. 

2.  If  4>(x)  =  cos  mx  (or  any  function  of  the  type  K  cos  mx 
+  L  sin  mx)y 

yP(x)  =  M  cos  mx  +  N  sin  mx  (51.3) 

where  M  and  N  are  constants  to  be  determined.  Then  yP(x)  in 

(51.2)  may  be  replaced  by  (51.3)  and  M  and  N  obtained  by  equating 
the  coefficients  of  cos  mx  and  sin  mx  on  both  sides  of  the  resulting 
equation. 

VII.  LINEAR  DIFFERENTIAL  EQUATIONS  WITH  CONSTANT 
COEFFICIENTS:  SECOND  ORDER 

52.  Second-order  Equation  without  Second  Member. — The 

second-order  linear  differential  equation,  with  constant  coefficients 
and  without  second  member,  is 

Aw*  +  B%  +  Cy  =  0  (52>1) 

Assume  a  solution  of  the  type  y  =  epx ,  where  p  is  an  unknown 
constant;  then 

Ap2epx  +  Bpepx  +  Cepx  =  {Ap*  +  Bp  +  C)<?x  =  0 
Since  epx  cannot  be  zero, 

Ap2  +  Bp  +  C  =  0 


(52.2) 
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Equation  (52.2)  is  called  the  auxiliary  equation .  Three  cases  must 
be  distinguished,  according  as  the  quadratic  equation  (52.2)  has 
two  real  roots,  two  complex  roots,  one  double  (real)  root. 

63.  Discussion. — Equation  (52.2)  has  two  roots, 


-B  +  V-B2  -  4 AC 
2A 


k2 


-B  -  \/B2  -4 AC 
2  A 


(53.1) 


1.  If  B2  —  4 AC  >  0,  both  roots  are  real.  The  general  solution 
of  (52.1)  is  then 

y  =  C  i€klX  +  C2ek*x  (53.2) 

which  contains  two  arbitrary  parameters  C i,  C2.  The  values  of 
these  parameters  are  determined  in  each  physical  problem  by  the 
initial  conditions.  In  an  equation  of  the  second  order,  these  are 
the  values  of  the  function  y  and  of  its  first  derivative  dy/dx}  for  a 
given  value  of  x  =  xo  (usually  x0  =  0). 

In  case  (1)  the  function  y(x)  is  over  damped  and  nonoscillatory. 

2.  If  B2  —  4  AC  <  0,  the  roots  (53.1)  are  complex,  conjugate 
(Sec.  20),  and  can  be  written 

fci  =  —  a  +  jco  k2  =  —a  —  jco 
The  general  solution  of  (52.1)  is  then 

y  —  (7V~ a+w)x  -|-  Cff(S~~a~ ,w)* 

=  e~ax(C'dwx  +  C"e~ioix) 


(53.3) 

(53.4) 

(53.5) 


where  C',  C"  are  two  arbitrary  parameters.  By  Euler’s  formula 
(44.2), 

=  cos  cox  +  j  sin  cox  e~i(ax  =  cos  cox  —  j  sin  cox  (53.6) 


and  (53.5)  can  be  written 

y  =  e~ax(C i  cos  cox  +  C2  sin  cox)  (53.7) 

In  case  (2)  the  function  y(x)  is  oscillatory. 

3.  If  B2  —  A  AC  =  0  (critical  case),  both  roots  of  (52.2)  are 
equal  to  —B/2A,  which  is  a  real  number.  The  general  solution  of 
(52.2)  is  then 

y  =  (C  ix  +  C2)e~Bx'2A  (53.8) 

In  every  case  the  general  solution  of  (52.1)  contains  two  param¬ 
eters,  Ci,  C2. 
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64.  Second-order  Equation  with  Second  Member. — The  general 
type  of  the  linear  differential  equation  of  the  second  order,  with 
second  member,  is 

a2‘  +Bt  <«■» 

As  in  the  case  of  the  first-order  equation,  Sec.  51,  the  general  solu¬ 
tion  of  (54.1)  is  the  sum  of  two  functions: 

1.  One  particular  integral,  yP(x),  of  (54.1). 

2.  The  complementary  function,  which  is  the  general  solution  of 
(54.1)  without  second  member, 

yc(x)  =  C\eklX  +  C2ekiX  (54.2) 

In  practice,  <f>(x)  is  either  a  constant  or  a  sinusoidal  function  of 
x  (d-c  or  a-c  voltage). 

If  4>(x)  =  ra,  a  constant,  yP(x)  —  ra/C,  also  a  constant.  If 
4>(x)  =  cos  rax,  or  any  function  of  the  type  K  cos  rax  +  L  sin  rax, 
then,  as  in  Sec.  51, 

yP(x)  =  M  cos  rax  +  IV  sin  rax  (54.3) 

and  M  and  N  are  obtained  by  equating  the  coefficients  of  cos  rax 
and  sin  rax  on  both  sides  of  the  equation. 

If  the  symbolic  notation  of  sinusoidal  quantities  is  used,  this 
last  solution  takes  a  slightly  different  form.  Suppose  4>(x)  ~  £ 
cos  rax,  which  is  the  real  part  of  £&mx.  Consider  the  differential 
equation 

',S+bI+C!'-^  <m4> 


(54.6) 
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Either  method  is  advantageous  depending  upon  the  problem  at 
hand. 

66.  Circular  Functions. — Consider  the  equation 


<Py 

dx 2 


+  y  =  0 


(55.1) 


of  which  the  auxiliary  equation  is  p2  +  1  =  0.  Its  general  solu¬ 
tion  is 

y  =  C'4X  +  Cne~ix  (55.2) 


Let  yi(x)  be  the  solution  of  (55.1)  defined  by  the  initial  condi¬ 
tions  yi(0)  =  1,  yi(0)  =  0.  Then, 


hence 


C'  +  C"  =  1  1 
jC'  -  jC"  =  0  J 


y  i(x)  = 


4X  +  €~ix 
2 


(55.3) 


From  Euler’s  formulas  (53.6),  for  co  =  1, 


cos  x  = 


4*  +  €~ix 

2 


sin  x 


(55.4) 


Therefore  the  solution  y i  of  (55.1)  is  y\  =  cos  x. 

In  the  same  way  sin  x  can  be  defined  as  that  solution  y<i{x)  of 

(55.1)  which  satisfies  the  initial  conditions  2/2(0)  =  0,  y2f (0)  =  1. 
The  general  solution  of  (55.1)  then  can  be  written,  instead  of 

(55.2) ,  as 

y  —  Ci  cos  x  +  C2  sin  x  (55.5) 

where  Ch  C2  are  arbitrary  parameters. 

66.  Hyperbolic  Functions. — Consider  the  differential  equation 


s-»-« 


(56.1) 


of  which  the  auxiliary  equation  is  p2  —  1  =  0. 
is 


y  =  CV  +  C/fe~x 


Its  general  solution 

(56.2) 


Let  yi(x)  be  the  solution  of  (56.1)  defined  by  the  initial  conditions 
yi( 0)  =  1,  yi(0)  =  0;  let  y2(x)  be  defined  by  y2( 0)  =  0,  y2'( 0)  =  1. 
Then  y  1  and  y2  are  the  hyperbolic  cosine  and  the  hyperbolic  sine  of  x7 
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and 

cosh  x 

_  e*  +  «r*  x4 

2  ^21.  4!  ^ 

(56.3) 

sinh  x 

€x  -  €  x  X3  ,  X5 

=  2  =x  +  3!  +  5!+"' 

(56.4) 

These  developments  are  valid  for  all  values  of  x ,  real  or  complex. 

The  graphs  of  these  functions  are  shown  in  Fig.  56.1  and  in 
Fig.  56.2.  They  are  not  periodic.  However,  from  (53.6), 

€2^  =  1  (56.5) 

so  that  adding  2jw  to  x  changes  neither  cosh  x  nor  sinh  x.  These 
functions  therefore  admit  the  imaginary  period  2 IjV. 

Y 


Fig.  56.1. — Graph  of  sinh  x  and  cosh  x. 

From  (56.3)  and  (56.4), 

(cosh  x) 2  —  (sinh  x)2  =  1  (56.6) 

Therefore,  if  OP  =  cosh  x,  PM  =  sinh  x,  the  locus  of  M  is  a 
hyperbola,  Fig.  56.3,  whence  the  names. 

The  shaded  area  OAM  can  be  shown  to  be  equal  to  x/2,  just  as  a 
sector  of  angle  a  radians  in  a  circle  of  radius  unity  has  for  area  a/2 . 
The  pure  number  x  is  sometimes  said  to  represent  x  hyperbolic 
radians;  it  should  not  be  mistaken  for  the  geometrical  angle  MO  A. 
If  x  is  doubled,  the  shaded  area  is  doubled,  not  the  angle.  Note 
that  hyperbolic  radians  and  nepers  are  pure  numbers. 
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Y 

X 
X 

X 


Fig.  56.3. — Rectangular  hyperbola  as  locus  of  sinh  x  and  cosh  x. 

V 


Fig.  56.4. — Graph  of  the  function  y  =  tanh  x. 


The  hyperbolic  tangent ,  Fig.  56.4,  is 

tanh  x  =  -  (56.7) 

cosh  x 

_  €x  “  €  x 

€x  + 

57.  Circular  and  Hyperbolic  Functions  of  Complex  Quantities. — 

The  correspondence  between  circular  and  hyperbolic  functions  is 
obtained  from  (55.4),  (56.3),  (56.4). 

sin  jx  =  j  sinh  x  1  sinh  jx  =  j  sin  x 

cos  jx  =  cosh  x  J  v  *  '  cosh  jx  =  cos  x 

Addition  formulas  for  the  hyperbolic  functions  are 

sinh  (a  ±  b)  =  sinh  a  cosh  b  ±  sinh  b  cosh  a 

cosh  (a  ±  b)  =  cosh  a  cosh  b  ±  sinh  a  sinh  b 
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With  the  help  of  these  formulas  the  real  and  imaginary  parts  of 
the  sinh  or  cosh  of  a  complex  quantity  can  be  obtained.  Upon 
writing  a  instead  of  a  and  jfi  instead  of  b  and  using  (57.2),  formulas 
(57.3)  become 

sinh  (a  +  jfi)  =  sinh  a  cos  ft  +  j  cosh  a  sin  (3 

cosh  ( a  +  j(3)  =  cosh  a  cos  0  +  j  sinh  a  sin  0 

which  are  of  constant  use  in  calculations  on  uniform  transmission 
lines,  a  is  in  hyperbolic  radians  or  nepers,  but  not  decibels;  (3 
is  in  circular  radians. 

Example. — To  find  the  sinh  and  cosh  of 

«  +  =  2.72  -  j0.474 

Tables  give 

sinh  2.72  =  7.55722  cosh  2.72  =  7.62310 

Next0.474/V  =  <£°/180;  hence  <f>  =  27°9.5',  and,  from  tables, 

sin  27°9.5'  =  0.45645  cos  27°9.5/  =  0.88975 

and  this  angle  is  to  be  taken  negatively.  Hence,  from  (57.4),  keeping  four 
significant  figures  only, 

sinh  (2.72  -  j0.474)  =  7.557  •  0.8897  -  j7.623  •  0.4565 
=  6.723  -  j'3.479 

cosh  (2.72  -  j0.474)  =  7.263  •  0.8897  -  J7.557  •  0.4565 
=  6.782  -  j2.543 

58.  Inverse  Circular  and  Hyperbolic  Functions. — If  a  complex 
quantity  a  +  j(3  is  given  that  is  the  sin,  or  cos,  or  sinh,  or  cosh 
of  an  unknown  quantity  7,  it  is  possible  to  calculate  the  real  and 
imaginary  parts  of  7  =  a  +  j(3.  As  an  example,  the  solution  of  the 
equation  cosh  y  —  v  will  be  given,  where  v  is  a  real  number.  This 
equation  appears  in  the  theory  of  filters  and  lines.  There  are  three 
cases. 

1.  v  <  —1.  Putting  (3  =  7r  in  the  second  equation  (57.4), 

cosh  ( a  +  Jtt)  =  “  cosh  a  (58.1) 

Therefore  7  =  a  +  jv]  and,  from  Fig.  56.1,  as  v  varies  from 
—  00  to  —  1,  cosh  a  varies  from  +  <*>  to  1,  and  a  varies  from  +  00 
to  zero,  while  (3  remains  constant  and  equal  to  7 r. 

2.  —I  <  v  <  1.  Putting  a  =  0  in  the  second  equation  (57.4), 

cosh  (0  +  i/?)  =  cos  (3  (58.2) 

yielding  the  second  equation  (57.2).  Therefore  7  =  jj3;  and  as 
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v  or  cos  /3  varies  from  —  1  to  +1,  (3  varies  from  +7 r  to  zero,  while  a 
remains  equal  to  zero. 

3.  1  <  v.  7  is  then  a  real  number  a ;  and  as  v  or  cosh  a  varies 
from  1  to  +  oo  7  a  varies  from  0  to  +  °o ,  while  /?  remains  equal  to 
zero. 

To  sum  up  this  discussion,  when  cosh  y  goes  from  —  oc  to 
+  oo  f  taking  all  real  values,  y  =  a  +  j (3  describes  in  the  complex 
plane  the  path  indicated  in  Fig.  58.1. 


Fig.  58.1. — Graph  of  the  solutions  of  the  equation  cosh  x  =  v. 

For  example,  at  Ph 


At  P. 


At  P3, 


cosh  7  = 

-12.29 

7  =  3.20  +  p r 

cosh  7  = 

0.500 

7  =  jl-04 

cosh  7  = 

12.29 

7  -  3.20 

69.  Derivatives  of  Hyperbolic  Functions. — The  following  form¬ 
ulas  are  given  here  to  supplement  those  of  Sec.  24: 


Function 

Derivative 

sinh  x 

cosh  x 

(59.1) 

cosh  x 

sinh  x 

(59.2) 

sinh-1  x 

1 

\/l  H-  x2 

(59.3) 

cosh-1  x 

1 

V*2  -  i 

(59.4) 

After  two  differentiations  of  A  sinh  x  +  B  cosh  x ,  the  original 
function  returns  (cf.  Sec.  28). 
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BRIEF  REVIEW  OF  ELECTRICITY  AND  MAGNETISM 

The  purpose  of  this  appendix  is  to  review  certain  basic  concepts 
concerning  the  motion  of  electrons  in  wires  and  in  evacuated  spaces. 
The  principles  here  discussed  apply  to  circuits  whose  linear  dimen¬ 
sions  are  small  enough  so  that  the  action  of  one  part  of  a  circuit  on 
any  other  part  may  be  considered  instantaneous.  When  the  linear 
dimensions  are  large,  there  is  an  appreciable  time  delay  between 
cause  and  effect,  the  effect  of  the  motion  of  an  electron  being  felt  at 
a  distant  point  some  time  after  the  electron  has  moved,  the  delay 
depending  upon  the  distance.  This  is  of  particular  significance  in 
antennas  and  wave  guides.1 

1.  Mks  System  of  Units. — In  an  absolute  system  of  units,  a 
number  of  basic  independent  units  are  chosen  arbitrarily  as  funda¬ 
mental  and  all  other  units  are  derived  from  them.  In  the  system  of 
units  used  in  this  book  the  fundamental  units  are  units  of  length, 
mass,  time,  electric  charge.  In  order  that  the  mechanical  and 
electrical  units  shall  have  convenient  magnitudes,  the  fundamental 
unit  of  length  chosen  is  the  meter,  of  mass  the  kilogram,  of  time  the 
second,  of  charge  the  coulomb  (Sec.  2).  This  system  is  known  as 
the  meter-kilogram-second  (mks)  system.  [As  yet,  the  choice  of 
the  coulomb  as  a  fourth  unit  has  not  been  approved  by  the  Inter¬ 
national  Electrotechnical  Commission  (I.E.C.).]  A  special  form  of 
this  system,  the  “ rationalized”  mks  system,  is  used  here.2 

The  four  fundamental  units  and  a  few  of  the  simpler  derived 
units  are  listed  in  Table  1.1,  and  other  units  will  be  defined  as 
needed. 

It  will  be  shown  that  simple  relationships  exist  between  the 
fundamental  units  and  the  practical  electrical  units,  ampere,  volt, 
ohm,  henry,  farad. 

1  R.  W.  P.  King,  H.  R.  Mimno,  and  A.  H.  Wing,  “Transmission  Lines, 
Antennas,  and  Wave  Guides,”  McGraw-Hill  Book  Company,  Inc.,  1945. 

2  In  the  rationalized  system,  the  proportionality  factor  4tt  is  absent  from 
most  of  the  equations,  but  appears  in  the  equations  defining  forces  between 
charges  and  between  current  elements. 
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Table  1.1 


Quantity 

Symbol 

Mks  unit 

Explanatory  comparison 

Length 

L 

Meter 

39.37  in. ;  slightly  more  than  1  yd 

Mass 

m 

Kilogram 

1,000  grams,  approximately  2.2  lb-mass 

Time 

t 

Second 

Electric  charge 

Q 

Coulomb 

Defined  in  Sec.  2 

Force 

F 

Newton 

105  dynes;  approximately  3.5  oz 

Velocity 

V 

Meter  /sec 

1  meter /sec  equals  2.23  miles /hr 

Energy  or  work 

W 

Joule 

107  ergs;  approximately  f  ft-lb 

Power 

P 

Watt 

1  joule/sec;  746  watts  equals  approxi¬ 
mately  1  hp 

2.  Electron;  Electric  Charge. — The  concept  of  electric  charge 
is  based  upon  experiment.  It  involves  particles  that  exert  forces 
on  each  other  depending  upon  the  distance  between  them.  Experi¬ 
ments  indicate  that  matter  is  made  up  of  two  kinds  of  electric 
charge,  designated  as  positive  and  negative,  each  atom  of  matter 
normally  having  equal  amounts  of  positive  and  negative  charge. 
The  exterior  parts  of  the  atom  contain  only  negative  charges, 
existing  in  discrete  units  called  electrons.  All  electrons  are  identical. 

Because  all  electrons  have  the  same  electric  charge  and  sub¬ 
division  of  this  quantity  never  has  been  observed,  the  charge  on  an 
electron  is  a  natural  unit  although  often  far  too  small  for  practical 
use.  The  “ practical”  unit  of  charge,  the  coulomby  is  equal  to 
the  combined  charge  of  6.242  •  1018  electrons;  electronic  charge 
e  =  1.602  •  10-19  coulomb.  When  accelerated  at  low  speeds,  the 
electron  behaves  as  if  it  had  a  mass  m  —  9.107  •  10““31  kg. 

Positive  charge  occurs  always  in  multiples  of  the  amount  of  the 
electronic  charge.  An  object  that  is  electrically  neutral  has  equal 
quantities  of  the  two  kinds  of  charge.  By  the  expenditure  of  a 
certain  amount  of  energy  it  is  possible  to  remove  one  or  more  elec¬ 
trons  from  an  atom  or  molecule.  The  remaining  part  of  the  mole¬ 
cule  is  called  a  positive  ion.  Ions  contain  practically  all  the  mass 
of  the  atom  from  which  they  are  derived.  The  term  “ion”  is  also 
applied  generally  to  any  small  particle  that  acquires  a  negative  or  a 
positive  charge  by  the  addition  or  subtraction  of  electrons. 

The  removal  of  electrons  from  atoms  or  molecules  may  be 
accomplished  by  thermal  energy  (thermionic  emission),  by  impact 
(ionization  in  a  gas  tube  and  secondary  emission  from  a  surface), 
by  radiant  energy  (photoelectric  emission  from  a  surface  and 


908 


ELECTRICITY  AND  MAGNETISM 


[App.  B 


ionization  in  the  upper  atmosphere).  There  are  other  means 
but  these  are  the  more  important  ones  in  electronics  and  radio. 

At  high  temperatures,  the  electrons  of  the  atoms  constituting  a 
piece  of  material  may  be  agitated  so  violently  that  some  of  them  are 
ejected  through  the  surface  of  the  material.  This  process  is  known 
as  thermionic  emission.  Electrons  thus  freed  form  the  current 
through  the  evacuated  space  in  the  thermionic  vacuum  tube,  Chap. 
X. 

Air  molecules  in  the  extremely  rarefied  upper  atmosphere  may  be 
split  by  sunlight  into  free  electrons  and  positive  ions,  which  may 
wander  about  for  seconds,  minutes,  hours  (depending  upon  the 
rarity  of  the  atmosphere)  before  recombination  occurs.  As  a 
result  there  are  strata  in  the  upper  atmosphere  that  contain  free 
electrons  and  ions.  The  height  and  the  degree  of  ionization  of 
these  strata  vary  in  various  cycles  of  time.  These  regions  in  the 
ionosphere  refract  and  reflect  radio  signals.1 

Electric  charges  can  be  neither  created  nor  destroyed.  In 
any  closed  electrical  system  no  process  changes  the  total  net  amount 
of  electric  charge  present.  This  is  known  as  the  principle  of  the 
conservation  of  electric  charge. 

3.  Coulomb’s  Law,  Electric  Field  and  Potential. — The  following 
experiment  is  fundamental.  Let  A  represent  a  fixed  and  very  small 
body  from  which  some  electrons  have  been  removed  so  that  A  has  a 
net  positive  charge.  A  similar  body  B ,  also  positively  charged,  is 
repelled  when  brought  near  A.  The  force  of  repulsion  acts  along  a 
line  joining  the  two  bodies  and  is  given  by  Coulomb  *s  law 

f=KQfk  (3.1) 

where  Qa  and  QB  are  the  charges  on  the  very  small  bodies  A  and  B; 
d  is  their  distance  apart,  which  must  be  large  compared  with  the 
dimensions  of  the  small  bodies;  K  is  a  factor  of  proportionality 
depending  upon  the  units  used.  If  QA  and  QB  are  in  coulombs,  d 
in  meters,  /  in  newtons,  K  is  equal  to  1/4tt€o  in  vacuum  or  air  and  to 
1/47T6  in  a  homogeneous  dielectric  medium,  where  e0  and  e  are 
constants  defined  in  Sec.  5. 

A  force  of  mutual  repulsion  is  likewise  observed  when  both  bodies 
are  negatively  charged.  If  the  bodies  are  oppositely  charged,  the 
force  (3.1)  is  one  of  attraction.  In  brief,  like  charges  repel,  unlike 
charges  attract  each  other. 

1  King,  Mimno,  and  Wing,  op.  cii.y  Chap.  IV. 
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Direct  application  of  Coulomb's  law  when  the  number  of  charges 
is  very  large  is  too  cumbersome  for  practical  use.  Considerable 
simplification  is  often  achieved  by  introducing  the  concept  of 
electric  field.  For  the  static  condition,  (3.1)  in  mks  units  is 

T7  _  QaQb 
”  47re  d2 

which  may  be  arranged  as 

or 

F  =  Qa6  (3.2) 

where  £  is  the  force  per  unit  charge  in  magnitude  and  direction 
exerted  on  QA  by  the  charge  QB .  This  concept  may  be  extended  to 
include  other  stationary  or  moving  charges.  Thus,  an  electric 
field  is  said  to  exist  in  a  region  of  space  where  a  charge  experiences  a 
force  that  depends  upon  the  magnitude  and  position  of  the  charge. 
The  direction  of  the  field  at  a  point  is  the  direction  of  the  force  on  a 
positive  charge  at  that  point  or  opposite  to  the  force  on  a  negative 
charge.  The  magnitude  of  the  field  at  a  point,  or  “  field  intensity," 
is  the  magnitude  of  the  force  per  unit  charge.  At  a  point  where 
there  is  no  charge  the  electric  field  intensity  is  the  force  per  unit 
charge  that  would  be  exerted  on  a  positive  charge  placed  at  that 
point  if  the  introduction  of  the  charge  would  not  significantly  alter 
the  position  or  motion  of  other  charges. 

If  a  small  charged  body  is  moved  slowly  in  a  steady  electric 
field  (all  other  charges  remaining  unchanged  in  magnitude  and 
position),  work  may  be  done  by  or  against  electric  forces.  If  the 
work  done  against  the  electric  forces  in  moving  a  positive  charge 
from  point  a  to  point  b  is  one  joule  per  coulomb,  points  a  and  b  are 
said  to  differ  in  potential  by  one  volt,  point  b  being  one  volt  higher 
in  potential  than  point  a .  Difference  of  potential  is  denoted1  by 
Ey  work  by  IT,  and 

W  =  QE  (3.3) 

If  a  small  charged  body  is  moved  along  a  path  that  is  everywhere 
perpendicular  to  6y  no  work  is  performed  on  the  charge  and  the 
charge  is  said  to  have  moved  on  an  equipotential  surface.  The 
surface  of  a  perfect  conductor  is  an  equipotential  surface. 

An  electric  field  is  represented  graphically  by  lines  of  force 

1  The  symbol  V  is  also  used  for  difference  of  potential. 
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whose  direction  at  every  point  is  the  direction  of  the  field  at  that 
point  and  whose  number  per  unit  area  perpendicular  to  these  lines 
is  proportional  to  the  average  strength  of  the  field  over  the  area. 
Thus,  in  regions  where  the  field  strength  is  great,  the  lines  are  close 
together.  Lines  of  force  are  perpendicular  (normal)  to  equi- 
potential  surfaces. 

The  dashed  lines  of  Fig.  3.1  represent  a  section  across  three 
equipotential  surfaces  of  a  steady  electric  field.  The  solid  line 
P'PP"  represents  a  line  of  force.  The  potential 


of  the  surface  containing  P  is  taken  as  the  refer¬ 
ence  for  potential  and  is  marked  0  (zero).  The 
surface  containing  point  P’  is  \E\  volts  higher  in 
potential  than  P  and  is  marked  +  |P|.  The  sur¬ 
face  containing  point  P"  is  \E\  volts  lower  in 
potential  than  P  and  is  marked  —  \E\. 

The  electric  field  £  is  directed  toward  the 
surface  of  lower  potential  and  away  from  the 
surface  of  higher  potential  since  work  is  done 


Fig.  3.1. — Indicating  surfaces  of  Fig.  3.2. — 

constant  potential  and  direction  of  Cross  section  of 

electric  field  plane  parallel  con¬ 

ducting  surfaces  in 


vacuum. 


against  the  electric  force  when  a  positive  charge  is  moved  to  a 
point  of  higher  potential.  AtP  the  work  done  per  unit  distance 
is  greater  along  the  line  of  force  PP'  than  along  any  other  line  such 
as  PM  because  motion  normal  to  equipotential  surfaces  is  eollinear 
with  the  force  due  to  the  electric  field.  The  potential  gradient  at  a 
point  such  as  P  is  the  space  rate  of  change  of  potential  in  the  direc¬ 
tion  of  the  greatest  rate  of  increase.  Thus  the  potential  gradient  at 
P  is  normal  to  the  equipotential  surface  at  P  and  is  directed  toward 
the  surface  of  higher  potential.  The  electric  field  £  at  P  is  also 
normal  to  the  equipotential  surface  at  P  and  is  directed  toward  the 
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surface  of  lower  potential.  Thus  potential  gradient  and  electric 
field  are  equal  in  magnitude  but  are  oppositely  directed.  Field 
strength  in  newtons/coulomb  and  magnitude  of  potential  gradient 
in  volts/meter  are  numerically  equal. 

A  central  cross  section  of  two  plane  parallel  conducting  surfaces 
M  and  A  in  a  vacuum  is  shown  in  Fig.  3.2.  When  electrons  are 
removed  from  M  and  transferred  to  Nf  a  potential  difference  E  and 
an  electric  field  are  established  between  M  and  N.  If  the  plate 
separation  d  is  small  compared  with  the  surface  dimensions  of  the 
plates,  the  lines  of  force  in  the  middle  of  the  plate  area  are  straight 
and  parallel.  In  this  region  the  field  is  uniform  and  has  the  same 
strength,  6  —  — E/d}  at  every  point.  Cross  sections  of  several 
equipotential  surfaces  are  indicated  by  dashed  lines,  Fig.  3.2,  these 
surfaces  being  perpendicular  to  the  lines  of  force  at  every  point. 

4.  Free  Electron  in  Electric  Field. — If  an  electron  were  released 
from  point  a,  Fig.  3.2,  on  plate  N  near  its  center,  the  electron  would 
be  accelerated  toward  M  and  would  move  along  a  straight  line 
perpendicular  to  M  and  N  owing  to  a  constant  force 

F  =  —e€  newtons  (4.1) 

The  plates  being  in  vacuum,  there  would  be  no  opposition  to  the 
movement  of  the  electron  and  all  the  work  eE  done  on  it  by  the  field 
would  be  converted  into  kinetic  energy.  If  the  electron  were 
released  without  initial  velocity,  the  final  kinetic  energy,  immedi¬ 
ately  before  impact  against  plate  M ,  would  be 

imv2  =  eE  joules  (4.2) 

where  m  is  the  mass  of  the  electron  in  kilograms,  v  is  its  final  velocity 
in  meters/sec,  E  is  the  potential  difference  between  the  plates  in 
volts.  Rearranging  terms, 

’  =  (4-3> 

The  mass  m  of  the  electron  increases  with  velocity.  However,  for 
potential  differences  less  than  5,000  volts,  m  differs  by  less  than  1 
per  cent  from  the  value  given  in  Sec.  2,  and  the  velocity  v  is 

v  =  5.93  *  105  VE  meters/sec  (4.4) 

The  distance  between  the  plates  is  not  a  factor  in  determining  the 

final  velocity.  Since  all  electrons  have  the  same  charge  and  mass, 
they  acquire  the  same  energy  in  a  given  field.  This  energy  depends 
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solely  upon  the  potential  difference  through  which  the  electrons 
move. 

In  passing  through  a  potential  difference  of  1  volt  an  electron 
acquires  an  energy  of  1.60  •  10-19  joule.  This  is  a  convenient  unit 
of  energy  in  electronics  and  is  called  the  electron  volt. 

In  Fig.  4.1  is  shown  a  cross  section  of  a  uniform  electric  field  in 
vacuum  with  the  lines  of  force  lying  in  the  plane  of  the  paper  and 
directed  as  shown.1  When  a  moving  electron  enters  such  a  field 
perpendicularly,  it  experiences  a  force  of  magnitude  F  =  e€y  in  a 
direction  opposite  to  the  field.  As  the  force  F  remains  constant  in 
magnitude  and  direction,  the  electron  follows  a  parabolic  path 
within  the  field.  The  electron  leaves  the  field  with  a  slightly 
increased  velocity  v ,  the  vector  sum  of  the  original  velocity  vx  and 
the  acquired  velocity  vy  parallel  to  the  field.  After  leaving  the  field 


} 

i  - 

i 

Vx 
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Fig.  4.1. — 'Deflection  of  an  electron  in  a  uniform  electric  field. 

the  electron  travels  in  a  straight  line  in  the  direction  of  emergence 
with  the  constant  velocity  v. 

6.  Capacitance  and  Capacitor. — The  potential  difference  E 
established  between  the  plates,  Fig.  3.2,  is  directly  proportional  to 
the  quantity  of  charge  Q  transferred  from  one  plate  to  the  other. 
The  plates  constitute  a  simple  two-plate  capacitor.  For  any  capaci¬ 
tor  of  this  type  the  ratio  of  Q  to  E  is  a  constant,  and  by  definition  this 
constant  is  its  capacitance  C. 

c  =  |  (5.1) 

When  Q  is  in  coulombs  and  E  in  volts,  C  is  in  farads.  The  transfer 
of  one  coulomb  of  charge  would  produce  a  potential  difference  of 
one  volt  between  the  terminals  of  a  capacitor  of  one  farad  capaci¬ 
tance.  A  capacitance  of  one  farad  is  very  much  greater  than  is 
encountered  in  practice;  actual  capacitances  are  measured  in  micro¬ 
farads  (gf)  or  in  micromicrofarads  ty/zf). 

1  In  practice,  the  field  would  not  begin  and  end  abruptly  as  shown.  The 
deflecting  force  at  the  edges  would  be  smaller,  but  the  effect  would  be  nearly 
the  same. 
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A  capacitor  consisting  of  two  parallel  plates  of  area  A  in  square 
meters  separated  by  a  distance  d  in  meters  in  vacuum  has  a  capaci¬ 
tance  approximately 

C  =  € o  ^  farads  (5.2) 

provided  that  d  is  very  small  compared  with  the  dimensions  of  the 
plates.  Here,  €0  is  a  universal  electric  constant,  the  dielectric  con¬ 
stant,  or  permittivity ,  of  free  space,  and  its  value  is 

€0  =  8.85  jujtif /meter  (5.3) 

If  the  space  between  the  plates  is  filled  with  a  dielectric,  such  as 
paraffined  paper,  porcelain,  glass,  mica,  oil,  a  greater  quantity  of 
charge  must  be  transferred  from  one  plate  to  the  other  to  establish 
a  given  potential  difference.  This  is  because  an  internal  electronic 
rearrangement  occurs  within  the  dielectric  that  tends  to  neutralize 
partly  the  charges  built  up  on  each  plate.  When  the  dielectric  is 
present,  the  capacitance  is  er  times  the  magnitude  of  the  capacitance 
when  there  is  vacuum  between  the  plates,  or 

C  =  8.85erj^i  (5.4) 


The  constant  er  is  the  relative  dielectric  constant,  a  pure  numeric, 
commonly  called  the  dielectric  constant  of  the  dielectric  material 
employed.  Its  value  ranges  from  2  to  10  for  common  dielectric 
materials  and  is  about  80  for  water.  The  specific  inductive  capac¬ 
ity,  absolute  dielectric  constant,  or  permittivity  of  the  material  is 
e  =  e0€r  and  is  expressed  in  farads/meter. 

The  energy  stored  in  a  charged  capacitor  is 

Energy  in  capacitor  =  %CE2  joules  (5.5) 

where  C  is  in  farads  and  E  in  volts.  Thus,  half  a  joule  is  stored  in 
a  1 — /xf  capacitor  when  the  potential  difference  is  1,000  volts. 

When  capacitors  are  employed  in  parallel,  their  capacitances  are 
numerically  additive.  When  employed  in  series,  the  reciprocal  of 
the  series  capacitance  is  equal  to  the  sum  of  the  reciprocals  of  the 
individual  capacitances. 


1 


(5.6) 


6.  Electric  Current. — When  electric  charges  move,  an  electric 
current  exists.  Experiments  show  that  the  effect  of  the  motion  of  a 
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positive  charge  in  one  direction  is  the  same  as  the  effect  of  an  equal 
motion  of  an  equal  negative  charge  in  the  opposite  direction. 
Before  the  electronic  nature  of  electricity  was  understood,  all  the 
electric  and  electromagnetic  conventions  were  set  up  on  the  basis  of 
positive  charge  and  its  movement.  Therefore,  the  effects  of  an 
electric  current  are  described  in  terms  of  a  conventional  current 
due  to  the  motion  of  positive  charge.  By  this  convention,  the  cur¬ 
rent  produced  by  an  applied  electric  field  or  voltage  is  from  a  point 
of  higher  potential  to  a  point  of  lower  potential  or  from  a  battery 
terminal  conventionally  marked  +  through  an  external  circuit  to 
the  terminal  conventionally  marked  — . 

In  metal  wires,  the  current  is  due  exclusively  to  the  motion  of 
the  electrons,  since  the  atoms  and  ions  remain  practically  fixed 
owing  to  the  solid  nature  of  the  metal;  the  average  velocity  causing 
the  electric  current  is  small,  of  the  order  of  cm/sec.  The  current 
between  the  electrodes  in  a  vacuum  tube,  if  all  the  residual  gas  is 
removed,  also  is  due  exclusively  to  the  motion  of  electrons.  In 
ionized  gases,  the  motion  of  the  positive  ions  is  relatively  slow 
because  the  ions  are  heavy,  whereas  the  motion  of  the  electrons  is 
relatively  rapid  since  their  mass  is  small.  Hence  most  of  the  effects 
of  current  in  an  ionized  gas  are  due  to  the  motion  of  electrons. 

When  charged  particles  flow  through  a  given  surface  or  cross 
section  at  a  uniform  rate  and  transport  one  coulomb  of  charge  per 
second  through  the  surface,  the  magnitude  of  the  current  through 
the  surface  is  one  ampere.  If  the  rate  of  flow  of  electric  charge 
varies  with  time,  a  more  general  definition  of  the  instantaneous 
current  is 


_  dq 


t  =  ^  amperes 


(6.1) 


where  q  is  in  coulombs  and  t  in  seconds. 

When  positive  charge  moves  from  one  point  to  another  point  at 
a  higher  potential,  the  rate  at  which  work  is  done,  (3.3),  against  the 
electrical  forces  is  p  =  ei  watts,  where  p  is  the  instantaneous  power  in 
watts,  e  is  the  instantaneous  value  of  the  potential  difference  in 
volts,  and  i  is  the  instantaneous  value  of  the  current  in  amperes. 

Small  vacuum  tubes  frequently  carry  plate  currents  of  the 
order  of  1  ma.  One  milliampere  is  a  flow  of  approximately  6  •  10 15 
electrons/sec.  The  rate  of  arrival  of  the  electrons  at  the  plate  is 
not  uniform.  Under  certain  conditions,  the  fluctuation  in  the  plate 
current  may  be  translated  into  sound,  called  fluctuation  noise  or  hiss. 
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The  term  fluctuation  noise  has  been  extended  to  include  other 
similar  disturbances  and  to  include  other  than  audible  frequencies. 
These  fluctuations  limit  the  amplification  that  may  be  usefully 
employed.  In  the  more  extreme  cases  the  impact  of  individual 
electrons  on  the  plate  can  be  detected. 

7.  Electric  Resistance. — The  electric  resistance  of  a  conductor 
is  a  measure  of  the  difficulty  that  electrons  experience  as  they  are 
forced  through  the  conductor  under  the  influence  of  an  electric  field 
within  the  conductor.  For  most  conductors,  the  ratio  of  E ,  the 
potential  difference  between  the  conductor  terminals,  to  the  cor¬ 
responding  steady  current  I  is  practically  a  constant  (Ohm's  law). 
The  ratio  between  the  potential  difference  E  across  a  conductor  in 
volts  and  the  current  I  through  it  in  amperes  defines  its  resistance  R 
in  ohms  and  its  conductance  G  in  mhos. 


R  =  y  ohms  and 

G  =  y  mhos 

(7-1) 

These  relations  may  be  written 

E  =  111  and 

II 

£ 

(7.2) 

The  resistance  of  a  conductor  is  the  voltage  across  it  per  ampere  of 
current  through  it,  while  its  conductance  is  the  current  through  it 
per  volt  of  potential  applied. 


The  power  in  watts  delivered  to  such  a  resistive  conductor  is 

P  =  El  =  PR  =  EHI  watts  (7.3) 

A  wire  of  length  l  in  meters  and  of  cross  section  A  in  square  meters 
has  a  resistance  R  in  ohms  given  by 

R  =  Pj  (7.4) 


where  p  is  the  resistivity  of  the  material  of  the  wire.  A  normal  value 
of  p  for  soft-drawn  copper  is  1.72  •  10“8  ohm  meter. 

When  conductors  are  in  series,  the  total  resistance  is  the  sum  of 
the  individual  resistances.  When  arranged  in  parallel  the  total 
resistance  is  given  by  the  relation 


J_  =  ±  +  _L  +  ±  + 

I^total  R\  R2  Ri 


(7.5) 


8.  Electromotive  Force;  Electric  Circuit. — The  open-circuit 
potential  difference  between  the  terminals  of  a  source  of  electrical 
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energy  is  its  electromotive  force  (emf),  by  definition.  The  current 
that  a  source  of  electric  energy  produces  in  a  circuit  is  given  by 

I  _  emf  of  energy  source  _ 

series  resistance  of  entire  circuit1  '  * 

The  various  points  in  an  electric  circuit  may  be  identified  in 
terms  of  the  potential  at  these  points  with  respect  to  the  potential 
of  some  reference  point,  such  as  the  ground,  a  metal  chassis,  or  an 
airplane  fuselage.  The  reference  potential  is  commonly  referred 
to  as  ground  potential,  although  the  potential  of  the  reference  point 
with  respect  to  the  earth  may  be  considerable. 

Kirchhoff’s  laws ,  which  are  useful  in  the  analysis  of  complicated 
circuits,  may  be  stated  as  follows: 

1.  The  algebraic  sum  of  the  currents  that  meet  at  any  point  is 
zero. 

2.  The  algebraic  sum  of  the  potential  differences  (taken  in  the 
same  direction)  around  any  closed  circuit  is  zero. 

Equation  (8.1)  is  Kirchhoff’s  second  law  applied  to  a  simple 
circuit. 

9.  Electromagnetism. — It  is  found  experimentally  that  two 
parallel  and  electrostatically  neutral  wires  attract  each  other  when 
carrying  steady  currents  in  the  same  direction.  If  the  currents  are 
in  opposite  directions,  the  wires  repel  each  other.  In  general,  cur¬ 
rent-carrying  loops  are  subject  to  mechanical  forces  that  would  not 
exist  if  no  currents  were  flowing.  Forces,  such  as  these,  that  depend 
upon  the  magnitude  and  direction  of  electric  currents  are  called 
magnetic  forces,  and  currents  experiencing  such  forces  are  said  to 
be  in  a  magnetic  field  or  field  of  magnetic  induction.  The  field  of 
magnetic  induction  is  denoted  by  the  vector  B ,  defined  as  follows: 

If  a  straight  current  element  is  used  as  a  probe  and  is  so  oriented 
in  a  uniform  magnetic  field  that  the  force  on  the  current  is  maxi¬ 
mum,  the  current,  B  field,  and  the  force  are  mutually  perpendicular 
and  are  oriented  as  the  middle  finger,  index  finger,  and  thumb  of 
the  left  hand  when  these  are  held  mutually  perpendicular.  This  is 
known  as  Fleming’s  left-hand  rule,  Fig.  9.1.  The  magnitude  of 
the  force  is  proportional  to  the  length  l  of  the  probe  and  to  the  cur¬ 
rent  i  that  it  carries.  Writing 

F  (newtons)  =  B  •  Z  (meters)  •  i  (amperes)  (9.1) 

the  coefficient  of  proportionality  B  defines  the  field  of  magnetic 

1  Including  the  internal  resistance  of  the  source,  Appendix  C. 
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induction  at  the  point  where  the  probe  is  located.  The  magnitude 
of  B  thus  is  measured  in  newtons/meter-ampere. 

In  air,  the  direction  of  the  vector  B  is  the  direction  in  which 
the  north-seeking  pole  of  a  very  small  magnetic  compass  points,  if 
free  to  rotate  in  all  directions. 

^F  (forced  thumb) 

B (magnetic  field) (index  finger) 

- ^1  (currentHmiddle  finger) 

Fig.  9.1. — Illustrating  Fleming’s  left-hand  rule  for  force  on  a  current  element.  The 
magnetic  field  is  directed  away  from  the  observer. 

10.  Magnetic  Flux. — A  very  small  loop  of  conductor  having 
area  A  is  shown  in  Fig.  10.1.  After  a  positive  direction  along  the 
conductor  has  been  specified,  as  shown,  the  direction  of  the  positive 
normal  to  the  small  area  is  defined  by  the  direction  in  which  a  right- 
handed  screw  would  advance  if  turned  in  the  positive  direction. 
Call  Bn  the  component  of  the  magnetic  induction  B  in  the  direction 
of  the  positive  normal.  The  product  of  Bn  by  the  area  of  the  loop  A , 

<t>  =  BnA  (10.1) 

is  called  the  magnetic  flux  <f>  of  B  through  the  loop.  The  unit  of 
flux  is  called  the  weber. 

The  direction  and  strength  of  the  induction 
field  B  may  be  pictured  by  “  lines  of  flux7’ 
whose  direction  represents  the  direction  of  the 
field  and  whose  number  per  unit  area  perpen¬ 
dicular  to  the  lines  is  proportional  to  the  aver¬ 
age  magnitude  of  B  over  the  area. 

11.  Magnetic  Intensity. — Figure  11.1  repre¬ 
sents  an  axial  cross  section  of  a  long  uniform 
solenoid  in  air.  Lines  of  magnetic  flux  repre¬ 
senting  the  field  of  magnetic  induction  are 
shown  threading  the  coil.  Toward  the  middle 
of  the  coil  the  magnetic  flux  is  parallel  to  the  axis  of  the  coil  and  has 
uniform  density.  B  is  uniform  in  this  region,  and  its  magnitude  is 

B  =  vo  •  i  (amperes)  •  ni  (turns/meter)  (11.1) 

where  vo  is  a  universal  constant,  the  absolute  'permeability  of  free 


DIRECTION 

Fig.  10.1. — Con¬ 
ventions  for  deter¬ 
mining  flux  of  induc¬ 
tion  <f>. 
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space.  The  product  i  •  nx  (ampere  turns/meter)  is  a  measure  of  a 
physical  quantity  called  magnetizing  force  or  magnetic  intensity , 
denoted  by  H. 

The  magnetic  induction,  or  B  field,  and  the  magnetizing  force, 
or  H  field,  in  vacuum  have  the  same  direction,  and  their  numerical 
magnitudes  have  the  same  ratio  at  every  point.  This  ratio  is 


] 


vacuum 


=  4tt10~7  newtons/ampere2  or  henrys/meter 
=  1.26  /ih/meter 


(11.2) 


The  constant  pQ  is  not  dimensionless,  since  the  B  and  H  units  do  not 
have  the  same  dimensions. 

When  the  medium  is  a  “ magnetic”  substance  (such  as  iron), 


the  actual  flux  density  Bm  may 
be  many  times  greater  than  Ba) 
the  value  it  would  have  if  the  me¬ 
dium  were  air  or  vacuum.  As¬ 
suming  proportionality  of  Bm  to 
Ba,  which  is  approximately  true 
when  the  magnetic  medium  is  far 


Pig.  11.1. — Magnetic  field 
within  a  solenoid. 


Fig.  11.2. — Magnetic  field  about  a  long 
straight  current. 


from  magnetic  saturation,  the  ratio  Bm/Ba  is  a  pure  numeric,  char¬ 
acteristic  of  the  substance,  called  its  relative  permeability ,  or  simply 
permeability ,  and  is  denoted  by  pT. 


(11.3) 


The  value  of  pT  ranges  from  a  few  hundred  for  commercial  iron  up 
to  several  hundred  thousand  for  special  magnetic  alloys.  If  a  coil 
is  wound  on  a  toroidal  iron  core,  the  magnetic  flux  density  Bm 
within  the  iron  is  pT  times  the  value  it  would  have  if  the  iron  were 
absent. 

The  absolute  permeability  p  of  a  magnetic  material  is  p0pr  henrys/ 
meter. 

The  magnetic  field  about  a  long  straight  current  is  everywhere 
at  right  angles  to  the  current.  The  lines  of  force  are  circles  con¬ 
centric  with  the  current,  Fig.  11.2.  The  magnetizing  force  at 
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distance  r  from  the  center  of  the  current,  outside  of  the  current,  is 

H  =  ~  ampere  turns/meter  (11 .4) 

JiTrT 

The  direction  of  the  field  is  given  by  the  following  right-hand  rule: 
If  the  current  were  grasped  in  the  right  hand  with  the  thumb  point¬ 
ing  in  the  direction  of  the  current,  the  fingers  would  indicate  the 
direction  of  the  field. 


(a) 

, — Magnetic  field  about  a  straight  current,  (a)  alone,  and  (b)  i 
magnetic  field,  showing  direction  of  the  force  upon  the  current. 


Fig.  11.4. — -Magnetic  field  in  a  plane  containing  the  axis  of  a  circular  current- 

carrying  loop. 

The  direction  of  the  force  acting  on  a  segment  of  a  current- 
carrying  conductor  or  probe  located  in  a  magnetic  field,  obtained  by 
Fleming’s  left-hand  rule,  can  also  be  obtained  as  follows:  Let  Fig. 
11.3a  represent  a  cross  section  of  the  probe  carrying  a  current 
directed  toward  the  observer.  The  field  of  this  current  is  as  shown. 
If  the  probe  is  located  in  a  magnetic  field  perpendicular  to  the  probe, 
the  two  fields  will  combine  as  in  Fig.  11.36.  The  force  that  the 
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probe  experiences  can  be  pictured  as  a  result  of  the  effort  of  the 
“crowded”  field  to  “ expand.” 

The  magnetic  field  about  a  circular  current  is  illustrated  in 
Fig.  11.4,  the  lines  of  force  being  shown  in  a  plane  containing 
the  axis  of  the  circular  loop.  At  every  point  in  the  plane  of  the 
loop  the  field  is  perpendicular  to  this  plane.  The  direction  of  the 
field  is  consistent  with  the  right-hand  rule  for  a  straight  current 
element.  The  magnitude  of  the  field  varies  at  different  points 
along  a  diameter  of  the  loop.  At  the  axis,  the  field  has  the  least 
magnitude  within  the  loop  and  the  magnetizing  force  is 

H  =  —  ampere  turns/meter  (11.5) 

where  r  is  the  radius  of  the  loop  in  meters  and  i  is  the  current  in 
amperes. 

12.  Free  Electron  in  Magnetic  Field. — The  shaded  area  in 
Fig.  12.1  represents  a  cross  section  of  a  uniform  magnetic  field  in 


Fig.  12.1. — Deflection  of  a  moving  electron  in  a  vacuum  in  a  uniform  magnetic  field, 
directed  into  the  paper. 

vacuum,  with  the  lines  of  induction  B  directed  into  the  paper. 
When  a  moving  electron  enters  the  field  at  M,  with  a  velocity  v 
perpendicular  to  B ,  it  experiences  a  transverse  force 

F  =  Bev  newtons  (12.1) 

where  B  is  the  magnetic  induction  in  mks  B  units  (newtons/cou- 
lomb/ampere  or  weber s/sq  meter),  e  is  the  electronic  charge  in 
coulombs,  and  v  is  the  velocity  of  the  electron  in  meters/sec.  The 
direction  of  the  force  is  perpendicular  to  v  and  is  given  by  Fleming’s 
left-hand  rule,  Sec.  9,  the  direction  opposite  to  the  velocity  v  replac¬ 
ing  the  current  i.  Under  the  action  of  the  transverse  force  F,  the 
direction  of  motion  of  the  electron  changes  but  always  remains 
perpendicular  to  the  field.  The  magnitude  of  the  transverse  force 
F  and  the  magnitude  of  the  electron  velocity  v  do  not  change.  In 
consequence,  the  electron  follows  a  circular  path  whose  radius  is 
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R  —  meters  (12.2) 

Numerical  values  of  e  and  m  are  given  in  Sec.  2.  The  length  of 
time  necessary  for  the  electron  to  complete  one  excursion  around 
the  circumference  of  the  circle  is 


(12.3) 


and  is  independent  of  the  velocity  of  the  electron.  However,  if 
the  electron  leaves  the  magnetic  field  as  at  P ,  it  continues  in  a 
straight  path  in  the  direction  of  emergence,  the  magnitude  of  its 
velocity  having  remained  throughout  at  its  initial  value. 

When  an  electron  moves  in  vacuum  in  a  direction  other  than 
perpendicular  to  a  magnetic  field,  it  experiences  a  force,  perpendicu¬ 
lar  to  both  field  and  motion,  that  is  proportional  to  the  component 
of  the  motion  perpendicular  to  the  field.  No  force  is  exerted  on  an 
electron  if  its  motion  is  collinear  with  the  field. 

13.  Electromagnetic  Induction. — Let  3>  be  the  flux  of  the  magne¬ 
tic  induction  B  through  any  electric  circuit,  for  example  a  loop  of 


conducting  wire.  A  change  in 
the  amount  of  flux  3>  gives  rise 
to  an  emf  in  the  circuit  that 
lasts  only  as  long  as  the  flux  is 
changing.  This  emf  is  ex¬ 
pressed  by 


4>  DECREASING  (j)  INCREASING 


Emf  =  -AT  ^  volts  (13.1) 


Fig.  13.1. — Direction  of  induced  emf 
and  current  in  a  loop  due  to  change  in 

4>- 


where  N  is  the  number  of  turns  linked  by  the  flux  F.1  The  negative 
sign  indicates  that  the  emf  is  induced  in  the  circuit  in  the  negative 
direction  when  the  rate  of  change  of  F  is  positive. 

The  induced  emf  produces  in  the  closed  loop  a  current  having  a 
field  as  in  Fig.  11.4,  whose  direction  is  consistent  with  the  right- 
hand  rule.  This  field  is  always  in  such  a  direction  as  to  aid  the 
original  field  if  F  is  being  decreased  or  to  oppose  the  original  field 
if  F  is  being  increased  (Lenz’s  law).  The  sketches  in  Fig.  13.1 
illustrate  these  principles. 

Equation  (13.1)  has  wide  application.  It  does  not  matter  in 
what  way  the  change  in  flux  linkage  is  accomplished.  The  field, 

1  From  (13.1)  it  is  seen  that  the  unit  of  F,  the  weber,  equals  1  volt-second. 
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the  circuit,  or  both  may  be  in  motion.  If  the  circuit  should  already 
contain  a  steady  emf  and  current,  the  induced  emf  and  current  are 
superimposed  upon  them. 

When  a  current  i  flows  in  a  closed  loop  consisting  of  N  turns, 
there  is  a  magnetic  flux  $  through  the  loop.  If  the  current  changes, 
$  changes,  and  there  is  induced  in  the  circuit  an  emf  expressed  by 
the  relation 

The  minus  sign  indicates  that  the  direction  of  the  emf  is  such  as  to 
oppose  the  change  in  the  current.  The  coefficient  L  is  the  self- 
inductance  of  the  circuit  and  may  be  regarded  as  a  measure  of  the 
induced  emf  at  a  moment  when  the  current  is  changing  at  unit  rate. 
The  unit  of  inductance  in  the  mks  system  is  the  henry.  A  1-volt 
emf  is  induced  in  a  circuit  of  1-henry  inductance  when  the  current 
in  the  circuit  is  changing  at  the  rate  of  1  ampere/sec. 

When  a  circuit  contains  a  number  of  loops  in  series,  so  arranged 
that  the  flux  of  any  one  loop  links  some  or  all  of  the  other  loops  as 
well,  the  self-inductance  is  thereby  increased.  A  coil  is  thus  a 
circuit  element  possessing  a  substantial  amount  of  self-inductance. 
If  the  coil  is  wound  on  an  iron  core,  its  inductance  thereby  is  greatly 
increased.  If  a  coil  is  wound  on  a  toroidal  core  of  magnetic  material, 
the  magnetic  flux  $  within  the  toroid  is  jir  times  as  great  as  in  the 
absence  of  the  magnetic  material  and  the  inductance  L  of  the  coil 
is  Mr  times  as  great  since  the  external  flux  usually  may  be  neglected. 

When  L  is  constant,  the  energy  stored  in  a  current-carrying 
circuit  is 

Energy  in  circuit  =  iLi 2  joules  (13.3) 

where  L  is  in  henrys  and  i  in  amperes.  Thus,  half  a  joule  is  stored 
in  a  1-henry  inductance  when  the  current  is  one  ampere.  Compare 
this  equation  with  (5.5). 

All  closed  electric  circuits  have  a  certain  amount  of  self-induct- 
ance  L,  a  certain  amount  of  resistance  R,  and  a  certain  amount  of 
capacitance  C.  One  or  two  of  these  quantities  may  predominate, 
but  all  three  are  always  present. 

When  two  circuits  are  so  placed  that  the  flux  of  induction  of  one 
is  partly  or  wholly  linked  with  the  other,  a  change  of  current  in 
circuit  1  induces  an  emf  in  circuit  2,  expressed  by 

emf2  —  —M^  volts 
at 


(13.4) 
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In  like  manner,  a  change  of  current  in  circuit  2  induces  an  emf  in 
circuit  1, 

emfi  =  —  M  ~  volts  (13.5) 

The  coefficient  M  is  called  the  mutual  inductance,  “ mutual” 
emphasizing  the  fact  that  the  coefficients  in  (13.4)  and  (13.5)  are 


Table  14.1 


Kind 

Quantity 
mks  units 

Quantity 

esu 

Quantity 

emu 

Length . 

1  meter 

100  cm 

100  cm 

Mass . 

1kg 

1,000  grams 

1,000  grams 

Time . 

1  sec 

1  sec 

1  sec 

Force . 

1  newton 

10 5  dynes 

105  dynes 

Work . 

1  joule 

107  ergs 

10 7  ergs 

Power . 

1  watt 

107  ergs/sec 

107  ergs/sec 

Charge . 

1  coulomb 

3  •  109  statcou- 
lombs 

10-1  abcoulomb 

Current . 

1  ampere 

3  •  109  statamperes 

10“ 1  abampere 

Electric  field . 

Potential  differ- 

1  volt /meter 

£  *  10"4  statvolt/ 
cm 

106  abvolts/cm 

ence . 

1  volt 

rhz  statvolt 

10s  abvolts 

Conductivity . 

1  mho /meter 

9  •  109statmho/cm 

10~u  abmho/cm 

Resistance . 

1  ohm 

£  ■  10~u  statohm 

109  abohms 

Capacitance . 

1  farad 

9  •  10u  statfarads 

or  cm 

10-9  abfarad 

Magnetic  flux . 

Magnetic  flux  den- 

1  weber 

*h  esu 

108  maxwells 

sity  B . 

1  weber /sq  meter 

£  •  10-6  esu/em2 

104  gauss 

Magnetic  field  H . 

Magnetomotive 

1  ampere  turn/ 
meter 

12 x  *  107  esu 

4x  •  10-3  oersted 

force . 

1  ampere  turn 

12x  •  109  esu 

4x  *  10“l  gilbert 

Inductance . 

1  henry 

£  •  10“u  stathenry 

109  abhenry 

Permittivity  of 
free  space  «o 

[l/(36x)l  •  10”9 
farad/meter 

1 

$  •  10-20  (sec /cm) 2 

Permeability  of 
free  space  j u0 
Relative  permitti¬ 
vity  cr  (dielec¬ 
tric-constant)  . . . 
Relative  perme¬ 
ability  Hr . 

4 x  •  10-7  henry/ 
meter 

Numeric 

Numeric 

5  •  10~20  (sec /cm) 2 

1 
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the  same.  The  unit  of  mutual  inductance  in  the  mks  system  is  the 
henry,  the  same  unit  as  for  self-inductance. 

Positive  direction  of  current  having  been  arbitrarily  designated 
in  each  circuit,  if  the  flux  linked  with  circuit  1  due  to  positive  current 
in  circuit  2  aids  the  flux  due  to  positive  current  in  circuit  1,  M  is 
numerically  positive.  If  these  fluxes  oppose,  M  is  numerically 
negative  (see  Chap.  I,  Sec.  11). 

14.  Comparison  of  Units. — Table  14.1  gives  a  comparison  of  the 
mks  system  of  units,  the  electrostatic  units  (esu)  and  the  electro¬ 
magnetic  units  (emu).  The  comparison  is  numerical  where  the 
units  are  dimensionally  different,  i.e.,  involve  mass,  length,  time  in 
different  degrees.  One  mks  unit  of  the  quantity  in  the  first  column 
is  expressed  in  the  appropriate  number  of  electrostatic  units  and 
electromagnetic  units.  For  example,  1  mks  unit  of  current  (1 
ampere)  equals  3  •  109  esu  of  current  (3  •  109  statamperes),  or  10_1 
emu  of  current  (10-1  abamperes).  The  relative  permittivity  or 
dielectric  constant  is  a  numeric  of  the  same  magnitude  in  all  systems. 
In  the  table,  the  characteristic  velocity  of  electromagnetic  waves  in 
free  space  is  taken  as  3  •  10 8  meters/sec  or  300  meters/microsec. 
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DESCRIPTION  OF  A  DIRECT-CURRENT  SOURCE  IN  TERMS 
OF  ELECTRICAL  CONSTANTS 

1.  Constant -voltage  and  Constant-current  Representation. — 

Figure  1.1a  indicates  a  source  of  electrical  energy  connected  to  a 
dissipative  load  RL.  The  action  of  the  source  upon  the  load  may  be 
described  in  terms  of  electrical  constants  if  its  terminal  potential 
varies  linearly  with  the  load  current  IL.  In  Fig.  1.26  the  solid 
diagonal  line  represents  this  characteristic  plotted  for  a  particular 
d-c  generator.  At  zero  current  the  terminal  potential  is  40  volts. 
This  voltage  at  zero  current  is  a  significant  constant  of  the  generator 


Fig.  1.1. — Alternative  descriptions  (b)  and  (c)  of  a  d-c  generator  (a). 


and  may  be  described  as  its  open-circuit  voltage  Eoc  or  its  emf.  For 
the  generator  of  this  particular  example,  the  terminal  voltage 
decreases  linearly  as  the  load  current  increases,  Fig.  1.26,  becoming 
zero  when  the  load  current  is  4  ma.  This  value  of  current  at  zero 
voltage  is  likewise  a  significant  constant  of  the  generator  and  occurs 
when  the  load  resistance  is  zero,  or  when  the  generator  terminals 
are  short-circuited;  it  is  called  the  short-circuit  current  7SC.  The 
equation  for  the  generator  characteristic  may  be  written  in  terms  of 
these  two  intercepts  on  the  axes: 

El  =  Ex-^  II  (1.1) 

-L  SC 

The  ratio  Eoc/Isc  has  the  dimension  of  ohms  and  is  defined  as  the 
generator  resistance  Rg  =  Eoc/Isc.  It  is  equal  to  the  decrease  in 

925 
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terminal  voltage  per  ampere  of  current  through  the  load  and  is 
determined  by  the  slope  of  the  line  of  Fig.  1.26.  For  the  generator 
shown,  Rg  —  10,000  ohms. 

The  load  characteristic  of  the  generator  also  can  be  described  in 
terms  of  Rg  in  two  other  forms, 

El  —  Eoc  —  RqIl  or  El  —  {I  sc  —  Il)R0  (1.2) 

The  equation  at  the  left  indicates  that  the  d-c  source  may  be  repre¬ 
sented  by  a  zero-resistance  generator  of  constant  voltage  Eoc  in 
series  with  an  internal  resistance  Rg,  Fig.  1.16.  The  decrease  of  EL 
with  increasing  IL  thus  is  accounted  for  by  the  increasing  IR  drop 
in  Rg.  The  right-hand  equation  (1.2)  suggests  the  circuit  of  Fig. 


<c0  <b) 

Fig.  1.2.- — Load  characteristics  of  a  particular  d-c  generator. 


l.lc,  in  which  an  infinite-resistance  generator,  delivering  a  constant 
current  7SC,  is  in  parallel  with  the  same  internal  resistance  Rg.  Here 
the  increase  in  load  current  causes  a  decrease  in  the  current  through 
Rg  and  therefore  a  reduced  terminal  potential.  The  two  descrip¬ 
tions  differ  in  their  predictions  as  to  the  energy  dissipated  in  the 
generator,  but  they  are  equivalent  insofar  as  load  currents  and 
voltages  are  concerned.  Which  equivalent  circuit  is  more  con¬ 
venient  depends  upon  the  conditions  of  the  problem. 

If  Rg ,  the  resistance  of  the  generator  studied,  had  been  100  ohms 
instead  of  10,000  ( Eoc  remaining  the  same),  the  El-Il  characteristic 
would  be  given  in  part  by  the  almost  horizontal  dashed  line  of 
Fig.  1.3.  Over  the  range  of  currents  shown  (which  correspond  to 
load  resistances  much  larger  than  100  ohms)  the  percentage  change 
from  the  open-circuit  voltage  is  negligible,  and  within  this  range 
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the  generator  approximates  a  const  an  t-volt  age  device.  Under 
these  circumstances  the  generator  is  conveniently  described  by 
the  single  constant  Eoc,  and  the  series  resistor  Rg  may  be  omitted 
from  the  diagram  of  Fig.  1.16.  If  the  generator  resistance  Rg  had 
been  1  megohm  ( Iac  remaining  the  same),  the  almost  vertical  dashed 
line  at  the  right  in  Fig.  1.3  would  describe  its  behavior.  In  this  range 
of  voltage  variation,  corresponding  to  values  of  load  resistance  that 
are  very  small  in  comparison  with  1  megohm,  the  source  approxi¬ 
mates  a  constant-current  generator.  For  this  condition,  resistor 
Rg  in  Fig.  1.1c  may  be  neglected  and  the  generator  described  by  the 
single  constant  Iac . 

The  same  source  may  approximate  either  a  constant-current  or 
a  constant-voltage  generator  depending  upon  the  ratio  of  the  load 


resistance  to  Rg ,  the  internal  resistance  of  the  generator.  In  Fig. 
1.2a  the  variation  of  EL  and  IL  is  shown  for  the  generator  previously 
described  whose  Rg  was  10,000  ohms.  As  the  load  resistance  is 
increased  from  a  value  of  1  ohm,  the  current  IL  remains  almost 
constant  at  its  short-circuit  value  of  4  ma.  At  a  load  resistance  of 
100  ohms  (1  per  cent  of  Rg)  the  load  current  drops  about  1  per 
cent,  and  at  1,000  ohms  (10  per  cent  of  Rg)  the  decrease  is  less  than 
10  per  cent.  For  many  purposes  the  generator  may  be  represented 
as  a  constant-current  generator  in  this  range  of  loads.  As  the 
load  resistance  increases  to  a  value  equal  to  Rgf  the  load  current 
drops  to  one-half  its  short-circuit  value,  and  the  terminal  voltage  EL 
rises  to  one-half  its  open-circuit  value.  Further  increase  of  RL  to 
l0Rg  and  1001^  raises  the  generator  voltage  to  within  10  per  cent 
and  1  per  cent,  respectively,  of  the  open-circuit  voltage.  Above 
these  values  of  load  resistance,  constant-voltage  operation  is  a  good 
approximation. 

In  the  range  of  resistance  loads  between  const  ant- voltage  and 
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constant-current  operation,  the  representation  used  may  be  deter¬ 
mined  by  the  nature  of  the  load.  If  it  consists  only  of  series  ele¬ 
ments,  the  constant-voltage  representation  is  more  convenient,  as 
the  generator  resistance  adds  only  one  more  series  element.  If 
the  load  consists  of  parallel  branches,  the  constant-current  descrip¬ 
tion  adds  Rg  as  an  additional  parallel  element. 

2.  Nonlinear  Characteristics. — Many  actual  generators  do  not 
yield  a  straight  El-Il  characteristic,  but  instead  one  similar  to  the 
dot-dash  curve  in  Fig.  1.3.  The  action  of  this  generator  upon  a 
load  cannot  be  described  in  terms  of  a  fixed  emf  and  fixed  Rg  for  all 
values  of  load  current.  If  the  load  current  does  not  change  greatly 
and  the  curvature  of  the  characteristic  is  small,  approximate  values 
of  emf  and  Rg  may  be  established  for  a  limited  range  of  currents. 
For  example,  the  portion  of  the  dot-dash  curve  of  Fig.  1.3  in 
the  neighborhood  of  1  ma  may  be  simulated  by  the  tangent  to  the 
curve  at  that  point,  so  that  for  currents  in  the  neighborhood  of  1 
ma  the  generator  may  be  simulated  by  a  fictitious  generator  having 
values  of  Eoc  =  30  volts,  I8C  =  2  ma,  and  Rg  =  15,000  ohms. 


APPENDIX  D 

SYMBOLS  AND  ABBREVIATIONS 


The  purpose  of  this  appendix  is  to  explain  the  general  plan 
underlying  the  symbols  used  in  this  text  and  to  list  certain  symbols 
and  abbreviations.  Symbols  for  impedance,  resistance,  inductance, 
capacitance,  etc.,  are  conventional;  these  and  the  subscripts  used 
with  them  are  explained  in  the  text  of  each  chapter.  The  explana¬ 
tions  given  below  are  concerned  mainly  with  currents  and  voltages. 

1.  Capital  Letters. — Capital,  or  upper-case,  letters  (when  used  for 
currents  and  voltages)  are  used  for  steady,  or  d-c,  components,  for 
repetitive  a-c  and  variational  components,  and  in  general  for  currents 
and  voltages  that  continually  recur  cyclically  or  systematically. 

Capital  letters  are  also  given  special  meanings  as  indicated  by  the 
text  of  the  chapter  concerned. 

2.  Lower-case  Letters. — Lower-case,  or  small,  letters  are  used 
to  indicate  instantaneous  values  of  currents  and  voltages.  Both 
capital  and  lower-case  letters  used  as  symbols  are  printed  in  italics 
to  distinguish  them  from  the  accompanying  text. 

3.  Use  and  Omission  of  Diacritical  Marks. — Two  diacritical 
marks  are  used  extensively  in  this  text — a  short  bar  and  a  short  con¬ 
vex  arc,  or  curved  line.  These  are  placed  over  capital  italic  letters. 

The  bar  denotes  steady,  or  average,  components,  or  d-c  values. 
Thus,  E  =  10  volts  means  that  the  voltage  in  question  is  a  d-c,  or 
steady,  voltage,  existing  alone  or  as  a  component  of  a  more  complex 
waveform,  and  has  a  value  of  +10  volts  in  accordance  with  the 
polarity  assumed  in  the  text. 

The  arc  is  used  over  a  capital  letter  to  simulate  one  half  cycle  of 
a  sinusoid  and  denotes  the  amplitude  of  a  sinusoidal  component. 
Thus,  E  =  4  +  j3  =  5/36.9°  volts  indicates  a  voltage  of  sinusoidal 
waveform  whose  amplitude  is  5  volts,  having  rectangular  com¬ 
ponents  also  of  sinusoidal  waveform  whose  amplitudes  are  4  and  3 
volts. 

Where  no  diacritical  mark  is  used,  the  capital  italic  letter  indi¬ 
cates  rms  value.  Thus,  E  =  2.83  +  j2.12  =  3.54/36.9°  volts 
expresses  in  terms  of  rms  values  the  same  voltage  as  in  the  previous 
paragraph. 
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As  another  example,  suppose  the  instantaneous  value  of  a  certain 
current  in  milliamperes  (abbreviated  ma)  is  given  by 

i  =  10  +  5  sin  («i t  +  di)  +  3  sin  (c c2t  +  02) 

This  is  denoted  in  symbols  by 

i  =  I  “4~  \Ii\  sin  (o?i/  0i)  ~\~  \Iz\  sin  (0J2 1  -h  d2) 

where  I  denotes  the  d-c  component  and  |/i|  and  |/2|  the  magnitude 
values  of  the  amplitudes  of  the  a-c  components.  In  accordance 
with  the  notation,  I  =  10  ma;  \Ii\  =  5  ma;  \h\  —  3.54  ma;  |/2|  = 
3  ma;  |J2|  —  2.12  ma.  The  rms  value  of  i  is  denoted  by  7;  for  this 
example,  I  =  11.58  ma. 

A  diacritical  mark  used  less  extensively  in  this  text  is  the  tilde 
(~).  This  mark  approximates  in  form  one  cycle  of  a  sinusoid  and  is 
used  here  to  denote  quantities  involving  alternating  current. 
Suppose  that  a  circuit  has  a  certain  value  of  resistance  to  direct 
current  and  another  value  to  alternating  current,  the  frequency 
being  specified  where  necessary.  This  condition  exists  where  the 
resistance  of  an  iron-core  coil  is  involved.  The  resistance  to  direct 
current  would  be  denoted  by  R  and  the  resistance  to  the  alternating 
current  by  R.  Also,  the  power  dissipation  in  a  circuit  resulting 
from  the  direct  current  would  be  designated  by  P  and  that  resulting 
from  the  alternating  current  by  P.  The  tilde  is  used  only  where  it  is 
necessary  to  distinguish  between  d-c  and  a-c  values. 

The  diacritical  mark  A  placed  over  a  letter  signifies  peak,  or 
maximum,  value.  For  a  sinusoid,  peak  and  amplitude  values  are 
equal. 

4.  Vacuum-tube  Voltages  and  Currents. — This  section  cata¬ 
logues  most  of  the  symbols  used  for  vacuum-tube  voltages  and 
currents. 

The  subscripts  5,  c,  d,  z  refer,  respectively,  to  the  plate,  grid, 
screen  grid,  plate-load  impedance.  The  subscripts  p,  g>  L  refer 
respectively  to  variational  components  concerned  with  the  plate, 
grid,  plate-load  impedance.  The  subscript  0  (zero)  when  used 
with  a  symbol  denoting  average  value  means  the  quiescent  value; 
when  used  with  a  lower-case  letter  the  subscript  0  means  variational 
value  measured  from  the  quiescent  value. 

Symbol  Meaning 

eb  Total  instantaneous  voltage  of  plate  with  respect  to  cathode 
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Symbol  Meaning 

Instantaneous  value  of  plate-supply  voltage 
ec  Total  instantaneous  voltage  of  grid  with  respect  to  cathode 

ecc  Instantaneous  value  of  grid-supply  voltage 

ea  Total  instantaneous  voltage  of  screen  grid  with  respect  to  cathode 

eg  Instantaneous  value  of  variational  component  of  grid  voltage  with 

respect  to  cathode,  measured  from  the  average  value  (is  a-c  part  of 
ec,  has  no  d-c  component) 

eg0  Instantaneous  value  of  variational  component  of  grid  voltage  with 

respect  to  cathode,  measured  from  the  quiescent  value  (equals  ec 
minus  Eco,  may  have  a  d-c  component) 

e/,  Instantaneous  value  of  variational  component  of  voltage  drop  across 

the  load  in  the  direction  of  positive  plate  current,  measured  from 
the  average  value  (is  a-c  part  of  eZf  has  no  d-c  component) 

Clo  Instantaneous  value  of  variational  component  of  voltage  drop  across 
the  load  in  the  direction  of  positive  plate  current,  measured  from  the 
quiescent  value  (equals  ez  minus  Ez 0,  may  have  a  d-c  component) 
ep  Instantaneous  value  of  variational  component  of  plate  voltage  with 

respect  to  cathode,  measured  from  the  average  value  (is  a-c  part 
of  eb,  has  no  d-c  component) 

ep0  Instantaneous  value  of  variational  component  of  plate  voltage  with 

respect  to  cathode,  measured  from  the  quiescent  value  (equals  eb 
minus  Ebo,  may  have  a  d-c  component) 
ez  Total  instantaneous  voltage  drop  across  the  plate  load  in  the  direction 

of  positive  plate  current 

Eb  Average  voltage  of  plate  with  respect  to  cathode 

Ebb  Average  value  of  plate -supply  voltage 

Ebo  Quiescent  voltage  of  plate  with  respect  to  cathode  (is  quiescent  value 
of  Eb  or  of  eb) 

Ec  Average  voltage  of  grid  with  respect  to  cathode 

Ecc  Average  value  of  grid-supply  voltage 

Eco  Quiescent  grid  voltage  with  respect  to  cathode  (is  quiescent  value  of 
Ec  or  of  ec) 

Ed  Average  voltage  of  screen  grid  with  respect  to  cathode 

Edd  Average  value  of  screen-grid  supply  voltage 

Eg  Rms  value  of  a-c  components  of  grid  voltage  with  respect  to  cathode 

(is  rms  value  of  eg) 

El  Rms  value  of  a-c  components  of  voltage  drop  across  the  plate  load  in 
the  direction  of  positive  plate  current  (is  rms  value  of  e£) 

Ep  Rms  value  of  a-c  components  of  plate  voltage  with  respect  to  cathode 
(is  rms  value  of  ep) 

Ez  Average  voltage  drop  across  the  plate  load  in  the  direction  of  positive 

plate  current  (is  average  value  of  ez) 

Ezo  Quiescent  voltage  drop  across  the  plate  load  in  the  direction  of  positi  ve 
plate  current  (is  quiescent  value  of  Ez  or  of  ez ) 
ib  Total  instantaneous  plate  current  to  the  plate  through  the  plat" 

terminal 

ibb  Total  instantaneous  plate-supply  current 

ic  Total  instantaneous  grid  current  to  the  grid  through  the  grid  termini E 
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Symbol 

id 

ig 

igO 

1/p 

IpO 

h 

Ibb 

Ibo 

L 

IcO 

id 

Ig 

Ip 
I . 


Meaning 

Total  instantaneous  screen-grid  current  to  the  screen  grid  through  the 
screen-grid  terminal 

Instantaneous  value  of  variational  component  of  grid  current,  meas¬ 
ured  from  average  value  (is  a-c  part  of  ic,  has  no  d-c  component) 
Instantaneous  value  of  variational  component  of  grid  current,  meas¬ 
ured  from  the  quiescent  value  (equals  ic  minus  Ic o,  may  have  a  d-c 
component) 

Instantaneous  value  of  the  variational  component  of  current,  meas¬ 
ured  from  the  average  value  (is  a-c  part  of  Ib,  has  no  d-c 
component) 

Instantaneous  value  of  variational  component  of  plate  current,  meas¬ 
ured  from  the  quiescent  value  (equals  %  minus  /(Jo,  may  have  a  d-c 
component) 

Average  plate  current  (is  average  value  of  ib ) 

Average  value  of  plate-supply  current 

Quiescent  plate  current  (is  quiescent  value  of  Ib  or  of  4) 

Average  grid  current  (is  average  value  of  ic) 

Quiescent  grid  current  (is  quiescent  value  of  Ic  or  of  4) 

Average  screen-grid  current  (is  average  value  of  id) 

Rms  value  of  a-c  components  of  grid  current  (is  rms  value  of  ig) 

Rms  value  of  a-c  components  of  plate  current  (is  rms  value  of  ip) 
Average  value  of  current  through  the  plate  load 


6.  Abbreviations. — The  following  is  a  list  of  abbreviations  com¬ 
monly  used  in  this  text: 


Abbreviation  Meaning 

a-c  Alternating-current,  alternating  ( e.g .,  a-c  component) 

a-f  Audio-frequency 

AVC  Automatic  volume  control 

cps  Cycles  per  second 

CRO  Cathode -ray  oscillograph 

d-c  Direct-current,  steady  or  constant  (e.g.,  d-c  component) 

emf  Electromotive  force 

i-f  Intermediate -frequency 

kcps  Kilocycles  per  second  (thousands  of  cycles  per  second) 
ma  Milliampere 

max  Maximum 

mcps  Megacycles  per  second  (millions  of  cycles  per  second) 

mh  Millihenry 

r-f  Radio-frequency 

RFC  Radio-frequency  choke  coil 

rps  Revolutions  per  second 

sec  Second 

VTVM  Vacuum-tube  voltmeter 

jua  Microampere 

juf  Microfarad 

juh  Microhenry 
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Abbreviations  Meaning 

jus  Microsecond 

ju/Ltf  Micromicrofarad  (10“12  farad) 

6.  Mathematical  Symbols. — The  mathematical  symbols  of 
this  text  are  the  usual  ones.  A  few  are  given  here. 


Symbol 

1^  I 
> 

>  > 

< 

<  < 

OO 

cc 

z 


Meaning 

Absolute  magnitude  of  the  quantity  between  the  bars 
Is  approximately  equal  to,  equals  approximately 
Is  greater  than 

Is  very  much  greater  than  (approximately  ten  times  or  more) 
Is  less  than 

Is  very  much  less  than  (approximately  one-tenth  or  less) 
Infinity 

Is  proportional  to 
At  the  angle 


PROBLEMS 


Chapter  I 

1.  The  function  shown  in  Fig.  1  is  periodic  with  a  period  of  5.  Over  any 
whole  number  of  periods,  find:  (a)  the  average  value  of  the  function;  ( b )  the 
rms  value.  Ans.:  (a)  3.00;  ( b )  4.47. 


2.  A  sinusoidal  emf  is  given  by  the  equation  e  =  196  sin  (10,0002  —  £71-), 

where  e  is  in  volts  and  2  is  in  seconds,  (a)  Express  the  rms  value  of  this  voltage 
in  polar  form.  ( b )  Express  this  voltage  in  rectangular  complex  form,  (c) 
What  is  the  frequency  of  this  emf?  ( d )  What  is  the  first  time  after  2=0 
when  e  —  98.0  volts?  Ans.:  (a)  139/— 60°  volts;  (6)  69.3  —  j‘120  volts;  (c) 
1,590  cps;  (d)  1.57  ■  10"4  sec.  ™ 

3.  A  current  is  given  in  milliamperes  by  the  formula  i  —  5.00  +  10.00 
sin  1,0002.  (a)  What  is  the  average  value  of  this  current  over  any  whole 
number  of  cycles?  ( b )  What  is  the  rms  value  of  the  current?  (c)  If  the 
current  is  “rectified  ”  so  that  all  negative  parts  of  the  current  curve  are  inverted 
to  become  positive,  determine  the  average  value  over  any  whole  number  of 
periods.  Ans.:  (a)  5.00  ma;  (b)  8.66  ma;  (c)  7.18  ma. 

4.  (u)  A  voltage  e  =  12.5  sin  (20,0002  —  20.0°)  is  applied  to  a  pure  induct¬ 
ance  of  1.30  mh.  Write  the  sine  wave  equation  of  the  current  through  the 
inductance.  (6)  If  the  same  voltage  is  applied  to  a  pure  capacitance  of 
800  fini,  write  the  sine  wave  equation  of  the  current  through  the  capacitance. 
Ans.:  (a)  i  =  0.481  sin  (20,0002  +  70.0°)  ampere;  (6)  i  =  2.00  •  10-4  sin 
(20,0002  —  110°)  ampere. 

6.  {a)  Figure  5  represents  the  voltage  in  volts  applied  to  a  pure  capacitance 
of  5  pf.  Sketch  the  waveform  of  the  current  through  the  capacitance  for  the 
interval  shown  giving  numerical  values.  (6)  If  Fig.  5  represents  the  current  in 
milliamperes  through  a  pure  inductance  of  2  henrys,  sketch  the  waveform  of 
the  voltage  across  the  inductance  giving  numerical  values. 
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6.  A  voltage  e  =  50.0  sin  800£  volts  is  applied  across  a  pure  resistance  of 
20.0  ohms,  (a)  What  is  the  instantaneous  power  at  t  —  0.001  sec?  (b)  What 
is  the  average  power  dissipated  in  the  resistor?  Ans.;  (a)  64.3  watts;  (6) 
62.5  watts. 

7.  A  series  circuit  contains  a  pure  resistance  of  7.50  ohms,  a  pure  inductance 
of  175  nh.,  and  a  pure  capacitance  of  325  nnf.  A  voltage  e  =  7.50  sin  5.00  ■  106£ 
volts  is  applied  across  the  series  circuit.  Find :  (a)  the  impedance  in  rectangular 
complex  form;  ( b )  the  impedance  in  polar  form;  (c)  the  power  factor;  ( d )  the 
current  in  polar  form;  ( e )  the  power.  Ans.:  (a)  7,50  +j260  ohms;  ( b ) 
260/88.35°  ohms;  (c)  0.288;  ( d )  0.0204/— 88.35°  ampere;  ( e )  3.13  mw. 

8.  In  the  circuit  of  Fig.  8,  RL  =  15.0  ohms,  L  =  75.0  /Ai,  Rc  —  50.0  ohms, 
C  =  40.0  wuf,  R  =  1,000  ohms.  At  a  frequency  of  2,750  keps,  find:  (a)  the 
absolute  value  of  the  total  conductance;  (b)  the  absolute  value  of  the  total 
susceptance;  (c)  the  total  admittance  in  rectangular  complex  form;  (d)  the  total 
admittance  in  polar  form;  (e)  the  power  factor  of  the  circuit.  Ans.:  (a)  1,033 
jumhos;  ( b )  81.2  jumhos;  (c)  1,033  —  j'81.2  jumhos;  ( d )  1,036/—  4.50°  jumhos; 
(e)  0.997. 


Fig.  8. 


9.  Figure  9  represents  a  voltage  divider.  The  input  voltage  Ex  has  an  rms 
value  of  10.0  volts  at  a  frequency  of  1,000  cps.  C  has  a  capacitance  of  0.05  juf. 
The  output  voltage  E2  is  to  have  an  rms  value  of  7.50  volts.  Determine  the 
necessary  value  of  R.  Ans.:  1,062  ohms. 


Fig.  9. 


10.  Figure  10  represents  a  phase-shifting  circuit.  R  and  C  are  always 
adjusted  so  that  the  magnitude  of  their  total  series  impedance  is  5,000  ohms. 
The  input  voltage  has  a  frequency  of  800  cps.  (a)  What  must  be  the  value  of 
R  and  C  to  produce  a  phase  shift  of  30°  between  the  input  voltage  E\  and  the 
output  voltage  i?2?  ( b )  Does  the  voltage  E2  lag  or  lead  Ex  by  30°?  Ans.:  (a) 

R  =  2,500  ohms,  C  =  0.0459  juf;  (b)  lags. 


Fig.  10. 


Chapter  II 

1.  A  series  eircuit  consists  of  12.0  ohms  of  resistance,  180  nh  of  inductance, 
and  250  /u/uf  of  capacitance.  A  source  of  constant  voltage  of  5.00  volts  rms  at 
variable  frequency  and  zero  phase  angle  is  connected  across  the  circuit.  Deter¬ 
mine:  (a)  the  resonant  frequency  of  the  circuit;  ( b )  the  rms  value  of  the  current 
at  the  resonant  frequency ;  (c)  the  average  value  of  the  total  energy  stored  in  the 
inductance  and  capacitance  at  resonance;  ( d )  Qr;  (e)  the  rms  voltage  across  the 
capacitance  at  resonance ;  (/)  the  rms  voltage  across  the  inductance  at  resonance. 
Ans.:  (a)  750  kcps;  ( b )  0.417  ampere;  (c)  3.125  •  10-B  joule;  ( d )  70.7;  (e)  354 
volts;  (/)  354  volts. 

2.  A  series  circuit  consisting  of  4.10  ohms  of  resistance,  81.0  juh  of  induct¬ 
ance,  and  225  w f  of  capacitance  is  excited  by  a  constant-voltage  generator  of 
variable  frequency,  (a)  What  is  the  resonant  frequency  of  the  circuit?  ( b ) 
At  what  frequency  is  maximum  power  delivered  to  the  circuit?  (c)  What  is 
Qr  for  the  circuit?  ( d )  At  what  frequencies  will  one-half  the  maximum  power 
be  delivered?  Ans.:  (a)  1,179  kcps;  ( b )  1,179  kcps;  (c)  146;  ( d )  1,175  and  1,183 
kcps. 

3.  At  a  frequency  of  1,400  kcps,  coil  A  has  a  resistance  of  9.04  ohms  and  an 
inductance  of  185  juh,  while  coil  B  has  a  resistance  of  9.49  ohms  and  an  induct¬ 
ance  of  205  juh.  If  each  of  these  coils  were  to  be  tuned  to  series  resonance  at 
1,400  kcps  by  a  capacitor  of  negligible  losses,  which  coil  would  form  the  most 
selective  circuit?  Ans.:  Coil  B. 

4.  Table  4  shows  the  variation  of  current  through  a  series 
circuit  of  R ,  L,  and  C  when  excited  by  a  constant-voltage 
generator  at  a  variable  frequency.  The  generator  delivers 
5.00  volts  rms.  The  maximum  current  is  344  ma.  Find: 

(a)  Qr;  ( b )  R;  ( c )  L;  (d)  C.  Ans.:  (a)  55.2;  (i h )  14.5  ohms; 

(c)  145  juh;  (d)  224  wt 

5.  In  the  circuit  of  Fig.  5,  R  is  200  ohms,  L  is  10.0  mh. 

The  circuit  is  excited  by  a  constant-current  generator  which 
supplies  1.00  ma  at  the  resonant  frequency  of  the  circuit. 

If  the  resonant  frequency  is  159  kcps,  determine:  (a)  Qr;  ( b ) 
the  value  of  C;  ( c )  the  impedance  of  the  circuit  at  resonance;  (d)  the  voltage 
across  C  at  resonance;  (e)  the  current  through  L  at  resonance.  Ans.:  (a)  50: 

( b )  100  txixi;  ( c )  500,000  ohms;  (d)  500  volts;  (e)  50  ma. 


Fiq.  6. 

6.  In  the  circuit  of  Fig.  5,  R  is  6.24  ohms,  L  is  210  nh.,  and  C  is  156  nrf. 
Find:  (a)  the  impedance  of  the  circuit  at  parallel  resonance;  ( b )  the  impedance 
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Table  4 


/  kcps 

I  ma 

870 

172 

876 

243 

879 

292 

884 

344 

889 

292 

892 

243 

898 

172 
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5.24  kcps  below  the  resonant  frequency;  (c)  the  phase  angle  of  the  total  current 
with  respect  to  the  applied  voltage  under  the  conditions  of  ( b ).  Ans.:  (a) 
216,000  ohms;  (5)  88,700  ohms;  (c)  65.7°  lagging. 

7.  In  the  circuit  of  Fig.  5,  R  is  15.0  ohms,  L  is  125  /xh,  C  is  45.0  /x/xf.  (a) 
What  is  Qr  for  the  circuit?  ( b )  At  what  frequency  is  the  circuit  impedance 
greatest?  (c)  At  what  frequencies  is  the  circuit  impedance  0.707  times  the 
maximum  impedance?  Ans.:  (a)  111;  (5)  2.12  mcps;  (c)  2.111  and  2.129  mcps. 

8.  In  the  circuit  of  Fig.  5,  R  is  4.80  ohms,  L  is  88.0  /xh,  C  is  375  /x/xf.  Deter¬ 
mine:  (a)  Qr;  ( b )  the  resonant  frequency  of  the  circuit,  (c)  If  the  circuit  were 
loaded  by  connecting  a  pure  resistance  of  16,000  ohms  across  it,  what  would 
be  the  new  value  of  Qr?  Ans.:  (a)  101;  (5)  876  kpcs;  (c)  25. 

9.  In  the  circuit  of  Fig.  9,  R  is  15.0  ohms,  L  is  95.0  /xh,  the  generator  resist¬ 
ance  Rg  is  8,000  ohms.  The  circuit  of  R,  L,  C  1?  C2  is  resonant  at  a  frequency  of 
6.50  mcps.  What  should  be  the  values  of  C\  and  C2  to  make  the  input  imped¬ 
ance  of  the  tuned  circuit  equal  to  the  generator  impedance?  Ans.:  Ci  =  6.93 
/x/xf;  C2  =  70.7  /x/xf. 


Fig.  9. 


10.  The  circuit  of  Fig.  10  is  to  be  adjusted  to  have  the  total  current  a  maxi¬ 
mum  for  a  frequency  of  1.0  mcps  and  a  minimum  for  a  frequency  of  1.2  mcps. 
Find  the  values  of  C\  and  C2  which  will  produce  these  conditions.  Ans.: 
Ci  =  85.4  /x/xf;  Ci  =  38.5  /x/xf. 


R=  10  ohms 
L= 200 fih 


Fig.  10. 


Chapter  IV 

1.  Show  that  the  equations  for  balance  in  the  Campbell-Heaviside  bridge, 
Fig.  1,  are 

R1R4  =  R^Rz  (1) 

L3  =  ±  M)  ±  M  (2) 


Fig.  1. 


2.  It  is  desired  to  obtain  the  effective  resistance  R ,  inductance  L,  and  Q  for 
a  coil  at  a  frequency  of  6.50  mcps.  The  coil  is  connected  in  series  with  a  cali¬ 
brated  standard  capacitor  of  negligible  losses,  and  the  series  circuit  is  connected 
across  a  constant-voltage  generator  operating  at  6.50  mcps.  As  the  capacitor 
is  varied,  the  current  through  the  circuit  is  observed.  Maximum  current 
occurs  when  the  capacitance  is  12.56  /i/if,  and  0.707  times  the  maximum  current 
is  reached  when  the  capacitance  is  either  12.47  or  12.64  /i/if.  For  the  coil,  find' 
(a)  Q;  ( b )  R;  (c)  L.  Ans.:  (a)  148;  (b)  13.2  ohms;  (c)  47.8  /ih. 
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1.  Figure  1  represents  a  “lattice”  network,  abed,  connected  to  a  3-ohm  load. 
The  values  given  are  resistances  in  ohms,  (a)  Find  the  input  resistance  Rab 
with  the  3-ohm  load  connected  as  shown.  (Hint:  unfold  the  triangle  bed  about 
the  line  cd  to  form  a  bridge  network,  and  then  calculate  the  equivalent  T  of 
one  of  the  triangular  meshes.)  (b)  Calculate  R0 1,  Rsi,  R02,  Rs2  for  the  network 
abed,  the  3-ohm  load  being  disconnected.  ( c )  Calculate  the  arms  of  the  T 
network  equivalent  to  the  network  abed.  Ans.:  (a)  8.77  ohms;  ( b )  14.64,  7.50, 
13.80,  7.06  ohms;  (c)  =  4.70,  R2  =  3.87,  R3  =  9.93  ohms. 


Fig.  1. 


2.  The  open-circuit  impedances  Zoi,  Z02,  and  the  short-circuit  impedance 
Zsi  of  a  certain  network  are  Z0 1  =  500(1  —  jlO);  Z02  =  400(1  —  jlO); 
Zsi  =  250(1  —  yiO).  Find:  (a)  the  short-circuit  impedance  Z32)  (b)  the 
impedances  of  the  equivalent  T  network;  (c)  the  impedances  of  the  equivalent 
n  network.  Ans.:  (a)  Zs2  =  200(1  —  jlO) ;  (6)  Zi  =  184(1  —  jlO),  Z2  = 
84(1  -jlO);Z3  =  316(1  -jl0);(c)ZA  =  1,192(1  -jl0),ZB  =  317(1  -  jlO), 

=  544(1  -  jlO). 

3.  At  the  output  terminals  of  a  certain  network,  the  open-circuit  voltage  is 
100  volts  and  the  internal  impedance  is  4  —  j6  ohms,  (a)  What  is  the  maxi¬ 
mum  power  the  network  could  deliver  to  a  load?  What  current  would  flow? 
(b)  What  power  would  be  delivered  to  the  load  if  the  load  impedance  were  the 
complex  conjugate  of  that  used  in  (a)?  What  current  would  flow?  Ans.:  (a) 
625  watts,  12.5/0°  amperes;  ( b )  192,1  watts,  6.93/56.3°  amperes. 

4.  What  series  load  circuit  would  take  the  maximum  power  from  the  active 
network  of  Fig.  4  if  the  load  were  connected  between  a  and  5?  E  —  4.00/0° 
volts  at  1,600  cps,  R  =  900  ohms,  L  -  0.0750  henry,  C  =  0.0500  jif.  Ans.: 
series  circuit  of  748  ohms  resistance,  0.239  jtf  capacitance. 


b 


Fig.  4. 
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5t  Figure  5  represents  a  network  designed  to  match  a  load  Rl  of  15,000 
ohms  to  a  generator  whose  internal  resistance  is  10,000  ohms,  at  a  frequency 
for  which  co  =  106.  What  are  the  values  of  L  and  C  which  permit  the  maximum 
transfer  of  power  from  the  generator  to  the  load?  Ans.:  L  —  7.07  mh,  C  =  47.1 
MMf. 


Fig.  5. 


6.  The  plate  circuit  of  a  triode  consists  of  two  coils  and  a  capacitor  con¬ 
nected  as  in  Fig.  6.  The  mutual  inductance  between  coils  is  negligible,  and 
the  taps  shown  in  the  figure  are  moved  in  opposite  directions  so  that  the  sum 
of  the  two  inductances  is  kept  constant  at  L  =  50  juh,  and  the  sum  of  the  two 
resistances  of  the  coils  is  kept  constant  at  R  =  10  ohms,  (a)  Determine  C 
and  the  position  of  the  taps  in  order  to  make  the  a-c  impedance  of  the  load  equal 
to  a  resistance  of  20,000  ohms  at  «  =  107.  (6)  What  is  the  highest  resistance 

this  circuit  can  have  at  co  =  107?  Arts.:  (a)  C  —  200  jijif,  L "  =  5.3  /xh, 
U  =  44.7  yuhj  (6)  25,000  ohms. 


7.  In  Fig.  7,  E  —  10/0°  volts  rms,  /  =  1  meps,  Ri  =  50  ohms,  C  —  1,000 
jujuf ,  R<2  =  100  ohms.  Find  the  current  in  R 2  by  using  Thevenin’s  theorem. 
Ans.:  65.3/  —  11.82°  ma  rms. 


- WWW - 

R. 

*  ] 

E©  C: 

1  1 

’  ] 

Fig.  7. 


8.  Figure  8  represents  an  audio  transformer  whose  secondary  winding  is 
connected  to  a  pure  resistance  load  of  8  ohms.  For  the  primary,  Li  equals  50 
henrys,  Ri  equals  120  ohms;  and  for  the  secondary,  L2  equals  0.1  henry  arid  R2 
equals  0.1  ohm.  Assume  that  M2  equals  LiL2.  (a)  What  is  the  input  imped- 


942 


PROBLEMS 


ance  of  the  transformer  at  400  cps?  ( b )  What  is  the  turns  ratio  of  the  trans¬ 
former?  Ans.:  (a)  4,166  +.7125.6  ohms;  (6)  22.4. 


Fig.  8. 


9.  The  primary  and  secondary  resistances  and  inductances  of  a  transformer 
are  measured  and  found  to  be:  Rx  —  580  ohms;  Lx  =  68  henrys;  Ri  —  1  ohm; 
L2  =  50  mh.  Assume  k  =  1  and  that  shunt  capacitances  are  negligible,  (a) 
What  is  the  impedance  at  400  cps,  looking  into  the  primary,  with  an  8-ohm 
speaker  (assume  pure  resistance)  connected  across  the  secondary?  (b)  At 
what  frequency  is  this  transformer  no  longer  satisfactory  for  connecting  the 
speaker  to  a  tube  whose  load  resistance  should  be  11,000  ohms,  plus  or  minus 
10  per  cent?  Ans.:  (a)  12,760  +  j872  ohms;  (5)  51.2  cps. 

10.  For  measurement  of  the  high-frequency  current  in  an  r-f  coil,  an  r-f 
ammeter  of  the  thermocouple  type  is  used  with  a  loop  or  pickup  coil  connected 
across  its  terminals.  For  full  deflection,  a  current  of  120  ma  in  the  pickup  coil 
is  needed.  The  total  resistance  in  the  pickup  coil  circuit  is  1  ohm ;  the  induct¬ 
ance  of  the  pickup  coil  is  2  ph,  and  the  inductance  of  the  r-f  coil  is  200  ph. 
What  coefficient  of  coupling  is  required  if  a  current  of  3  amperes  in  the  r-f  coil 
is  to  give  full-scale  deflection  of  the  r-f  ammeter?  Assume  the  frequency  to  be 
greater  than  1  meps,  A  ns.:  k  —  0.4  per  cent. 

11.  In  the  matching  network  of  Fig.  11,  L  =  20  fih,  C  =  0.005  n f,  Rl  =  50 
ohms,  (a)  At  what  frequency  is  the  input  impedance  purely  resistive?  ( b ) 
What  is  the  input  resistance  at  that  frequency?  Ans.:  (a)  822  keps;  ( b )  80 
ohms. 


Fig.  11. 


12.  In  the  circuit  of  Fig.  12,  1  /(coCi)  is  made  equal  to  a>Z/2.  The  capacitor 
C i  is  then  adjusted  so  that  the  input  impedance  is  a  pure  resistance.  What  is 
the  magnitude  of  this  impedance  if  Ri  ~  Ri  =  10  ohms,  M  =  10  ph,  and 
/  =  108  cps?  Ans.:  405  ohms. 


Chapter  VI 


1.  A  capacitor  of  10,000  /i/if  capacitance  in  series  with  a  resistance  of  8  ohms 
is  suddenly  connected  to  a  source  of  2,000  volts,  (a)  How  long  will  it  take  for 
the  charge  on  the  capacitor  to  be  within  0.1  per  cent  of  its  final  value?  (6) 
What  is  the  final  value  of  the  charge?  (c)  What  is  the  initial  value  of  the 
current?  Ans.:  (a)  0.553  /isec;  (6)  20  microcoulombs;  (c)  250  amperes. 

2.  A  1,000-cycle  square-wave  voltage,  varying  from  —1  volt  to  +1  volt,  is 
impressed  on  a  circuit  containing  R  and  C  in  series.  Plot  on  one  graph  the 
applied  voltage,  the  voltage  across  C;  and  the  voltage  across  R  for  the  following 
cases:  (o)  R  =  5,000  ohms,  C  =  0.1  /if;  (b)  R  =  100,000  ohms,  C  =0.1  /if; 
(c)  R  =  1,000  ohms,  C  =  0.01  /if.  It  is  sufficient  to  calculate  only  enough  data 
to  show  the  form  of  the  curves.  Assume  that  the  square  wave  has  been 
applied  long  enough  for  the  transients  to  repeat  every  cycle. 

3.  A  square-wave  voltage  of  50  cps,  varying  from  —1  volt  to  +1  volt,  is 
applied  to  a  circuit  consisting  of  R  =  500  ohms  and  L  =  1  henry  connected  in 
series,  (a)  Find  the  time  constant.  ( b )  Determine  the  peak  values  of  the 
voltages  across  the  resistance  and  the  inductance,  (c)  Plot  the  waveform  of 
the  voltage  across  the  inductance  L,  assuming  that  the  square-wave  voltage 
has  been  applied  for  many  cycles.  Ans.:  (a)  0.002  sec;  (6)  Er  peak  =  0.987, 
Eh  peak  =  1.987. 

4.  The  circuit  shown  in  Fig.  4  has  the  following  voltage  and  component 
values:  E  =  100  volts,  Ri  =  20  ohms,  R2  =  1,000  ohms,  L  —  10  henrys, 
Rl  =  100  ohms.  Find:  (a)  the  time  constant  for  the  transients  that  occur 
during  the  time  the  switch  S  is  closed;  (5)  the  time  constant  for  the  transients 
that  occur  when  the  switch  S  is  opened;  (c)  the  maximum  voltage  that  occurs 
across  R2  when  the  switch  S  is  opened  after  being  closed  for  a  long  time.  Ans.: 
(a)  0.0836  sec ;  (6)  0.00909  sec ;  (c)  820  volts. 


Fig.  4. 

6.  A  capacitor  of  C  =  0.25  /if  is  first  charged  to  2,000  volts.  It  is  then  dis¬ 
charged  through  a  coil  of  L  =0.1  henry  and  R  =  5  ohms,  (a)  What  is  the 
frequency  of  the  oscillatory  discharge?  ( b )  What  is  the  logarithmic  decre¬ 
ment?  (c)  Find  the  time  after  the  initiation  of  the  discharge  at  which  the 
charge  on  the  capacitor  first  reaches  zero.  Compare  with  a  quarter  period  of 
the  oscillation.  ( d )  Draw  a  graph  of  the  charge  q  on  the  capacitor  plates  as  a 
function  of  time.  Ans.:  (a)  1,007  cps;  ( b )  0.0248  neper;  (c)  247.7  /isec. 

6.  A  square-wave  60-cps  voltage  is  applied  as  indicated  in  Fig.  6.  (a) 
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Plot  the  current  as  a  function  of  time  for  a  complete  cycle  of  the  square  wave  if 
(722/4L2)  is  less  than  (1  fLC)  and  if  the  frequency  of  oscillation  is  very  much 
greater  than  60  cps.  Assume  that  the  current  reaches  its  final  value  before  the 
occurrence  of  a  voltage  reversal  of  the  square  wave.  ( b )  Plot  the  corresponding 
curve  of  charge  on  the  capacitor,  indicating  coincidence  in  time  for  the  curve 
of  charge  and  the  curve  of  current. 


O-*— - 1| — | 

R  L  c 


=tFt 


Fig.  6. 


7.  The  switch  S  in  Fig.  7  is  closed  for  1/10,000  of  a  second  and  opened 
again,  (a)  Plot  the  voltage  across  the  capacitor  as  a  function  of  time  during 
the  interval  the  switch  is  closed,  indicating  the  time  scale.  ( b )  Plot  the  voltage 
across  the  capacitor  from  the  opening  of  the  switch,  using  a  different  time  scale. 


S  10  ohms 

“o — WWW 


100  ± 
volts  T- 


Fig.  7. 


8.  A  surge  generator  has  20  capacitors  of  0.25  /if  each.  The  circuit  is 
arranged  so  that  they  are  all  charged  in  parallel  to  100,000  volts  and  then  are 
connected  in  series  and  discharged  through  a  circuit  composed  of  a  resistance 
of  260  ohms  and  an  inductance  of  200  /ih.  (a)  What  type  of  discharge  takes 
place  and  why?  ( b )  If  the  resistance  of  the  circuit  is  adjusted  to  the  critical 
value,  calculate  the  time  required  for  the  discharge  current  to  reach  the  maxi¬ 
mum  value.  What  is  the  maximum  current?  Ans.:  (6)  1.581  /isec,  5,820 
amperes. 

9.  For  the  circuit  of  Fig.  9,  Ri  =  R2  =  1,000  ohms,  L  =  1  henry,  (7  =  1  /if, 
E  —  100  volts.  Find:  (a)  the  time  constant  of  each  branch;  ( b )  the  maximum 
value  of  the  current  in  each  branch  after  the  switch  is  closed;  (c)  the  expression 
for  the  current  through  the  switch  as  a  function  of  time  after  the  closing  of  the 
switch.  Ans.:  (a)  0.001  sec,  each  branch;  ( b )  0.1  ampere,  each  branch;  (c) 
0.1  ampere,  independent  of  time  after  closing  the  switch. 


E 


Fig.  9. 
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10.  Figure  10  shows  two  RC  circuits  in  which  Ri  =  R2  =  10,000  ohms  and 
Ci  =  C 2  =  10  /if,  connected  in  parallel  as  shown  with  the  R  and  C  elements  in 
opposite  order.  The  cross  branch  is  a  small  lamp  of  very  high  resistance. 
Consider  that  the  cross  branch  has  negligible  effect  on  the  behavior  of  the 
RC  circuits,  but  merely  acts  as  a  voltage  indicator.  Assume  that  both 
capacitors  are  initially  uncharged,  (a)  Describe  the  behavior  of  the  lamp 
after  the  closure  of  switch  S.  ( b )  Sketch  approximately  to  scale  the  voltage 
cab  of  point  A  with  respect  to  point  B ,  indicating  numerically  the  initial  and 
final  values  and  also  a  suitable  time  scale.  When  A  is  at  a  higher  potential 
than  B ,  cab  is  to  be  considered  positive. 


Fig.  10. 


Chapter  VII 


1.  The  circuit  constants  for  two  magnetically  coupled  circuits  are  Li  =  0.01 
mh,  Ci  =  1,000  /i/if,  Z/2  =  0.02  mh,  and  C2  =  1,500  pp f.  (a)  Find  the  wave¬ 
lengths  Ai  and  \2  of  the  uncoupled  primary  and  secondary  circuits  (M  =  0). 

(b)  The  circuits  are  now  coupled,  and  M  =  0.01  mh.  Find  the  new  resonant 
wavelengths  for  either  circuit,  with  the  aid  of  a  suitable  figure  in  the  text. 

(c)  Check  this  answer  by  direct  calculation.  Arts.:  (a)  188  m,  326  m;  (b) 
356  m,  122  m. 


2.  Find  the  ratio  j?  for  each  of  the  wavelengths  of  oscillation  in  Prob.  1. 


Ans 2.58,  -0.578. 

3.  The  frequencies  of  the  free  oscillation  of  two  identical,  magnetically 
coupled  circuits  are  490  and  430  kcps.  Find  the  coefficient  of  coupling  and  the 
natural  frequency  of  oscillation  of  each  circuit  by  itself.  Ans.:  0.1305,  0.650 
mcps. 


4.  (a)  Prove  that  the  number  ( m )  of  oscillations  in  one  beat  of  the  transient 
oscillation  of  two  freely  oscillating,  magnetically  coupled  circuits,  tuned  indi¬ 
vidually  to  the  same  wavelength,  is  related  to  the  coefficient  of  coupling  (k) 
.  Am 

approximately  by  the  equation  k  —  Zf  J  (see  (3-1),  p.  178).  (b)  Find  the 

coefficient  of  coupling  for  the  oscillations  of  Fig.  3.1,  p.  178.  Ans.:  (b)  0.0476. 

6.  In  the  circuit  shown  in  Fig.  1.1/,  p.  176,  each  L  =  50  /ih,  Ci  =  100  ppf, 
C2  =  200  /i/if,  and  C0  =  20  ppf.  Find:  (a)  the  coefficient  of  coupling;  (6)  the 
frequency  of  free  oscillation  of  each  circuit  alone;  and  (c)  the  frequencies  of  free 
oscillation  of  the  complete  circuit.  Ans.:  (a)  0.123;  (b)  2.07  mcps,  1.53  mcps; 
(c)  1.507  mcps,  2.082  mcps. 

6.  Two  identical  circuits  have  the  constants  L  =  0.01  mh,  C  —  1,000  /i/if, 

Q  =  8.  (a)  Find  the  resistance  R  of  each  coil.  (5)  These  circuits  are  coupled 

with  k  =  0.125.  Using  the  contour  lines  of  the  appropriate  figure  in  the  text, 
draw  a  curve  of  the  variations  of  the  secondary  current  as  a  function  of  the 
frequency  of  the  emf  applied  in  the  primary  circuit.  Ans.;  100  ohms. 

7.  In  the  secondary  circuit  of  the  circuit  of  Prob.  6,  C2  is  decreased  so  as  to 
reduce  the  maximum  secondary  current  to  0.6  of  its  former  value.  Find  the 
new  value  of  C2  and  draw  the  new  resonance  curve,  indicating  the  new  frequency 
at  which  the  maximum  of  the  curve  occurs.  Ans.:  564  ppf ;  2.22  mcps. 

8.  The  primary  and  the  secondary  circuits  of  two  magnetically  coupled  cir¬ 
cuits  have  the  following  constants:  Li  =  100  /ih,  Ri  =  5  ohms,  L2  =  200  /ih, 
R2  —  4  ohms.  Ci  and  C2  are  such  that  both  circuits  are  tuned  individually  to 
an  impressed  angular  frequency  w  =  2  ♦  106  radians/sec.  What  are  the  values 
of  k  and  M  for:  ( a )  optimum  coupling;  (6)  critical  coupling?  (c)  If  E 1  is  0.1 
volt,  find  the  voltage  across  C2  for  (a)  and  (b).  Ans.:  (a)  0.019,  2.7  /ih;  (b) 
0.0158,  2.24  /ih;  (c)  3.65,  4.47. 

9.  In  Prob.  8  determine  the  fractional  band  width  for  (a)  and  (b).  Ans.: 
0.020,  0.0247, 
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10.  The  coupling  network  between  stages  in  an  i-f  amplifier  consists  of  two 
magnetically  coupled  circuits  as  indicated  in  Fig.  20.1,  p.  205,  and  in  Fig.  28.1, 
p.  406.  Four  curves  of  voltage  gain  are  plotted  against  frequency  in  Fig.  10. 
The  inductances  of  the  magnetically  coupled  circuits  are  identical,  and  /o  in 
Fig.  10  is  the  proper  value  of  the  intermediate  frequency,  (a)  Are  the  values 
of  Q  for  the  two  circuits  the  same  or  different?  (&)  State  for  each  of  the  four 
curves  of  Fig.  10  in  which  direction  (increase  or  decrease)  you  would  adjust 
Ci,  C 2,  and  M  to  change  the  amplification  curve  to  the  proper  shape.  Ans.:  (a) 
Q’ s  are  different,  Qi  <  Q 2;  ( b )  See  the  table  below  where  zero  means  no  change, 
plus  means  increase,  and  minus  means  decrease. 


Curve 

Ci 

c2 

M 

a 

0 

0 

+ 

b 

0 

0 

0 

c 

d 

0 

- 

0 

11.  An  emf  E\  is  impressed  in  the  primary  circuit  of  two  magnetically 

coupled  circuits.  The  primary  circuit  is  tuned  to  resonance  at  the  frequency  of 
E\.  ( a )  How  should  the  coefficient  of  coupling  and  the  secondary  reactance 

be  adjusted  to  obtain  maximum  secondary  current?  ( b )  How  should  adjust¬ 
ments  be  changed  to  obtain  maximum  efficiency  of  power  transfer? 

12.  State  in  general  terms  the  advantages  and  disadvantages  which  result 
from  the  use  of  coupled  oscillatory  circuits  instead  of  a  single  oscillatory  circuit 
of  like  Q. 

13.  (a)  Sketch  the  curve  giving  the  ratio  of  the  current  to  the  maximum 
current  versus  the  ratio  of  frequency  to  the  resonance  frequency  in  a  single 
tuned  series  circuit,  assuming  Q  to  be  100  and  independent  of  frequency  and 
that  the  magnitude  of  the  applied  voltage  is  constant.  (&)  On  the  same  dia- 
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gram  sketch  the  curve  of  secondary  current  in  two  magnetically  coupled  circuits 
tuned  to  the  same  frequency  as  the  single  circuit,  assuming  that  the  coupling  is 
critical.  All  circuits  are  composed  of  identical  elements  and  the  applied  voltage 
in  the  two  cases  is  adjusted  to  give  the  same  maximum  values  of  the  two  cur¬ 
rents.  (c)  Compare  the  two  values  of  applied  voltage.  ( d )  Show  two  distinct 
differences  between  the  curves  and  explain  why  and  in  what  application  the 
coupled  circuit  is  particularly  useful. 

14.  (a)  Under  what  conditions  of  tuning  of  two  magnetically  coupled  cir¬ 
cuits  does  the  system  present  an  impedance  of  unity  power  factor  to  the  source 
of  voltage  impressed  on  the  primary  circuit?  ( b )  Does  the  system  have  unity 
power  factor  when  the  adjustments  are  such  as  to  yield  the  greatest  possible 
secondary  current? 

16.  In  the  diagram  of  Fig.  20.1,  p.  205,  let  the  i-f  transformer  be  loaded  by  a 
resistor  RJ  connected  across  the  secondary  capacitor  Ce .  The  coupling  is 
adjusted  to  the  optimum  value,  and  Cb  and  Ce  are  adjusted  for  proper  align¬ 
ment.  (a)  Sketch  the  response  curve  as  a  function  of  frequency,  assuming  Q2 
to  be  one-fourth  of  Qi.  ( b )  The  resistor  Re'  is  now  removed,  increasing  Q2  by  a 
factor  of  four,  making  Q\  =  Q2.  Assuming  its  removal  does  not  detune  the 
circuits,  show  on  the  same  diagram  the  response  curve  that  results. 

16.  The  coupled-circuit  coupling  network  shown  in  Fig.  20.1,  p.  205,  has 
the  following  constants:  Rb  =  10  ohms,  Rc  =  40  ohms,  Lb  =  Lc  —  100  /ih, 
Cc  =  100  /i/xf,  and  M  =9  /ih.  The  system  is  adjusted  to  give  maximum 
efficiency  of  power  transfer  and  to  offer  a  pure  resistance  in  the  plate  circuit  of 
the  first  tube.  Find  (a)  the  angular  frequency  of  operation;  (6)  the  circuit 
efficiency;  (c)  the  impedance  offered  to  the  plate  circuit  of  the  first  tube. 
Ans.:  (a)  107  radians/sec;  (6)  95.3  per  cent;  (c)  4,920  ohms. 

17.  A  generator  of  E\  volts  and  internal  resistance  of  Ro  ohms  is  connected 
to  a  load  Rl  through  a  network  consisting  of  two  coupled  circuits  as  shown  in 
Fig.  17.  Let  R\  =  5  ohms,  R2  =  2  ohms,  E\  =  10  volts,  Ro  =  11  ohms,  (a) 
Find  the  values  X\  and  X2  and  the  smallest  value  of  uM  for  maximum  power  in 
Rl;  find  the  maximum  power  delivered  to  Rl.  Can  c cM  have  other  values? 
Explain.  ( b )  If  the  system  is  to  be  matched  at  terminals  aifci  and  also  at 
terminals  a2b2,  find  Rl,  &M,  Xh  X2)  and  the  power  in  Rl.  Ans.:  ( a )  0,  0, 
8  V2  watts;  ( b )  4.4  ohms,  6.2  ohms,  0,  0,  0.855  watts. 


E, 

Ro 


© 


a. 


b, 


Fia.  17. 


18.  A  generator  with  an  internal  resistance  of  30  ohms  is  connected  to  a  load 
resistance  Rl  of  50  ohms  by  a  coupling  system  consisting  of  two  magnetically 
coupled  coils,  each  in  series  with  a  capacitance,  the  complete  network  forming 
two  magnetically  coupled  series  circuits.  Inductances  Li  and  L2  have  resist- 
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ances  such  that  the  Q’s  of  the  coils  by  themselves  are  the  same  and  equal  to 
127.5.  The  transmission  is  to  have  peaks  at  f  =  10  kcps  and  /"  =  13  kcps. 
The  current  in  Rl  at  /'  and  f"  is  the  same  and  equal  to  twice  the  current  at  the 
minimum  transmission  between  /'  and  where  /o  is  the  frequency  at  this 
minimum.  The  input  impedance  at  /'  and  at  /"  is  a  pure  resistance,  the  same 
for  both  frequencies.  The  input  impedance  is  also  a  pure  resistance  for  f0. 
The  two  circuits  are  individually  resonant  at  /0.  The  impedance  looking  back¬ 
ward  from  Rl  is  a  pure  resistance  at  f  and  at  The  current  in  Rl  at  /'  and  /" 
when  Ei  =  1  volt  is  0.01268  ampere.  Find  /0,  coefficient  of  coupling,  Li,  L2, 
Ri}  Ri.  Ans.:  10.75  kcps,  0.1065,  1.135  mh,  1.89  mh,  30.6  ohms,  51  ohms. 


Chapter  VIII 


1.  Design  one  section  of  a  resistanceless  low-pass  filter  to  cut  off  at  1,000  cps. 
The  image  impedance  at  zero  frequency  is  to  be  500  ohms.  Ans.:  L  =  159  mh, 
C  =  0.637  fit 

2.  (a)  How  many  sections  of  the  filter  of  Prob.  1  should  be  connected  in 
cascade  in  order  to  secure  an  attenuation  greater  than  15  db  at  a  frequency  10 
per  cent  above  cutoff?  (b)  What  are  the  output  current  and  voltage  in  per 
cent  of  input  current  and  voltage  under  the  conditions  of  (a)?  Assume  that 
the  filter  is  terminated  in  its  image  impedance.  Ans .:  (a)  2;  (b)  17  per  cent. 

3.  Calculate  the  attenuation  a,  the  phase-lag  0,  and  the  characteristic 
impedance  Zc  for  one  section  of  the  low-pass  filter  of  Prob.  1,  at  frequencies  (a) 
500  cps;  ( b )  2,000  cps.  Ans.:  (a)  a.  =  0,  /?  —  x/3,  Zc  =  433  +./0  ohms;  ( b ) 
a.  =  2.63  nepers,  /3  =  x,  Zc  ~  0  +  j'866  ohms. 

4„  (a)  Design  a  two-section  low-pass  filter  having  a  cutoff  frequency  of 
636  cps  and  working  into  a  constant  resistance  of  1,000  ohms.  Draw  a  sche¬ 
matic  wiring  diagram  and  label  each  element  with  its  numerical  value,  (b) 
What  is  the  attenuation  of  one  section  of  this  filter  at  a  frequency  of  1,272  cps? 
(c)  What  is  the  attenuation  of  the  two-section  filter  at  1,272  cps?  What  is  its 
phase-lag  in  radians?  Ans.:  (a)  L  =  0.5  mh,  C  —  0.5  /if;  (b)  2.63  nepers;  (c) 
5.27  nepers,  2x  radians. 

6.  (a)  Design  a  three-section  delay  line  having  a  time  delay  of  30  /tsec  and 
working  into  a  resistance  of  600  ohms.  Draw  a  diagram,  labeling  each  element 
with  its  numerical  value,  (b)  In  what  frequency  band,  approximately,  would 
the  above  network  have  a  constant  time  delay?  Ans.;  (o)  L  —  6  mh,  C 
=  0.0167  /if;  (b)  16,000  cps. 

6.  Design  a  delay  line  composed  of  n  sections,  having  a  time  delay  of 
50  /xsec,  in  a  frequency  band  of  at  least  25,000  cps  and  working  into  a  resistance 
of  600  ohms.  Ans.:  n  =  8,  L  =  3.75  mh,  C  =  1.04  •  10-8  farad. 

7.  A  high-pass  filter  is  composed  of  shunt  inductances  L2  —  39.8  mh  and 
series  capacitances  C i  =  0.159  /if.  Calculate:  (a)  the  cutoff  frequency;  (6)  the 
image  impedance  at  infinite  frequency.  Ans.:  (a)  1,000  cps;  (b)  500  ohms. 

8.  (a)  Draw  a  diagram  of  a  three-section  high-pass  filter  with  mid-shunt 
terminations  of  the  constant-/:  type,  using  the  smallest  possible  number  of 
elements.  ( b )  This  filter  is  required  to  attenuate  all  frequencies  under  fc 
=  4,000  cps  and  to  work  into  a  constant  resistance  R  =  800  ohms.  Find  the 
numerical  value  for  every  element  indicated  in  (a).  Ans.:  ( b )  3  capacitors, 
0.0248  /if  each;  2  inductors,  31.8  mh  each;  2  inductors,  15.9  mh  each. 

9.  You  have  at  your  disposal  one  inductor  of  1  mh  and  two  capacitors  of 
0.1  /if.  (a)  Draw  the  diagrams  of  the  two  symmetrical  one-section  filters 
which  can  be  built  using  these  three  elements.  ( b )  Calculate  the  limits  in  cps 
of  the  transmission  band  of  the  first  filter,  and  the  value  in  ohms  of  the  constant 
resistance  into  which  it  should  work,  (c)  Calculate  the  same  quantities  for 
the  second  filter.  Ans.:  (b)  0  to  22,500  cps,  70.7  ohms;  (c)  11,250  cps  to  «>, 
141.4  ohms. 
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10.  Design  a  constant-fc  band-pass  filter  to  pass  all  frequencies  between 
«i  =  10,000  and  o>2  =  12,100  radians/sec.  The  filter  is  to  work  into  a  resist¬ 
ance  of  500  ohms.  Ans,:  Lx  =  476  mh,  Ci  =  0.0174  /if,  L2  =  4.34  mh,  C2  =  1.9 
M  f. 

11.  Taking  the  filter  of  Prob.  1  as  prototype,  design  an  m-derived  T  section 
which  will  have  infinite  attenuation  at  1,200  cps.  Ans.:  m  =  0.553,  L\  —  88.0 
mh,  L2'  =  49.6  mh,  C2  =  0.352  /if. 

12.  Taking  the  low-pass  filter  of  Prob.  1  as  prototype,  design  an  m-derived 
II  section  for  the  value  m  =  0.6.  Ans.:  (a)  L/'  =  95.4  mh,  L2"  —  42.4  mh, 
C"  =  0.382  /if. 

13.  Using  the  results  of  Probs.  1,  11,  and  12,  draw  a  diagram  of  the  low-pass 
composite  filter  composed  of  the  following  networks  in  cascade:  left  half  of 
m-derived  n  section  whose  m  =  0.6;  prototype  constant-A;  T  section;  m-derived 
T  section  whose  m  =  0.553;  right  half  of  n  section  whose  m  =  0.6.  Rearrange 
the  diagram  in  order  to  use  the  minimum  number  of  elements.  Ans.:  see  Fig. 
19.6,  p.  234. 


Chapter  IX 


1,  A  periodic  function  e(x)  has  the  period  2ir  and  has  the  values  shown  in 
Fig.  1.  Find  graphically  the  symmetrical  component  C(x)  and  the  anti- 
symmetrical  component  S(x)  of  e(x).  (b)  Write  down  the  Fourier  develop¬ 

ment  of  e(x).  Arts.:  See  Figs.  10.1  and  10.2,  p.  245. 


+  2 

-7T  -Tl/2 

■e(x) 

I 

1  -2- 

+7T/2  | 

L* 

Fig.  1. 


2.  A  periodic  voltage  of  period  T  sec  is  zero  for  three-fourths  of  the  period 
and  in  the  remaining  fourth  has  the  shape  of  a  half-sinusoid  of  amplitude  $ 
volts,  Fig.  2.  Its  Fourier  development  is 

e{t)  =  Bo  +  Bx  cos  2tt  ^  -f  Ay  sin  2tt  ~  4-  •  •  •  (2) 


(a)  Obtain  the  values  of  the  three  coefficients  B0,  B i,  Ay.  (b)  Draw  a  graph 
of  the  sum  of  the  three  terms  of  (2).  Ans.:  (a)  B0  =  $/(2tt);  (b)  —By  =  Ay 
=  (2$)/ (3jt). 


e(+) 


h 


-T/2  -T/4 


0  +T/4  +T/2 
Fig.  2. 


3.  The  voltage  e  across  and  the  current  i  through  a  capacitor  are  given  by 
Figs.  3a  and  b.  (a)  Find  the  capacitance.  (6)  Check  your  result  by  compar¬ 
ing  the  fundamental  component  of  each  of  e  and  i,  their  third  harmonics,  etc. 
Ans.:  (a)  1,000  M/*f. 


952 


PROBLEMS 


953 


4.  The  input  voltage  ex  of  a  certain  network  is  ex{t)  —  27  cos  cot  —  9  cos  3 cot 
volts.  The  network  has  an  attenuation  a  =  1  neper  for  all  frequencies  involved 
and  introduces  a  phase  lag  of  30°  for  the  fundamental  component  of  ex  and  90° 
for  the  third  harmonic,  (a)  Draw  a  curve  representing  ex  as  a  function  of 
time,  assuming  the  period  of  the  fundamental  component  to  be  12  milliseconds, 
(b)  Write  an  expression  for  the  output  voltage  e2 (t)  of  the  network.  ( c )  Draw 
a  curve  representing  e2(t).  Arts.:  ( b )  e2(t)  =  8.66  cos  cot  +  5  sin  cot  +  3.33 
sin  3 cot. 

6.  A  square-wave  voltage  of  frequency  /  is  applied  to  a  circuit  having 
constant  L,  R1  C  in  series,  tuned  to  the  frequency  3 f  and  having  a  Qr  of  100. 
(a)  Find  the  amplitude  of  each  component  of  the  periodic  steady-state  current 
in  the  circuit.  (6)  Draw  a  graph  of  this  current  and  explain  its  shape.  Ans.: 
(a)  Putting  I,  =  (4tf)/(3*-fl),  h  =  (9/3)/800,  h  -  (9/3)/(25  -  9)(100),  h 
=  (9/g)/(49  -  9) (100),  etc.  For  n  >  >  1,  /„  =  (9/3)/(w2)(100). 

6.  A  square-wave  voltage  has  the  Fourier  development 

e(t)  =  sin  cot  +  -3-  sin  Scot  +  \  sin  5c ot  +  •  ♦  • 


Its  period  is  1  millisecond.  This  voltage  is  applied  to  a  coil  of  1  ohm  resistance 
and  2  mh  inductance,  (a)  Write  the  development  of  the  periodic  steady-state 
current  in  the  coil.  (6)  Draw  a  graph  of  this  current  and  explain  its  shape. 

(c)  What  are  the  maximum  values  of  e  and  i?  Arts.:  (o)  i{t)  £=  —  ~  (cos  cot 

+  |  cos  3cot  +  cos  5 cot  +  *  •  *);  (c)  7t/4  volt,  7r/32  ampere. 

7.  (a)  What  is  the  frequency  of  the  fundamental  component  of  the  voltage 
shown  in  Fig.  7?  (6)  Choose  a  suitable  Y  axis  and  calculate  the  amplitude  of 

the  fundamental  component,  (c)  Make  a  sketch  showing  the  waveform  of 
Fig.  7  and  the  fundamental  component  in  the  proper  phase  or  time  relationship. 
Ans.:  (a)  8,333  cps;  (6)  63.7  volts. 
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Fig.  7. 


8.  (a)  What  are  the  three  lowest  frequencies  of  the  harmonic  components 
of  the  voltage  of  Fig.  8?  (6)  The  voltage  of  Fig.  8  can  be  expressed  as  the  sum 
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of  a  symmetrical  component  C{t)  and  an  antisymmetrical  component  S(i). 
Sketch  these  components  to  scale.  .4 ns.;  (a)  125,  375,  625  cps. 


9.  For  the  voltage  shown  in  Fig.  9:  (a)  Determine  the  d-c  component.  ( b ) 
What  are  the  three  lowest  frequencies  of  the  alternating  components?  (c) 
Make  a  sketch  of  this  waveform  and  show  thereon  an  axis  locating  zero  time  in 
such  a  way  that  all  alternating  components  can  be  expressed  as  cosine  terms. 
( d )  Determine  the  amplitude  and  phase  of  the  third-harmonic  component  in 
accordance  with  the  choice  made  in  (c).  Ans.:  (a)  33.3  volts;  ( b )  3,333,  6,667, 
and  13,333  cps;  (d)  zero. 


e(t)  a  volts 
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p,sec. 


Fig.  9. 


10.  (a)  Determine  the  d-c  component  of  the  voltage  of  Fig.  10.  ( b )  Make 

a  sketch  of  the  waveform  of  Fig.  10  and  draw  thereon  the  fundamental  com¬ 
ponent,  making  a  guess  as  to  its  amplitude,  showing  it  in  proper  phase  or  time 
relationship,  (c)  Determine  the  amplitude  of  the  fundamental  component 
[Note:  the  indefinite  integral  of  (x  cos  x )  is  (cos  x  -p  x  sin  x)].  Am ( a ) 
25  volts;  (c)  100(4/x2)  or  40.5  volts. 


Chapter  X 


1.  A  diode  whose  ib-eh  characteristic  is  shown  in  Fig.  16,  is  placed  in  series 
with  a  resistance  of  25,000  ohms  and  a  battery  of  unknown  but  constant  poten¬ 
tial.  A  voltmeter  V  of  50,000  ohms  resistance  is  used  to  measure  the  plate 
voltage  of  the  tube,  Fig.  la.  If  the  voltmeter  indicates  75  volts,  what  is  the 
actual  value  of  the  plate  voltage  when  the  voltmeter  is  disconnected?  Ans.: 
eb  =  85  volts. 


25,000 


$  © 


Fig.  la. 


volts 


Fia.  16. 


2.  Determine  the  current  through  the  diode  in  the  circuit  of  Fig.  2a,  using 
the  ib-eb  characteristic  of  Fig.  26.  The  internal  resistance  of  the  battery  is 
negligible.  Ans.:  %  =■  3.0  ma. 


20,000 


Fiu.  2a. 


volts 

Fig.  26. 


3.  The  a-c  generator  in  the  circuit  of  Fig.  3a  maintains  a  voltage  e  =  70 
sin  at  volts  across  AB.  Rx  =  10,000  ohms,  R2  =  25,000  ohms.  The  diode 
has  the  characteristic  shown  in  Fig.  36.  (a)  At  the  instant  when  A  is  +70  volts 
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with  respect  to  B ,  what  is  the  potential  of  C  with  respect  to  D?  ( 6 )  What  is 
the  current  through  at  this  instant?  (c)  At  the  instant  when  A  is  —70  volts 
with  respect  to  B,  what  is  the  potential  of  C  with  respect  to  D?  (d)  Sketch  to 
scale  the  plate  voltage  of  the  diode  as  a  function  of  the  angle  cot.  Ans.:  (a) 
36  volts;  (6)  1.44  ma;  (c)  —50  volts. 
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Fig.  3a. 
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Fig.  36. 


4.  Each  of  the  diodes  in  the  circuit  of  Fig.  4o  has  the  %-^b  characteristic 
shown  in  Fig.  46.  The  sinusoidal  voltage  applied  to  the  circuit  is  given  by 
e  =  100  sin  cot.  (a)  Plot,  as  a  function  of  the  angle  cot,  the  voltage  of  point  C 
with  respect  to  point  D  when  the  switch  S  is  open.  (6)  Repeat,  with  the  switch 
S  closed. 
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5.  A  diode  having  the  %-eb  characteristic  of  Fig.  lb,  is  used  in  the  circuit  of 
Fig.  5.  Make  a  sketch  to  scale,  showing  two  full  cycles  of  the  generator  voltage 
cab,  and  two  full  cycles  of  the  voltage  appearing  between  the  terminals  C  and  D. 
Indicate  suitable  time  and  voltage  scales.  What  is  the  peak  current  through 
the  diode?  A  ns.:  2.5  ma. 


C 
D 

6.  Each  of  the  diodes  indicated  in  the  circuit  of  Fig.  6  has  the  characteristic 
given  in  Fig.  lb.  Make  a  sketch,  approximately  to  scale,  showing  the  waveform 
of  the  current  in  the  resistor  Ri.  Indicate  numerically  the  extreme  values  of  the 
current  in  Ri.  Ri  =  12,000  ohms  and  R2  =  20,000  ohms. 


Fig.  6. 


Chapter  XI 


1.  A  type  2A3  triode  is  operated  as  an  amplifier  with  a  plate  power  supply 
of  350  volts  and  a  plate-load  resistor  of  2,500  ohms.  The  grid-bias  voltage  is 
—40  volts.  Under  quiescent  conditions,  determine:  (a)  the  plate  current  and 
the  plate  voltage;  (6)  the  power  output  of  the  plate  power  supply.  A  sinusoidal 
signal  of  30  volts  amplitude  is  now  applied  to  the  grid.  Determine  approxi¬ 
mately:  (c)  the  maximum  and  minimum  instantaneous  values  of  plate  current 
and  voltage;  (d)  the  a-c  power  delivered  to  the  load;  (e)  the  total  power  dis¬ 
sipated  at  the  plate  of  the  tube;  (/)  the  plate-circuit  efficiency.  ( g )  Is  there 
any  evidence  of  distortion?  Am.:  (a)  ho  —  48  ma,  Eb0  —  228  volts;  (6)  16.8 
watts;  (c)  88  ma,  12  ma,  313  volts,  130  volts;  (d)  1.7  watts;  (e)  9.2  watts; 
(/)  10  per  cent. 

2.  A  triode  has  the  constants  /t  —  18,  rp  =  12,000  ohms.  A  grid  bias 
Ec  =  —10  volts  and  a  plate  voltage  Eb  =  250  volts  result  in  a  plate  current  of 
5  ma.  (a)  Determine  the  transconductance  gmi  assuming  n  and  rv  to  be 
constant.  (6)  Draw  the  lines  of  constant  eb  on  the  ib-ee  diagram  for  eb  =  214, 
250,  286  volts,  (c)  Draw  the  lines  of  constant  ec  in  the  ib-eb  diagram  for 
ee  =  —12,  —10,  —8  volts,  (d)  Draw  the  lines  of  constant  ib  in  the  ib-ec 
diagram  for  ib  =  2,  5,  8  ma. 

3.  One  of  the  triodes  of  a  6SN7  tube  is  connected  as  in  Fig.  3.  When  the 
switch  S  is  open,  the  potential  of  A  with  respect  to  ground  is  +134  volts.  By 
graphical  means,  using  the  ib-eb  characteristics  of  the  6SN7  triode,  (a)  locate  the 
Q  point  and  determine  the  amplification  factor  at  the  Q  point;  (6)  determine 
the  battery  voltage  Ebb.  The  switch  S  is  now  closed.  Determine:  (c)  the 
change  ee  in  grid  voltage;  (d)  the  potential  of  A  with  respect  to  ground;  ( e )  the 
change  Aeb  in  the  plate  voltage ;  (/)  the  voltage  amplification,  Ans. :  (J)  — 13.25. 


8 VOLTS 


Fig.  3. 

4.  In  the  circuit  of  Fig.  4,  Eb0  —  250  volts,  Eec  =  —2  volts,  ho  —  0.9  ma, 
rp  =  66,000  ohms,  n  =  100,  CBP  =  2.4  /i/if,  C0*  =  4.0  /i/if,  Cpk  =  3.6  /i/if,  Es 
-  0.2  volts  rms,  R0  =  20,000  ohms,  Rl  -  150,000  ohms,  and  the  applied 
frequency  is  0.5  mcps.  (a)  Compute  the  magnitude  of  the  voltage  amplifica¬ 
tion,  neglecting  the  interelectrode  capacitances.  ( b )  Calculate  the  grid  input 
capacitance,  Ch,  assuming  that  the  plate  and  grid  voltages  are  180°  out  of  phase, 
(c)  Compute  the  over-all  voltage  amplification  \EP/E9\.  Am.:  (a)  1+|  =  69.5; 
(b)  Ci  =  173  /i/if;  (c)  \A'\  =  6.4. 
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Fig.  4. 


5.  A  6SJ7  tube  is  to  be  used  as  an  amplifier  with  cathode  biasing  and  a  pure 
resistance  load  of  50,000  ohms.  The  quiescent  values  of  grid,  plate,  and  screen 
voltages  are  to  be  —3,  250,  and  100  volts  respectively.  Under  these  condi¬ 
tions  the  plate  and  screen  currents  are  3.0  and  0.8  ma  respectively;  rp  =  1 
megohm,  gm  —  1,650  /m lhos.  (a)  Copy  the  circuit  of  Fig.  5,  completing  it  by 
inserting  the  necessary  components  for  conventional  operation.  (6)  Compute 
the  plate-supply  voltage,  (c)  Calculate  the  value  of  each  resistor  added  to  the 
circuit  of  Fig.  5  and  mark  the  values  on  the  circuit  diagram,  (d)  Calculate  the 
voltage  amplification  A.  ( e )  Suggest  minimum  values  for  screen  and  cathode 
by-pass  capacitors  if  the  lowest  frequency  of  operation  is  60  cps.  Ans ( b ) 
403  volts;  (c)  790  ohms,  375,000  ohms;  ( d )  A  -  —78.5  +  j0;  Ck  approx.  50  /if, 
Cd  approx.  0.1  /if. 


6.  A  single  triode  of  a  type  6SN7  tube  is  used  in  the  circuit  of  Fig.  6.  (a) 

What  is  the  voltage  of  the  plate  with  respect  to  ground  w'hen  the  switch  S  is 
open?  ( b )  If  S  is  now  closed,  will  the  voltage  of  the  plate  increase,  decrease,  or 
remain  unchanged?  If  there  is  any  change,  what  is  the  new  value?  Ans.:  (a) 
196  volts;  ( b )  increase,  to  249  volts. 


Fig.  6. 


7.  In  Fig.  7,  Tx  and  T2  are  identical  tubes;  esX  -  es2  —  2  sin  cot  volts, 
R  —  5,000  ohms,  rp  =  10,000  ohms,  and  /i  =  20  for  eaeh  tube.  Draw  the 
equivalent  circuit  for  each  tube  and  find  the  numerical  expression  for  i,  the 
instantaneous  value  of  the  a-c  component  of  the  current  through  R. 
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Fig.  7. 


8.  Using  the  %-eb  characteristic  curves,  find  m,  rp,  and  gm  for  one  triode 
section  of  a  type  6SN7  tube,  at  %  =  7  ma  and  ec  =  —  4  volts. 

9.  A  6C5  triode  is  used  as  an  amplifier  in  the  circuit  of  Fig.  9.  The  react¬ 
ance  of  the  plate-load  inductor  is  10,000  ohms;  rp  =  10,000  ohms;  ju  =  20: 
ea  =  4  sin  ui;  Ecc  —  6.0  volts,  (a)  Draw  the  equivalent  plate  circuit.  (6) 
Find  ip  as  a  function  of  time,  (c)  Find  ep  as  a  function  of  time.  Neglect  the 
resistance  of  the  plate-load  inductor. 


Fig.  9. 


10.  A  6C5  triode  is  used  in  the  circuit  of  Fig.  10.  Using  n  =  20  and 
rp  =  10,000  ohms,  determine  the  voltage  amplification  from  the  input  to  the 
output  terminals. 


INPUT 


WAA/V 

5,000 


i° 

OUTPUT 


Chapter  XII 

1.  The  electron  beam  of  a  certain  cathode-ray  oscillograph  carries  100 
microamperes,  and  the  total  accelerating  potentialis  6,000  volts.  The  screen 
material  is  zinc  orthosilicate,  having  a  characteristic  phosphor  constant  A  of 
approximately  2.6  candle  power  per  watt  and  a  “dead  voltage”  VQ  of  approxi¬ 
mately  700  volts.  Determine  the  candle  power  of  the  fluorescent  spot.  An,s.; 
Approx.  1.4  candle  power. 

2.  An  experimental  cathode-ray  tube  has  been  constructed,  with  plane- 
parallel  deflection  plates  1.2  cm  in  length  and  with  0.3-cm  spacing.  The  screen 
is  20  cm  from  the  center  of  the  deflection  plates.  Before  entrance  into  the 
space  between  the  plates  the  electron  beam  has  been  accelerated  by  a  steady 
potential  difference  of  1,200  volts.  No  additional  forward  acceleration  is 
imparted  to  the  electron  beam  after  deflection.  Neglecting  any  fringing  of  the 
electric  field,  compute  the  electric-deflection  factor,  Ge .  (Note  the  comparative 
insensitivity  of  this  tube  as  compared  with  commercially  available,  triple- 
anode  cathode-ray  tubes,  which  provide  for  deviation  before  final  acceleration.) 
Ans.:  30  volts/cm. 

3.  After  emerging  from  the  deflection  plates  of  Prob.  2,  the  deflected  elec¬ 
trons  appear  to  have  come  from  a  point  on  the  tube  axis,  in  the  center  of  the 
space  between  the  plates.  Can  a  fluorescent  screen  of  3-in.  diameter  be  used 
without  interference  from  a  possible  electronic  shadow,  cast  on  the  screen  by 
the  trailing  edges  of  the  deflection  plates?  Ans.:  Yes.  Maximum  aperture 
between  plate  shadows  is  10  cm. 

4.  An  electron  stream,  moving  in  the  x  direction  with  a  velocity  of  0.2054 
♦  1010  cm/sec,  is  deflected  in  the  y  direction  by  a  potential  of  60  volts  applied 
across  plane-parallel  deflection  plates,  1.2  cm  long  and  0.3  cm  apart.  What  is 
the  resultant  displacement  of  the  fluorescent  spot  on  a  cathode-ray  screen, 
20  cm  from  the  center  of  the  plates?  In  the  mks  system  of  units  the  constant 

A i,  p.  310,  has  the  value  At  =  -j-  Ans.:  2.00  cm. 

5.  Assuming  the  electron  mass  to  be  constant  (since  the  velocity  is  relatively 
low),  determine  the  velocity  of  an  electron  stream  that  has  been  accelerated  by 
a  6,000-volt  difference  of  potential.  Ans.:  0.459  •  10-10  cm/sec. 

6.  An  experimental  cathode-ray  tube  has  been  constructed  with  internally 
mounted  plane-parallel  magnetic  poles  1.2  cm  in  length  and  with  0.3-cm  spac¬ 
ing.  The  screen  is  20  cm  from  the  center  of  the  deflection  poles.  Before 
entering  the  space  between  the  poles,  the  electron  beam  has  been  accelerated 
by  a  steady  potential  difference  of  1,200  volts.  No  additional  forward  acceler¬ 
ation  is  imparted  to  the  electron  beam  after  deflection.  Neglecting  any  fringing 
of  the  magnetic  field,  compute  the  magnetic-deflection  factor,  Gm .  Ans.:  Gm 
=  0.049  weber /square  meter /meter. 

7.  Express  the  magnetic-deflection  sensitivity  of  this  tube  in  centimeters  per 
gauss.  (Note  that  the  magnetic  field  of  the  earth,  and  stray  fields  of  compar- 
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able  intensity,  may  have  an  appreciable  effect  upon  such  cathode-ray  tubes 
and  that  magnetic  shielding  is  often  required.)  Ans.:  Magnetic-deflection 
sensitivity  is  0.21  cm /gauss  for  the  deflection  of  electrons. 

8.  How  does  the  deflection  by  a  magnetic  field  of  a  singly  ionized  nitrogen 
molecular  ion  compare  with  the  deflection  of  an  electron  by  the  same  magnetic 
field?  Ans.:  Electron  deflection  is  225  times  greater. 


Chapter  XIII 

1.  Three  amplifiers  are  connected  in  cascade;  their  complex  voltage  ampli¬ 
fications  are  A  i  =  50/0°,  A2  =  40/15°,  and  A3  =  5/8°  respectively,  the  angles 
being  relative  phase  angles.  The  input  resistance  of  the  first  is  80,000  ohms 
and  the  load  resistance  of  the  third  is  8  ohms,  (o)  Determine  the  over-all 
voltage  amplification  of  the  cascaded  amplifier.  ( b )  Determine  the  over-all 
gain  (in  decibels)  of  the  cascaded  amplifier.  Ans.:  (a)  10,000/  +23°;  (6)  120  db. 

2.  In  Fig.  6.2,  p.  335,  the  tubes  are  6AB7  pentodes  operated  with  the 
following  normal  characteristics:  Eb  =  300  volts,  Ed  =  200  volts,  Ee  =  —3.0 
volts,  lb  —  12.5  ma,  Id  —  3.2  ma,  rP  —  0.7  megohm,  gm  —  5,000  /imhos, 
Ci  ~  S/x/jif,  and  C0  =  5  p/j£.  With  Rbi  —  15,000  ohms  and  Rc i  =  Rc 2  =  0.75 
megohm,  the  experimentally  determined  value  of  the  upper  half-power  fre¬ 
quency  of  a  single  stage  is  398  kcps  (w"  =  2.5  •  106  radians/sec).  Determine: 
(a)  the  values  of  Rk,  Rd,  and  Ebb ;  Q>)  the  value  of  Ci  for  a  lower  half-power 
frequency  of  64  cps  («'  =  402  radians /sec)  per  stage;  (c)  the  minimum  value  of 
C*  for  no  appreciable  cathode  degeneration  at  the  lower  half-power  frequency; 
( d )  the  complex  and  magnitude  of  voltage  amplification  of  an  amplifier  consist¬ 
ing  of  three  stages,  identical  with  that  of  Fig.  6.2,  when  the  frequency  of  the 
signal  is  86  cps  (do  not  consider  the  input  circuit,  C0)  Re  1) ;  (e)  the  lower  half¬ 
power  frequency  of  the  three  cascaded  stages;  (/)  the  capacitance  due  to  inter¬ 
stage  wiring  for  each  stage;  ( g )  the  value  of  Rb  for  an  upper  half -power  frequency 
of  2.5  mcps  for  each  stage;  ( h )  the  value  of  Lb  (Fig.  18.1,  p.  353)  for  the  “com¬ 
promise”  case  of  shunt-peaking  compensation  when  f"  —  2.5  mcps  in  each 
stage  (it  may  be  assumed  that  gm  does  not  change  appreciably  with  the  reduced 
value  of  Rb) ;  («)  the  relative  phase  angle  0,  of  the  compensated  amplifier  (three 
stages)  when  the  applied  frequency  is  1.5  mcps.  Ans.:  (a)  Rk  =  191  ohms, 
Rd =89,900  ohms,  #>6  =  490.5  volts;  (b)  0.0033  Mf ;  (c)  130  n f ;  ( d )  1.93  •  105/110.1°, 
or  -(0.662  •  105  +  j  1.81  •  105);  (e)  125.5  cps;  (/)  14.7  ny-t ;  ( g )  2,300  ohms;  ( h ) 
64.3  nh;  (i)  -62.1°. 

3.  The  ideal  audio-frequency  transformers,  T i,  T2,  and  T 3,  of  Fig.  22.1, 

p.  360,  have  turns  ratios  of  <*1  =  40,  =  3,  and  a3  =  0.045  respectively.  The 

triodes  have  voltage-amplification  factors  of  20  and  4  respectively.  Determine : 
(a)  the  voltage  developed  across  an  8-ohm  load  in  the  output  circuit  when  the 
input  voltage  is  e;  =0.1  sin  2,0007ri;  (b)  the  effective  plate-load  resistance  of  the 
output  stage.  Ans.:  (a)  eL  =  43.2  sin  2,0007rf;  (5)  3,950  ohms. 

4.  The  constants  of  a  typical  interstage  transformer  are  given  in  the  example 
on  p.  370.  This  transformer  is  used  to  couple  the  triode  unit  of  a  6R7  tube 
to  a  Class  A  output  stage.  The  6R7  is  polarized  so  that  rp  =  8,500  ohms, 
H  =  16,  and  gm  =  1,900  ^mhos.  The  input  capacitance  to  the  output  stage  is 
60  ftfi f.  A  75,000-ohm  resistor  is  connected  across  the  secondary  of  the  trans¬ 
former.  Determine  the  voltage  amplifications  of  the  stage  when  (a)  w  =  300 
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radians/sec;  ( b )  6,000  radians/sec;  and  (c)  34,000  radians/sec.  Ans.:  (a) 
20  +i4  or  20.4/11.3°;  (6)  20.9/0°;  (c)  18.83/ -44.8°  or  13.39  -,;13.30. 

6.  (o)  The  dynamic  %-ec  characteristic 
of  a  triode  is  given  in  Fig.  5 a.  The  quies¬ 
cent  grid  potential  Ecq  is  —10  volts.  The 
varying  component  of  the  grid  potential  is 
eg  =  10  sin  (20007r£  +  |ir).  It  may  be 
assumed  that  no  harmonics  above  the  sec¬ 
ond  are  produced.  Determine  ho, 

(Ip)  2,  and  the  reading  of  the  d-c  milliam- 
meter  in  the  plate  circuit.  (6)  A  6F6 
power  pentode  is  operated  Class  A  i  with 
the  following  polarizing  potentials :  Eb  =  250 
volts,  Ed  =  250  volts,  Ec  =  —16.5  volts. 
The  plate-load  resistance  is  7,000  ohms. 
Assuming  the  applied  signal  to  be  eg  =  1 6 
sin  800tt£,  determine  by  means  of  the  static 
characteristics,  Fig.  5b:  (1)  (Ip)\,  (2)  (lp) 2; 
(3)  (/p)3;  (4)  Ib;  and  (5)  PL.  ^  Ans.:  (a) 
Fig.  5a.  ho  ~  34  ma,  (Ip)  i  =  30.5  ma,  (Ip)  2  ~  2.75 

ma,  h  =  36.75  ma;  (b)  (Ip)  1  =  31.2  ma, 
(IP)2  =  0.25  ma,  (IP)3  =  “2.67  ma,  h  =  33.75  ma,  PL  =  3.4  watts. 
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6.  Two  2A3  tubes,  for  which  the  ib-eb  chart  is  given  in  Fig.  6,  are  operated  in 
push-pull  with  Ebb  =  300  volts  and  Ee  =  —60  volts.  The  output  transformer 
may  be  considered  ideal,  (o)  Prepare  the  composite  tube  characteristics  for 
the  push-pull  combination.  ( b )  Locate  the  Q  point  of  the  individual  tubes  and 
for  the  composite  tube,  (c)  Determine  graphically  the  variational  plate  resistance 
of  the  composite  tube  at  the  Q  point,  (d)  Assuming  no  grid  current,  determine 
the  maximum  amplitude  of  varying  component  of  grid  voltage  that  may  be 
used,  (e)  Determine  the  value  of  Rpp  (plate-to-plate  load  resistance)  for  maxi¬ 
mum  power  output  and  construct  the  path  of  operation.  (/)  Determine  the 
amplitudes  Pp  and  Ip  for  the  composite  tube  and  the  power  delivered  to  the 
load  when  R,pp  is  equal  to  the  value  found  in  ( e ).  ( g )  Construct  the  paths  of 

operation  for  the  individual  tubes.  ( h )  What  is  the  type  of  operation  of  each 
tube?  (i)  Replace  Rpp  [as  in  (/)]  by  4,000  ohms  and  determine  Pl .  Am.: 
(c)  500  ohms;  ( d )  60  volts;  (e)  2,000  ohms;  (/)  ftpcomv  —  246  volts,  lpc omP  = 
126.5  ma,  Pl  =  15.55  watts;  ( h )  Class  ABX)  ( i )  14.3  watts. 


7.  In  the  circuit  of  Fig.  25.1,  p.  397,  Tx  and  Tz  are  identical  pentodes  that 
are  polarized  so  that  rp  =  106  ohms  and  gm  =  5,000  /rnihos.  Tz  and  Tt  are 
identical  triodes  that  are  polarized  so  that  rp  =  800  ohms  and  gm  =  1,500 
/imhos.  Rc  =  Rci  =  Rc2  =  0.5  megohm.  Rbl  =  R,b2  =  4,000  ohms.  The  tri¬ 
odes  T 3  and  T 4  are  connected  to  a  load  resistance  of  8  ohms  by  an  ideal  output 
transformer,  the  primary  of  which  is  center-tapped.  All  tubes  are  operated 
Class  Ai.  Determine:  (a)  the  value  of  R  for  the  proper  operation  of  the  ampli- 
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tier;  ( b )  the  turns  ratio  a  =  N2/Ni  of  the  output  transformer  for  the  optimum 
operation  of  Tz  and  Ta.  Ans.:  (a)  R  —  25,400  ohms;  (6)  0.0707. 

8.  In  Fig.  26.1,  p.  399,  the  pentodes  are  polarized  so  that  rp  =  0.75  megohm 
and  gm  —  5,000  /umhos.  The  plate  circuit  is  tuned  for  resonance  at  200  mcps  at 
which  frequency  the  Q  of  the  coil  Lb  is  150  and  Cb  =  80  wxi.  Determine:  (a) 
the  value  of  Rc  for  a  band  width  of  4  mcps;  (b)  the  voltage  amplification  of  the 
stage  when  Rc  has  the  value  found  in  part  (a).  Ans.:  (a)  747  ohms;  ( b )  —2.49. 

9.  In  the  TRF  stage  of  Fig.  27.1,  p.  402,  6K7  pentodes  are  used  with  circuit 
constants  such  that  rp  =  1.0  megohm  and  gm  =  1,100  /umhos.  Lb  =  45  mh, 
Rb  =  20  ohms,  Lc  =  300  nh,  Qc  =  280  at  500  kcps,  295  at  1,000  kcps,  and  270  at 
1,500  kcps.  (a)  Determine  the  minimum  and  maximum  values  of  Cc  to  cover 
the  frequency  range  500-1,500  kcps.  (b)  Assuming  the  coefficient  of  coupling  k 
between  Lb  and  Le  to  be  0.1,  determine  the  magnitude  of  the  voltage  ampli¬ 
fication  at  frequencies  of  500,  1,000,  and  1,500  kcps.  (c)  Justify  any  assump¬ 
tions  made  in  (5).  Ans.:  (a)  min  37.5  /u/uf,  max  337  /u/*f;  (b)  112.5,  236.9,  325.3. 

10.  In  the  amplifier  stage  of  Fig.  28.1,  p.  406,  the  pentodes  are  polarized  so 
that  rp  —  0.5  megohm  and  gm  =  2,000  /umhos.  The  primary  and  secondary 
coils  of  the  transformer  are  identical,  having  inductance  of  10  mh  and  Q  =  200. 
The  primary  and  secondary  circuits  are  tuned  to  resonance  at  465  kcps.  Assum¬ 
ing  the  input  resistance  to  the  second  tube  to  be  very  large,  determine :  (a)  the 
coefficient  of  coupling  for  maximum  voltage  Eo2)  (b)  the  optimum  coupling; 
0 c )  the  voltage  amplification  of  the  stage  at  resonance  for  both  critical  and 
optimum  coupling;  ( d )  the  band  width  of  the  stage  for  both  critical  and  opti¬ 
mum  coupling.  Ans.:  (a)  0.0178;  (b)  0.045;  (c)  1,640  for  kc ,  1,130  for  k0 ;  (d) 
0.01  for  kC}  0.048  for  k0. 

11.  The  voltage  amplification  of  an  amplifier  is  10/0°.  If  20  per  cent  of  the 
output  voltage  is  fed  back  by  means  of  a  resistive  negative  feedback  circuit, 
what  is  the  actual  amplification.  Ans.:  3.3. 

12.  An  amplifier  with  equal  input  and  output  impedances  has  a  voltage 
gain  of  92.4  db  and  zero  phase  shift.  If  1  per  cent  of  the  output  voltage  is  fed 
back  with  a  phase  shift  of  180°,  what  is  the  reduced  actual  amplification 
obtained,  expressed  as  an  absolute  ratio?  Ans.:  100. 

13.  Negative  feedback  is  applied  to  an  amplifier,  which  without  feedback 
has  A  =  100/0°.  (a)  If  1  per  cent  of  the  output  voltage  is  fed  back  nega¬ 
tively  by  means  of  a  resistive  network,  what  actual  gain  is  obtained?  ( b ) 
If  the  leads  at  one  end  of  the  feedback  network  are  switched  around  so  that 
positive  feedback  is  obtained,  does  (29.3),  p.  412,  give  the  amplification? 
Interpret  this  result.  Ans.:  (a)  50;  (b)  the  equation  does  not  apply,  since  the 
amplifier  oscillates. 

14.  An  amplifier  with  a  voltage  amplification  of  4  •  104  has  a  negative  feed¬ 
back  circuit  that  returns  1  per  cent  of  the  output  voltage  (at  all  frequencies) 
to  the  input.  Calculate  the  over-all  voltage  amplification  of  the  amplifier. 
Ans.;  100. 

16.  (a)  For  the  circuit  of  Fig.  15,  compute  the  output  impedance  Zab  when 
the  potentiometer  tap  is  in  the  top  position.  R  —  2,000  ohms,  Rk  =  1,000 
ohms,  gm  =  3,000  /umhos.  ( b )  State  a  use  for  and  the  advantages  of  the 
circuit  of  Fig.  15.  Ans.;  («)  222  ohms. 
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16.  A  loudspeaker  with  a  purely  resistive  impedance  of  10  ohms  at  400  cps 
is  to  be  fed  by  an  output  transformer  of  ratio  15:1.  If  a  pentode  must  be 
used  as  the  output  tube  (a)  state  briefly  two  important  improvements  that  can 
be  achieved  with  negative  feedback.  ( b )  Is  current-controlled  or  voltage- 
controlled  feedback  to  be  preferred?  Justify  your  choice.  Ans.:  (a)  Less 
distortion,  better  matching;  (b)  voltage  control  because  it  reduces  the  imped¬ 
ance  seen  by  the  transformer. 

17.  Draw  a  practical  circuit  for  a  triode  cathode-follower  stage  in  which  the 
direct  voltage  across  the  cathode  resistor  is  of  the  order  of  50  volts,  (a)  State 
why  this  circuit  is  important  in  video-frequency  work.  ( b )  Calculate  the 
voltage  amplification  and  output  impedance  of  the  circuit  when  gm  =  1,100 
/rnihos,  n  =  100,  and  Rk  =  50,000  ohms.  Ans.:  (b)  884  ohms.. 

18.  An  amplifier  has  a  voltage  amplification  A  =  3,000/0°.  When  nega¬ 
tive  feedback  is  applied,  this  voltage  amplification  is  reduced  to  Aa  =  2,000/0°. 
Determine  the  transmission  constant  |/3j  of  the  feedback  network.  Ans.‘ 
10|  =  0.000167. 

19.  The  diagram  of  Fig.  19  shows  a  Class  A\  a-f  amplifier.  The  6J5  triode 
is  polarized  so  that  n  =  20,  gm  =  2,600  jumhos,  rv  =  7,700  ohms.  The  desired 
plate  load  impedance  for  the  6J5  is  20,000  ohms  and  for  the  6V6  is  5,000  ohms. 
Rl  =  200  ohms.  The  transformer  T\}  having  a  turns  ratio  a.  =  3,  and  the 
transformer  T2  are  ideal.  The  negative-feedback  circuit  is  to  be  such  that  a 
voltage  which  is  equivalent  to  10  per  cent  of  EP  for  the  6V6  tube  is  fed  back  to 
its  grid  circuit,  (a)  Determine  the  turns  ratio  of  T2  and  indicate  the  required 
polarity  of  its  secondary,  assuming  a  positive  increment  of  grid  potential  to  the 
6V6  tube,  (b)  Calculate  the  value  of  Ri  and  the  ratio  of  R2  to  Rs.  ( c )  The 
ratio  of  Ep  to  Eg  in  the  6V6  stage  without  feedback  is  18/180°.  Compute  the 
over-all  mid-frequency  voltage  amplification  of  the  amplifier  with  feedback. 
Ans.:  (a)  a  -  0.2;  (b)  Ri  —  180,000  ohms,  R2  ~  R3;  ( c )  55.7. 


Fig.  19. 


Chapter  XIV 

1.  Use  the  static  characteristic  curves  for  the  211  tube  given  in  Fig.  9.1, 

p.  439,  in  the  solution  of  this  problem.  The  tube  is  used  as  a  Class  C  amplifier 
under  the  following  conditions:  Eb  =  1,000  volts,  Ec  =  -150  volts,  Eg  =  400 
volts,  =  900  volts,  (a)  Use  the  13-point  harmonic  analysis  to  determine  Ibf 
(Ip)  i,  L,  and  (Ig)u  ( b )  Calculate  Pbb,  PL,  Pp,  Pd,  Pcc,  P0,  Rl  and  Vp.  ( c ) 
Calculate  the  constants  of  the  plate  tank  circuit,  assuming  co0  =  5  •  106  radians/ 
sec  and  Qb  =  15.  ( d )  Determine  the  value  of  a  biasing  resistor  Rc  that  would 

give  the  assumed  bias.  Ans.:  (a)  384  ma,  640,  83.5,  134;  ( b )  384  watts,  288,  96, 
26.8,  12.5,  14.3,  1,410,  75;  (c)  0.00213  Mf,  R  =  6.23,  18.7  ^h;  (d)  1,500. 

2.  Use  the  contour  curves  given  in  the  test  for  the  211  tube  for  Eb  =  1,000 
volts  and  Ec  =  —200  volts  in  the  solution  of  this  problem.  It  is  desired  to 
operate  the  tube  as  a  power  amplifier  to  deliver  200  watts  to  the  tank  circuit 
with  a  plate  dissipation  of  80  watts.  Determine  Pd}  peak  pd,  Pg,  Ib ,  /c,  (Ip)i, 
(Ig)  i,  w,  Rc,  L,  C ,  R,  assuming  Qb  =  10  and  oj0  -  7  •  106  radians /sec.  Calcu¬ 
late  Pd  by  Thomas’s  method  and  compare  with  the  value  obtained  from  the 
chart.  Ans.:  7.7,  66.5,  3.6  watts,  280,  21,  507,  40.5  ma,  71.5  per  cent,  22  /ih, 
918  nn f,  15.4  ohms. 

3.  A  211  tube  is  to  be  operated  at  1,000-volts  plate  voltage  and  —200-volts 
grid  voltage.  It  is  desired  to  obtain  the  greatest  possible  power  output  with 
the  greatest  possible  efficiency,  assuming  that  the  plate  dissipation  should  not 
exceed  100  watts  and  that  the  grid  dissipation  should  not  exceed  10  watts, 
(a)  Determine  the  power  output  Pl  and  the  plate-circuit  efficiency.  (6) 
Determine  Ib,  Ic,  (IP) i,  (lg)\.  Ans.:  (a)  262  watts,  72.4  per  cent;  ( b )  362,  50, 
632,  92.5  ma. 

4.  A  211  tube  is  used  as  a  Class  C  power  amplifier  with  a  plate  voltage  of 
1,000  volts  and  a  grid  bias  of  —200  volts.  The  characteristics  of  the  tube  are 
given  in  Figs.  12.3  and  12.4,  pp.  447  and  448.  The  angular  frequency  of  oper¬ 
ation  is  3  ■  106  radians/sec.  The  tank  circuit  contains  a  coil  with  an  inductance 
of  66.6  /th  and  is  tuned  to  give  a  maximum  circuit  efficiency  of  25/26.  The  Q 
of  the  antenna  circuit  is  20.  The  value  of  Eg  is  375  volts.  Find:  Cbj  RL,  Pp, 
Pbb}  vP,  Pd,  peak  pd,  and  Ic.  Ans.;  0.00255  ^f,  2180  ohms,  50,  230  watts,  78  per 
cent,  12.5,  102  watts,  37  ma. 

6.  Given  a  211  tube  operated  at  Eb  =  1,000  volts,  Ec  =  —200  volts.  It  is 
assumed  that  80  watts  is  the  limit  of  safe  plate  dissipation  and  10  watts  for  grid 
dissipation.  Determine  the  maximum  power  output,  and  the  corresponding 
values  of  Pd,  yP,  Rl,  and  Ap.  Ans.:  240,  20  watts,  75  per  cent,  1500  ohms,  12. 

6.  Given  a  211  tube  operated  at  Eb  =  1,000  volts,  Ec  =  —  60  volts,  as  a 
Class  B  amplifier  with  a  plate-load  resistance  of  3,000  ohms,  (a)  Determine 
the  maximum  excursion  of  the  operating  point  for  a  compromise  between 
linear  amplification  and  power  output.  Determine  the  carrier  point  and  the 
values  of  Pl,  Pp,  and  yp  for  no  modulation.  (5)  Using  the  9-point  analysis, 
find  the  average  values  of  Pl,  Pp,  h  and  vP  over  the  modulation  cycle  when  the 
|  968 
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degree  of  modulation  of  eg  is  0.7.  Determine  the  percentage  modulation  of  the 
output  voltage  for  the  fundamental  modulation  frequency,  Ans.;  (a)  Ea  =  0 
to  200  volts,  49,  115  watts,  29.5  per  cent;  (6)  62,  104  watts,  166  ma,  37.4  per 
cent,  68  per  cent. 

7.  (a)  Explain  fully  why  the  average  plate  current  of  a  Class  C  power 
amplifier  is  a  minimum  when  the  plate  circuit  is  tuned  to  resonance.  ( b ) 
Explain  under  what  conditions  the  average  grid  current  is  not  a  maximum  when 
the  plate  load  is  tuned  to  resonance. 

8.  A  certain  Class  C  power  amplifier  is  operating  with  an  average  plate 
current  of  0.40  ampere  and  a  maximum  allowable  plate  dissipation  of  1,000 
watts.  The  d-c  plate  voltage  is  10,000  volts  and  the  grid-bias  voltage  is  —300 
volts.  The  plate-load  resistance  is  10,680  ohms.  The  average  grid  current  is 
0.11  ampere  and  the  amplitude  of  the  grid  driving  voltage  is  1,300  volts,  (a) 
Find:  P <*,  P0 ,  yP,  Pl,  Ep.  (b)  It  is  now  desired  to  alter  the  operation  so  as  to 
decrease  the  plate  dissipation  by  approximately  100  watts  but  to  maintain  as 
much  power  output  as  possible* without  increasing  the  driving  power.  Show  on 
a  contour  diagram  the  paths  Of  operation  before  and  after  the  change.  State 
whether  each  of  the  following  quantities  is  increased  or  decreased  by  the 
change  indicated:  Pl ,  h,  yP,  Jc ,  Rl,  E0,  Ep.  (c)  Calculate  the  constants  of 
the  tank  circuit  if  the  loaded  0  is  to  be  12  and  <*>  =  5  •  106  radians/sec  when  the 
amplifier  is  operating  as  in  (a).  Assume  the  Q  of  the  coil  alone  to  be  250.  Ans.; 
(a)  143,  110  watts,  75  per  cent,  3,000  ohms,  8,000  volts;  (c)  73.7  watts,  224.7 
mA,  177  jih. 

9.  The  maximum  ratings  for  a  certain  power  tube  are:  maximum  d-c  plate 
voltage  =  4,000  volts,  maximum  d-c  plate  current  =  250  ma,  maximum  plate 
dissipation  =  300  watts,  (a)  If  the  tube  is  operated  as  a  power  amplifier  at  its 
maximum  ratings,  what  are  the  values  of  maximum  power  output  and  plate- 
circuit  efficiency?  (b)  If  the  equivalent  Q  of  the  loaded  tank  circuit  is  to  be  12, 
and  the  capacitive  reactance  of  the  tank  capacitor  is  200  ohms,  what  must  be 
the  load  resistance  Rif  ( c )  Assuming  the  Q  of  the  tank  coil  alone  to  be  175, 
what  is  the  circuit  efficiency?  ( d )  What  effect  will  increasing  the  coupling 
between  the  tank  circuit  and  the  antenna  circuit  have  upon  the  plate  dissi¬ 
pation  and  plate  current?  Arts.:  (a)  700  watts,  70  per  cent;  (b)  2400  ohms; 
(c)  93.1  per  cent. 

10.  A  Class  C  power  amplifier  is  connected  as  in  Fig.  14.1,  p.  454,  except 
that  the  tank  and  antenna  circuits  are  as  shown  in  Fig.  14.2/,  p.  455.  The 
grid-bias  voltage  is  supplied  from  a  regulated  source.  The  grid  driving  voltage 
is  somewhat  affected  by  the  amount  of  driving  power  required  by  the  amplifier. 
The  system  has  been  properly  tuned. 

Now  assume  that  because  of  dry  weather  the  r-f  ground  resistance  increases 
so  that  the  total  antenna  resistance  is  about  twice  its  former  value,  (a) 
Indicate  on  a  chart  the  two  positions  of  the  path  of  operation.  ( b )  Indicate 
whether  each  of  the  following  quantities  increases  or  decreases:  h,  Pl,  Pp , 

Pbb,  L ,  Pd,  yP. 

11.  Using  the  static  characteristic  curves  of  the  211  tube,  determine  the 
locus  of  the  end  point  of  the  path  of  operation  during  grid  modulation  for  the 
following  conditions:  Ee  when  the  modulation  is  zero,  —250  volts;  Eb  =  1,000 
volts;  Eg  of  the  a-f  modulating  frequency,  150  volts;  Ea  of  the  r-f  carrier  fre¬ 
quency,  400  volts.  The  minimum  plate  voltage  at  the  peak  of  the  modulation 
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cycle  is  100  volts.  Determine:  the  plate-load  resistance,  the  carrier  point,  the 
efficiency  and  Pp  at  the  carrier  point. 

12.  Using  the  static  characteristic  curves  of  the  211  tube,  determine  the  end 
point  of  the  path  of  operation  for  the  following  plate-polarizing  voltages  which 
occur  during  plate  modulation:  100,  300,  500,  750,  1,000,  1,500.  The  grid-bias 
potential  is  —200  volts.  When  modulation  is  absent,  the  steady  plate  potential 
is  750  volts  and  the  minimum  instantaneous  plate  potential  is  100  volts.  Find 
the  plate-load  resistance,  the  peak  plate  loss,  and  the  peak  driving  power. 
Plot  the  values  of  fiP  as  ordinates  against  Eh  as  abscissae,  as  Eh  varies  during 
modulation. 

13.  A  Colpitts  power  oscillator,  Fig.  20.2,  p.  473,  is  to  operate  with  the  end 
point  of  the  path  of  operation  at  point  a  on  the  chart  for  the  type  211  tube  for 
Ee  =  —200  volts  shown  in  Fig.  12.4,  p.  448.  The  frequency  of  oscillation  is 
to  be  2  mcps.  Find  the  values  of  the  capacitances  Cg  and  CPl  the  inductance  L\ 
of  the  tank  coil,  the  resistance  of  the  tank  coil,  and  the  load  resistance  which 
must  be  in  effect  coupled  in  series  with  the  tank  coil  by  the  secondary  circuit. 
Assume  the  Q  of  the  tank  coil  to  be  200  and  the  effective  Q  of  the  loaded  tank 
coil  to  be  10.  Find  also  the  grid-leak  or  grid-bias  resistance  Rc.  Note: 
Approximations  may  be  used  when  the  resulting  error  does  not  exceed  2  per 
cent.  Ans.:  Ca  —  575  ju/uf;  Cp  =  256  nfd;L  =  15.8 /*h;  Rcoa  =  0.992;  (c a2M2/Ri) 
—  18.8  ohms. 


Chapter  XV 


1.  Referring  to  Fig.  2.1,  p.  482,  let:  /  =  106  cps;  C  =  1000  /x/tf,  inclusive  of 
wiring  capacitance;  Q  —  20;  E  —  1  volt  rms.  Assuming  the  tube  to  be 
removed  from  its  socket,  what  is  the  resonant  value  of  L  and  the  corresponding 
current  I  at  resonance?  Ans.:  L  =  25.34  /xh;  I  *=  125  ma. 

2.  Continuing  with  the  same  data  as  in  Prob.  1,  let:  Lb  =  10  /xh;  Qb  =  25; 
/x  =  10;  rp  =  10,000  ohms;  \M\  —5  /xh  with  regenerative  connection,  (a) 
What  is  the  new  value  of  the  current  I  at  resonance?  (6)  How  much  has  the 
effective  resistance  been  reduced?  Ans,:  (a)  I  =  323  ma;  (5)  R  has  decreased 
from  8.0  ohms  to  3.1  ohms. 

3.  What  is  the  corresponding  change  in  the  effective  value  of  L?  Ans.: 
Effective  L  has  increased  from  25.34  /xh  to  25.345  /xh. 

4.  Assuming  that  no  compensating  change  is  made  in  /  or  in  C,  how  much 
has  the  effective  reactance  changed?  Ans.:  Effective  reactance  has  increased 
from  159.22  to  159.25  ohms. 

6.  Assuming  the  circuit  to  be  retuned  to  resonance  by  a  slight  change  of  C, 
what  is  the  direction  and  magnitude  of  this  change?  Ans.:  C  is  reduced  from 
1,000  /xjLxf  to  999.8  /x/xf. 

6.  Assuming  the  circuit  to  be  readjusted  to  resonance  by  changing  /,  instead 
of  C ,  what  is  the  direction  and  magnitude  of  this  change.  Ans.:  /  is  reduced 
from  1,000,000  cps  to  999,901  cps. 

7.  At  what  value  of  \M\  will  oscillation  commence?  Ans.:  8.3  /xh, 

8.  Equation  2.7,  p.  483,  and  Fig.  2.3,  p.  485,  suggest  that  a  further  increase 
of  j M\  might  cause  cessation  of  oscillation.  Is  this  higher  critical  value  attain¬ 
able  under  the  particular  conditions  defined  above?  Ans.:  Required  value  of 
|  Ml  is  245  /xh,  which  is  not  physically  realizable  under  the  given  conditions. 

9.  Referring  to  Fig.  8.25,  p.  501,  let:  /  =  5  *  10®  cps;  Q  =  250;  Cx  =  100 

/x/tf;  C<i  —  5  /x/xf;  L  be  adjusted  for  resonance,  (a)  Determine  Ry  assuming 
Q  =  ( coL)/R .  ( b )  What  voltage  across  L  would  be  consistent  with  a  1-volt 

signal  at  the  terminals  A'B'l  Ans.:  (a)  R  =  26.7  ohms;  (5)  a>LI  =  21  volts. 

10.  Referring  to  p.  513,  determine  the  ranges  of  oscillation  obtainable  with 
variable  capacitors,  having  a  maximum  capacitance  of  1,000  /x/xf  and  an  irre¬ 
ducible  minimum  capacitance  of  100  /x/xf.  The  following  conditions  of  oper¬ 
ation  are  to  be  compared:  (a)  Two  such  capacitors  are  to  be  used  in  a  Wien 
bridge  circuit  (or  equivalent  RC  design)  in  combination  with  resistors  Ri  = 
Ri  =  15,915  ohms.  (5)  One  such  capacitor  is  to  be  used  in  a  Hartley  oscillator 
(or  equivalent  LC  design)  in  combination  with  an  inductor  Lx  =  253.3  mh. 
Ans.;  (a)  Range  of  operation  without  switching,  10,000  cps  to  100,000  cps; 
(5)  Range  of  operation  without  switching,  10,000  cps  to  31,623  cps. 
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1.  A  voltage-regulator  tube  is  to  be  used  as  a  pilot  rectifier  operating  with 
a  series  load  resistor  R  from  a  220-volt  rms  a-c  power  source.  When  the  large 
electrode  is  the  cathode,  the  glow  voltage  is  constant  at  110  volts  from  2  ma  to 
40  ma.  When  the  small  electrode  is  the  cathode,  the  glow  voltage  increases 
linearly  from  105  volts  at  1  ma  to  185  volts  at  40  ma.  (a)  What  value  of  R 
will  limit  the  maximum  instantaneous  current  to  30  ma?  (6)  With  this  value 
of  R  in  series  with  the  tube,  what  will  be  the  maximum  instantaneous  current 
when  the  small  eleetrode  is  the  cathode?  Ans.:  (a)  6,700  ohms;  (5)  23.9  ma. 

2.  The  average  grid-control  characteristic  of  a  3C23  thyratron  is  given  by: 

Anode  voltage  30  35  50  60  100  155  400  800 

Grid  voltage  at  start  0  —1  —1.5  —2  —2.5  —3  —4  —5 

Plot  the  grid-control  locus  for  one  cycle  of  a  sine  wave  of  voltage  on  the 
anode  having  a  peak  value  of  500  volts.  Ans.:  Graph  shows  ec  to  have  the 
value  —4.3  volts  at  0  =  ir/2. 
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1.  A  28-volt  battery  is  to  be  charged  directly  from  a  110-volt  a-c  supply 
by  means  of  a  resistor  and  a  single  arc-rectifier  tube,  (a)  If  the  arc  drop  is 
12  volts,  what  value  should  R  have  to  limit  the  peak  current  to  6  amperes? 
(b)  What  is  the  peak  inverse  voltage?  Ans.:  (a)  R  =  19.25  ohms;  (b)  £i»v  — 
183.6  volts. 

2.  A  half-wave  rectifier  is  to  be  used  to  supply  direct  current  to  a  load 
consisting  of  a  4-juf  condenser  in  parallel  with  a  2,650-ohm  resistor.  The  supply 
voltage  is  550  volts  rms  at  60  cps.  If  the  tube  drop  is  negligible,  (a)  what  is  the 
average  voltage  across  the  load,  (6)  the  average  load  current,  (c)  the  peak  value 
of  the  tube  current,  ( d )  the  peak  inverse  voltage,  and  (e)  the  ripple  factor? 
Am.:  (a)  Et  =  475  volts;  (b)  I  =  17.9  ma;  (c)  %  =  115  ma;  ( d )  6inv  =  1,150 
volts;  (e)  R.F.  =  0.31. 

3.  A  full-wave  voltage-doubler  circuit  is  to  be  used  to  supply  a  280-volt 
d-c  load  directly  from  the  110-volt  60-cps  supply.  The  load  resistance  is 
265,000  ohms,  (a)  What  value  of  capacitance  should  be  used  to  give  this 
average  voltage?  (b)  What  will  be  the  ripple  factor,  (c)  the  peak  tube  current, 
and  (d)  the  peak  inverse  voltage?  Am.:  (a)  C  —  4  juf;  (b)  R.F.  =  0.025;  (c) 
$inv  =  295;  (d)  %  =  87  ma. 

4.  Repeat  Prob.  3,  using  a  half-wave  voltage-doubler  circuit.  Ans.:  (a) 
$i»v  =  288  volts;  (b)  R.F.  =  0.01;  (c)  ii  =  338  ma;  ( d )  i2  =  222  ma. 

6.  A  full-wave  rectifier  is  to  be  built  to  supply  a  500-volt  300-ma  d-c  load 
with  a  choke-input  filter.  The  a-c  power  available  is  110  volts  rms,  60  cps. 
What  are  the  voltage  and  power  ratings  of  the  transformer?  Neglect  tube 
drop.  Ans.;  Es  =  555  volts  rms,  volt-amperes  =  200. 

6.  If  a  one-section  choke-input  filter  is  to  be  used  between  the  rectifier  and 
the  load  of  Prob.  5,  what  size  choke  should  be  used?  Neglect  the  resistance  of 
the  choke  as  a  first  approximation.  Ans.:  L  =  about  3  henrys  (2.95). 

7.  (a)  The  full-wave  rectifier  of  Prob.  5  supplies  a  one-section  choke-input 
filter,  (a)  What  is  the  rms  value  of  the  second  harmonic  voltage  across  the 
capacitor  if  L  =  4  henrys  and  C  =  8  m f?  (b)  What  is  the  second  harmonic 
voltage  across  the  load  if  a  second  section  is  added  in  which  L  =  4  henrys  and 
C  =  8  /tf?  Ana.;  (a)  13  volts  rms;  (b)  0.72  volt  rms. 
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1.  An  r-f  current  which  in  the  absence  of  modulation  would  be  given  by 

i  =  10  \/2  cos  10V£  amperes  is  amplitude-modulated  60  per  cent  by  means  of 
a  continuous  signal  having  the  form  A  sin  67rl03£.  (a)  Determine  fh ,  /*,  and 

ma.  ( b )  Express  the  modulated  current  as  numerically  as  possible  in  an 
equation  modeled  after  (2.1),  p.  616.  ( c )  Express  the  modulated  current  as 

the  sum  of  several  sinusoidal  components,  in  an  equation  modeled  after  (3.1), 
p.  617. 

2.  Prove  by  calculation  that  the  modulated  current  of  Prob.  1  would  cause 
an  rms  ammeter  to  read  10.87  amperes. 

3.  Represent  the  components  of  the  modulated  current  of  Prob.  1  to  scale  in 

(a)  an  amplitude  spectrum,  (b)  an  energy  spectrum. 

4.  Draw  to  scale  vectors  representing  the  components  of  the  modulated 
current  of  Prob.  1,  arranging  them  like  the  hands  of  a  clock  and  in  their  proper 
positions  at  (a)  t  =  0;  (b)  t  =  millisec. 

6.  An  r-f  carrier  current  i  =  10  \/2  sin  10 Vi  amperes  is  angle-modulated  by 
a  continuous  signal  of  the  form  A  cos  lOVi  to  such  a  degree  that  the  maximum 
frequency  deviation  Af  is  12  kcps.  Determine:  (a)  the  modulation  index;  ( b ) 
the  number  of  appreciable  components  of  the  modulated  wave  and  the  effective 
band  width  of  the  spectrum.  A  ns.:  (a)  2.4;  ( b )  band  width  50  kcps. 

6.  What  are  the  answers  to  the  questions  of  Prob.  5  when  the  amplitude  of 
the  modulating  signal  is  doubled?  The  modulating  equipment  remains  the 
same  and  is  assumed  to  operate  ideally.  Arcs.;  (a)  mp  or  nij  =  4.8;  ( b )  band 
width  80  kcps. 

7.  What  are  the  answers  to  the  questions  of  Prob.  5  when  the  modulating 
frequency  becomes  3  kcps  without  change  in  modulating-signal  amplitude :  (a) 
if  the  modulator  is  an  ideally  operating  frequency  modulator;  ( b )  if  it  is  an 
ideally  operating  phase  modulator?  A  ns.:  (a)  mj  =  4,  band  width  42  kcps; 

(b)  mp  =  2.4,  band  width  30  kcps. 

8.  An  amplitude-modulated  wave  is  given  by  the  equation 

i  =  1(1  +  wii  sin  cui t  +  m 2  sin  u>4)  sin  u>ht. 

Determine:  (a)  the  component  frequencies  of  this  wave;  (6)  the  amplitude  of 
each  component. 

9.  For  the  wave  of  Prob.  8,  mi  =  0.2,  m2  =  0.5,  the  carrier-component 
power  is  1  kw,  and  the  load  resistance  is  100  ohms.  Compute :  (a)  the  power  due 
to  eacn  component  current;  (b)  the  total  power  of  the  modulated  wave;  (c)  the 
maximum  possible  instantaneous  voltage  across  the  load;  ( d )  the  rms  value  of 
the  modulated  current.  Ans.;  (a)  1,000,  10,  10,  62.5,  62.5  watts;  (b)  1,145 
watts;  (c)  537  volts;  ( d )  3.38  amperes. 

10.  For  the  current  of  Prob.  8,  with  mi  =  0.2,  m2  =  0.5,  fi  —  1,000  cps, 
and  f2  =  3,000  cps,  draw  a  diagram  showing  the  relative  size  and  position  of 
the  vectors  representing  all  of  the  component  currents  at  the  instant  when  the 
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vector  representing  the  m  component  is  90°  ahead  of  the  vector  represent¬ 
ing  the  a jh  component.  Indicate  the  values  of  all  angles  and  the  relative  direc¬ 
tion  of  rotation  of  the  side-band  vectors  with  respect  to  the  carrier  vector. 

11.  A  phase-modulated  transmitter  is  transmitting  a  signal  whose  carrier 
frequency  is  25  mcps  and  whose  frequency  deviation  is  ±9,000  cps  when  the 
sinusoidal  modulating  signal  has  an  amplitude  of  1  volt  and  a  frequency  of 
1,500  cps.  (a)  Determine  the  number  of  side  frequencies  and  the  band  width 
of  the  signal.  (6)  For  the  same  transmitter,  the  modulating  signal  is  changed 
to  have  an  amplitude  of  1  volt  and  a  frequency  of  3,000  cps.  Repeat  (a)  for 
these  conditions,  (c)  For  the  same  transmitter,  the  modulating  signal  is 
changed  to  have  an  amplitude  of  2  volts  and  a  frequency  of  1,500  cps.  Repeat 

(а)  for  these  conditions.  Ans.:  (a)  18,  band  width  27  kcps;  (6)  18,  band  width 
54  kcps;  (c)  32,  band  width  48  kcps. 

12.  A  frequency-modulated  transmitter  is  transmitting  a  signal  whose 
carrier  frequency  is  25  mcps  and  whose  frequency  deviation  is  ±9,000  cps 
when  the  sinusoidal  modulating  signal  has  an  amplitude  of  1  volt  and  a  fre¬ 
quency  of  1,500  cps.  (a)  Determine  the  number  of  side  frequencies  and  the 
band  width  of  the  signal.  (6)  For  the  same  transmitter,  the  modulation 
signal  is  changed  to  have  an  amplitude  of  1  volt  and  a  frequency  of  3,000  cps. 
Repeat  (a)  for  these  conditions,  (c)  For  the  same  transmitter,  the  modu¬ 
lating  signal  is  changed  to  have  an  amplitude  of  2  volts  and  a  frequency  of 
1,500  cps.  Repeat  (a)  for  these  conditions.  Ans.;  (a)  18,  band  width  27  kcps; 

(б)  12,  band  width  36  kcps;  (c)  32,  band  width  48  kcps. 

13.  An  amplitude-modulated  current  having  a  carrier  frequency  of  106 
cps  and  40  per  cent  sinusoidal  modulation  at  an  audio  frequency  of  104  cps 
is  passed  through  a  circuit  series-resonant  at  the  carrier  frequency.  At 
the  carrier  frequency  the  reactance  of  the  coil  is  500  ohms  and  its  Q  is  100. 
Assuming  R}  L,  and  C  to  be  constant,  determine :  (a)  the  percentage  modulation 
of  the  voltage  appearing  across  the  circuit;  (5)  the  phase  relationship  between 
the  envelope  of  this  voltage  and  the  envelope  of  the  modulated  current.  Ans .; 
(a)  89.5  per  cent;  (6)  voltage  envelope  leads  current  envelope  by  63.43°  of  the 
audio-frequency  cycle. 


Chapter  XX 

1.  In  a  certain  plate-modulated  Class  C  amplifier  represented  by  Fig.  2.1, 
p.  649,  Ebb  —  2,000  volts,  hb  =  200  ma,  ei  =  1,400  sin  2  ■  lOV*,  v  =  0.80. 
Assuming  idealized  operation,  determine:  (a)  ma;  ( b )  approximate  maximum 
value  of  eb  (make  any  reasonable  assumptions);  (c)  power  delivered  by  Ebb; 
(d)  power  delivered  by  T2;  (e)  the  impedance  into  which  T2  works;  (/)  r-f  output 
power  without  modulation;  ( g )  r-f  output  power  with  modulation.  Ans.: 
(a)  0.7;  ( b )  6,500  volts;  ( c )  400  watts;  ( d )  98  watts;  ( e )  10,000  ohms;  (/)  320 
watts;  ( g )  398.4  watts. 

2.  Suppose  that  the  oscillator-modulator  circuit  shown  in  Fig.  10.1,  p.  665, 

is  built  using  a  6AG7  tube  as  T2  and  with  L  —  0.05  mh,  C  —  13  nnf,  Ci  =  1  wi, 
Ri  =  500  ohms,  Eca  =  —4  volts,  Edd  =  150  volts,  and  Eb  =  200  volts.  ( a ) 
Making  use  of  average  plate  characteristics  of  the  6AG7  tube  shown  in  a  tube 
handbook,  calculate  and  graph  gm  as  a  function  of  Ecc .  (5)  Calculate  an 

approximate  value  for  the  frequency  of  oscillation  without  modulation.  Ans.: 
(a)  gm  —  8,300  ^mhos  at  —4  volts;  (5)  /  =  5.29  mcps. 

3.  Assume  that  a  voltage  e  =  0.2  sin  10M  is  injected  in  series  with  Eec 
in  the  above  problem.  Calculate  approximate  values  for  Af  and  w/.  Ans.: 
(a)  Af  =  11.5  kcps;  rri;  =  23. 

4.  Under  carrier  conditions  a  plate-modulated  Class  C  amplifier  is  operating 
as  follows:  Ebb  =  2,000  volts,  El,  —  1,200  volts  rms,  plate  dissipation  300  watts, 
plate  circuit  efficiency  78  per  cent.  Assuming  50  per  cent  sinusoidal  modu¬ 
lation,  determine:  (a)  d-c  plate-circuit  power  input;  ( b )  a-f  plate-circuit  power 
input;  (c)  plate  dissipation;  ( d )  r-f  power  delivered  to  the  load;  ( e )  maximum 
instantaneous  plate  voltage;  (/)  minimum  instantaneous  plate  voltage;  ( g ) 
maximum  instantaneous  current  through  the  d-c  plate  supply;  ( h )  minimum 
instantaneous  current  through  the  plate  supply.  Assume  ideal  operation  in 
the  circuit  of  Fig.  2.1,  p.  649.  Ans.:  (a)  1,364  watts;  (b)  170.5  watts;  (c)  337.5 
watts;  (d)  1,197  watts;  ( e )  5,547  volts;  (/)  151  volts;  (g)  1,023  ma;  ( h )  341  ma. 

6.  Derive  the  results  of  Rowt  4  of  Table  8.1,  p.  661.  This  principle  is  used 
in  a  laboratory  instrument  known  as  a  wrave  analyzer.  See  General  Radio 
Company  Catalog  L,  pp.  130-131,  1948. 

6.  In  the  circuit  on  the  extreme  left  of  Fig.  10.3,  p.  667,  assume  that  the 
series  impedance  of  C2  can  be  neglected,  but  that  the  shunt  impedance  of  C i 
and  Ri  cannot.  Neglecting  interelectrode  capacitances,  derive  an  expression 
for  the  total  input  admittance  at  A  B,  in  terms  of  C i,  Ri,  a,  and  rp.  Assume  that 
the  r-f  choke  coil  has  infinite  impedance  to  r-f  currents. 

7.  A  certain  “frequency-modulation”  transmitter  employs  a  phase  modu¬ 
lator,  a  frequency  multiplication  of  256,  and  a  75-Aisec  emphasis.  The  frequency 
swing  is  ±50  kcps  at  a  modulating  frequency  of  10  kcps.  (a)  What  is  the 
phase  shift  in  degrees  produced  by  the  modulator  stage?  (b)  The  modulating 
frequency  is  now  reduced  to  100  cps  and  the  modulating  voltage  from  the 
microphone  is  reduced  to  one-half  the  previous  value.  What  is  the  phase  shift 
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produced  by  the  modulator  stage  under  these  conditions?  A  ns.:  (a)  1.12°; 

(6)  11.6°. 

8.  In  a  certain  transmitter,  phase  modulation  is  produced  by  shifting  the 
carrier  component  of  an  amplitude-modulated  wave  by  an  angle  of  90°.  The 
percentage  of  amplitude  modulation  before  the  carrier  is  shifted  is  10  per  cent 
and  the  audio  frequency  is  800  cps.  If  the  carrier  is  shifted  in  phase  without 
change  in  magnitude  and  if  frequency-multiplier  stages  with  an  over-all  multi¬ 
plication  of  64  are  employed,  what  is  the  final  frequency  deviation?  Ans.: 
5,120  cps. 

9.  A  frequency-modulation  transmitter  is  to  be  designed  after  the  manner 
of  Fig.  11.1,  p.  669.  The  carrier  frequency  at  the  antenna  is  to  be  35  mcps. 
The  frequency  deviation  for  “  100  per  cent  modulation”  is  to  be  25  kcps.  The 
audio-frequency  circuits  are  to  be  designed  to  cover  only  the  range  from  300 
to  3,000  cps,  and  the  transmitter  is  to  be  capable  of  “  100  per  cent  modulation” 
over  this  range.  No  emphasis  is  used.  The  phase  modulator  is  capable  of 
producing  phase  shifts  not  exceeding  30°  without  distortion.  Determine:  (a) 
the  amount  of  frequency  multiplication  required;  ( b )  the  frequency  of  the 
oscillator;  (c)  the  minimum  number  of  frequency -multiplier  stages,  assuming 
the  highest  frequency  multiplication  per  stage  to  be  4.  Note  that  the  over-all 
frequency  multiplication  must  be  the  product  of  integers.  Ans.;  (a)  192;  (6) 
182.3  kcps;  (c)  4. 


Chapter  XXI 

1.  A  vacuum-tube  voltmeter  is  constructed,  following  that  part  of  the  circuit 
which  is  to  the  right  of  the  input  terminals  in  Fig.  4.3,  p.  680.  A  microammeter 
is  used  to  measure  Ir.  The  scale  is  calibrated  to  read  rms  volts  when  the  volt¬ 
age  impressed  has  a  sinusoidal  waveform,  (o)  A  square-wave  voltage  of  10 
volts  rms  is  impressed  on  the  voltmeter  terminals.  What  will  be  the  scale 
reading?  (b)  A  saw-tooth  voltage  such  as  that  in  Fig.  10.6,  p.  246,  is  impressed. 

If  the  scale  reading  is  10  volts,  what  is  the  rms  value  of  the  saw-tooth  voltage? 
Ans.:  (o)  7.07  volts;  ( b )  8.16  volts. 

2.  In  the  circuit  of  Fig.  6.2,  p.  684,  assume  that  the  tube  is  one  diode  of  a 
type  6H6  tube,  Ri  =  200,000  ohms,  I?2  —  200,000  ohms.  If  the  voltage 
applied  to  the  detector  has  a  carrier  value  of  10  volts  rms  and  is  sinusoidally 
modulated  50  per  cent,  what  is:  (a)  the  d-c  voltage  across  Ri;  ( b )  the  rms  a-f 
voltage  across  R2.  Neglect  the  a-f  by-passing  effect  of  Ci  and  the  series  a-f 
impedance  of  C 2.  Ans.:  (a)  —12.6  volts;  ( b )  4.0  volts  rms. 

3.  Answer  the  same  questions  as  in  Prob.  2,  but  with  the  tube  consisting  1 
of  both  of  the  diodes  of  the  6H6  tube  connected  in  parallel.  Ans.:  (a)  —13.3 
volts;  (b)  4.3  volts  rms. 

4.  Consider  the  circuit  of  Fig.  8.1,  p.  691.  Assume  that  the  diode  is  one  of 
the  diodes  of  a  type  6H6  tube.  R%  =  100,000  ohms,  R12  *=  1  megohm,  Ru  = 
50,000  ohms,  Ru  =  250,000  ohms,  Rn  =  1  megohm  overall.  When  the  r-f 
voltage  applied  to  the  detector  circuit  has  a  carrier  component  of  10  volts  rms 
and  50  per  cent  sinusoidal  modulation,  determine:  (a)  the  d-c  voltage  across 
C 16 ;  (b)  the  rms  a-f  voltage  across  #16.  Assume  that  the  capacitors  in  the  cir¬ 
cuit  have  no  adverse  effects  on  the  a-f  output  voltage.  Ans.:  (a)  13  volts;  (b) 
3.4  volts  rms. 

6.  A  diode  has  the  following  characteristic:  =  10(cb  +  3) 2  In  the 

circuit  of  Fig.  12.1,  p.  694,  Ebb  =  6  volts,  and  e  is  a  sinusoidal  voltage  having  an 
amplitude  of  2  volts.  Determine  the  following  components  of  the  plate 
current:  (o)  d-c;  (b)  rms  fundamental  a-c;  (c)  rms  second  harmonic.  Ans.: 
(a)  830;  (b)  255;  (c)  14.14  M a. 

6.  A  square-law  detector  has  impressed  upon  it  a  carrier-frequency  voltage 
having  a  frequency  of  106  cps,  amplitude-modulated  by  2  frequencies,  2,500 
and  5,000  cps.  What  are  the  component  frequencies  of:  (a)  the  impressed 
voltage;  (b)  the  resulting  current? 

7.  A  receiver  designed  for  frequency  modulation  is  used  to  receive  a  phase- 
modulated  signal.  Will  the  high-frequency  tones  in  the  audio-frequency 
reproducer  be  too  strong  or  too  weak  in  comparison  with  the  low-frequency 
tones?  Explain.  Ans.:  too  strong. 
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1.  A  superheterodyne  receiver  with  poor  image  attenuation  is  used  for  the 
reception  of  broadcast  programs  on  medium  waves,  200  to  590  meters.  It  has 
been  found  that  each  time  the  receiver  is  tuned  to  a  radio  station  A  at  1,000 
kcps,  another  station  B  at  1,350  kcps  will  also  be  heard  in  the  loudspeaker,  even 
if  the  variable  band  width  of  the  i-f  amplifier  is  given  the  minimum  value, 
±2  kcps.  Further,  it  has  been  observed  that  if  the  antenna  down-lead  is  not 
kept  well  away  from  the  second  detector,  a  whistle  always  appears  when  the 
receiver  is  tuned  to  a  third  station  C  at  870  kcps.  (a)  Determine  the  frequency 
of  the  whistle.  (6)  Determine  the  intermediate  frequency  of  the  receiver, 
(c)  Suggest  a  method  to  cut  down  this  interference.  No  extra  tube  can  be 
added.  Ans.:  (a)  5  kcps;  ( b )  175  kcps;  (c)  Shield  the  antenna  lead,  shield  and 
filter  the  detector  output. 

2.  A  superheterodyne  for  short-wave  reception  has  an  intermediate  fre¬ 
quency  fi  of  1.6  mcps.  If  the  oscillator  is  tuned  above  the  incoming  signal  in 
frequency  and  the  incoming  frequency  is  /«  =  30  mcps,  (a)  determine  the 
oscillator  frequency  f0  and  the  image  frequency  fim.  ( b )  Draw  a  block  diagram 
of  the  superheterodyne  and  indicate  the  frequencies  in  each  part  of  the  receiver, 
assuming  the  station  received  to  be  modulated  by  a  15-kcps  tone  and  the  band¬ 
width  control  in  the  i-f  amplifier  to  be  set  at  minimum  band  width,  +2  kcps. 
Ans.:  (a)  f0  =  31.6  mcps,  fim  =  33.2  mcps;  (b)  at  the  r-f  input,  30  mcps  modu¬ 
lated  by  15  kcps;  at  the  i-f  input,  1.6  mcps  modulated  by  15  kcps;  in  the 
remaining  part  of  the  receiver,  no  signal. 

3.  A  superheterodyne  receiver  is  to  be  designed  for  use  in  the  60-mcps  band. 
The  intermediate  frequency  is  3  mcps.  Calculate  the  oscillator  frequency 
and  tuning  frequency  of  an  image  suppression  wave  trap  in  the  input  circuit. 
Ans.:  f0  =  57  or  63  mcps,  /,-m  =  54  or  66  mcps. 

4.  If  in  a  grid-leak  detector  circuit  superregeneration  is  obtained  by  means 
of  gm  variation  such  as  gm  =  gm 0  sin  2* fqt:  (a)  Explain  the  meaning  of /fl.  ( b ) 
Discuss  the  limits  of  the  fq  value  (hint  to  ( b ):  /audio  <  fq  <  /r-/). 

5.  A  short-wave  superheterodyne  employs  a  triode-hexode  as  frequency 
converter,  (a)  Show  by  means  of  a  simple  diagram  the  electrode  arrangement 
in  the  tube  for  outer-grid  injection,  (b)  Give  one  reason  why  the  triode- 
hexode  is  preferable  to  a  pentagrid  converter  that  employs  inner-grid  injec¬ 
tion.  (c)  What  is  the  required  oscillator  frequency  if  the  incoming  frequency 
is  10  mcps  and  the  intermediate  frequency  1.5  mcps?  Ans.:  (c)  11.5  or  8.5 
mcps. 

6.  A  regenerative  grid-leak  detector  is  used  for  u-h-f  reception,  (a)  Why 
is  it  that  superregeneration  may  result  from  an  increase  of  the  grid-leak  resist¬ 
ance?  (b)  How  may  superregeneration  be  observed?  (Give  two  indications.) 
(c)  Grade  the  average  superregenerative  receiver  “good'’  or  “poor”  with 
respect  to  sensitivity,  selectivity,  and  fidelity. 

7.  (a)  Define  what  is  meant  by  sensitivity  as  applied  to  a  radio  receiver. 
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(b)  Is  the  sensitivity  a  good  measure  of  the  distance  range  that  can  be  covered 
by  a  certain  receiver  or  is  there  any  other  important  factor  to  be  taken  into 
account?  (c)  Why  is  the  superregenerative  receiver  more  sensitive  than  the 
regenerative  receiver? 

8.  The  gain  in  a  broadcast-receiver  detector  of  the  grid-leak  type  is  increased 

1,000  times  by  regeneration,  (a)  Why  cannot  the  gain  be  increased  millions 
of  times  further  by  making  pA  almost  equal  to  1  ?  ( b )  In  which  way  does  the 

expression  Q  =  <aL/{R  —  Rr)  explain  side-band  cutting?  (c)  If  superregenera¬ 
tion  is  obtained  by  varying  gm  in  the  manner  given  by  gm  =  gmo  sin  2ir/gf, 
explain  what  fq  stands  for  and  whether  there  are  any  limits  to  the  value  of  fq. 
(< d )  Draw  a  circuit  diagram  for  a  regenerative  receiver  which  without  any 
alteration  may  also  illustrate  the  case  of  a  superregenerative  receiver. 

9.  Define  in  a  general  way  what  is  meant  by  sensitivity  of  a  radio  receiver 
and  suggest  a  simple  setup  for  the  measurement  of  sensitivity,  labeling  the 
various  apparatus  involved. 

10.  The  heterodyning  device  shown  in  Fig.  10  can  be  operated  as  (a)  a 
beat-frequency  oscillator;  ( b )  a  superheterodyne  converter;  (c)  a  detector  in 
a  superheterodyne  code  receiver;  ( d )  a  frequency  multiplier.  What  types  of 
input  voltages  are  used  in  each  case?  Which  are  the  usable  output  com¬ 
ponents?  How  are  the  undesired  frequency  components  eliminated? 


Fig.  10. 
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A 

Admittance,  2 

of  series  or  parallel  LR  or  CR  circuit, 
22 

A-c  generator,  electrical  representa¬ 
tion  of,  19 
Ammeters,  a-c,  721 
d-c,  717 

Amplification,  current,  326 
power,  326,  436 
voltage,  325 

at  high  frequencies,  343 
at  low  frequencies,  339 
at  mid-frequencies,  337 
in  multistage  amplifier,  326 
Amplification  curve,  universal,  for 
resistance-coupled  stage,  346 
Amplifiers,  audio-frequency,  326 
broad-band,  327,  350,  357 
buffer,  494 
cascading,  332 
Class  A,  325-422 
Class  A\,  328 
Class  AB,  328 
Class  AB\ ,  328 
Class  AB2,  328 
Class  B,  328,  395,  464-466 
Class  C,  328,  429-450 
grid-modulated,  466,  655 
plate-modulated,  468,  649 
connections  for,  469 
voltages  and  currents  in,  651 
used  for  modulated  signal,  465 
Class  C2,  328 
classification  of,  326-328 
band  width,  327 
frequency,  326 
single-stage,  328 
current,  326 
current- controlled,  413 
degenerative,  410 
direct-coupled,  332-334 


Amplifiers,  direct-coupled,  Loftin- 
White,  333 

distortion  in,  328-332 
frequency,  329 

nonlinear  (harmonic),  328,  371, 
375-380,  387,  388 
phase,  331 

feedback  in,  410-416 
impedance-coupled,  350 
intermediate-frequency,  327,  405- 
410,  761 

response  curves,  measured,  409 
power  ( see  Power  amplifier) 
push-pull,  382 

equivalent  plate  circuit  for,  393 
radio-frequency,  327 
tuned,  398,  402,  405 
regenerative,  410,  482 
resistance-coupled,  334-360 
transformer-coupled,  tuned-pri¬ 
mary  tuned-secondary,  405 
tuned-secondary,  402 
untuned,  360 

video-frequency,  327,  350,  357 
voltage,  325 

wide-band,  327,  350,  357 
Amplitude,  complex,  2,  598 
Amplitude  modulation  ( see  Modu¬ 
lation,  amplitude) 

Amplitude  spectra  ( see  Spectra,  ampli¬ 
tude) 

Analysis,  9-point,  257-259 
13-point,  257-259 
Arc,  522 

negative  variational  resistance  of, 
515 

singing,  515 
voltage  drop  of,  527 
Arc-back,  538 
Arc  rectifiers,  526 
Arc  tubes,  current  ratings  of,  532 
Arcing,  suppression  of,  152 
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Attenuation,  217,  225,  606 
Attenuation  band,  209,  218,  226 
Ayrton-Perry  winding,  60 

B 

Balance,  to  ground,  74 
Band  width,  38,  612,  642 
curves  of,  for  lcc  and  k0,  203 
fractional,  for  critical  and  optimum 
coupling,  204 

relation  of,  to  frequency  deviation, 
637 

of  tuned  circuit,  641,  642,  645,  652 
Bands,  side,  617 
Beam-power  tube,  301 
Bias,  optimum,  373 
Blocking,  positive-grid,  477,  492 
Branch  currents,  101 
Bridge  methods,  84 
Bridged  T  measurements,  90-92 
Bridges,  accuracy  of,  84,  85 
a-c,  theory  of,  79 
balance  obtained  in,  84 
difference  method,  87 
parallel-resonance,  82 
precautions  for,  at  high  frequencies, 
87 

resonance,  81 
series-resonance,  82 
simple  types  of,  80 

C 

Campbell-Foster  theorem,  223 
Capacitance,  8,  912 
distributed,  53,  57,  59,  65,  97 
to  ground,  control  of,  89 
input,  square-wave  measurement  of, 
175 

interelectrode,  291 
standards  of,  85 
wiring,  335,  343,  357—359 
Capacitance  load,  pure,  with  recti¬ 
fiers,  539 

Capacitance-resistance  circuit,  138 
applications  of,  145 
Capacitor,  7,  912 
air,  or  gaseous,  67 


Capacitor,  by-pass,  334 
electrical  representation  of,  65 
electrolytic,  69 
dry  type,  70 
wet  type,  70 
liquid-filled,  68 
solid-dielectric,  68 
types  of,  67 

Capacitor  characteristics,  66 
capacitance,  66 
losses,  66 

maximum  voltage  rating,  66 
Capacitor-input  filters,  570 
Carrier  component,  disappearance  of, 
634 

Carrier  frequency,  stabilization  of, 
662-663,  668,  673 
Carrier  wave,  612-615 
Cascading,  332 
Cascode,  576 
Cathode,  423 
indirectly  heated,  264 
virtual,  271 
Cathode  bias,  280,  335 
Cathode-bias  line,  281 
Cathode  degeneration,  336,  414,  416 
Cathode-drop  region,  523 
Cathode  follower,  417-421 
Cathode-follower  circuits,  practical, 
420 

Cathode-glow  ( see  Glow,  cathode) 
Cathode-ray  beam,  304 
Cathode-ray  oscillograph,  320 
Cathode-ray  tubes,  304-324 
applications  of,  311 
Channel  width,  619,  638 
Child’s  formula,  269,  271 
Choke,  swinging,  567 
Choke-input  filters,  562 
Circuit  constants,  equivalent,  from 
measurements,  96 
Circuit  efficiency,  206-208 
at  maximum  power  transfer,  208 
Circuit  elements,  52-78 
choice  of,  in  amplifiers,  348 
electrical  representation  of,  76 
measurement  of,  79-97 
Circuit  response,  21-51 
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Circuits,  accentuation,  663 

capacitance-resistance  ( see  Capaci¬ 
tance-resistance  circuit) 
counter,  852 

coupled  ( see  Coupled  circuits) 
critical  damping  of,  156 
discriminator,  712 
center-tapped,  double-tuned,  713 
distorter,  663 
emphasis,  663 
flip-flop,  843 

full-wave-voltage-doubler,  550 
integrator,  663 
linear  sweep,  787 
multivibrator,  856 
oscillator  ( see  Oscillator  circuits) 
overdamped,  156 
parallel,  14-19 
near  resonance,  45-48 
phase-shift,  662,  669 
phase-splitting,  667,  669 
reactance-tube,  662,  665,  667 
representative,  65 
series,  10-14 

near  resonance,  33-40 
tank  ( see  Tank  circuit) 
thyratron  pulse,  799 
thyratron  sweep,  795 
trigger,  842 

Eccles-Jordan,  843 
tuned,  as  discriminator,  712 
tuned-grid,  482 
underdamped,  156 
vacuum-tube,  employing  feedback, 
726 

Class  ABi ,  push-pull  operation,  394 
(See  also  Amplifiers) 

Class  Bi  push-pull  operation,  396 
( See  also  Amplifiers) 

Class  C,  429-450 

(See  also  Amplifiers) 

Class  C  doubler,  480 
Clippers,  813 
Clipping,  687 
bottom,  689 
diagonal,  688 
Code  reception,  749 
Coils,  winding,  types  of,  57 
Colpitts  oscillator,  473 


Compensation,  low-frequency,  359 
shunt-peaking,  352 
Complex  quantities,  874 
Composite  characteristics,  389-395 
Constant-current  generator,  19,  925 
Constant-voltage  generator,  19,  925 
Contour  curves,  for  coupled  circuits, 
190-193 

for  power  amplifiers,  447-450 
Control  ratio,  529 

Converter,  pentagrid  (heptode),  758 
triode,  758 
triode-heptode,  760 
triode-hexode,  760 
Coulomb’s  law,  908 
Coupled  circuits,  176-208 
equivalent  impedance  of,  183 
power  transfer  in,  206 
response  curves  of,  198-199,  201 
two,  general  representation  of,  177 
types  of,  176 

wavelength  of  oscillation  of,  475 
Coupled  systems,  parallel-fed,  204 
Coupling,  coefficient  of,  177 
critical,  195-196,  408 
band  width  for,  203 
optimum,  200,  409 
band  width  for,  202 
space-charge,  757 
transitional,  200 
Crystal,  grinding  of,  502 
polishing  of,  502 
quartz,  505 
Current,  1 
circulating,  45 
peak,  541 

phase  angle  of,  with  respect  to  volt¬ 
age,  3 

resonant  rise  of,  45 
secondary,  magnitude  of,  184 
maximum,  conditions  for,  194 
models  for,  186 

variations  in,  at  optimum  cou¬ 
pling,  202 

Current  regulator,  578 
Curves,  characteristic,  273 
composite,  389-395 
(€b~e e),  275,  439 
ttr*),  274 
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Curves,  (2b-ec),  274 
Cutoff,  nominal,  586 
Cutoff  frequency,  209 

D 

D ,  dissipation  factor,  17,  65 
Decibels,  325,  870 
Decrement,  logarithmic,  158 
Deflecting  plates,  308 
Deflection,  of  beam,  by  electric  field, 
308 

by  magnetic  field,  314 
magnetic,  circuit  for  producing,  811 
voltage  source  for,  811 
Deflection  factor,  310 
Deflection  sensitivity,  310,  317 
Degeneration,  cathode,  336,  414,  416 
screen-grid,  336 
Deionization  time,  530 
Delay,  606 
Delay  network,  254 
Demodulation,  674 
Detection,  674-716 
diode,  large-signal,  675 
analytical  solution,  692 
graphical  solution,  682 
of  frequency-modulated  signals,  712 
grid-circuit,  705 
linear,  675 

in  multielement  tubes,  705 
plate-circuit,  707 
square-law,  675,  693,  705 
by-passed  resistive  load,  696 
frequencies  involved  in,  700 
Detector,  84,  86 
biased,  708 

rectification  diagram  for,  709 
first,  753 

infinite-impedance,  710 

rectification  diagram  for,  711 
plate,  square-law,  707 
plate-circuit,  linear,  708 
power,  grid-leak,  706 
regenerative,  741 
second,  753 
superregenerative,  744 
self-quenched,  745 
separately  quenched,  745 


Detector-circuit  impedances,  703 
Deviation  ratio,  633 
Dielectric  constant,  absolute,  913 
relative,  913 

Differentiator  circuit,  147,  149,  827 
Diode  clipper  circuits,  815 
Diodes,  260-271 

current-voltage  characteristics  of, 
265 

gaseous,  thermionic,  525 
plane,  potential  distribution  in,  269 
with  pure  capacitance  load,  676 
with  RC  load,  678 

alternative  arrangement  of,  680 
static  characteristics  of,  265 
thermionic  arc,  526 
thermionic  vacuum,  535 
Direct-current  source,  925 

constant-current  representation, 
925 

constant- voltage  representation, 
925 

Discriminator  circuits,  668,  712,  767 
Distortion,  613 

conditions  for  lack  of,  605-606 
delay,  255,  607 
frequency,  255,  329,  607 
harmonic,  329 
high-frequency,  170 
linear,  effect  of,  on  symmetrical 
pulse,  608 
low-frequency,  168 
of  modulated  wave,  616-617,  619, 
640-645 

nonlinear,  328,  376,  607,  613 
phase,  255,  331-332 
types  of,  606 
Doubler,  frequency,  479 
voltage,  549 
Drag  loop,  475,  496 
Drag-loop  effect,  in  crystal  vibrator* 
504 

Duration,  nominal,  586 
Dynatron,  516 
Dynatron  oscillator,  517 

E 

Eccles- Jordan  trigger  circuit,  843 
Echoes,  paired,  method  of,  609 
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Echoes,  radio,  measurement  of,  783 
Efficiency,  plate-circuit,  maximum, 
433 

Electric  circuit,  915 
Electric  field,  908 
Electric  resistance,  915 
Electrical  discharge,  521 
Electricity  and  magnetism,  review  of, 
906-924 

Electromagnetic  induction,  921 
Electromagnetism,  916 
Electromotive  force,  915-916 
Electron  affinity,  260 
values  of,  261 
Electron  emission,  260-271 
Electron  gun,  306 
Electronic  switches,  835 
Electrons,  electric  charge,  907 
free,  in  electric  field,  911 
in  magnetic  field,  920 
initial  velocities  of,  269 
Emission,  high-field,  264 
photoelectric,  264 
secondary,  264 
from  grid,  477 
thermionic,  260 
Emission  current,  265 
Emission  efficiency,  263 
Emitters,  oxide-coated,  263 
pure-metal,  262 
thoriated-tungsten,  262 
three  types  of,  comparison  of,  263 
Emphasis  curves,  664 
Energy,  from  inductor  to  capacitor, 
transfer  of,  33 

Energy  relations,  at  series  resonance, 
32 

Equivalent  networks,  106 
F 

Factor,  amplification,  284 
deflection,  310,  317 
electric-deflection,  309 
magnetic-deflection,  316 
ripple,  543,  558,  564,  571 
of  parallel  RC  load,  544 
transformer  utilization,  559 
voltage-amplification,  284 


Fading,  selective,  704 
Feedback,  in  amplifiers,  410 

current-  and  voltage-controlled,  413 
through  impedance  of  common 
plate  power  supply,  421 
negative,  410 

output  impedance  with,  415 
positive,  410 
principle  of,  411 
Feedback  circuit,  410 
Feedback  factor,  412 
Figure  of  merit,  356 
Filament,  heating  of,  426 
Filter  circuits,  types  of,  231 
H  type,  231 
square  type,  231 
Filtering,  r-f,  691 
Filters,  209-235 
balanced,  231 
band-pass,  227 
design  of,  228 
single,  209 
band-stop,  229 
single,  209 
capacitor-input,  570 
choke-input,  563 
composite,  234 

m-derived  sections  of,  232 
prototype  sections  of,  232 
constant-k,  224 

attenuation  constant  and  phase 
lag  of,  225 

critical  inductance,  565 
decoupling,  422,  749 
high-pass,  209,  220 
low-pass,  209 

attenuation  and  phase  lag  of, 
216-217 

characteristic  impedance  of,  213 
as  delay  network,  219 
input  impedance  of,  213 
ladder-type,  212 
of  several  identical  sections,  219 
power,  562 
pulse-shaping,  802 
resistance-capacitance,  570 
n-section,  229 

Fleming’s  left-hand  rule,  917 
Fluctuation  noise,  774 
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Fluorescence,  304 

Focusing,  electric-lens  method,  305 
magnetic-lens  method,  318 
Fourier  analysis,  236-259,  556 
harmonic  components,  amplitude 
and  phase  of,  241 
C  components  in,  237-238 
complete,  240 

even  components  in,  237-238 
numerical  method  of,  255,  377,  399 
object  of,  236 

odd  components  in,  237-238 
of  output  signal,  601 
S  components  in,  237-238 
of  symmetrical  pulse,  580 
Fourier  developments,  examples  of, 
244 

Fourier  integrals,  581 
Fourier  series,  use  of,  in  transmission 
problems,  249 

Fourier  spectrum  (see  Spectrum, 
Fourier) 

Fourier  transform,  600,  602 
Frequency,  division  of,  by  even 
number,  860 
by  odd  number,  861 
half-power,  37,  38,  330,  331,  341 
lower,  37 
upper,  37 
instantaneous,  630 
intermediate,  750 

parallel-resonant  ( see  Parallel-reso¬ 
nant  frequency) 
side,  617 

Frequency  addition  and  subtraction, 
795 

Frequency  band,  for  transmission  of 
signal,  589 

Frequency  change,  maximum,  632 
Frequency  control,  automatic  (AFC), 
767 

Frequency  conversion,  753 
Frequency  deviation,  632 
Frequency  distortion  ( see  Distortion, 
frequency) 

Frequency  division,  792 
Frequency  modulation  ( see  Modula¬ 
tion,  frequency) 

Frequency  multiplication,  479,  794 


Frequency  swings,  wide,  671 
Frequency-response  characteristic, 
l/fi,  663 

Frequency-variation  method,  95 
Function,  antisymmetrical,  238 
circular,  900 
even,  238 

analysis  of,  239 
hyperbolic,  900 
odd,  239 
periodic,  236 
symmetrical,  238 
unit,  592 
unit  step,  594 
weight,  586 
work,  260 

G 

Gain,  conversion,  757 
Gain  G,  325 

Gas-filled  tubes  ( see  Tubes,  gas-filled) 
Gases,  electrical  discharges  in,  521 
Generator,  a-c,  19 
d-c,  925 

rectangular- wave,  819 
Glow,  abnormal,  522 
cathode,  522 
negative,  522 
normal,  522 
Glow  discharge,  522 
Glow  lamps,  577 
Glow  tube,  523 
characteristics  of,  524 
rectification  by,  525 
symbol  for,  523 
ffm ,  283 
gP}  284 

Grid-bias  source,  power  supplied  to, 
436 

Grid-bias  voltage,  333 
Grid-control  characteristic,  529 
Grid-control  locus,  530 
Grid  currents,  average  component  of, 
444 

fundamental  component  of,  444 
maximum,  455 
Grid  dissipation,  436 
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Grid-leak  bias,  491 
Grid-voltage  supply,  491 
Grids,  425 

decontamination  of,  478 

high  resistance  in  series  with,  532 

holding,  854 

super-control,  302 

triggering,  854 

H 

Hairpin  winding,  59 
Harmonic,  per  cent,  377,  379 
Harmonic  content  of  rectified  volt¬ 
ages,  556 

Harmonic  distortion,  cancellation  of, 
388 

Harmonics,  amplitudes  of,  377,  379 
even,  absence  of,  244 
Hay  bridge  circuits,  82-83 
Henry,  922 
Heterodyning,  753 

High-frequency  design  procedure,  in 
video  amplifiers,  357 
Hum,  778 

Hyperbolic  functions,  900 
I 

1 2 ,  variation  of,  with  o,  197 
1 2  max,  conditions  for,  194 
value  of,  195 
Image  interference,  762 
Impedance,  2 

input,  of  vacuum  tube,  291 
general  case,  293 
with  resistance  load,  293 
to  transformer,  106 
of  two-mesh  network,  103 
mesh,  101 

nonlinear,  use  of,  657 
open-  and  short-circuit,  107 
output,  with  feedback,  415 
transfer,  580 

Impedance  matching,  98-125 
mechanical  analogies  in,  124 
Impedance-matching  i  sections,  of  pure 
reactance  elemenjts,  119-121 
of  transmission  lin0,  121 


Impedance  transformation,  113 
Impulse  noise,  775 
Inductance,  critical,  565 
mutual,  14,  923 

algebraic  sign  of,  104 
standards  of,  85 

Inductance  load,  with  rectifiers,  543 
Inductive  coupling,  104 
Inductor,  9 

electrical  representation  of,  53 
Inductor  characteristics,  frequency 
dependence  of,  54 
Insertion  loss  ( see  Loss,  insertion) 
Integration  time,  532 
Integrator  circuit,  149,  251,  830 
Intensity,  range  of,  613 
Intensity  control,  307 
Interference,  536,  776 
Ionization,  264 
Irradiation,  by  X  rays,  505 

K 

Keyers,  835 

Kirchhoff  equations,  99-100 
KirchhofPs  laws,  916 
in  a-c  circuit,  12,  14 

L 

Lattice  structures,  230 
LCR  circuit,  excited  by  constant- 
current  generator,  40 
excited  by  constant-voltage  gener¬ 
ator,  40 

Lens  system,  306 
Limiter  stage,  772 
Linear  elements,  98 
Linearity,  improvement  of,  by  use  of 
current  limiter,  797 
Lissajous  figures,  312 
Litz  wire  (see  Litzendraht) 
Litzendraht,  64 
Load,  a-c  resistance  of,  277 
d-c  resistance  of,  277 
varying,  566 

Load  line,  audio-frequency,  278,  282, 
299,  372,  685 

d-c,  267,  276,  277,  281,  683 
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Load  resistance,  optimum,  373,  380 
plate-to-plate,  384 

Load  voltage  with  constant-current 
generator,  25 

Loop  resistance  ( see  Resistance,  loop) 
Loss,  insertion,  211 
Losses,  effect  of,  231 
Low-frequency  compensation,  359 
Low-pass  filter  ( see  Filters,  low-pass) 

M 

Maclaurin’s  series,  889 
Magnetic  core,  58 
Magnetic  flux,  917 
Magnetic  intensity,  917 
Magnetic  particles,  powdered,  58 
Magnetomotive  force,  384 
Magnetostriction,  505 
Magnetostriction  oscillator,  506 
Magnetron,  simple,  519 
split-anode,  520 

Mathematics,  review  of,  865-905 
Mechanical  analogues,  136,  137 
of  LRC  circuit,  165 
Mesh  currents,  100,  101 
Mesh  impedances,  101 
Mhos,  915 

Microphonic  noise,  778 
Mixer,  crystal,  770 
diode,  770 
vacuum-tube,  760 

(, See  also  Tubes,  adding) 
Modulating  signal  ( see  Signal, 

modulating) 

Modulating  wave,  612-615,  620-621 
Modulation,  absorption  processes  of, 
648 

amplitude,  615  * 

methods  of,  648 
power  during,  619 
angle,  628-640,  661-673 
methods  of,  661 
power  in,  634 
cathode,  656 
degree  of,  616,  652,  659 
distortion,  686 

effect  of  tuned  circuit  on,  640 


Modulation,  frequency,  623,  630 
advantages  of,  638 
Armstrong  method  of,  661 
from  phase  modulation,  638,  668 
grid,  of  Class  C  amplifier,  655 
maximum  allowable,  with  diode 
detector,  686 
methods  of,  648-673 
of  Class  C  amplifier,  649-656 
phase,  623,  625 

with  frequency  modulation,  com¬ 
parison  of,  627 

plate,  of  Class  C  amplifier,  649-655 
plate-circuit  power  input,  654 
principles  of,  612-647 
reactance-tube,  664 
square-law,  656 
types  of,  612 

Modulation  index,  633-638,  667,  671- 
673 

Modulator,  balanced,  660 
square-law,  657,  659 
Modulator  circuit,  phase-shift,  ex¬ 
ample  of,  669 
Moisture,  effects  of,  71 
Morse  dot,  599 
Motorboating,  421,  749 
M,  284 

Multielement  tubes  ( see  Tubes,  multi¬ 
element) 

Multivibrators,  855 
asymmetrical,  858 
basic  circuit,  856 
one-cycle,  858 

N 

Nepers,  217,  872 
Network  branch,  99 
Network  equations,  99 
Network  loop,  99 
Network  mesh,  99 
Network  notation,  99 
Network  theorems,  109 
Networks,  98-125 

compensating,  382,  411 
decoupling,  422,  749 
equivalent,  106 
inverse  two-terminal,  223 
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Networks,  linear,  580 
matching,  114 

nondissipative,  two-terminal,  222 
phase  characteristics  and  attenua¬ 
tion  of,  interdependence  of,  604 
phase-shifting,  30 
radio-frequency  transforming,  114 
two-mesh,  input  impedance  of,  103 
Neutralization,  410,  450-453 
grid,  451 
plate,  451 

Noise,  fluctuation,  774,  914 
hum,  778 
impulse,  647,  775 
microphonic,  778 
thermal,  774 

Nondistortion,  conditions  of,  253 
Nonlinear  characteristics,  928 
Nonlinear  operation,  281 
Null,  in  output  voltage,  conditions 
necessary  for,  91 
current,  equations  at,  93 
relations  at,  91-92 
Numbers,  complex,  2,  874-878 
conjugate,  877 

0 

Ohmmeters,  718 
series-type,  718 
shunt-type,  719 
Ohm’s  law,  9 
Ohms,  915 
Operating  point,  275 
Operation,  path  of,  276,  278,  282,  299, 
372,  391,  440,  442 
Oscillation,  forced,  182 
free,  frequencies  of,  155,  181 
natural  frequency  of,  484 
frequency  of,  155 
intensity  of,  485 
intermittent,  492 
transient,  155,  178 
Oscillator  circuits,  486 
Colpitts,  473,  488 
Hartley,  487 
Meissner,  488 
tuned-grid,  489 
tuned-grid  tuned-plate,  489 
tuned-plate,  489 


Oscillators,  471-477,  482-520 
amplitude-modulated,  657 
beat-frequency,  507-508 
blocking,  493,  804-809 
crystal,  499 
dy natron,  517 
electron-coupled,  495 
magnetostriction,  506 
negative-resistance,  514 
phase-shift,  510 
pulsed,  823 
RC)  509 

resistance-stabilized,  513 
relaxation,  149,  413,  784 
transitron,  518 
Wien  bridge,  511 
Oscillatory  region,  485 
Oscillograph,  cathode-ray,  320 
block  and  circuit  diagram  of,  321 
wiring  diagram  of,  322-323 
Output  transformers,  382 
Overmodulation,  616,  621,  627,  633 
Overshooting,  of  capacitor  charge,  159 

P 

Parallel  circuits  ( see  Circuits,  parallel) 
Parallel-fed  coupled  systems,  204 
Parallel  load,  of  R  and  C ,  with  recti¬ 
fiers,  541 

Parallel  resonance,  42-51 

with  division  of  resistance  between 
branches,  50 

Parallel-resonant  frequency,  43 

ratio  of,  to  series-resonant  fre¬ 
quency,  43,  50 

Parallel-resonant  impedance,  44 
Parallel-T  measurements,  90-93 
Path  of  operation  ( see  Operation, 
path  of) 

Peak  current,  541,  543 
Peak  voltages,  543 
Peaker  circuit,  147,  149,  827 
Pentodes,  295,  299 
Periodogram,  586 
Permeability,  918 
absolute,  918 
relative,  918 
Permittivity,  913 
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Phanotron,  527 

Phase  angle,  relative,  332,  338,  341, 
345,  351 

Phase  inverters,  397,  798 
Phase  lag,  217,  225 
Phase  relations,  at  low  frequency,  288 
Phase  shift,  maximum,  in  frequency 
modulation,  633 
in  phase  modulation,  626 
Phase  shifter,  26 
Phasemeter,  854 
Piezoelectric  effects,  499 
Plate  circuit,  equivalent,  286,  336 
constant-current  form  of,  289 
for  push-pull  linear  operation,  385 
power  relations  in,  279,  436 
Plate-circuit  efficiency,  436 
Plate  conductance,  variational,  266, 
284 

Plate  current,  265 

average  components  of,  444 
fundamental  components  of,  444 
minimum,  455 
Plate  dissipation,  436 
Pp ,  constant  value  of,  contour  for, 
447 

Plate  load,  power  delivered  to,  436 
sign  of  Ra  for,  295 

Plate  resistance,  variational,  266,  284 
Plate  tank  circuit,  detuning,  effect  of, 
433 

Plate-voltage  supply,  489 
Plates,  424 
Polar  form,  2,  875 
Potential,  908 
ionization,  526 
polarizing,  335 
Power,  average,  4,  6 
driving,  436 
instantaneous,  6 

maximum,  conditions  for  transfer 
of,  112 

Power  amplifier,  326 

Class  A  audio-frequency,  single¬ 
tube,  371-382 
push-pull,  382-393 
Class  AB  push-pull,  393-395 
Class  B ,  464 
push-pull,  395-397 


Power  amplifier,  Class  C,  440-450 
grid-modulated,  466 
load  circuits  for,  455 
output  circuits  of,  calculation  of, 
462 

parallel-feed  connections  of,  434 
plate-modulated,  468 
series-feed  connection  of,  434 
Power  converters,  nonsinusoidal,  429 
sine-wave,  429 

wide-band,  nonsinusoidal  operation, 
478 

Power-converter  tube,  current  and 
voltage  waveforms  for,  with 
resistor  as  plate  load,  431 
with  tuned  plate  load,  432 
Power  filters,  562 
Power  output,  375,  493 

constant  value  of,  contour  for,  446 
maximum,  386 
maximum  undistorted,  373 
optimum,  373 
Power  ratios,  869 
Power  supplies,  534-578 
voltage-regulated,  571 
Power  supply,  design  of,  567 
Power  transfer,  maximum  efficiency 
of,  condition  for,  456 
Power  tubes,  423-481 
classification  of,  428 
definition  of,  423 
operation  of,  437 
general  principle  of,  429 
narrow-band,  433 

operation  condition,  calculation  of, 
443 

static  characteristic  curves  of,  438 
structural  features  of,  423 
testing  of,  437 
Proximity  effect,  64 
Pulse,  580,  647 

antisymmetrical,  analysis  of,  594 
spectra  of,  595 
character  of,  590 

duration  of,  effect  of  decreasing,  590 
instantaneous,  593 
rectangular,  581 
periodic,  246 
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Pulse,  symmetrical,  Fourier  analysis 
of,  580 

linear  distortion  on,  effect  of,  608 
spectra  of,  587 
triangular,  periodic,  247 
unit,  592 

response  of  network  to,  602 
voltage,  symmetrical,  585 
width  of  spectrum  of,  590,  647 
Push-pull  amplifiers,  382-397 

Q 

Q,  17,  32,  65,  66 
of  crystal,  502 
Q  meter,  93 

Q  point,  267,  276,  278,  280,  282,  391, 
392,  440,  442 
Qr,  45 

determining  of,  41 
effect  of  changing,  35 
fractional  values  of,  48 
of  series  branch  or  loop,  32 
Q„  55 

Quality  factor  (see  Q;  Qr) 

Quiescent  point  ( see  Q  point) 
Quiescent  values,  276 
(See  also  Q  point) 

R 

Radio-frequency  choke,  57 
Radio  receivers,  741-782 
Radio  reception,  disturbances  to,  773 
Range,  high-frequency,  337 
low-frequency,  337 
mid-frequency,  337 
Reactance,  11 

Reactance-variation  method,  95 
Reactor,  dissipative,  equivalent  repre¬ 
sentations  of,  16 
saturable-core,  831 

Rb  and  Ebb,  variations  in,  effects  of,  349 
Receiver  alignment,  fundamentals  of, 
780 

Receiver  measurements,  778 
Receiver  servicing,  778 
fundamentals  of,  780 
Receivers,  deemphasis  in,  664 
frequency-modulation,  771 
radiation  from,  778 


Receivers,  short-wave,  768 
squeals  in,  743 

tuned-radio-frequency  (TRF),  748 
Reciprocity  theorem,  110 
Rectification  diagram,  681,  683,  709- 
711 

Rectifier  circuits,  full-wave,  546 
half-wave,  536 
polyphase,  553 
voltage-doubling,  549 
Rectifier  constants,  562 
Rectifier  tubes,  typical,  character¬ 
istics  of,  535 
Rectifiers,  534-578 
arc,  waveform  of  current  with,  536 
bridge,  full-wave,  549 
copper-oxide,  721 
full-wave,  546 
single-phase,  output  of,  247 
waveforms  of,  548 
glow-tube,  525 

half-wave,  single-phase,  output  of, 
247 

half-wave-voltage-doubling,  551 
polyphase,  553 
six-phase  half-wave,  556 
three-phase  half-wave,  553 
vacuum,  534 
Rectigon,  526 
Regeneration,  742 
Remote-cutoff  tube,  302 
Residual  quantities,  52 
Resistance,  bleeder,  567 
internal,  926 
loop,  50 
negative,  412 

Resistance  load,  with  rectifiers,  536 
battery  and,  538 

Resistance-inductance  series  circuit, 

127 

Resistance- variation  method,  94 
Resistivity,  915 
Resistor,  9 

composition,  61 
electrical  representation  of,  53 
wattage  rating  of,  61 
wire,  59-61 

Resistor  characteristics,  frequency 
dependence  of,  58 
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Resonance,  parallel,  42-51 
partial,  conditions  for,  189,  193 
series,  31-42 
Resonance  methods,  93 
Resonant  rise,  of  current,  45 
of  voltage,  45 

Response,  peak,  vs.  average,  731 
of  simple  LR  and  CR  units,  21 
Ripple  factor  ( see  Factor,  ripple) 
RMS  value  ( see  Value,  rms) 

S 

Sawtooth,  antisymmetrical,  245 
symmetrical,  246 
Schering  bridge  circuits,  82 
Screen  grid,  295 
Screen-grid  degeneration,  336 
Screen-grid- tetrode,  construction  of, 
employing  glass  envelope,  296 
employing  metal  envelope,  296 
Self  bias,  280,  335 
Self-inductance,  9,  922 
Series  branch,  32 
Series  circuits  ( see  Circuits,  series) 
Series  feed,  489 

Series  LCR  circuit,  frequency  response 
of,  33 

variation  of  capacitance  in,  40 
Series  resonance,  31-42 
Shielding,  72 
magnetic,  75 
Shields,  88 
Faraday,  76 
grounded,  75 
multiple,  74 
slotted,  76 
Shot  effect,  774 
Shunt  feed,  490 

Shunt-peaking  compensation,  352 
Signal,  amplitude-modulated,  699 
consisting  of  finite  number  of  si¬ 
nusoidal  cycles,  596 
frequency  band  for  transmission  of, 
589 

modulating,  612-614 
for  music,  613 
for  spoken  words,  613 
for  telegraphy,  613 


Signal,  modulating,  for  television,  613 
output,  derivation  of,  from  input 
,  signal,  602 
Fourier  analysis  of,  601 
smoothing  of,  591 
Signal  analysis,  579-611 
general  case,  598 
Signal  duration,  nominal,  586 
Signal  generators,  737 
Signal-to-noise  ratio,  779 
Signals,  typical,  spectra  of,  645 
Sinusoids,  addition  of,  3 
description  of,  1 
Skin  depth,  63 
Skin  effect,  56,  62 
Space  charge,  268 
Spark-suppressor  circuit,  151 
Spectra,  amplitude,  diagram  of,  629 
of  typical  signals,  645 
Spectrum,  amplitude,  617-618,  634 
energy,  589 
Fourier,  583,  586 
frequency,  continuous,  583 
Square-cosine,  245 
Square-sine,  245 
Square-wave  testing,  167 
Stability,  factors  affecting,  577 
Stabilization  ratio,  571 
Stabilizer,  amplification-factor  bridge 
type  of,  573 
combination,  575 
degenerative  type  of,  574-575 
internal  resistance  of,  572 
transconductance  type  of,  572 
Stage,  resistance-coupled,  polarizing 
potentials  in,  335 
universal  amplification  curve  for, 
346 

Static  characteristics,  beam-power 
tube,  301 
composite,  391 
pentode,  299 
tetrode,  297 
triode,  274,  439 
Substitution  method,  86 
Superheterodyne  converter  circuits, 
758 

Superheterodyne  principle,  750 
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Superheterodyne  receiver,  751 

duplex-diode-pentode  stages  in,  765 
Superposition  principle,  893 
Superposition  theorem,  110 
Superregeneration,  744 
Suppression,  carrier  and  side-band, 
704 

Suppressor  grid,  299 
Symmetries,  quarter-wave,  243 
Synchronization,  788,  791 
pulse,  791 

T 

T,  equivalent,  for  transformer,  109 
Tank  circuit,  114,  434,  454 
adjustable,  118 
design  of,  115,  454 
efficiency  of,  116 
filtering  action  of,  116 
power  in,  436,  653 
tuning  of,  455 
Taylor’s  series,  888 
Test  instruments,  717-740 
Tetrodes,  295-301 
beam-power,  300 
Theorems,  network,  109 
Thermal  agitation,  774 
Thermionic  emission,  260 
Thermocouple  instruments,  723 
Th6venin,s  theorem,  110 
Thyratron,  529 
a-c  control  of,  531 
screen-grid,  532 
Tickler,  742 

Time  constant,  129,  139 
Time  delay,  253 
Timing  circuits,  783-864 
applications,  simple,  839 
Transconductance,  283 
conversion,  756 
Transducer,  580 
Transformers,  filament,  569 
ideal,  123-124 
iron-core,  122 

modulating,  power  supplied  by,  654 
output,  382 

Transient  oscillation,  155,  178 
Transients,  126-175 


Transients,  occurring  with  switching, 
134 

oscillatory,  155,  178 

energy  stored  during,  163 
Transition,  518 

Transmission,  side-band,  single,  704 
Transmission  band,  209,  218,  225 
Triggering,  848 
Triggering  controls,  849-850 
Triggering  grids,  854 
Triode,  272 

gaseous,  thermionic,  529 
Triode  clipper  circuit,  816-817 
Tube  coefficients,  283 
Tube  testers,  721 
Tubes,  adding,  837 
clamping,  823 
control  ratio  of,  529 
converter,  753,  760 
damping,  821 

discharge,  high-vacuum,  802 
figures  of  merit  of,  356 
gas-filled,  521-533 

operating  anodes  in  parallel,  528 
glow  ( see  Glow  tube) 
hexode-mixer,  302 
local  oscillator,  753 
mixer,  753,  837 
multielement,  272-303 
multipurpose,  301 
pentagrid-converter,  302,  758 
pentagrid-mixer,  760 
power  (see  Power  tubes) 
remote-cutoff,  302 
sharp-cutoff,  302 
triode,  273 

voltage-regulator,  523,  577 
Tungar,  526 
Tuning,  454 
sharpness  of,  35 

Tuning  coupled  systems,  456-462 
back-off  method,  460 
convergent,  459 
correct,  462 
divergent,  460 
incremental  method,  460 
Twin  T,  93 
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U  i 

Units,  comparison  of,  924 
Mks  system  of,  906 
Utilization  factor,  559 

V 

Vacuum-tube  symbols,  282,  931 
input  impedance,  291-295 
Value,  average,  3 
effective,  4 
peak,  3 

rms  (root-mean-square),  3-4,  6 
of  periodic  nonsinusoidal  cur¬ 
rent,  6 

van  der  Bijl  modulator,  656 
Variations,  periodic,  1 
Vectors,  873 
rotating,  2 

Vibration,  flectional,  504 
thickness,  504 
torsional,  504 
Volt-amperes,  reactive,  33 
Voltage,  1 
control,  788 
inverse,  538 
load,  average,  542 
nonperiodic,  579 
open-circuit,  925 
peak,  543 

peak  inverse,  538-539 
phase  angle  of,  with  respect  to 
current,  3 
quench,  744 

rectified,  harmonic  content  of,  556 
resonant  rise  of,  45 
scanning,  246 
sinusoidal,  1 

Voltage  amplifiers  ( see  Amplifiers, 
voltage) 

Voltage  divider,  26 
compensated,  29,  173 
Voltage  ratio,  580 
Voltage  system,  saw-tooth,  809 
Voltage  wave,  trapezoidal,  315 
Voltmeters,  a-c,  721 
d-c,  717 


Voltmeters,  rectifier,  721 
vacuum-tube,  723-737 
a-c,  727 
diode,  728-731 
d-c,  724 

balanced,  727 

circuits  for  balancing  out  plate 
current,  725 

reading,  for  nonsinusoidal  waves, 
734 

typical  commercial,  character¬ 
istics  of,  732 

Volume  control,  automatic  (AVC), 
690,  764 

delayed  (DAVC),  764 
W 

Wagner  ground,  88 
Wattless  power,  33 
Waveforms,  current  and  voltage,  442 
determination  of,  535 
Fourier  developments  of,  244 
full-wave-rectifier,  547,  548 
square,  819 

Waves,  amplitude-modulated,  repre¬ 
sentation  of,  by  rotating  vectors, 
621 

angle-modulated,  629 
with  higher  harmonics,  decrease  in 
amplitude  of,  248 

modulated,  alteration  of,  by  cor¬ 
rectly  tuned  circuit,  640 
distortion  of,  645 

by  off-tune  circuit,  645 
power  of,  619-621,  628,  634,  653- 
654 

phase-modulated,  power  of,  628 
saw-tooth  current,  810 
saw-tooth  voltage,  786-797 
Wein  bridge  circuits,  82,  83 
Willemite,  304 
Winding,  Ayrton-Perry,  60 
bifilar,  59 
sectionalized,  60 
fishline,  61 
resistor,  59 

reversed  in  adjacent  grooves,  61 
Wire,  self-inductance  of,  65 


